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What is the modal p-calculus ?

The modal p-calculus...

. is an extension of modal logic allowing least and greatest
fixpoint constructors for any (syntactically) monotone formula.
containing "all” extensions of modal logic with fixpoint
constructors.

> PDL: (")) = px.9p V (a)x
» CTL: EGp = vx.o A Ox and E(oUy) = ux.ap V (@ A Ox)
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Eventually "p":
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Allways eventually "p":

vx.p A Ux

vx.(py.pV <Cy) AOx
There is a branch such that infinitely often "p":
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There is a branch such that infinitely often "p”:
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= the internal fixpoint formula py.(p A ©x) V Oy uses the
external fixpoint variable x as parameter.
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Fixpoint alternation depth "ad"

"o "o

Eventually "p" and allways "p":

ad(pux.pV Ox) =ad(vx.p AOx) =1

There is a branch such that infinitely often "p”:
ad(vx.py.(p A Ox)V Oy) =2

= the internal fixpoint formula py.(p A ©x) V Oy uses the
external fixpoint variable x as parameter.

Allways eventually " p":

ad(vx.(uy.pV Oy)AOx) =1
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A formula with ad = 3:
¢ = px.wvy.pz.((d A Ox)V (o AOy) V (ds AOzZ) V...

V(e AOx) V(2 AOy) A (c3 AOz))

= the subformula ¢, uses the fixpoint variable y as parameter and
the subformula ¢, uses the most external fixpoint variable x as
parameter.
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L Introduction

A formula with ad = 3:
¢ = px.wvy.pz.((d A Ox)V (o AOy) V (ds AOzZ) V...

V(e AOx) V(2 AOy) A (c3 AOz))

= the subformula ¢, uses the fixpoint variable y as parameter and
the subformula ¢, uses the most external fixpoint variable x as
parameter.

Syntactical modal p-calculus hierarchy

The alternation depth implies a "strict” syntactical hierarchy on
the class of all u-formulae.
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L Introduction

The modal p-calculus hierarchy

Bradfield (1996): Stictness of semantical modal yi-calculus
hierarchy

The semantical modal p-calculus hierarchy is strict on the class of
all transition systems.

= For each n there is a formula ¢ with ad(y) = n such that for all
formulae ¢ with ad(¢)) < n we do not have

for all transition systems 7 : (T E¢ < T E).
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L Introduction

We answer the three following questions:

Strictness of the semantical modal p-calculus hierarchy on the

class of all...
1. ...reflexive transition systems?
2. ...transitive and symmetric transition systems?

3. ...transitive transition systems?
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The Hierarchy on transitive and symmetric Transition Systems

The Hierarchy on transitive Transition Systems
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L,-formulae

pu=p| ~p[T[L[(eAp) (V)| Cp|Dp...
oo | pxep | vxep

where p,x € P and x occurs only positively in nx.¢ (n = v, p).
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LThe modal ji-calculus

L,-formulae

pu=p| ~p[T[L[(eAp) (V)| Cp|Dp...
oo | pxep | vxep

where p,x € P and x occurs only positively in nx.¢ (n = v, p).

- is defined by using de Morgan dualities for boolean
connectives, the usual modal dualities for & and [J, and

—ux.p(x) = vx.op(x)[x/—x] and  —wx.p(x) = px.—e(x)[x/—x].
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LThe modal ji-calculus

» x € bound(y) then @y is subformula of ¢ of the form nx.a.

> ¢ well-named if no two distincts occurrences of fixed point
operators in ¢ bind the same variable, no variable has both
free and bound occurrences in ¢ and if for any subformula
nx.a of o we have that x appears once in .
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LThe modal ji-calculus

Syntactical modal p-calculus hierarchy

Let ® C £,,. v(®) is the smallest class of formulae such that:
> &, - C v(P);

> If ¥(x) € v(®) and x occurs only positively, then
vx.ap € v(P);

> If b, o € (D), then Y A, V @, O, ) € v(P);
> If ¢, € v(P) and x is bound in 1), then ¢[x /9] € v(P)
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LThe modal ji-calculus

Syntactical modal p-calculus hierarchy

Let ® C £,,. v(®) is the smallest class of formulae such that:
> &, - C v(P);

> If ¥(x) € v(®) and x occurs only positively, then
vx.ap € v(P);

> If b, o € (D), then Y A, V @, O, ) € v(P);
> If ¢, € v(P) and x is bound in 1), then ¢[x /9] € v(P)
similarly for p(®)
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LThe modal ji-calculus
:

For all n € N, we define the class of p-formulae ¥4 and M}
inductively as follows:

> Zg = I_Ig =Lw;

»

+1 = ,u(l_l’,f);
> M, =v(Zh).

