Mathematical Statistical Physics

TMP Programme Munich — spring term 2014

HOMEWORK ASSIGNMENT - WEEK 06

Hand-in deadline: Thu 22 May by 12 p.m. in the “MSP” drop box.

Rules: Correct answers without proofs are not accepted. Each step should be justified. You can hand in your
solutions in German or in English.

Info:

www.math.lmu.de/ "michel/SS14_MSP.html

Exercise 17.

Consider the Hilbert space H = C" (n € N) and the C*-algebra A = M(n,C).

(i)

(i)

Let A, B € A be such that A > Q and B > O, and let f € C'((0,+00),R) be convex.
Prove that
TH(f(A) — f(B)— (A~ B)J'(B)) > 0

“w_»

and prove that if furthermore f is strictly convex then the sign in the above inequality

holds if and only if A = B.
Given >0, H=H* € A, ad a state w on A, define

1
Fa(w) = BS(w) —w(H)

where S(w) is the entropy of w. Prove that Fj(w) has a unique maximiser over the set
of states on A given precisely by the Gibbs state at inverse temperature (3, i.e., the state
Wy defined by

—BH

e
Por =y (e=AH) "

Compute Fg(wp,y)-
(Hint: Prove that Fs(w,) = %log Tr (e P#) — %Tr (plog p — plog psr) and use (i) with
the popular choice f(t) =tInt.)

Given H = H* € A consider the one-parameter group {o; |t € R} of x-automorphisms
A ay(A) = e Ae7 of A, and let w be a state on A and 8 € R. Prove that w is a
(au, B)-KMS state if and only if w = w,,,,, the Gibbs state at inverse temperature j.

Exercise 18. Consider

e the quasi-local UHF algebra (A, (Aa)acrze)) associated with an infinite quantum spin

system on Z¢ (d € N, F(Z%) is the collection of the finite subsets of Z<),



e an interaction ® : F(Z?) — A that is bounded, in the sense that

o] = sup Z [e(A)] < oo,
xre
Ae]-'(Zd)
A>Sz

and has a finite range, in the sense that 3 Rg > 1 such that ®(A) = O if diam(A) > Rg,
where diam(A) := sup, ,cp [T — ¥,

e the collection (Hj)aer(z4) of local Hamiltonians Hy := Z O(X
XCA

(i) Let A € Ape = U Aj. Prove that the limit
AeF(Z%)
d(A) = lm i[Hy,A]
A—oo
AEF(Z4)
exists in A and defines a symmetric derivation with domain D(d) = A, such that
d(D(9)) € D(6). (The limit A — oo is meant as follows: for every sequence Ay C Ay C - -+
in F(Z%) such that | J77, A, = Z%, lim,, o i [Ha,, A] converges and is independent of the
choice of the sequence.)

(ii) Prove that for every A € A, and for sufficiently small ¢ € R the series
tn

a(A) = e?(A) = ZE(S”(A)

is norm-convergent in A and therefore the function ¢ +— e'(A) is analytic.

(Hint: argue that 6"(A) € Ay, and find a control [[§"(A)|| < c(n, [|®||) ||A]| by estimating
conveniently all commutators; the inequality a” < n!b="e® (a,b > 0, n € N) may be
useful.)

Exercise 19. (Follow-up to Exercise 18)
(i) Prove that the map «; : Ao — A satisfies, VA, B € A, Va,b € C, Vt € R, the properties
a(aA+bB) = aay(A) + boy(B)
ai(AB) = a(A)au(B)

o) = 1
a(A") = au(A)".

(ii) For every A € Ap. and every t € R define a}(A) = etaAe Hr Prove that, for
sufficiently small £ € R, one has
lim ||af(A) — a,(A)|| = 0.
A—o0
AEF(Z?)
(iii) Prove that, for sufficiently small ¢t € R, the map a; : A — A extends to a x-auto-
morphism «o; : A — A.



