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2 Michael Reifinger

1. HISTORICAL INTRODUCTION

The Boltzmann equation is the backbone of the kinetic theory of dilute
gases. But not only this, properly generalized, it is also a useful tool to
study electron transport in solids and plasmas, as well as neutron transport
in nuclear reactors, photon transport in superfluids, and radiative transfer
in planetary and stellar atmospheres. The advantage of this equation is that
one can handle a huge number of particles (N ~ 10%3), because it approx-
imates a many-body dynamics by a one-particle equation. One problem of
many-body dynamics, is the problem of recollisions. Recolliding particles
are highly correlated and therefore mathematically difficult to grasp. If the
gas is dilute, then recollisions are rare. Thus we will consider a limiting
regime where the effective density goes to zero. This is the so-called low
density limit or Boltzmann Grad limit.

We use a scaling where the particles have a diameter of the order O(e).
When we talk about a dilute gas, we will be talking about a particle number
of order O(¢72). The particles are of diameter a, contained in a fixed box
II C R? of volume one. In particular, the average distance to the nearest
particle is of order 6%, which is much bigger than the average size of the
particles. Hence, the gas is dilute.

To prevent a lowering of the collision rate as we shrink the diameter ea
of the particles, we have to increase the number of particles in II by a factor
€72. This ensures that we have, in average, one collision per particle per
unit time, i.e. if we follow the trace of a particle for a unit time interval,
which is the tube (ea)?m x [0, 1], we expect that the number of other particles
in this tube, is of order one. As one takes the low density limit € — 0, the
Boltzmann equation exhibits the Markovian character of the dynamics in a

dilute gas.

The basic equation,

(1.1)
0 .
Eft(%p) +p-Vqfi(a,p) =Na2/ dpz/ dy @ (p2 —p1)
R3 {(p2—p1)-©>0}

x [fe(q,P1) fea.0") = fela,p1) fi(a,p)],

was first established in 1872 by Ludwig Boltzmann for the time evolution of
the one particle density function f;(g,p). The precise notations will be intro-
duced in the following chapter. The Boltzmann equation is not a first prin-
ciple equation, such as Newton’s equations. On one hand, its phenomeno-
logical derivation is based on momentum and energy conservation, using the
collision equations for hard balls. On the other hand, it has its foundations
on the principle of the propagation of chaos. This principle postulates a
certain statistical independence Ansatz, in which the incoming momenta of
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colliding particles are independent. This Ansatz is certainly wrong in full
generality because, due to recollisions, particles build up correlations as they
evolve in time. However, if we use a dilute gas limiting regime it turns out
to be correct. Because the formulation required mathematical subtleties it
took more than 100 years until O. Lanford could give in 1975, a rigorous
derivation of the Boltzmann equation using the BBGKY hierarchy.

Since then there has been a strong interest in this subject and therefore a
considerable advance in research concerning the Boltzmann equation in the
last 50 years, it is natural that there exist lots of publications about this
topic, which only explain some aspects of the Boltzmann equation. This the-
sis will discuss the concept of the derivation of the Boltzmann equation, and
will give the rigorous proof, following mainly O. Lanford’s proof. However,
it will establish the BBGKY hierarchy directly with probabilistic methods,
as shown in a paper by H. Spohn, 2006 [4].
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2. PRELIMINARIES

In this first section we will introduce notations, and we will explain the
structure of the sets we are dealing with.

Let IT C R3 be the domain where the particles are confined. We assume IT
to be of volume one, bounded, closed and connected, and its boundary 911 to
be smooth, to assure that the collisions of the particles with the boundary
are well defined. Let z; = (¢;,p;), ¢ = 1,..., N, be the representation of
the 7 — th hard sphere, with diameter a, in the phase space II x R3. Here
¢; € II describes the center of the i-th hard sphere, and p; € R? is its
incoming momentum. For now we will restrict ourself to at most N hard
spheres, N = 1,2, ..., even though we will relax this condition later in the
proof. Since we will need the n-tuple (z1, ..., z,) frequently in the proof we
abbreviate it by z.

The n-particle phase space, n = 1, ..., N, is defined as a subset of (H X ]R?’)n
such that no particles overlap with each other or the boundary. IL.e.

n a
(21) T(n) = {(1,n) € (X R)"| g —q] 2 5
fori=1,..,n and Vg € 011, and |¢; —¢qj| 2 a fori # j = 1,...,n}.

