
Prerequisites

D. 4
.

Measures & integration [ Literature: Halmos
,

Bauer ]

3auacL - Tarski paradox  ⇒ 5- additive set functions cauaof

be defined on all subsets of a given set

⇒ define measure only on
"

good
"

subsets ( i.e. 5- algesra )

P .1
. Definition 14=(10 a set

.

c- power set of /Y

°
s - algebra A c- P( M ) st

.

~ -

( or :S - field * $
,

M E A
←

complement
or :  measurable

sets )
*  Be of ⇒ Bc E A

*  BJEA tjeccv ⇒ ¥ ,uB ;
E A

e-
or - algesra

measure

µ : A → [ 0,0 ]
mm 5. t

.

*
µ (8) = 0

¥ Bj E A tfj EIN and BjnBu=¢ tfjtk E IN

5- additivity ->
-n

⇒
µ ( Yeats;) = Jgaµ( Bj )

µ
- null set : Neuf with µ( N ) = 0

mm

D. 2
. Examples

v.  - Borel . 5-algesra �5� ( Rd ) in Rd :

smallest 5- algesra containing all opeu sets in Rd

* BC Rd ) # P( pnd ) but non - Borel sets aoe very
exotic

¥ 53 ( Ray contains all closed sets  ice 424

*  analogous : Bce )
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Dirac  measure ou Rd ( concentrated afxo c- IRD )

-rg×o
;

�5� ( ad ) → { 0,1 }

B ' → S×§B):= 1,5×0) :-. { ^
,

×o ⇐  B

0
, x. ¢ B

←
indicator function of set B

Lebesgue G Borel ) measure oa And
- nm

Theorem
.

F
, unique measure Rd ; �5� ( cad ) → [ 0,0 ] st

.

Ad ( ¥
.

[ as ,s;[) = IT ( G - a ;)

\
rectangle in Rd

P. 3. Definition A s - algesra on 14
,

1k =p or 4
,

f : M→ 1k

FLEIN
7  &j 30 7 A

;
EA

,
J - 4- .

it ,

felnemneuntaiyftin :# {
a ;nAu=¢tj.tk ; f  =II. &

;1A
;

f ( A.) measurable : c⇒ t  Be B ( 1k ) : f- Y B) = { XEM : fcx )eB} E A
mum

* pre -

images  of measooasle sets are  measurable

*  non - measurable functions very
exotic !

¥  elementary functions  are measarasle

* Lemma
. f > 0 measurable ⇒

7 if )ne ,µ
sequ . of elementary fcf .

's

with fne ,
3 fn and lneigeofn = f

(f) Integral µ a  measure out
- nm

* f elementaryfcf .
: fydeecx) fcx ) := j§&jµ( A ;)

←
element

.

fct .

* f  3 0 measurable from  above
:

fydeeG) f-G) := lni→ua [ dµC⇒fnC×) Lemma

M

( value to allowed ! )

* f ; M → R measurable :

let f± :  = Max { ±f
,

o } ⇒ * f= f+ - f-

( positive frgafive part ) *
OE f± measurable
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f (f) integrable :# f measurable and fdµ(×) f±G ) ( oo

-

M

in this case : fdgecx) fC⇒ := fdµc×)ftc×) -

SdµC×)f(×)
M M M

( integrability coudt avoids
"

a- a
"

)

f ; M → CI ( eetiutegrasle:←→ Ref
, Jmf  integrable

-

in this  case : fdgecx) fC⇒ = fdµ( ⇒ ⇐ f) G) + i Sdµ(×)(Jmf) G)
M M M

P .4 .
Theorem

µ measure  on
A

,
f ,g :  

M → E measurasle
.

Then

(a) f  integrable c⇒ If I iukgrasle

(b) f  inkgrasle and f=g feeta.ec ( :⇐7 Fee . null set NCM
:

fcx )=gC× ) t  × EM1N )

⇒ fdiecxfcx ) = flµC×)gC× )
M

(c) f 3 0 µ
- a. e. and Smdµe×)f(⇒ = 0 ⇒ f=O µ

- a- e.

1e×±Ithe 2 basic results forinterchanging integrate  and lives :

D. 5
.

Theorem new lef fn : M → 4 measurable

(a) Monotone convergencee- -

H Of fns fn + ,

then
,

then fi - nleigeafn measurable

and
lnigea |dµC×) f. G) =

fmdeeG) f(×) ( possibly + a)

(b) Dominated convergence
mmmm -

If 74 : M → [ qa ] st
.

lfnl s h µ
- a. e.

,
)dµ G) hcx ) < oo

14

and F f :M→ �1� measurable st
. f= lgaugofn a- a. e.

,

them

nligea Smdeeed f. G) =

fmdeeG) f(×)


























