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Exercise 6. Let B(R) be the family of Borel sets in R. Recall that a projection-valued
measure is a family { Po}oepr) of bounded operators on a Hilbert space satisfying the following
properties:

(a) Each Py is an orthogonal projection.
(b) Py = 0 (the projection associated to the empty set is the null operator) and Pg = 1.
(c) It Q=" Q, with Q, UQ,, = 0 for all n # m then
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(d) PQlﬂQQ = P91PQ2'

The goal of this problem is to prove that actually property (d) follows from (a) and (c) by
abstract considerations.

6.1) Prove the operator identity Po,uq, + Poing, = Po, + Pa,-

6.2) Prove that Q3 N Qy = 0 = Py, Po, = 0. (Hint: square the identity in the previous
point and prove by algebraic manipulations only that Pq, Py, has to be at the same time
self-adjoint and anti-self-adjoint.)

6.2) Use the above points to deduce (d) from (a) and (c).

Exercise 7. Recall from the class that given a projection-valued measure { Po }ocpr) on B(R),
the Borel sets of R, one defines the integral of a bounded Borel function f with respect to the
measure {Po}oepmr) as that bounded operator
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(the above limit being meant in the norm operator sense) for some sequence { f,,}°°; of simple
functions approximating f uniformly, i.e., such that ||f — f,|l.c — 0. In the class the well-
posedness of [, g(A) dP(X) was proved for simple functions, together with the estimate

< gl - ()

H [sare

BL(H)

1



Prove that, due to (%), the limit operator defined in (x) is unique (i.e., independent of the
approximating sequence of simple functions one considers) and (x*) holds for any bounded
Borel function.

Exercise 8. Given a projection-valued measure {FPo}ocpmr) on B(R), the Borel sets of R,
consider the map

U : {bounded Borel functions} — BL(H) = {bounded operators on H}
; [ sarw)
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A key point in the proof of the Spectral Theorem is that ¥ is a x-homomorphism between the
two spaces above and reproduces the functional calculus for f. In particular, in this exercise
prove that ® preserves the product, i.e.,

U(fg) = ¥(f)¥(g) (o)

for any two bounded Borel functions f and g. (Hint: use the result of Exercise 4 to approximate
f and g with simple functions and prove (e) for simple functions. To this aim, the relation
Po,na, = Pa, Pa, proved in Exercise 6.2 will be crucial [if you did not solve Exercise 6, just
grab such an identity from there]. Last, use (%) of Exercise 7 to perform a limiting argument
and lift your result from simple functions to generic bounded Borel functions.)

Exercise 9. Let T' € BL(H), that is, a bounded operator on the Hilbert space H. Assume
that T is invertible with bounded inverse. Find a condition on how close to T another bounded
operator S has to be, in the norm operator sense, so that S too is invertible with bounded
inverse. (Hint: deduce a “Neumann series” for S~!. The condition on ||7—S|| will immediately
follow when you impose the convergence of the series.)