Collisions between two particles will be treated according to the following
equations, which are derived from the momentum- and energy conservation:

/o

(2.2) pi=pi—(pi—pj) -0l p;=pi+(pi —p) Q@

i # j=1,...,n. Here p; denotes the incoming, and p} the outgoing momen-
tum of the i-th particle, and @ denotes the unit contact vector between two
colliding particles 7 and j, ¢ < 7, such that @ is pointing toward the j-th
particle. Particle collisions with the boundary of II are described by,

(2:3) ' =p—2n(g)[n(q) - ),

where n(q) is the unit outward-normal of JII at the the point of collision
g € OTI, p denotes the incoming, and p’ denotes the outgoing momentum.

The equations (2.2) and (2.3), only describe collisions between two par-
ticles, respectively one particle colliding with the boundary. An equation
which describes simultaneous collisions between three or more particles, as
well as simultaneous collisions of at least two particles at the boundary,
can not be derived purely from energy and momentum conservation since
energy- and momentum conservation do not determine the outgoing mo-
menta uniquely . Thus the N-particle dynamics is not well defined for these
collision instants and we have to eliminate multiple collisions. Therefore we
remove all phase space points x = (z1, ..., ) which will lead to multiple col-
lisions in course of time, considering both past and future. We also remove
all phase points such that there are cluster points of collision instants with
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the boundary, otherwise we would have infinitely many collision instants
of a particle in a finite time span. Fortunately, these sets are of measure
zero, confer to [2], Theorem 4.2.1. From this point, we can work with a
set I'y C I'y,, which is defined to exclude all phase space points mentioned
above. A heuristic explanation for I';, \ I’} being a zero measure set is the
following. Let z(t) = (q1(¢),-.-,pn(t)) be then the evolution of the phase
point z at time ¢ under the n-hard ball dynamics, and

M(t)=J {z €Tn:lailt) —gi() = a, lai(t) — a(t)| = a},
0,5,k
be the set of all phase space configurations which lead to triple collisions at
time ¢. This set has codimension 2. If one builds the set

UM@) =Ta\T;,,

teR

it still has codimension 1 and therefore is a zero measure set.

Now we define the flow of n interacting particles on I';, for any time ¢t € R
by Tt(") (1, ey ) = (21(2), .-y zn(t)). It consists of the free flow and the
collisions between the particles. I'; is invariant under Tt(n). If ¢y is a collision
time, we have two different limits,

Tt(oni)(an, ey &) = 5_1%)1?>0Tt(oni)f($1’ ey Ty
since we have to distinguish between incoming and outgoing momenta. Oth-
erwise we have a unique limit

Tt(n) (@1, e Tp) = 8_}%1151>0 Tt(g(a:l, vy T)-

We are prepared to define a collision history §%, of n particles. It de-
scribes the flow of n interacting particles backwards in time. We start at
time ¢ with n nonoverlapping particles at (z1 (%), ..., z,(t)) = (21, ..., Tp) = T.
These particles evolve backwards in time, colliding not only with each other,
but also with additional particles which were not considered until the col-
lision. These "new” particles extend the configuration until the collision
history 6* ends at time ¢ = 0 with n 4+ m particles at (z1(0), ..., Zn4+m (0)).
Thus we adjoin fresh particles along the backward collision history.

If one follows the n particles in the physical forward time direction start-
ing at time zero, this procedure corresponds to removing extra particles after
they collide with one of the other particles still present at that time. To ex-
plain a collision history ¢% in detail, we need the following specifications:

(i) a time ¢ > 0 with a time ¢ configuration z = z(t).



6 Michael Reifinger

(ii) number m,m = 0, 1,2, ..., of particles adjoined. n + m is the number
of particles present in the time 0 configuration.

(iii) times of adjoining
ooty 0 < b < o < 1 < L.

(iv) label of the particle at which the new hard sphere is adjoined,
j17 jl = ]-a e 0,

Jms Jm=1,..,n+m —1.

(v) contact vectors and momenta of particles adjoined
‘;)17 7(2}m € 527
D1y ey Pm € RE.

Of course all these variables depend on a particular collision history §*. We
stress that in case of a collision we use the incoming momentum to describe
the location of the particles in the phase space.

