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11.1. Let A : D(A)→ H be a self-adjoint operator on a separable Hilbert space (H, ‖ ·‖).
Consider the Schrödinger equation

i∂tψ(t) = Aψ(t), t ∈ R
ψ(0) = ψ0 ∈ D(A)

Prove that for any t ∈ R we have

‖Aψ(t)‖ = ‖Aψ0‖ and 〈ψ(t), Aψ(t)〉 = 〈ψ0, Aψ0〉.

11.2. Let 1 ≤ d ≤ 3. Let V : Rd → R such that V ∈ L2 + Lp(Rd) with 2 ≤ p ≤ ∞.
Consider the Schrödinger equation

i∂tψ(t, x) = (−∆x + V (x))ψ(t, x), t ∈ R, x ∈ Rd

ψ(0, x) = ψ0(x).

(i) Prove that if ψ0 ∈ H2(Rd) then {ψ(t)}t∈R is bounded in H2(Rd).
(ii) Prove that if ψ0 ∈ H1(Rd) then {ψ(t)}t∈R is bounded in H1(Rd).

11.3. LetA be a self-adjoint operator on L2(Rd) with orthonormal eigenfunctions {un}∞n=1,
namely Aun = λnun with {λn} ⊂ R. Consider the Schrödinger equation

i∂tψ(t, x) = Aψ(t, x), t ∈ R, x ∈ Rd

ψ(0, x) = ψ0(x).

(i) Compute ψ(t) with initial state

ψ0 =
∞∑
n=1

αnun where αn ∈ C and
∞∑
n=1

|αn|2 = 1.

(ii) Prove that

lim
R→∞

inf
t∈R

∫
|x|≤R

|ψ(t, x)|2 dx = 1.

11.4. Consider the free Schrödinger equation

u(t) = eit∆u0, u0 ∈ L2(Rd).

Prove that u(t) ⇀ 0 weakly in L2(Rd) as |t| → ∞.


