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INSTRUCTIONS:

e This booklet is made of sixteen pages, including the cover, numbered from 1 to 16. The test consists of six
problems. Each problem is worth the number of marks specified in the table above. 50 marks are counted as
100% performance in this test. You are free to attempt any problem and collect partial credits.

e The only material that you are allowed to use is black or blue pens/pencils and one hand-written, two-sided,
Ad-paper “cheat sheet” (Spickzettel). You cannot use your own paper: should you need more paper, raise
your hand and you will be given extra sheets.

e Prove all your statements or refer to the standard material discussed in class.
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PROBLEM 1. (10 marks)
Consider the linear operator T : L2[0, 7] — L?[0, 7] defined by

(Tf)(x) :=sinx (/Oﬂf(t) costdt) + cosx (/Oﬂf(t) sintdt) for a.e. z € [0,7].

(i) Show that 7" is continuous.

(ii) Compute ||T’||, the operator norm of 7.

SOLUTION:



SOLUTION TO PROBLEM 1 (CONTINUATION):



Name

PROBLEM 2. (10 marks)

Let H be a separable Hilbert space with norm || || and scalar product (, ) and let {e,}>2,
be an orthonormal basis of H. Let {z,}22, be a sequence in H. Show that the following two

statements are equivalent.
(i) , — 0 (i.e., x, converges weakly to 0) as n — oo,

(ii) (em, Tn) —25 0 for each m € N and sup ||z,|| < C for some constant C' > 0.
neN

SOLUTION:



SOLUTION TO PROBLEM 2 (CONTINUATION):



Name

PROBLEM 3. (10 marks)
Let (X, || |lx) and (Y,]| ||y) be two Banach spaces.

(i) Let T : X — Y be a bounded linear operator such that | Tx|y > ¢||z|x Yz € X and for
some constant ¢ > 0. Prove that T"is compact if and only if dim X < oo.

(ii) Assume that dim X = oo and let S : X — Y be a bounded and compact linear operator.
Prove that there exists a sequence {z,}>°; in X with ||z,|x = 1 ¥n € N such that
1Sz |y —2 0.

(iii) Take X and S as in (ii). Let ¢ > 0. Show that there exists a linear, bounded, compact,
and non-injective operator S. : X — Y such that ||S — S.|| < e.

SOLUTION:



SOLUTION TO PROBLEM 3 (CONTINUATION):

10
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PROBLEM 4. (10 marks)

Consider the real vector space Li[—1, 1] of square-integrable functions on the interval [—1, 1]
and the non-linear functional ¢ : L[—1,1] — R defined by

o) = [ ywiar-2f @,

1
Let M = {f € L3[-1,1] ‘ / flz)dz = O}. Compute finj&gb(f).
-1 €

SOLUTION:

11



SOLUTION TO PROBLEM 4 (CONTINUATION):
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PROBLEM 5. (10 marks)

Consider the real Banach space C([0, 1], R) of real-valued continuous functions on the interval
[0, 1] equipped with the || ||oc norm. Let £ C C([0, 1],R) be a closed linear subspace. Assume
that every f € FE is Hélder continuous, ie., Vf € E Jc¢ € R and Ja € (0, 1] such that
[f (@) = fy)l < cle—y|* Yo,y €[0,1].

(i) Prove that 34 € (0,1] and 3C > 0 such that

f(@) = fWI < Clfllc e —yl”  VfeE, Vryel01].
(Thus, v and C' are independent of f.)
(ii) Prove that dim £ < oc.

SOLUTION:
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SOLUTION TO PROBLEM 5 (CONTINUATION):
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PROBLEM 6. (10 marks)
Consider the function f : [0,27] — R defined by

f(x) = {(x—27r)2

Use the Fourier series of f to compute

Ul P

n=1
e (-t
(ii) nz:l poan
SOLUTION:

15

if z € [0, 7
if x € (m,27].



SOLUTION TO PROBLEM 6 (CONTINUATION):

16