Alternation depth:

Al =ThAM

ad(p) :=inf{k : o € A}, }.




The modal p-calculus Hierarchy on Restricted Classes of Transition Systems
I—The modal ji-calculus

Transition Systems




The modal p-calculus Hierarchy on Restricted Classes of Transition Systems

LThe modal ji-calculus

Transition Systems

A transition system T is a triple (S, —7,\) consisting of
> aset S of states,
> a binary relation -7 C S x S called transition relation,

» the valuation \ : P — p(S) assigning to each propositional
variable p a subset A(p) of S.
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LThe modal ji-calculus

Transition Systems

A transition system 7T is a triple (S, —7, \) consisting of
> a set S of states,
» a binary relation —7C S x S called transition relation,
» the valuation \ : P — p(S) assigning to each propositional
variable p a subset A\(p) of S.
A pointed transition system (7, sp) consists of a transition system
7 and a distinguished state sp.
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LThe modal ji-calculus

Denotation of a formula

|lol|7 is defined as usual by induction on the complexity of
¢ € L,. Simultaneously for all transition systems 7" we set:

> ...
> vxallr =U{S' €S | S C la()llrpes}
> [ux.allr =S €S | [le()llrp—sy €5}
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LThe modal ji-calculus

Denotation of a formula

|lol|7 is defined as usual by induction on the complexity of
¢ € L,. Simultaneously for all transition systems 7" we set:

> ...
> vxallr =U{S' €S | S C la()llrpes}
> [ux.allr =S €S | [le()llrp—sy €5}

lvx-o(X)llr = GFP(lle(x)ll7) and [lpx.e(x)llr = LFP([le(x)[l7)
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LThe modal ji-calculus

Some equivalences

» If x is not in the scope of a modality in ¢(x) then for all 7

lvxp()llr = lle(T)llT and [lux-e(x)|T = [le(L)l7
» For all p(x,y) and all T
[vxvy-p(x y)liT = lvx-e(x, x)llr

| x.py - 0(x, y) |l = [[x.p(x, x)|| T

» Every formula ¢ is equivalent to well-named formula nf(y).
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I—The modal ji-calculus

Classes of Transition Systems

> flell” =

> el ={(T.s) © s €llellr}

{(T,s) ; se|l¢llr and T reflexive}
> Similarly form [|l|", [|[|*F, [l ]|"".
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LThe modal ji-calculus

:

systems

> I'I’,j’T =

{llell i weXh}
{llell + ¢ €N}

For all n € N, we define the following classes pointed transisition
» yiT

» APT

{llell ;¢ € AR}

Similarly for T", T¢, TSt and T
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I—The modal ji-calculus

How do we decide if s € [|p]|77?
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L Games for the modal p-calculus

Evaluation game for classical propositional logic

E((gV r)Np,(T,s1)):

Sl{p,r}

(aV ) Apos)
o7 S0 R

(p,s1)

(qVr,s)

|

(r,s1)
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L Games for the modal p-calculus

position | player | next position
<pia S> -

(¥ V ¢,s) | V chooses between (1), s) and (¢, s) V choice

(¥ A ¢,s) | F chooses between (1), s) and (¢, s) F choice
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L Games for the modal p-calculus

Evaluation game for modal logic

E(COL, (T, s1)):

sl{p,r}

(oL, s1)

(O, %)
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L Games for the modal p-calculus
:
position | player | next position
<pi7 S> B
(¥ V ¢,s) | V chooses between (1), s) and (¢, s) V choice
(¥ A ¢, s) | F chooses between (1), s) and (¢, s) F choice
(O, s) V chooses a point s’ s.t. s — 5’ (1, s")
(O, s) F chooses a point s’ s.t. s — &’

{¥,5")
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Evaluation game for the modal p-calculus
position | player | next position
<pi7 S> - -
(¢ V &,s) | V chooses between (1), s) and (¢, s) V choice
(¥ A ¢, s) | F chooses between (1), s) and (¢, s) F choice
(O, s) V chooses a point s’ s.t. s — & D)
(, s) F chooses a point s’ s.t. s — & !
<H’X'¢a 5> -
(vx.a, s) -
B,5)

