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The modal µ-calculus Hierarchy on Restricted Classes of Transition Systems

Introduction

What is the modal µ-calculus ?

The modal µ-calculus...

... is an extension of modal logic allowing least and greatest
fixpoint constructors for any (syntactically) monotone formula.
containing ”all” extensions of modal logic with fixpoint
constructors.

I PDL: 〈α∗〉ψ = µx .ψ ∨ 〈α〉x
I CTL: EGϕ = νx .ϕ ∧3x and E(ϕUψ) = µx .ψ ∨ (ϕ ∧3x)
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Introduction

Some expressible properties

Eventually ”p”:

µx .p ∨3x

Allways ”p”:
νx .p ∧�x

Allways eventually ”p”:

νx .(µy .p ∨3y) ∧�x

There is a branch such that infinitely often ”p”:

νx .µy .(p ∧3x) ∨3y
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Introduction

Fixpoint alternation depth ”ad”

Eventually ”p” and allways ”p”:

ad(µx .p ∨3x) = ad(νx .p ∧�x) = 1

There is a branch such that infinitely often ”p”:

ad(νx .µy .(p ∧3x) ∨3y) = 2

⇒ the internal fixpoint formula µy .(p ∧3x) ∨3y uses the
external fixpoint variable x as parameter.
Allways eventually ”p”:

ad(νx .(µy .p ∨3y) ∧�x) = 1
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A formula with ad = 3:

ϕ ≡ µx .νy .µz .
(
(d1 ∧3x) ∨ (d2 ∧3y) ∨ (d3 ∧3z) ∨ . . .

. . . ∨ (c1 ∧�x) ∨ (c2 ∧�y) ∧ (c3 ∧�z)
)

⇒ the subformula ϕz uses the fixpoint variable y as parameter and
the subformula ϕy uses the most external fixpoint variable x as
parameter.

Syntactical modal µ-calculus hierarchy

The alternation depth implies a ”strict” syntactical hierarchy on
the class of all µ-formulae.
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Introduction

The modal µ-calculus hierarchy

Bradfield (1996): Stictness of semantical modal µ-calculus
hierarchy

The semantical modal µ-calculus hierarchy is strict on the class of
all transition systems.

⇒ For each n there is a formula ϕ with ad(ϕ) = n such that for all
formulae ψ with ad(ψ) < n we do not have

for all transition systems T : (T |= ϕ ⇔ T |= ψ).
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Introduction

We answer the three following questions:

Strictness of the semantical modal µ-calculus hierarchy on the
class of all. . .

1. . . . reflexive transition systems?

2. . . . transitive and symmetric transition systems?

3. . . . transitive transition systems?
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Overview

Introduction

The modal µ-calculus

Games for the modal µ-calculus

The Hierarchy on Reflexive Transition Systems

The Hierarchy on transitive and symmetric Transition Systems

The Hierarchy on transitive Transition Systems
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The modal µ-calculus

Lµ-formulae

ϕ ::≡ p | ∼ p | > | ⊥ | (ϕ ∧ ϕ) | (ϕ ∨ ϕ) | 3ϕ | �ϕ . . .

. . . | µx .ϕ | νx .ϕ

where p, x ∈ P and x occurs only positively in ηx .ϕ (η = ν, µ).

¬ϕ is defined by using de Morgan dualities for boolean
connectives, the usual modal dualities for 3 and �, and

¬µx .ϕ(x) ≡ νx .¬ϕ(x)[x/¬x ] and ¬νx .ϕ(x) ≡ µx .¬ϕ(x)[x/¬x ].
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The modal µ-calculus

I x ∈ bound(ϕ) then ϕx is subformula of ϕ of the form ηx .α.

I ϕ well-named if no two distincts occurrences of fixed point
operators in ϕ bind the same variable, no variable has both
free and bound occurrences in ϕ and if for any subformula
ηx .α of ϕ we have that x appears once in α.
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The modal µ-calculus

Syntactical modal µ-calculus hierarchy

Let Φ ⊆ Lµ. ν(Φ) is the smallest class of formulae such that:

I Φ,¬Φ ⊂ ν(Φ);

I If ψ(x) ∈ ν(Φ) and x occurs only positively, then
νx .ψ ∈ ν(Φ);

I If ψ,ϕ ∈ ν(Φ), then ψ ∧ ϕ,ψ ∨ ϕ,3ψ,�ψ ∈ ν(Φ);

I If ψ,ϕ ∈ ν(Φ) and x is bound in ψ, then ϕ[x/ψ] ∈ ν(Φ)

similarly for µ(Φ)
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The modal µ-calculus

For all n ∈ N, we define the class of µ-formulae Σµ
n and Πµ

n

inductively as follows:

I Σµ
0 := Πµ

0 := LM;

I Σµ
n+1 = µ(Πµ

n);

I Πµ
n+1 = ν(Σµ

n).

