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Homework Sheet 2 for 29.10.2018

2.1. Let 1 < p,q,r < oo satisfy
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Let f € LP(RY), g € LY(R?) and h € L"(RY).

(i) Prove Young ’s inequality

| [ [ #@atwhte = dedy| < 1 flslaloell

Hint: Use Hélder’s inequality for fRd f]Rd al/m g A1 where
a=[f(@)[Plgw)l", 8 = [g)"|h(z — )",y = |f(2)["|h(z —y)]"

(ii) Deduce that
L * gl < [ fllzellgll o

2.2. Prove that -
el (k) = e ™ on R

Hint: You may reduce to d = 1 and show that % fR e~ m@Hik)® qg = 0.

2.3. Let 1 <p<qg<r<oo. Let {f,} be asequence in LP(Q2) N L"(2) such that

Fe>0: || fulle <1, || fuller <1 and || fullze > € for all n > 1.

Prove that there exists a constant § > 0 such that

limint u({a | (2)| > 6}) = 0.

Hint: You can use the Layer—cake representation for the norms.

2.4. In this problem we consider the relation of strong and weak convergences.

(i) Let 1 < p < ¢ < oo and let {f,} be a bounded sequence in LP(2) N L%(£2). Prove
that if f, — f strongly in LP(Q), then f, — f strongly in L*(Q2) for all p < s < ¢
and f, — f weakly in L().

(i) Find a sequence {f,} in L*(R) N L?(R) such that f, — 0 strongly in L'(R) and
fn — 0 weakly in L?(R) but f,, does not converge strongly in L*(R).



