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Homework 9
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9.1. Prove Lemma 5.13: Let D be the closure of the symmetric operator
Dy : C*(R*\ {0}) — L*(R?) defined by

. d
(Do)a) = 5 3 (vt o la), Vo e B

v=1

Then
(a) D= D%
(b) FDF* = —D;
(c) For T € R let U(7) : L*(R?) — L*(R?) be given by
U(T)Y) (x) == /(e ), Vo € R%.
Then {Z/{ (T)}TeR is a strongly continuous unitary group with generator D, i.e.
U(T) = eP7 for all T € R.
9.2. Prove Lemma 5.15: Define the Mellin transfrom

M LA(RY) — LA(R x S

by
1 R d/2 d—1
(MY)(\,w) := — Lim. r ATy (rw)dr, V(\,w) e R x S
\/27{' N—oo 1/N
Then
(a) M is unitary with inverse
/2 N
(M) (rw) = Nors lNlm r (N, w)dA, Y(r,w) € Ryg x ST
s —00 -N

(b) For every 7 € R and ¢ € L*(R x S*!) we have
(./\/l U(T)./\/l_1<p)()\,w) =™ p(\ W), V(A w) €R x &1

and
(MDM o) (N w) =rp(A\w), V(A w)eRxS"L