∆µ
n := Σµ

n ∩ Πµ
n

Alternation depth:

ad(ϕ) := inf{k : ϕ ∈ ∆µ
k+1}.
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The modal µ-calculus

Transition Systems

A transition system T is a triple (S,→T , λ) consisting of

I a set S of states,

I a binary relation →T ⊆ S× S called transition relation,

I the valuation λ : P → ℘(S) assigning to each propositional
variable p a subset λ(p) of S.

A pointed transition system (T , s0) consists of a transition system
T and a distinguished state s0.
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The modal µ-calculus

Denotation of a formula

‖ϕ‖T is defined as usual by induction on the complexity of
ϕ ∈ Lµ. Simultaneously for all transition systems T we set:

I . . .

I ‖νx .α‖T =
⋃
{S′ ⊆ S | S′ ⊆ ‖α(x)‖T [x 7→S′]}

I ‖µx .α‖T =
⋂
{S′ ⊆ S | ‖α(x)‖T [x 7→S′] ⊆ S′}

‖νx .ϕ(x)‖T = GFP(‖ϕ(x)‖T ) and ‖µx .ϕ(x)‖T = LFP(‖ϕ(x)‖T )
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The modal µ-calculus

Some equivalences

I If x is not in the scope of a modality in ϕ(x) then for all T

‖νx .ϕ(x)‖T = ‖ϕ(>)‖T and ‖µx .ϕ(x)‖T = ‖ϕ(⊥)‖T

I For all ϕ(x , y) and all T

‖νx .νy .ϕ(x , y)‖T = ‖νx .ϕ(x , x)‖T

‖µx .µy .ϕ(x , y)‖T = ‖µx .ϕ(x , x)‖T .

I Every formula ϕ is equivalent to well-named formula nf(ϕ).
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The modal µ-calculus

Classes of Transition Systems

I ‖ϕ‖ = {(T , s) ; s ∈ ‖ϕ‖T }
I ‖ϕ‖r = {(T , s) ; s ∈ ‖ϕ‖T and T reflexive}
I Similarly form ‖ϕ‖t , ‖ϕ‖st , ‖ϕ‖rst .
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The modal µ-calculus

For all n ∈ N, we define the following classes pointed transisition
systems

I Σµ,T
n = {‖ϕ‖ ; ϕ ∈ Σµ

n}
I Πµ,T

n = {‖ϕ‖ ; ϕ ∈ Πµ
n}

I ∆µ,T
n = {‖ϕ‖ ; ϕ ∈ ∆µ

n}
Similarly for Tr ,Tt ,Tst and Trst .
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The modal µ-calculus

How do we decide if s ∈ ‖ϕ‖T ?
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Games for the modal µ-calculus

Games for the modal µ-calculus
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Games for the modal µ-calculus

Evaluation game for classical propositional logic

E((q ∨ r) ∧ p, (T , s1)):

s
{p,r}
1

}}zzzzzzzz

vvmmmmmmmmmmmmmmm OO

��

〈(q ∨ r) ∧ p, s1〉

�� &&MMMMMMMMMMM

s
{p}
2 s

{p}
3

// s{r}
4

〈p, s1〉 〈q ∨ r, s1〉

��
〈r, s1〉
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Games for the modal µ-calculus

position player next position

〈pi , s〉 - -
〈ψ ∨ φ, s〉 V chooses between 〈ψ, s〉 and 〈φ, s〉 V choice
〈ψ ∧ φ, s〉 F chooses between 〈ψ, s〉 and 〈φ, s〉 F choice
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Games for the modal µ-calculus