(¢,s
{¥,s)
(t,s)

)

(thx; s)
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The modal p-calculus Hierarchy on Restricted Classes of Transition Systems

"There is an infinite branch” £(vx.Cx, (7, s1)):

sl{p,f}

7

S RN

(vx.Ox, s1)

,s1)
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L Games for the modal p-calculus

"There is branch with infinitely often "p”
E(wx.uy. (pAOx)V Oy, (T,51)):

sl{"”} (vx.py.(p A Ox) V Oy, s1)
|
/ 1 |
o7 o7 > 51}

N



L Games for the modal p-calculus

The modal p-calculus Hierarchy on Restricted Classes of Transition Systems

sl{p"} (Ox, s4)
|
|
A
sz{p} s:,:{p} E— sj'} (vx.py.(p A Ox) V Oy, sq)
I
(. |
Y
(Oy, s1)
|
|
Y

(py.(p A Ox) V Oy, s1)
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L Games for the modal p-calculus

Game-theoretical version of the “fundamental theorem”
Theorem [Streett Emerson 89]

s € ||g||7 iff V has a winning strategy in (¢, (7,5)).
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L Games for the modal p-calculus

Game Formulae
For all n > 1 we define the ¥4 Game formula Wsn and the ne
Game formula Wp such that (n even):

n+1 n+1
Wsn := pixpi1.0Xp. . .. V/[LXz( \/ (di N Ox;) V \/ (ci A DX,-))
i=2 i=2
n+2 n+2

Whe 1= vXnt2. Xyt - - .;L/I/X3( \/ (di NOXx;)V \/ (ciN DX,-))
i=3 i=3
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L Games for the modal p-calculus

Game Formulae
For all n > 1 we define the ¥4 Game formula Wsn and the ne
Game formula Wp such that (n even):

n+1 n+1
Wsn := pixpi1.0Xp. . .. V/[LXz( \/ (di N Ox;) V \/ (ci A DX,-))
i=2 i=2
n+2 n+2
Whe 1= vXnt2. Xyt - - .;L/I/X3( \/ (di NOXx;)V \/ (ciN DX,-))
i=3 i=3

WX‘;,L € Z’,f and Wn# € I_I‘,f
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L Games for the modal p-calculus

Theorem [Emerson,Jutla (91), Walukiewicz (00)]

Let ¢ be a M,-formula and (7,s) be a pointed transition system.
Player V has a winning strategy for £(¢, (7 ,s)) if and only if
T(E(w,(T,5))) € |[Whe|; similarly for Xf-formulae.
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L Games for the modal p-calculus

Theorem [Emerson,Jutla (91), Walukiewicz (00)]

Let ¢ be a M,-formula and (7,s) be a pointed transition system.
Player V has a winning strategy for £(¢, (7 ,s)) if and only if
T(E(w,(T,5))) € |[Whe|; similarly for Xf-formulae.

Corollary

(T:s) ellell & T(E(w,(7,5))) € [Whell

similarly for ¥4 -formulae.
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The Hierarchy on Reflexive Transition Systems
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LThe Hierarchy on Reflexive Transition Systems

Construct £"(¢, (7, s)) by making the "moves” relation E reflexive
and adapting Q to Q":

Q((¢,5) = Q(,s)) ¥ =nxa

0 if (ih,s) e V4

it sy e vy, V7

Q((¢,s)) = {

Lemma
Player V has a winning strategy for £ (¢, (7, s)) iff Player V has a
winning strategy for £(p, (7, s)).
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LThe Hierarchy on Reflexive Transition Systems

Reflexive Game formula

For all n > 0 we define the ¥4 Walukiewicz formula Wz# and the
M}, Walukiewicz formula Wy such that (n even):

n+1 n+1

W{,; = UXpi1.UXp. .- V/MXO( \/ (di NOx;) V \/ (ci A DX;))
i=0 i=0
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LThe Hierarchy on Reflexive Transition Systems

