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Let (Ω,Σ, µ) be a measure space.

1.1. Prove the following extension of Hölder’s inequality:
For m ∈ N let fj ∈ Lpj(Ω), j = 1, . . . ,m with
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1.2. Prove the following extension of Young’s inequality:
Let p, q, r ∈ [1,∞] with 1/p + 1/q = 1 + 1/r. Then for any f ∈ Lp(Rd) and g ∈ Lq(Rd)
the convolution f ∗ g belongs to Lr(Rd) and ‖f ∗ g‖r 6 ‖f‖p‖g‖q.

1.3. For p ∈ [1,∞) let (fj)j∈N be a sequence in Lp(Ω) such that there exists f ∈ Lp(Ω)
with limj→∞ fj(x) = f(x) for µ-a.e. x ∈ Ω and limj→∞ ‖fj‖p = ‖f‖p. Prove that (fj)j∈N
converges to f strongly in Lp(Ω).

1.4. Suppose that

(a) there exists a sequence of disjoint measurable sets (Aj)j∈N such that µ(Aj) ∈ (0,∞)
for all j ∈ N and

∑
j∈N µ(Aj) =∞, and

(b) there exists a sequence of disjoint measurable sets (Bk)k∈N such that µ(Bk) ∈ (0,∞)
for all k ∈ N and limk→∞ µ(Bk) = 0.

Prove that for every p ∈ [1,∞] there exists fp ∈ Lp(Ω, dµ) such that fp 6∈ Lq(Ω, dµ) for
any q ∈ [1,∞] \ {p}.