Evaluation game for modal logic

E(3�⊥, (T , s1)):

s
{p,r}
1

}}zzzzzzzz

vvmmmmmmmmmmmmmmm OO

��

〈3�⊥, s1〉

��
s
{p}
2 s

{p}
3

// s{r}
4GG

〈�⊥, s2〉
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Games for the modal µ-calculus

position player next position

〈pi , s〉 - -
〈ψ ∨ φ, s〉 V chooses between 〈ψ, s〉 and 〈φ, s〉 V choice
〈ψ ∧ φ, s〉 F chooses between 〈ψ, s〉 and 〈φ, s〉 F choice
〈3ψ, s〉 V chooses a point s ′ s.t. s → s ′ 〈ψ, s ′〉
〈�ψ, s〉 F chooses a point s ′ s.t. s → s ′ 〈ψ, s ′〉
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Evaluation game for the modal µ-calculus

position player next position

〈pi , s〉 - -
〈ψ ∨ φ, s〉 V chooses between 〈ψ, s〉 and 〈φ, s〉 V choice
〈ψ ∧ φ, s〉 F chooses between 〈ψ, s〉 and 〈φ, s〉 F choice
〈♦ψ, s〉 V chooses a point s ′ s.t. s → s ′ 〈ψ, s ′〉
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〈µx .ψ, s〉 - 〈ψ, s〉
〈νx .ψ, s〉 - 〈ψ, s〉
〈x , s〉 - 〈ψx , s〉
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Games for the modal µ-calculus

”There is an infinite branch” E(νx .3x , (T , s1)):

s
{p,r}
1

}}zzzzzzzz

vvmmmmmmmmmmmmmmm OO

��

〈νx.3x, s1〉

��
s
{p}
2 s

{p}
3

// s{r}
4GG

〈3x, s1〉

��
〈x, s3〉

��
〈νx.3x, s3〉

���
�
�

〈x, s4〉
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Games for the modal µ-calculus

”There is branch with infinitely often ”p”
E(νx .µy .(p ∧3x) ∨3y , (T , s1)):

s
{p,r}
1

}}zzzzzzzz

vvmmmmmmmmmmmmmmm OO

��

〈νx.µy.(p ∧ 3x) ∨ 3y, s1〉

���
�
�

s
{p}
2 s

{p}
3

// s{r}
4GG

〈p ∧ 3x, s1〉

���
�
�

〈3x, s1〉

���
�
�

〈µy.(p ∧ 3x) ∨ 3y, s3〉

���
�
�

〈3x, s3〉

�
�
�
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Games for the modal µ-calculus

s
{p,r}
1

}}zzzzzzzz

vvmmmmmmmmmmmmmmm OO

��

〈3x, s4〉

���
�
�

s
{p}
2 s

{p}
3

// s{r}
4GG

〈νx.µy.(p ∧ 3x) ∨ 3y, s4〉

���
�
�

〈3y, s4〉

���
�
�

〈µy.(p ∧ 3x) ∨ 3y, s1〉
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Games for the modal µ-calculus

Game-theoretical version of the “fundamental theorem”

Theorem [Streett Emerson 89]

s ∈ ||ϕ||T iff V has a winning strategy in E(ϕ, (T , s)).
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Games for the modal µ-calculus

Game Formulae
For all n ≥ 1 we define the Σµ

n Game formula WΣµn
and the Πµ

n

Game formula WΠµn
such that (n even):

WΣµn
:≡ µxn+1.νxn. . . . ν/µx2

( n+1∨
i=2

(di ∧3xi ) ∨
n+1∨
i=2

(ci ∧�xi )
)

WΠµn
:≡ νxn+2.µxn+1. . . . µ/νx3

( n+2∨
i=3

(di ∧3xi ) ∨
n+2∨
i=3

(ci ∧�xi )
)

WΣµn
∈ Σµ

n and WΠµn
∈ Πµ

n .
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Games for the modal µ-calculus

Theorem [Emerson,Jutla (91), Walukiewicz (00)]

Let ϕ be a Πµ
n -formula and (T , s) be a pointed transition system.

Player V has a winning strategy for E(ϕ, (T , s)) if and only if
T (E(ϕ, (T , s))) ∈ ‖WΠµn

‖; similarly for Σµ
n -formulae.