A collision history evolves backwards in time, starting with n nonoverlap-
ping particles at time ¢. (z1,...,z,) = = evolves backwards, for the time span

(t — t1), according to the n-body flow Tt(n). At the time t; a fresh particle
is adjoined to the system touching one of the “o0ld” particles, i.e. we intro-
duce a new particle at time ¢1, described by (¢n+1,Pn+1) = (g5, +a@1, Pnt1),
1 = 1,..,m. It is understood that we allow only nonoverlapping particles.
The index j; identifies the particle which collides with the first fresh particle.
The fresh particle will have the momentum p; = pp41. If (pj, —p1) -@1 £ 0,
a new configuration is constructed according to the collision rule (2.2). If
(pj; —P1) - w1 > 0, the two particles move smoothly apart. The new config-
uration, (z1(¢1),...,Zn+1(t1)), evolves backward for the time span (¢; — t2)
according to Tt(nﬂ). At the time t9 a fresh particle with momentum p, is
adjoined. If we iterate this construction, it will terminate at time zero with
the initial configuration (z1(0), ..., Zp+m (0)).

The set of all collision histories for a given time ¢ configuration
z = (x1,..,Zp), and a given timespan [0, ¢] is denoted by Ay(z1, ..., Zn, [0, 1]).
Here Ay(z1, ..., Zn, [0, 1]) is to be seen as a subset of

n+m—1

G LnJ U AT x (R x §2)™,

m=1 j1=1 Jm=1

where A* C R is the simplex {(t1,....tm) € Ry |0 < 1 < ... <ty < t}.
We remove overlapping particles, as well as configurations which will lead, in
course of time, to multiple collisions and cluster points of collision instants,
from this letter set. We use §* to denote the elements of Ay(z1, ..., Zn, [0, 1]).
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A

Xy

F1cURE 1. Collision history involving 4 hard spheres

Similarly, we define collision histories for point particles as

n n+m—1

(2.4) Ao(z1, -z, 0,) C | U U AP x ® x5,

m>071=1 jm=1

where we remove only the multiple collision configurations. In particular,
Ao(z1, ..., Zp, [0,t]) is a subset of full measure of the triple union on the right
hand side of (2.4). There will be no problems concerning the overlap of
particles. We stress the (z,[0,¢]) dependence of A, and Ay.

We can keep the notations of a hard ball collision history in order to
explain a point particle collision history. A collision history of point particles
starts at time ¢ with a configuration z = (z1,...,2,). This phase point
evolves backwards in time for a time span ¢ — ¢;, according to the free flow

(2.5) x(s) = (qu(s) — (s = t1)p1(5),p1(5), -, n(5) = (s — t1)pn(s), Pul(s)),

for s € [t1,t]. At time ¢; and at point g;, a new particle is adjoined with
the momentum py, 41, i.e. we set g,41(t1) := ¢, (t1) and ppy1(t1) := pny1. If
(pj1 (t1) = Pnt1) - @ £ 0, then a new configuration (z1, ..., Znp41) at time ¢;_
is constructed according to the collision rule (2.2). It evolves backward in
time, for the time span ¢; — t9 according to the free flow of n + 1 particles,
given similarly to (2.5). At gj,(t2) a new particle is adjoined with the mo-
mentum p, o at time %o, etc. Iteration will lead to the initial configuration
(1(0), ..., n+m (0)). Note, the point particle dynamics has no recollisions
the only collisions occur when fresh particles are adjoined.

Clearly Ag(z1,...,Zn,[0,t]) D As(z1,...,2n,[0,t]). We equip the space
Ao(z1, ..., 2p, [0,¢]) with the measure dé, which is an abbreviation for the
product of three measures,
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(i) the counting measure for m, j;,i = 1, ..., m,
(ii) the Lebesgue measure for ¢;,p;,i = 1,...,m
(iii) and the surface measure on S? for @;,i = 1,...,m.

When we are dealing with hard spheres with diameter a we will consider the
restriction of this measure to A,(z,[0,1]).

Each collision history will be equipped with a weight, given by the weight
function

m

(2.6) Wa(z1, .., T, 6) = [ [{0®@% - Bk — pjy (b 21, -y 70, 0)) ],
k=1

in case of the hard ball system, and
m

(2.7) Wo(21, -, 2, 0) = [ [{a2@k - Bk — pj (b 71, o0 20y 6)) },
k=1

in case of the point particle system. We stress that pj, (tx, z1, ..., zp, ) de-
notes in (2.6) the hard ball dynamics, whereas in (2.7) it denotes the point
particle dynamics. To avoid confusion we will indicate if we talk about hard
ball dynamics, or about point particle dynamics.