Reflexive Game formula

For all n > 0 we define the ¥4 Walukiewicz formula Wz# and the
M}, Walukiewicz formula Wy such that (n even):

n+1 n+1
W{,; = UXpi1.UXp. .- V/MX()( \/ (di NOx;) V \/ (ci A DX;))
i=0 i=0

r I r H
Ly €Xh.pand W, eMh,
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LThe Hierarchy on Reflexive Transition Systems

:

Proposition

Let (7,s) be an arbitrary pointed transition system. For all
¢ € M4 we have that:

T((p,(T,5))) € [Wrgll if and only if (7', 5) € [[]l.
and analogously for W¢,




The modal p-calculus Hierarchy on Restricted Classes of Transition Systems
I—The Hierarchy on Reflexive Transition Systems

Theorem

For all natural numbers n € N we have that

T " T T
zn gzn—l—l and I_In -,C«-rln—l—l
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LThe Hierarchy on Reflexive Transition Systems
:

Theorem

For all natural numbers n € N we have that

Proof

Y Cxn, and M) Cnl,
Else for all k

Y = =T =10,
and [|W{,||" € N or ||-

e £T.
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LThe Hierarchy on Reflexive Transition Systems

Theorem
For all natural numbers n € N we have that

Y Cxny and M) CMOT,.

Proof
Else for all k
Y = =T =10,
and [|WE[|" € MY or [[=W, ull" € ¥ Construct (7F,sF) such
that T(E"(~W¢y, (TF, F))) = (TF,sh).
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LThe Hierarchy on Reflexive Transition Systems

Theorem
For all natural numbers n € N we have that

Y Cxny and M) CMOT,.

Proof
Else for all k
S = = =10,
and [|WE[|" € MY or [[=W, ull" € ¥ Construct (7F,sF) such
that 7(&"(— Z“’(TF F))) = (TF,sF). We have

(TF,s7) e [l-Wgp|l iff T(ET(=Wsy, (TF,s7))) € [ Wasl



e
The modal p-calculus Hierarchy on Restricted Classes of Transition Systems
I—The Hierarchy on transitive and symmetric Transition Systems

The Hierarchy on transitive and symmetric Transition Systems
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I—The Hierarchy on transitive and symmetric Transition Systems

:

:
Lemma

Let 7 be a transitive transition system and let s’ € scc(s). For all
pu-formulae ¢ we have that

sellaelr

iff s'ell Aol
where A€ {0, ¢}
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I—The Hierarchy on transitive and symmetric Transition Systems

Theorem

that

Let T be a transitive and symmetric transition system. We have

lvx.po(x)ll7 = lle(e(T))ll7

N
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LThe Hierarchy on transitive and symmetric Transition Systems

The syntactical translation (.)" : £, — L is defined as:

> (ux.0)f = (p(p(L)))"
> (vx.p)t = ((e(T)))

Corollary
On transitve and symmetric (and reflexive) transition systems we
have that

lellr = lle*ll7-
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The Hierarchy on transitive Transition Systems
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LThe Hierarchy on transitive Transition Systems

Lemma
Let 7 be a transitive transition system and let s, s’ be two states
such that s —7 s’. For all u-formulae ¢ we have that

se|0pllr = & e|T¢|llr and

sefovllr = se|ovlr

Theorem
Let 7 be a transitive transition system and let vx.p(x) be a
formula such that x is in the scope of a [J modality. We have that

lvx.po(x)llT = lle(e(T))ll7
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LThe Hierarchy on transitive Transition Systems

T: L, — L, is defined as:

vV V. v v Y

T(px.0) = 7(¢(p(L))), x is in the scope of a ¢ in ¢
T(px.) = ux.7(®), x is not in the scope of a < in ¢
T(vx.p) = 7(p(¢(T))), x is in the scope of a O in ¢
T(vx.p) = vx.7(p), x is not in the scope of a O in ¢
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LThe Hierarchy on transitive Transition Systems

T: L, — L, is defined as:

T(px.0) = 7(¢(p(L))), x is in the scope of a ¢ in ¢
T(px.) = ux.7(®), x is not in the scope of a < in ¢
T(vx.p) = 7(p(¢(T))), x is in the scope of a O in ¢

vV V. v v Y

T(vx.p) = vx.7(p), x is not in the scope of a O in ¢

Corollary
On transitve transition systems we have that

lellz = lr(p)llz-
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LThe Hierarchy on transitive Transition Systems

Notation and Definitions

> Let o(x1,

., Xp) be a formula by ©* we denote the fomrmula
obtained by cutting all branches except x;.

