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1.1. Let A be a bounded operator on a separable Hilbert space. Prove that
Q) 4] = A7)
(i) [[AAll = [[A]]*.

Hint: You may use the formula [|z|| = supy,<; [{(z, y)|.

1.2. Let H be a separable Hilbert space and let A : D(A) — H be a (densely defined)
unbounded operator. Prove that the followings are equivalent:

(i) A is symmetric, i.e. (x, Ay) = (Az,y) for all z,y € D(A);
(ii) (z, Az) € R for all x € D(A).

1.3. (i) Prove Heisenberg’s uncertainty principle (for all dimensions d > 1)
d2
( |Vu(x)|2dx> (/ |x|2|u(x)|2dx) > — YucCYRY), [ |u(z)[*dz = 1.
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Hint: You can use the commutator relation V-x —x -V =d.
(ii) By Heisenberg’s uncertainty principle we can bound the energy of hydrogen atom
(with a wave function u : R* — C) from below by

E(u) = Z (/R |x|2|u(x)|2dx> o } %dx.

Determine inf{€(u) : u € C(R?), [ps [u(z)|*dz = 1}.

1.4. Here we examine the optimality of Hardy’s inequality.

(i) Prove that for any constant a > 2, there exists no constant C' > 0 such that
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(i) Prove that for any constant C' > 1/4, there exists a function f € C'}(R?) such that

f 2
/RS Vi@)Pde <0 | %dx.