In both cases, we outline the dependence of the j-th particle in the phase
space, (s, Z1,...,Tn,0) = (gj(s,Z1, .., Tn,6),p; (8, %1, ..., Tn, 6)), 0 = 5 S 8,
on the particular collision history ¢ and the configuration (z1, ..., z,) at the
final time t. We evaluate this point at time s. For brevity we will use from
now on z(s,x,9).
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3. THE BBGKY HIERARCHY FOR CORRELATION FUNCTIONS OF n
HARD SPHERES

This section will give an idea how to derive evolution equations for the cor-
relation functions for n particles, directly by using probabilistic arguments,
as done in a paper by Spohn in [4]. This system of evolution equations is
called the BBGKY hierarchy. It is named after Born, Bogoliubov, Green,
Kirkwood and Yvan, who established this system. The rigorous proofs will
follow in Appendix A.

We start with a
Definition 1. A function f, : I'y, — R is said to be continuous along
trajectories of Tt(n) on T, ifV(zy,...,z,) €T
lim £ (T (@1, s 20)) = Fu(@1, 0 T0),
t—0
teR

Le. in case of a collision between the i-th and the j-th particle (i < j),
with the contact vector @ € S?, we have for all

(-Tla 0y (QZapl)a ey (QZ + awapj)a ,.CCn) € F:La
fn (.’171, L) (Qiapi), ) (qz + CI,L:J,pj), ey xn)
= fn (mla ey (qzap;)a ey (q’L + a&),p;-), ’wn)
and similarly for collisions with the boundary of II, we have for all ¢ € 0TI
and all (371; ) (q'wpl)a Sy (q + %d)apj)a a-'En) € P;a

a a
fn(xlaa(QZapZ)aa(q—l_§ 5

The momenta p; and p); are understood as in (2.2) respectively (2.3).

d)apj)a ey -Tn) = fn (mla ey (QZap;)a (Q+ wap‘ly)a ey -Tn)

Additionally, we define the following sets:

(3.1)
{(@n+1,--2Nn) €Tnon| @i — 5] 2 a,
Pn_n(z1,.y@n) =% fori=1,...,nand j =n+1, ...,N} for (z1,...,zn) € T},
0, otherwise.
I'n_n(x1,...,xN) represents the set of all particles in the phase space I'y_p,

such that there is no overlap between these latter particles, and the particles
in I'y. L.e. this set describes the configurations of the adjoinable particles.

Let
{we S?| ((z1, - 2n, (g + ad,pny1)) € Thyy C S%,
Qj(21, ey Tny Prt1) = forj=1,...,n, (1,....,zp) €T}, and ppy1 € R
0, otherwise.
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This is the set of contact vectors & in S?, such that a fresh particle can be
adjoined to the j-th particle of (z1,...,z,) € I}, with the contact vector
w. However, it has the restrictions that this new particle does not overlap
with any of the other particles, and we do not have "bad” collisions, i.e.

(@1, Tn, (g5 + a0, ppy1)) € Ty
(1 can be split into two subsets, 2; = Q;, UQ;_, where

Qs (21, ey Ty Pg1) = {® € Qj(@1, e, T, Pry1)| @« (Pry1 — pj) 2 0(< 0)}.
We introduce a probability measure P on I}, describing the initial state
t = 0, with the following properties:
(i) P has a density,

P(dzy,...,dzn) = fN(z1, ..., zN)dT1...dTN

(ii) fn is symmetric in its argument.
3
(iii) With hg(p) = (%)5 exp ( — ﬁp;), B > 0, the normalized Mazwellian,

fn is bounded on I'}; by,

N
In(@, e an) S e[ hslpy)
=1

for some ¢, 5 > 0.

(iv) fn is continuous along trajectories of Tt(N) on I} (cf. Definition 1),
and zero on I'y \ T'}.

(v) The time evolved measure P; has a density fy(t) given by fny(t) =0 on

Ty \T% and fy(z1,....,z5,t) = fn (T (1, ..., zx)) for (z1, ..., zn) €
T,

The canonical equilibrium measure on (IT x R?)Y will be denoted by

N

(3.2) Peg(dmy...dzy) = [ [ hp(pj)da;,
7j=1

where dz; = dg;dp;.
It has a density,

Peq(d.’El, ceey d.’EN) = feq,N(xla ...,IN)d.’El...d.’I}N
Since we want Pey to be a probability measure, we scale it such that |II| = 1.

