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10.1. Let A be a compact operator on a Hilbert space H. Let {Bn} be a sequence of
bounded self-adjoint operators on H such that Bn → 0 strongly, i.e.

‖Bnx‖ → 0, ∀x ∈ H.

Prove that ABn → 0 in operator norm.

10.2. Let A : D(A) → H and B : D(B) → H be two self-adjoint operators such that
(A+ i)−1 − (B + i)−1 is a compact operator. Prove that

σess(A) = σess(B).

10.3. Let G ∈ L1(R3,R) and define A : D(A)→ L2(R3) by

A = −∆− (G ∗ |x|−1), D(A) = H2(R3).

Prove that A is a self-adjoint operator and σess(A) = [0,∞).

10.4. Let a > 0 and define A : D(A)→ L2(R3) by

A = −∆ +
a

|x|
, D(A) = H2(R3).

Prove that A is self-adjoint and σ(A) = [0,∞).

10.5. (Christmas bonus) Prove that the operator A in Problem 10.4 has no eigenvalues.


