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Functional Analysis

T6. Let X be a compact topological space and let Y be a Hausdorff space. Show that
every bijective f ∈ C(X, Y ) is a homeomorphism.

T7. Let J 6= ∅ be an index set. For j ∈ J , let (Xj, Tj) be a topological space. Let X be
the Cartesian product, i.e.

X :=×
j∈J

Xj :=

{
x : J →

⋃
j∈J

Xj : x(j) ∈ Xj

}
.

We define the product topology on X as the topology T given by the base{
×
j∈J

Aj : ∀j ∈ J : Aj ∈ Tj, with Aj = Xj for all but finitely many j ∈ J

}
.

Show: T is the coarsest topology such that all projections prj : X → Xj, prj(x) := x(j),
j ∈ J are continuous.

T8. Let X be a compact topological space. Show that every f ∈ C(X,R) takes on its
maximum and minimum.

If time permits, solve the following supplementary exercise:

T9. Is the set M := [0, 1] ⊆ R compact with respect to the co-finite topology T :=
{∅} ∪ {A ⊆ R : R \ A is finite} ?