From this point on we set, without loss of generality, ¢ > 0. The correla-
tion functions are defined by,

(3.3)
pn(Z1, .oy, t) =N ... (N—n+1)/ dzpy1...dzyfn(z1, ..., zN, t).

FN—n(xla---azn)
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By the definition of I'y_,, one has p,(t) =0 on ', \ T'.

Let A C I'} be a Borel set. If we integrate p,(z1, ..., T, t) over A we get,
by symmetry and hard core exclusion,
(3.4)

/ dzy ... dzppp(T1, .y n,t) = N... (N —n+ 1)P{(z1(2), ..., zn(t)) € A},
A
From this identity we get the following proposition,

Proposition 1. If A C T}, is a Borel set, and n =1, ..., N, we have,

/dx1...d$npn(xl,...,xn,t):/ dx1...dmnpn(Tg)(:vl,...,xn))
A A

o
+ Z N...(N—=—n+1D)P{(z1(tm+), - Zn(tm+)) € T, —1+(A), tmm < t}
m=1
o
=Y N...(N=n+1)P{@1(tm=); s Tn(tm—)) € Tt,,—t—(A), tm < t}.
Here t,, is the collision time of the m-th fresh particle (we still have a back-

ward time evolution).

Proof. For the proof cf. Appendix A. a

We want to convert the latter equation into an equation written in terms
of correlation functions. In order to do this, p,, has to be continuous along
trajectories, but this clearly follows from our assumptions on P. We define
the collision operator of the correlation function by,

(3:5)  (Cjns10n(8)) (215, n) =

612/d19n+1/Q d@ &+ (pn+1—p;j) Pnt1 (%1, -, Tn, (¢ +0W, Prt1), 8),

j (wlﬂ""wnapn+l)

and obtain the following proposition, which states the BBGKY-hierarchy in
the integrated form.

Proposition 2. For A and n as above we have,
(3.6) / dzy ...dxppn(T1, ...y Tn,t) :/ d:m...d:vnpn(Tg)(m,...,xn))
A A
n_oot
+ Z/O /Adsd:vl e [C i1 pn ()T (1, oy 7).
j=1

Proof. Cf. Appendix A a
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Since p, = 0 for n > N we obtain after iterating this equation,

(3.7) /d T pr (T ey Ty ) =
n+m—1

Zf: > / /tm/Adtl...dtmdxl...dxn

071=0 Jm=0
*(Cjr st - - (Cipmtm (PrrmO T ™)) T Y NI, (21, ey 7).

To prove the existence of the Boltzmann-Grad limit, i.e. the low den-
sity limit as the diameter of the particles tend to zero, it is convenient to
rewrite this equation with the notation of the collision histories. We have
the following proposition.

Proposition 3. For every Borel set A C T}, and every n € N,

(3.8) / Az ... dTnpp(T1, .oy T, t) =
A

A Aa(zly---ywn;[oat])

X Wo(z1, s Tp, 5)pn+m(5) (z1(0,z, d), - Tn+m(s) (0, z,0)).
Proof. Cf. Appendix A. O

This means we have,

(B9 pulorsemnt) = [ a5
Ao (Z1,-.9Zn;3[0,t])

X Wa (21, -, Tn, 0) Pym(s) (£1(0, 2, 6), T m(s) (0, 7, ),

dx....dz, a.s..

Since we want to look at particles with a diameter tending to zero, we
substitute a by ea. We indicate, with the superscript €, that the correlation
functions pf,, as well as the phase space configurations acj(t, z,0) of the hard
core dynamics with radius a, are dependent on €. We get,

(3.10) p;(xl,...,xn,t):/ ds
Asa(wl, awni[Ot])

X Wea(@1, -, T,y 6) Py (21(0, 2, 6), .37, 4 1n(4) (0, 2, 6)).

In order to keep the number of collisions per particle of order 1, we need to
increase the number of particles N as €2, while we reduce the size of the
particles. Thus we expect the correlation function pf,(t) to be of order e~2".
This leads us to the definition of the rescaled correlation functions,

(3.11) 7 (t) := e py(2)
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which are expected to be of order 1. I.e. we have

(3.12) 15 (21, s 2, 1) :/ 4
A

ea(T15e-yZn3[0,t])
X We(z1, ..., Tn, 6)r2+m(5) (5 (21 ey Ty, ), ""T;—l—m(é) (Z1y ey Ty 0)),

n = 0,1, ... where the weight function W; is given by

m
(313) W(f(.’L'l, ...,.’L’n,(S) = H{G,Q(:jk ' (ﬁk _pjk (tk,.’E,(S))}
k=1

Note that W} (z1, ..., Zp, ) is e-dependent only through the 5, (tg,x,0).

