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Functional Analysis

E5 [8 points]. Let (X, T ) be a topological space and let K ∈ {R,C}. Show that the set
of bounded continuous functions

Cb(X) :=
{
f : X → K | f continuous and sup

x∈X
|f(x)| <∞

}
equipped with the metric d∞(f, g) = supx∈X |f(x)− g(x)| forms a complete metric space.

E6 [6 points]. Prove that l∞ is not separable.
Hint: Find an uncountable subset A ⊆ l∞ with the following property: ∀x ∈ A ∃ rx> 0 :
Brx(x) ∩Bry(y) = ∅ whenever x 6= y. Why is this sufficient?

E7 [6 Points]. Show that compact subsets of Hausdorff spaces are closed.

E8 [4 Points]. Let X, Y be metric spaces with X compact. Show that every f ∈ C(X, Y )
is uniformly continuous, i.e.

∀ ε > 0∃ δ ≡ δε : ∀x ∈ X : f
(
Bδ(x)

)
⊆ Bε

(
f(x)

)
.

Please hand in your solutions until next Wednesday (08.05.2018) before 14:00 in the
designated box on the first floor. Don’t forget to put your name (max. 2 students per sheet)
on all of the sheets you submit.


