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8.1. Let A be a self-adjoint compact operator on a Hilbert space H with dimH = oo.
Prove that

0ess(A) = {0}.
8.2. Let K be a compact operator on a Hilbert space H. Let {A,}52, be a sequence of
bounded self-adjoint operators on H such that
lim ||Ayul| =0, YueH.
n—oo

Prove that ||KA,| — 0.

8.3. Let A: D(A) — H be a self-adjoint operator on a Hilbert space H. Prove that
ais(A%) C (0ais(A))* and  0ess(A?) = (0ess(A))
Here by definition, X? := {\?|\ € X}.
8.4. Let A : D(A) — H be a self-adjoint operator on a Hilbert space (H,|.||). Let
A€ o(A) and let {z,}5°, be a Weyl sequence for (A, \), namely
oo € D(A),  |lznll =1, [I(A = Nzn] = 0.

Assume further that z,, — = weakly in H with [|z|| < 1. Prove that A € ges(A).

8.5. Let A: D(A) — H be a self-adjoint operator on a Hilbert space H such that A > 1.
Let Q4 be the quadratic form associated to A with the quadratic form domain Q(A).
Assume that there exists up € Q(A), ||uol| = 1 such that

= inf .
ooy = inf I,

Prove that uy € D(A) and it is an eigenfunction of A.