To take the limit € — 0, in (3.12), we use the dominated convergence theo-
rem, on Ag(z, [0,t]). Note that A..(z,[0,t]) C Ag(z, [0,t]) and Agq(z, [0,1]) 7
Ao(z,[0,t]) as € — 0. Therefore we need an integrable bound, indepen-
dent of ¢, of the integrand. We recall the normalized Maxwellian, hg(p) :=
(%)% exp[—ﬂTPQ], as a preparation of the following proposition.
Proposition 4. Let r5(z,t) be defined as in (3.11), and let v5(z,0) satisfy

the Mazwellian bound,

(3.14) Ira (2, 0)] = Mﬂzhﬂ(pj),

for some M, z,8 > 0 independently of €.
Then there exist a to(z,B) such that for 0 <t < to(z, ),

n
(3.15) I (@, 1)) £ M [ 2(t)hs (py),
j=1
for some functions z(t) and B(t), independently of €. We will define z(t)
and B(t) within the proof.
Moreover we have the bound 0.2% < to(z,B) < 0.4% for the threshold
time to(z, B).

Proof. Cf. Appendix B. a
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4. THE POINT PARTICLE CONFIGURATION

As a goal of this paper we want to describe an increasing number of parti-
cles, with a decreasing diameter. The limiting dynamics describes therefore
point particles. In this chapter we consider the set of point particle collision
histories, Ao(z, [0,1]),cf. (2.4), with the corresponding weight function,

(41) WO(-'EI; ...,.’En,6) = H{G'Q(Dk ) (ﬁk‘ — Pji (tk;xla al'nad))}
k=1

Note that Wy(z,d) is defined as in (2.7), and the p;, are obtained by the
point particle dynamics.

We use now the unrestricted product measure dé on Ag(z, [0,%]). We in-
troduce a family of functions {r,|n = 1,2, ...} such that r, : (Il x R®)” — R
is continuous, and |r,(z)] < M [[7_, zhs(p;). From this point on we will
set rn(x,0) = o (z).

For t € [0,%0(2,8)) we define

(42) o (z, 1) = / 46 Wo(z1, oy 1, 3)
Ao(z,[0,t])

X Tn+m(d) (.’B1(0, x, 6), -++3 Tytn(8) (0, z, 6)),

where we recall, that z;(0,z,d) notes the position of the j-th particle at
time 0, starting with the configuration z = (z1,...,2,) at the final time ¢
and evolving backwards in time by the collision history 7, following the
point particle dynamics.

Proposition 5. Let r5(z,t) be defined as in (4.2), and r5(x,0) satisfies the
Mazxwellian bound,

n
(4.3) 5. (2,0)] £ M [ 2hs(py),
j=1
for some M, z,8 > 0 independently of €.
Then there exist a to(z,3) such that for 0=t <to(zpB),

(4.4) |re wt|<MH t)hagy (pj),

for some functions z(t) and 5(t), mdependently of . We will define z(t)
and B(t) within the proof.

Moreover we have the bound 0.2% < to(z,B) < 0.4% for the threshold
time to(z, B).

Proof. We will prove this proposition together with Proposition 4 in Appen-
dix B. |
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5. THE BOLTZMANN-GRAD LIMIT

In order to take the Boltzmann-Grad limit, it is necessary to further re-

strict Agq(a;[0,%]). We define A.q(x;[0,%]) C Acq(z;[0,#]) such that for all
6 € Aeo(z; [0,%]) there are no other collisions in the hard sphere flow, except
those when a fresh hard sphere is adjoined.
This is not a strong restriction, since A.q(z;[0,1]) \ Aea(z;[0,2]) is a set of
vanishing measure as ¢ — 0 with respect to (0, z,d). To see this we first
recall that we require the Maxwellian bound |ry,(z,0)] < M [[}_; zhs(p)).
Additionally we have a weight function W; which does not blow up as ¢ — 0.
Hence, the claim follows from A, (x;[0,%]) * Ao(z, [0,#]) as € — 0. The rea-
son for this letter convergence is that we have a fixed number of particles
n = 1,2, ... with a decreasing diameter, i.e one has to focus the particles bet-
ter and better to obtain a collision within [0,#y(8, z)], as € — 0. Thus the
replacement of Aq(z;[0,4]) by Acq(z;[0,2]) in (3.12) gives only a marginal
error. Note that for § € A.q(z;[0,%]), the weight functions W, and Wy, cf.
(2.6) and (2.7), are exactly equal.