Corollary

(T , s) ∈ ‖ϕ‖ ⇔ T (E(ϕ, (T , s))) ∈ ‖WΠµn
‖;

similarly for Σµ
n -formulae.
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The Hierarchy on Reflexive Transition Systems

The Hierarchy on Reflexive Transition Systems
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The Hierarchy on Reflexive Transition Systems

Construct E r (ϕ, (T , s)) by making the ”moves” relation E reflexive
and adapting Ω to Ωr :

Ωr (〈ψ, s〉) = Ω(〈ψ, s〉) ψ ≡ ηx .α

Ωr (〈ψ, s〉) =

{
0 if 〈ψ, s〉 ∈ V1

1 if 〈ψ, s〉 ∈ V0.
ψ 6≡ ηx .α

Lemma
Player V has a winning strategy for E r (ϕ, (T , s)) iff Player V has a
winning strategy for E(ϕ, (T , s)).
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Reflexive Game formula

For all n ≥ 0 we define the Σµ
n Walukiewicz formula WΣµn

and the
Πµ

n Walukiewicz formula WΠµn
such that (n even):

W r
Σµn

:≡ µxn+1.νxn. . . . ν/µx0

( n+1∨
i=0

(di ∧3xi ) ∨
n+1∨
i=0

(ci ∧�xi )
)

W r
Σµn
∈ Σµ

n+2 and W r
Πµn
∈ Πµ

n+2.
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Proposition

Let (T , s) be an arbitrary pointed transition system. For all
ϕ ∈ Πµ

n we have that:

T (E r (ϕ, (T , s))) ∈ ‖W r
Πµn
‖ if and only if (T , s) ∈ ‖ϕ‖.

and analogously for W r
Σµn

.
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Theorem
For all natural numbers n ∈ N we have that

ΣTr

n ( ΣTr

n+1 and ΠTr

n ( ΠTr

n+1.

Proof
Else for all k

ΣTr

n = ΣTr

n+k = ΠTr

n = ΠTr

n+k

and ‖W r
Σµn
‖r ∈ ΠTr

n or ‖¬W r
Σµn
‖r ∈ ΣTr

n . Construct (T F , sF ) such

that T (E r (¬W r
Σµn
, (T F , sF ))) = (T F , sF ). We have

(T F , sF ) ∈ ‖¬W r
Σµn
‖ iff T (E r (¬W r

Σµn
, (T F , sF ))) ∈ ‖W r

Σµn
‖
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The Hierarchy on transitive and symmetric Transition Systems

Lemma
Let T be a transitive transition system and let s ′ ∈ scc(s). For all
µ-formulae ϕ we have that

s ∈ ‖ M ϕ‖T iff s ′ ∈ ‖ M ϕ‖T

where M∈ {�,3}.
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Theorem
Let T be a transitive and symmetric transition system. We have
that

‖νx .ϕ(x)‖T = ‖ϕ(ϕ(>))‖T .
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The syntactical translation (�)t : Lµ → LM is defined as:

I . . .

I (µx .ϕ)t = (ϕ(ϕ(⊥)))t

I (νx .ϕ)t = (ϕ(ϕ(>)))t

Corollary

On transitve and symmetric (and reflexive) transition systems we
have that

‖ϕ‖T = ‖ϕt‖T .
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The Hierarchy on transitive Transition Systems

Lemma
Let T be a transitive transition system and let s, s ′ be two states
such that s →T s ′. For all µ-formulae ϕ we have that

s ∈ ‖�ϕ‖T =⇒ s ′ ∈ ‖�ϕ‖T and

s ′ ∈ ‖3ϕ‖T =⇒ s ∈ ‖3ϕ‖T .

Theorem
Let T be a transitive transition system and let νx .ϕ(x) be a
formula such that x is in the scope of a � modality. We have that

‖νx .ϕ(x)‖T = ‖ϕ(ϕ(>))‖T .
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τ : Lµ → Lµ is defined as:

I . . .

I τ(µx .ϕ) = τ(ϕ(ϕ(⊥))), x is in the scope of a 3 in ϕ

I τ(µx .ϕ) = µx .τ(ϕ), x is not in the scope of a 3 in ϕ

I τ(νx .ϕ) = τ(ϕ(ϕ(>))), x is in the scope of a � in ϕ

I τ(νx .ϕ) = νx .τ(ϕ), x is not in the scope of a � in ϕ

Corollary

On transitve transition systems we have that

‖ϕ‖T = ‖τ(ϕ)‖T .
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Notation and Definitions

I Let ϕ(x1, . . . , xn) be a formula by ϕxi we denote the fomrmula
obtained by cutting all branches except xi .

