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PROBLEM 1. (10 marks)

Consider
the C*-algebra A = M(n x n,C), n € N,
a Hamiltonian H = H* € A,

the one-parameter group {7'|t € R} of *-automorphisms A s 7¢(A) := e Ae7 of A,

e a state w on A,
e JeR.
Denote by wgy the Gibbs state at inverse temperature 3. Prove the following:
1. If w = wgp, then w is a (7%, B)-KMS state.
2. If wis a (7%, 8)-KMS state, then w = wsy.

SOLUTION:



SOLUTION TO PROBLEM 1 (CONTINUATION):



Name

PROBLEM 2. (10 marks)
Consider the C*-algebra A = M(2 x 2,C) and the state w,, represented by the density matrix

Pr = (g 1EM)’ “6[0’%]'

Find, for each p, an explicit GNS representation (H,, 7, 2,) of A associated to the state w,,.

SOLUTION:



SOLUTION TO PROBLEM 2 (CONTINUATION):



Name

PROBLEM 3. (10 marks)

Consider a one-dimensional quantum spin chain. For each z € Z, let H, ~ C" for a fixed
n > 2, and let Az be the usual quasi-local algebra built upon A,y = B(H,). Let (Ap,)men be
the sequence A,, = [-m, m] N Z. Consider:

e unitary elements U, € Ay, and the associated map
ap(A) = (®ealU;) A (®yealy) A€ Ay;
e the local Hamiltonian H,, given by a two-body interaction

HA - Z J(xay)cbx,yv

T,yeN
where @, , € Ayuqy); We shall assume that the associated dynamics 7" exists on Agz.
1. Prove that there exists an automorphism « of Az such that

lim ay,, (A) = a(A), A€ Ape.

m—00

2. Assume that ||®,,|| <1 and that there exists C' < oo such that

sup » | J(z,y)llz —y| = C.

TEZ yeZ

Assume moreover that a(®, ,) = @, , for all (x,y) € Z x Z. Prove that if w is a (77, 5)-
KMS state for a g € (0,00), then woa = w.

SOLUTION:



SOLUTION TO PROBLEM 3 (CONTINUATION):



Name

PROBLEM 4. (10 marks)
For this problem, you may assume results proved in the homework.

Let M :={1,2,...,m}. Consider the following generalisation of the classical 1D Ising Model
discussed in class. The model consists of N + 1 sites where at each site ¢ the configuration
is given by S; € M. A configuration of the chain is given by S: {1,...,N +1} — M. The
energy functional is given by

Hy(S) = Z h(S;i, Sit1)

for some function h: M x M — R. We consider the Dirichlet boundary condition obtained by
fixing the values of Sy and Sy.;. For any (s, sg) € M x M, denote C(sp,sg) := {S|S1 =
sr,Sn+1 = Sr}. The specific free energy is given by

log Zn (B, 5L, s -
fN<ﬂ78L78R) = & ]}[\/gﬁ_i_ 1L R)a ZN(ﬁasLasR) = Z (& ﬁHN(S).
SeC(sy,SRr)

1. Prove that the thermodynamic limit
f(67 SL78R) = lim fN(/B,SL,SR)
N—oo
exists.

2. Prove that it is independent of the boundary condition (sy, sg).

(Hint: Introduce a transfer matrix to represent Zy (5, s, sg) = (vr, TéVvR) and use the specific
properties of its entries.)

SOLUTION:



SOLUTION TO PROBLEM 4 (CONTINUATION):



Name

PROBLEM 5. (10 marks)

Let A be a C*-algebra with unit, {7* |t € R} be a one-parameter strongly continuous group
of x-automorphisms of A, and 8 € (0,00). Assume that, for each n € N, {7} |t € R} is a one-

parameter strongly continuous group of *-automorphisms of A such that |74 (A) —7¢(A)|| ==
0 VA € A and Vt € R, and that (w,)52 is a sequence of (77, 5)-KMS states on A.

1. Argue that there exists a limiting state w on A (a keyword is sufficient here).
2. Prove that w is a (7%, 3)-KMS state.

(Hint: You may use the following result: Let 4, respectively ¢,, be the generators of 7,
respectively 75, For each A € D(0), there is a sequence (4,,)%°, such that A, € D(4,) and

Ay — A, Gu(A) — §(A)

as n — 00.)

SOLUTION:



SOLUTION TO PROBLEM 5 (CONTINUATION):



Name

PROBLEM 6. (10 marks) - SHORT QUESTIONS

Answer to each question with a YES or a NO. Marking scheme: 1 mark for each correct answer,
0 marks for each unanswered question, -1 mark for each wrong answer.

6.1 Consider the quasi-free state w, on the Weyl algebra with one-particle Hilbert space H
associated to the operator p > 0 on H. Let the dynamics be given by /(W (f)) = W (¥ f),
and assume that p = e 7 pel*  Is the dynamics unitarily implementable in the GNS repre-
sentation associated to w,?

dYES QNO

6.2 Let Hy = >, yyee,(MNog0, + 0207) + 030,), [A| < 1 for A C Z?, where o are the Pauli

matrices. Consider the symmetry ol — o}, 02 — 02, 02 — —o2 for all € Z?. Does

Mermin-Wagner’s theorem show the absence of symmetry breaking in this case?

A YES QNO

6.3 Does an ideal Bose gas with relativistic energy-momentum dispersion relation €(p) = |p|,
i.e. h=./| —iV| on L*(R?), exhibit Bose-Einstein condensation?

JYES QNO

6.4 Consider a C*-dynamical system (A, 7%), a (7%, 3)-KMS state w with 8 € (0, 00) on A, and
a *-automorphism « on A. Is it true that, if the dynamics 7* is a-invariant, so is the state w?

QYES QNO

6.5 On the C*-algebra A = M(n x n,C), consider a Hamiltonian H = H* and a state w,
given by the density matrix p. Assume that w,(X*[H, X]) > —2014 for all X € A. Do p and
H commute?

JYES QNO



6.6 Let A be a C*-algebra and my, w5 be unitarily equivalent representations. Does this imply
that the spectrum of m;(A) is equal to the spectrum of my(A) for all A € A?

JYES QNO

6.7 Let A= C°([0,1]) and A > f: x +— exp(z). Does 2014 belong to the spectrum of f?
A YES QNO

6.8 Consider the family N'(A) := {A € A| AA* = A*A} of all normal elements of a C*-algebra
A. Is N(A) necessarily a *-subalgebra of A?

QYES QNO

6.9 Consider a quantum spin system on I' = Z?. For boxes Ay, = [=L...LJ* let f5 be the
Fourier transform of wf (S3S%), where wf is the Gibbs state of the system on Ap. Assume that
fé is real-valued and

C
L ~1/2
f5(k) < LTBW /
for a positive constant C. Is it true that the model exhibits long-range order in the sense that
liminfy oo L7237 wh(S5S2) > 07
QA YES ONO

6.10 On a Hilbert space H, assume that the time-dependent Hamiltonian H(t) = H(t)* is
such that H(0) = H(T). Let w be an arbitrary state of the system. Can the energy of the
system at ¢t =T be strictly smaller than at ¢ = 07

A YES QNO