For the same reason we define

T, = (I xR*)", Tn(0) = {(z1,....,zn) € Fn‘ gi#gifori#j=1,..,n}

and
Th(t) ={z € Fn| gi—pis#qj—pjsforal0<s<t, i #j=1,..,n}.

These sets make sure that each particle, of the point particle phase space
configuration ,(z1, ..., z,) € I'y, starts at time 0, at a distinguished location
in TI, and that there is no collision in the time interval [0,t], except those
where a fresh particle is adjoined.

For § € A.q(z;[0,1]), the weight W2 (z, d), defined in (3.13) is independent
of €, and the time zero configuration, (z5(0), ..., z;,1,,(0)), has a simple € de-
pendence. The momenta p;(0), j = 1,...,n + m, are independent of ¢ and
the positions ¢7(0), ..., q;, +m(6) (0), obtained by the point particle dynamics,
differ only of the order € from their limit value. Hence, to show that
rfb+m(6) (z5(0, z,9), ...,w;+m(5) (0,z,6)) has a limit for ¢ — 0, it suffices to re-
quire that r +m() has a uniform limit on a compact set. In the appendix we
will show the required regularity properties. All these preparations explain
the conditions of the following theorem, which is in fact the main technical
result.

Theorem 1. Let 0 £t < to(z,B), and let the family of rescaled correlation
functions {r%|n = 1,2,...}, of the hard ball dynamics at time 0, satisfy
the Mazwellian bound (8.15). Suppose there exists a family of continuous
functions {rn‘n =1,2,...},where r, : 'y = R, such that for everyn = 1,2, ...
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and every compact set K C T',(0),

(5.1) lim ess-sup ‘r;(acl, weey ) — T (21, ,37n)| =0.
=0 (1,0 y2n)EK

Then,

lim ess-sup |’]"5L(.’B1, ey :I:n,t) — ’I"n(.’Bl, ey :En,t)‘ =0.
=0 (z1,--2n)EK

for every n =1,2,... and every compact K C T'p(t).

Proof. We consider the families of functions {r§|n = 1,2,...} and {ry|n =
1,2,...} on Ag(z, [0,%]), and recall that A.,(x;[0,%]) 2 Ag(z, [0,1]), as e — 0.

Thus Ag(z, [0,%]) \ Aca(z,[0,1]) is a set of order e, and vanishes as & — 0.
Therefore

(5.2) |ri(z,t) — rp(z, 1)

- | / A5, (0,0, Wea @ )5 sy (25 (0,2,8), ey @y iy (0, 2,8)) +0()
AO(':C:[Oat])

_ / dé Wo(z, 0)Tn4m(s) (xl (0,2,6), e, Trm(s) (0, , 5)) ‘
Ao(.’L‘,[O,t])

< / ds
AO(Iv[Oat])

Xf\m(z,[o,t})wfa(x’ O)T (o) (25(0,z, ), ..., Ty m(s) (0, T, 8))

+ O(e) — Wo(z, 8)rnrm(s) (21(0,z,6), ..., Tpim(s) (0, 7, 8)) ‘
We conclude the prove by using dominated convergence and (5.1). (]

This Theorem states that the correlation functions, properly scaled, do
have a limit in a dilute gas as ¢ — 0. The convergence is uniform on
compact sets away from the exceptional sets I'y, \ I';(¢). Unfortunately
these exceptional sets grow in course of time (note that I'y(t2) C I'y(t1)
for t; <ty € [O,to(z,ﬁ)].

Since two particles are highly correlated after a collision, we find the trace
of this correlation still in the 7% (¢). However, in the limit as ¢ tends to zero,
all these correlations are concentrated in the hypersurfaces I'y, \ T'y(2).
These hypersurfaces, however, have measure zero. To see this, let

H(s) = U {z €Tyn:q¢ —pis=gqj—pjs, s€0,t]},
0<i,j<n

be the set of all point particle phase space configurations which lead to a
collision at time s. This set has codimension 3. If one builds the set

U H(t) =Tn \Tn(t) ,
teR
it has codimension 2. Hence, I';, \ I';,(¢) is a measure zero set.
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6. PROPAGATION OF CHAOS

Let rn(t) be the limit correlation function, defined as in (4.2). These
functions are solutions to a system of coupled linear equations called the
Boltzmann hierarchy, which we will define below.

