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Let d ∈ N.

3.1. (a) Compute the Fourier transform of χ[−1,1] : R→ {0, 1}.

(b) Compute the Fourier transform of f : R→ R, f(x) := (sin x)2/x2.

3.2. Prove that every f ∈ C∞c (R3) satis�es(∫∫
R6

f(x)f(y)

|x− y|
dx dy

)
‖∇f‖22 > 4π‖f‖42.

3.3. Let f ∈ L2(Rd). Prove that the PDE u − ∆u = f has a distributional solution
u ∈ H2(Rd).
Hint: Using Riesz's representation theorem conclude the existence of u ∈ H1(Rd) satisfy-
ing 〈u, ϕ〉H1 = 〈f, ϕ〉L2 for all ϕ ∈ H1(Rd).

3.4. Let f ∈ L2(Rd) satisfy

sup
ϕ∈C∞

c (Rd)
‖ϕ‖261

∣∣∣∣ ∫
Rd

f(x)(∇ϕ)(x) dx

∣∣∣∣ <∞.
Prove that f ∈ H1(Rd).


