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3.1. Let (Ω,Σ, µ) be a measure space. Let A = ∩∞n=1An with An ∈ Σ for all n = 1, 2, ...

(i) Prove that A ∈ Σ.
(ii) Prove that if A1 ⊃ A2 ⊃ ... ⊃ An ⊃ ... and µ(A1) <∞, then µ(A) = lim

n→∞
µ(An).

(iii) Can we relax the condition µ(A1) <∞ in (ii)?

3.2. Let (Ω,Σ, µ) be a measure space and let f : Ω → [0,∞]. Prove that the following
statements are equivalent
(i) f is measurable, i.e. {x ∈ Ω : f(x) > t} ∈ Σ for all t ∈ R.
(ii) {x ∈ Ω : f(x) ≥ t} ∈ Σ for all t ∈ R.

Hint: You can write {x : f(x) ≥ t} = ∩∞n=1{x : f(x) > t− n−1}.

3.3. Let (Ω, µ) be a measure space. Let fn : Ω→ [0,∞] be measurable functions.
(i) Define Fn(x) = supm≥n fm(x). Prove that Fn is measurable for all n = 1, 2, ...
(ii) Prove that if lim

n→∞
fn(x) = f(x) for a.e. x, then {x : f(x) ≥ t} = ∩∞n=1{x : Fn(x) ≥ t}

and hence f is measurable.
Note: This exercise shows that the pointwise limit of measurable functions are measurable.

3.4. Let (Ω, µ) be a measure space and let f : Ω→ C be measurable. Prove that∫
Ω

|f(x)|pdµ(x) = p

∫ ∞
0

tp−1µ({x ∈ Ω : |f(x)| > t})dt, ∀1 ≤ p <∞.

3.5. Let (Ω, µ) be a measure space. Let {fn}∞n=1 be measurable functions and f be an
integrable function such that lim

n→∞
fn(x) = f(x) for a.e. x. Prove that

lim
n→∞

∫
Ω

∣∣|fn(x)| − |f(x)| − |fn(x)− f(x)|
∣∣dµ(x) = 0.

Note: This is the Brezis–Lieb lemma with p = 1, but we do not assume
∫

Ω
|fn| ≤ C.

3.6. Given subsets A,B of R such that
(i) A is bounded and not Lebesgue-measurable, and
(ii) B is Lebesgue measurable and µ(B) = 0.

Prove that A×B is Lebesgue-measurable in R2.
Note: The 1D projection of a 2D Lebesgue-measurable set is not necessarily measurable.


