0 Recapitulation of basic notions

Let X be a set and 22(X) its power set.

0.1 Topological spaces
0.1 Definition. e I C P(X)isatopology <

(1) @,.X e T.

(2) T is closed under arbitrary unions (i.e. if / is an arbitrary index set and for every
a € [ letaset Ay € 9 be given. Then
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ael
holds.).
(3) 9 is closed under finite intersections (i.e. if » € Nand Ay, ..., A, € 9, then
n
ﬂ Ay €T
k=1
holds.).

e (X,9) is called ropological space (often just X)
e AcP(X)isopen &< AecT.

e Let 97,9, be topologies on X. J7 is finer than I, <= 971 2 I3 and coarser than I,
= 91 C 9.

0.2 Examples. (a) Indiscrete topology: I = {J, X }.
(b) Discrete topology: I = P(X).

(¢) Buclidean (or standard) topology on R4, d € N: A € R? isopen <= Vx € A3e > 0
such that Bg(x) C A, where By(x) := {y € R? : |x — y| < &} is the Euclidean ball of radius
e > 0 about x € R4,

Induced topology on subsets

0.3 Definition. Let (X, 9") be a topological space, A € Z2(X) (not necessarily open!). Relative
topology on A:
Ty ={BC A:3C e T with B=C N A} C Z(A).

0.4 Remark. (a) 94 is topology on A.
(b) If A ¢ I and B € J4 then it may happen that B ¢ J.

Example. Let X = R with standard topology, A = [0,1]. Then B := [0,1/2] € 4 but
B¢g.

0.5 Definition. Let X be a topological space, A € X, x € X.

(a) Aisclosed <= A =X \Ae€T.



(b) U C X (not necessarily open) is a neighbourhood of x <= 3A € J suchthat x € A and
ACU.

(¢) X is a Hausdorff space <= forall x,y € X, x # y, there exist neighbourhoods U, of x
and Uy of y such that Uy N U, = &.

(d) x is a limit point of A (or accumulation point) :<=> for all neighbourhoods U of x
UNA+#@.
Note: Every point of A is also a limit point according to this definition.
(e) x is an interior point of A <= there exists a neighbourhood U of x such that U C A.

(f) x is a boundary point of A <= for every neighbourhood U of x: U N A # & and
UnAS + .
Boundary of A: dA := {x € X : x boundary point of A}.

o

(g) Interior of A: A:= A\ 0A = {x € X : x interior point of A}
closure of A: A:= AU A = {x € X : x limit point of A}.

(h) Aisdensein X <= X = A.

0.6 Lemma. Let X be a topological space, A C X.

(a) Aisopen <= Vx € A : x is an interior point of A.
(b) Ais closed <= A = A.

(c) A, 0A are closed.

Proof. Exercise. |

0.7 Definition. Let (X, 9) be a topological space, 8 C I a family of open sets.
(a) ABisabasefor g <= T consists of unions of sets from %.
(b) # is a subbase for 9 :<—= finite intersecions of sets from .# form a base.

(¢) N C T is aneighbourhood base at x € X <= every N € .4 is a neighbourhood of x
and for every neighbourhood U of x there exists N € A&/ with N C U.

0.8 Remark.

Let &# C Z2(X). Then there exists a topology 9 on X such that . is a subbase for J and J is
the coarsest topology containing .%. Jargon: J is generated by ..

0.9 Example. Consider R with standard topology. Let x € R,
(@) {B1/n(x) : n € N} is a neighbourhood base at x.

(b) {Bi/n(q) :neN, g€ Q%Y is a base for the standard topology (see the proof of Thm.
later).



0.10 Definition. Let / # @ be an arbitrary index set. For every o € I let (X4, ) be a topolog-
ical space. Cartesian product space

XXa:={f:J—>UXo,withf(oz)eXa}
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has base of the product topology

{X Ay i Aqg € Tg Ya € I, Ay # X for at most finitely many oe’s}.
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0.11 Remark. If / is finite, then the condition “A4, # X, for at most finitely many «’s” is always
fulfilled.
0.2 Maetric spaces
0.12 Definition. d: X x X — [0, oo[ is a metric <=
e d(x,y) =0 Vx,y€e Xwithd(x,y) =0<= x = y.
e d(x,y)=d(y,x) Vx,yeX.
o d(x,y)<d(x,z)+d(z,y) Vx,y,zeX.
(X, d) is called a metric space (often just X)
0.13 Definition. Let X be a metric space.
e Induced metricon Y C X: d|yxy (metricon V).

e Open metric ball of radius ¢ > 0 about x € X:

B:(x):={yeX:d(x,y) <e}

e A C X open <= forevery x € A there exists ¢ > 0 such that Bz(x) C A.

Cauchy sequence (xp)pen C X

for every ¢ > 0 there exists N € N such that for every n,m = N : d(x,, xm) < &.

(Xn)nen C X convergestox € X <= limy—o0 d(xp,x) =0
<= Ve >03ng e N: Vn=ng: x, € Bg(x).

e X is complete <= every Cauchy sequence in X converges.
0.14 Remark. Completeness is not a topological notion! See Exercise.
0.15 Definition. Let A C X, x € X.

e diam(A) := sup, ycqd(a,a’) diameter of A.

o dist(x, A) :=infyeq d(x,a) distance of x to A.

0.16 Lemma. Let X be a complete metric space and A C X.
Then: A closed <= A complete.

Proof. See Analysis II. |



