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Excercise Sheet 9 for 10.07.2017

Consider the variational problem

E = inf {M L we H'(R),u#0}.
][5
9.1. Recall the Sobolev’s inequality
Vel > [lell2, Vo € C°(R?).

Use this to prove that £ > 0.

9.2. Show that we can choose a minimizing sequence {u,} for E such that
IVunlls = [Junll2 = 1.

Prove that the sequence {u,} is not vanishing, namely there exist a subsequence (still
denoted by {u,} for simplicity) and a sequence {x,} C R? such that u, (- + x,) converges
weakly in H!(R?) to a function uy # 0.

9.3. Prove that

tim inf (|7 31 3 = Vet 313 — 119 atn — 1t0) 1t — 0]3) > 0

and
Tim (lln 4 = ol = llwn — woll4) = 0.

Deduce that ug is a minimizer for E.

9.4. Prove that there exists Q € H*(R?), Q > 0 such that

~AQ+Q—-Q*=0 inD'(R?).



