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7.1. Prove that for a self-adjoint operator H and E ∈ R the following statements are
equivalent:

(a) E ∈ σess(H).

(b) There exists an orthonormal system (ϕn)n∈N from D(H) such that∥∥(H − E)ϕn∥∥ −→
n→∞

0.

(c) There exists a sequence of normalized vectors (ϕn)n∈N from D(H) weakly converging
to zero such that

∥∥(H − E)ϕn∥∥ −→
n→∞

0.

7.2. Prove Remark 4.20:

(a) lq
(
Lp(Rd)

)
⊃ Lp(Rd) ∪ Lq(Rd) for q > p;

(b) lq
(
Lp(Rd)

)
⊂ lp

(
Lq(Rd)

)
for q 6 p;

(c) lq
(
Lp(Rd)

)
⊂ Lp(Rd) ∩ Lq(Rd) for q 6 p.

7.3. Let d ∈ N, δ > d/2 and h := (2π)d/2F−1〈·〉−δ. Prove that eη|·|h ∈ L2(Rd) for every
η ∈ [0, 1) (cf. the proof of Lemma 4.24).


