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5.1. Let A be a bounded linear operator on a Hilbert space. Prove that the following
statements are equivalent

i) A is a compact operator;
ii) xn ⇀ x weakly implies Axn → Ax strongly.

5.2. Let {un}∞n=1, {vn}∞n=1 be orthonormal families in a Hilbert space. Let {λn}∞n=1 be a
sequence of complex numbers. Consider the operator

A =
∞∑
n=1

λn|vn〉〈un|.

i) Prove that if {λn} is bounded, then A is bounded and ‖A‖ = supn≥1 |λn|.
ii) Prove that if λn → 0 as n→∞, then A is a compact operator.

5.3. Let A be a bounded operator on a Hilbert space H. Let V be a closed subspace of
H such that A : V → V . Prove that A∗ : V ⊥ → V ⊥.

5.4. Let A be a bounded operator on a Hilbert space H such that

‖Au‖ ≥ ‖u‖ and ‖A∗u‖ ≥ ‖u‖, ∀u ∈ H.

Prove that A−1 is a bounded operator.

5.5. Let A be a bounded self-adjoint operator on a Hilbert space H.
i) Assume that there exists a vector u0 ∈ H such that ‖u0‖ ≤ 1 and

〈u0, Au0〉 = inf
‖u‖≤1

〈u,Au〉 =: E.

Prove that Au0 = Eu0.
ii) Deduce that if 〈u,Au〉 = 0 for all u ∈ H, then A ≡ 0.

Hint: for (i) you can use 〈u0, Au0〉 ≤ 〈uε, Auε〉 with uε = (u0 +εϕ)/‖u0 +εϕ‖ for |ε| small.

5.6. Let (Ω, µ) be a measure space. Let Ma be the multiplication operator on L2(Ω)
associated with a function a ∈ L∞(Ω). Prove that the spectrum σ(Ma) is equal to the
essential range of a.