(vx.py.pz.(Ox AOy)V (CzAp)) =vx.OxVp
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LThe Hierarchy on transitive Transition Systems

Notation and Definitions

> Let o(x1,...,x,) be a formula by ©* we denote the fomrmula
obtained by cutting all branches except x;.

(vx.py.pz.(Ox AOy)V (CzAp)) =vx.OxVp

> For all set of variables X the formula ¢e¢(X) is the formula

obtained from ¢ by eliminating all quantifiers binding a
variable x € X but leaving the previously bound variable x as
a free occurrence.

(vx.py .z (OxACY WV (CzAp))freety:2) = (OxACy )V (CzAp)
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I—The Hierarchy on transitive Transition Systems

:

For each sequence of (x,

the formula 1% as follows:

., Xk) with x; € bound(y), we define

pht) =
and

w(xl,,..,xk,xkﬂ) = (P<X1""’Xk)[Xk/<,0x’;H]
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LThe Hierarchy on transitive Transition Systems

> Let ¢ be a pu-formula and X, Y C bound(y). PathX=Y () is
the smallest set such that for all x € X

{{(x,y) ; y € free(pyx) and y € Y} C PathX=Y(y)

and such that if (x1,...,xm,y) € Path(p), if X' € X, if
X' & {x1,...,xm} and if x; € free(py ) then

<X/7X15 cee 7Xn7.y> € PathXHY(SO)‘
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LThe Hierarchy on transitive Transition Systems

> Let o be a p-formula and X, Y C bound(p). PathX~Y(y) is
the smallest set such that for all x € X

{<x,y> »ye fl’ee((px) and y € Y} C PathX—>Y(<p)

and such that if (x1,...,xm,y) € Path(p), if X' € X, if
x' & {x1,...,xm} and if x; € free(¢x/) then

<X/7 X1y .- 7Xn7y> € PathX*}Y(SO)‘

» For all x € X we define

Path*™Y (¢) = {(x1,..., Xk, y) € Path"=Y () ; x; = x}.
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LThe Hierarchy on transitive Transition Systems

> Let o be a p-formula and X, Y C bound(p). PathX~Y(y) is
the smallest set such that for all x € X

{<x,y> »ye fl’ee((px) and y € Y} C PathX—>Y(<p)

and such that if (x1,...,xm,y) € Path(p), if X' € X, if
x' & {x1,...,xm} and if x; € free(¢x/) then

<X/7 X1y .- 7Xn7y> € PathX*}Y(SO)‘

» For all x € X we define

Path*™Y (¢) = {(x1,..., Xk, y) € Path"=Y () ; x; = x}.

> The formula @Y is defined such that

=\ e

sePath*i—Y
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The unfolding of X in v as subformula of ¢, unff,f(@/)), is the
formula defined recursively such that

unf 2 (1) = ¥[x/u]

and such that if X = {x1,...,x,} then

unfX() = ¥ha/unfl (), - xa/unfl " (px,)]

where X' = {Xl, ey X1, Xid 1y e ,X,,}.
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:

The Translation

€ 5 with {xi,
{n,..

., xn} = X all p-variables and
,¥m} = Y all v-variables. We define p(p) € A} as

SDfree(X)[Xl/gon—»Y V Unf)(;_y(QO;ly), o ,Xn/QPXn_)Y V. unfg—Y(SO;,,Y)]'




R
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Lemma

Let 7 be a transitive transition system, and let ¢ € X4 such that

all v-variables (resp. p-variables) x are in the scope of only <&
(resp. O). Then we have

lellr = lle(e)l

u]

o)
I

i
it
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Lemma

Let 7 be a transitive transition system, and let ¢ € ¥4 such that
all v-variables (resp. p-variables) x are in the scope of only &
(resp. O). Then we have

lellz = llp()llr

Proof

Show the existence of a normal form for winning plays for player V
of £(¢,(7,s)) and show that these plays are winning for V in
E(p(¥),(T,s)); and vice versa.
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R: L, — AL is defined as
>

> Rux.9) = p(nf(ux.(R())))
> R(vx.¢) = ~(R(ux.~plx/~x]))
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Theorem

For all ¢ € £,, and all transitive transition systems 7 we have that

lellr = [IR(T())lIT-

N
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Thank you!
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Thank you!

Questions or Remarks?
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