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Homework Sheet 14 for 4.2.2019

14.1. Let {u;}ien be an orthonormal basis for L?*(Qy, du;) and let {v;};en be an or-
thonormal basis for L?(Q, dug). Prove that {u; ® v;}; jen is an orthonormal basis for
L2(Ql X Qg)

14.2. Prove that for any N > 1 and R > 0, there exists a partition of unity

N
> _#=1
=0

where ¢; : R3 — [0, 1] satisfy all of the following properties
i) supp o C {z = (21, ...,zy) € (R®)N : maxj<;<y |7;] < 2R};
ii) supp¢; C {z = (21, ..., zn) € (R®*)V : |z;| > R}, for all j =1,2,..., N;

N
iii) Z |Vip;| < CR™', where C' > 0 is independent of R.

J=0

14.3. Consider the operator
N
Hy = Z(_Axi —zg|™), = (21,72,...,2x5) € (R®)N.
i=1
We know that Hy is a self-adjoint on the anti-symmetric space L2((R3)") with domain
H2((R*)Y). Prove that the ground state energy Ey of Hy satisfies

(3N)1/3

En=— + O(Nl/S)N%oo-

Hint: You can use the fact (without proof) that all eigenvalues of the hydrogen operator
—A — |z|7' on L*(R?) are —1/(4n?) with multiplicity n?.

14.4. Let a > 0. Consider the “scattering problem of hard sphere”
E = inf{ IVf()Pdr:0< f<1,f(xr)=0if |z| <aand f(z) = 1 as |z| = oo}
R3

Show that £ = 4ma and f(x) = 1 — a/|z| is the unique minimizer.

Hint: You may first consider radial functions.

14.5. Let a > 0. Consider the Gross-Pitaevskii functional
Eap(u) = / (|Vu(@) ] + |z)?|u(z)|? + 4malu(z)|*) do.
R3
Prove that the variational problem
Ecp = inf{€qp(u) : u € H'(R?), ||ullp2@s) = 1}
has a minimizer uy and it satisfies the equation
—Aug(x) + |z[Pug(x) + 8malug(x)|?uo(x) = pug(z)
for a constant 1 € R. Deduce that uy € C*(R?).