(νx .µy .µz .(�x ∧3y) ∨ (3z ∧ p))x ≡ νx .�x ∨ p

I For all set of variables X the formula ϕfree(X ) is the formula
obtained from ϕ by eliminating all quantifiers binding a
variable x ∈ X but leaving the previously bound variable x as
a free occurrence.

(νx .µy .µz .(�x∧3y)∨(3z∧p))free(x ,y ,z) ≡ (�x∧3y)∨(3z∧p)
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For each sequence of 〈x1, . . . , xk〉 with xj ∈ bound(ϕ), we define
the formula ϕ〈x1,...,xk 〉 as follows:

ϕ〈x1〉 :≡ ϕx1

and
ϕ〈x1,...,xk ,xk+1〉 :≡ ϕ〈x1,...,xk 〉[xk/ϕ

xk+1
xk ].
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I Let ϕ be a µ-formula and X ,Y ⊂ bound(ϕ). PathX→Y (ϕ) is
the smallest set such that for all x ∈ X

{〈x , y〉 ; y ∈ free(ϕx) and y ∈ Y } ⊆ PathX→Y (ϕ)

and such that if 〈x1, . . . , xm, y〉 ∈ Path(ϕ), if x ′ ∈ X , if
x ′ 6∈ {x1, . . . , xm} and if x1 ∈ free(ϕx ′) then

〈x ′, x1, . . . , xn, y〉 ∈ PathX→Y (ϕ).

I For all x ∈ X we define

Pathx→Y (ϕ) = {〈x1, . . . , xk , y〉 ∈ PathX→Y (ϕ) ; x1 ≡ x}.

I The formula ϕxi→Y is defined such that

ϕxi→Y ≡
∨

s∈Pathxi→Y

ϕs
xi
.
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The unfolding of X in ψ as subformula of ϕ, unfXϕ (ψ), is the
formula defined recursively such that

unf{x1}
ϕ (ψ) ≡ ψ[x/ϕx ]

and such that if X = {x1, . . . , xn} then

unfXϕ (ψ) ≡ ψ[x1/unfX
−1

ϕ (ϕx1), . . . , xn/unfX
−n

ϕ (ϕxn)]

where X−i = {x1, . . . , xi−1, xi+1, . . . , xn}.
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The Translation

ϕ ∈ Σµ
2 with {x1, . . . , xn} = X all µ-variables and

{y1, . . . , ym} = Y all ν-variables. We define ρ(ϕ) ∈ ∆µ
2 as

ϕfree(X )[x1/ϕ
x1→Y ∨unfXϕ−Y (ϕ−Y

x1
), . . . , xn/ϕ

xn→Y ∨unfXϕ−Y (ϕ−Y
xn

)].
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Lemma
Let T be a transitive transition system, and let ϕ ∈ Σµ

2 such that
all ν-variables (resp. µ-variables) x are in the scope of only 3

(resp. �). Then we have

‖ϕ‖T = ‖ρ(ϕ)‖T

Proof
Show the existence of a normal form for winning plays for player V
of E(ϕ, (T , s)) and show that these plays are winning for V in
E(ρ(ϕ), (T , s)); and vice versa.



The modal µ-calculus Hierarchy on Restricted Classes of Transition Systems

The Hierarchy on transitive Transition Systems

Lemma
Let T be a transitive transition system, and let ϕ ∈ Σµ

2 such that
all ν-variables (resp. µ-variables) x are in the scope of only 3

(resp. �). Then we have

‖ϕ‖T = ‖ρ(ϕ)‖T

Proof
Show the existence of a normal form for winning plays for player V
of E(ϕ, (T , s)) and show that these plays are winning for V in
E(ρ(ϕ), (T , s)); and vice versa.



The modal µ-calculus Hierarchy on Restricted Classes of Transition Systems

The Hierarchy on transitive Transition Systems

R : Lµ → ∆µ
2 is defined as

I . . .

I R(µx .ϕ) = ρ(nf(µx .(R(ϕ))))

I R(νx .ϕ) = ¬(R(µx .¬ϕ[x/¬x ]))
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Theorem
For all ϕ ∈ Lµ and all transitive transition systems T we have that

‖ϕ‖T = ‖R(τ(ϕ))‖T .
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