We define, for a continuous f : (II x R¥)"*! — R with the Maxwellian bound
as in (3.15), the collision operator,

(6.1) (Cj,n+1f)(371a ey Tpy)
- Z / dpuin / 1665 - (pny1 — ;)
“(Pn+1—p;j)20}

X [f(wla "'7"Ej—17qj’pj7 "'anapn-|—1) - f(wla c9Zj—1,45,Pj, "'anapn—I—l)]

with p’. and p/  , as in (2.2), and the unitary operator,
p; Pt

(62) (Sn(t)f)(qla apn) = f(ql _pltapla -5 Qn _pntapn)a

induced by the free flow.

Note that (Cjni1f)(21, .., ) maps functions on (IT x R*)"*! to func-
tions on (II x R?)". Furthermore note that (Cjni1f)(21, ..., n) is actually
the same as (Cjp410n+1)(Z1,-.-,Zn), cf. (3.5), in case of the point parti-
cle dynamics. In this case we have Q;(z,p,41) = S?. We use the sets
{@-(pnt1—pj) 2 0} and {@ - (pn11 — pj) < 0} as a partition of S2. The sec-
ond set is equal to {@- (pj, 1 — pj;) = 0}. The change of p;, ; and p to ppt1
and p; respectively, is due to energy conservation an isometry. Moreover we
have a gain and a loss term of (3.5), which are

_a2 / dpn—H / dw w(pn+1_p])f(x17 ey Lj—1545,Dj5 -y Qjapn—l—l)
0+ (Pr+1 PJ)>0}
and
(],2 / dpn—l—l / dw w- (pn—|—1 _p])f(wla ey Lj—1, QJ’pga LX) qjap;H—l)
V- (Pr+1 PJ)>0}
respectively. Piecing all this together gives us (6.1).
Since we imposed continuity and the bound on f ,the collision operator
is well defined. Using similar arguments as in the derivation of the BBGKY

hierarchy for hard spheres (cf. Section 2), we can show that
{rn(t)|n = 1,2, ...} satisfy the integral equations

t ~
(6.3) rn(®) = Su(t)ra + /0 dsSn(t — 5)Crnms1Tnsa (5),

for n =1,2,.... The equations (6.3) are called the Boltzmann hierarchy.
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The Boltzmann equation has a property known as the propagation of
chaos. This property postulates that if the initial correlation functions sat-
isfy

(6.4 (@1, za) = [ Sa599)

then this factorization property will be preserved in the course of time. IL.e.
the solution of (6.3) is of the form

(65) Tn(xla"'axnat) = Hft(q]ap])a
7j=1

for some f;. It turns out that if (6.5) is known, then f; is a solution of the
non-linear Boltzmann equation,

¢
(6.6 fi=5i07 + [ dsSi(t = 5)Craf x S
0
with initial datum f. Note that (6.6) is the integral form of the Boltzmann
equation (1.1)

The factorization of (6.5) is verified by inserting the initial factorization
into (6.3), using the Maxwellian bound and the restriction to short times.
Together with Theorem 1 we have proven,

Corollary 1. In addition to the assumptions of Theorem 1 let ry,(x1, ..., Ty)
be factorized, cf. (6.4). Then, for any K C Ty \ T'y(2),
e=0 (z1,.-Tn)EK

n
lim ess-sup 7, (z1,..., %, t) = Hft(qj,pj)
=1

and t — f; is the unique solution of the Boltzmann equation with initial
condition f, for t € [0,t0(z, B)].



This following section provides the rigorous proofs, which are needed to
derive the Boltzmann equation. The proofs are going to be quite technical,
however it is useful to see them in all detail, because it helps to get a deeper

A Derivation of The Nonlinear Boltzmann Equation

understanding for the subject.

In Section A we will prove the derivation of the BBGKY hierarchy. We

APPENDIX A

closely follow [4].

We consider the hard sphere dynamics of NV particles with diameter a.
Let {t;, = 0| m = 1,2,...}, be the collision times between the N spheres

(collisions with the wall are not counted).
Proposition 1
If A C Ty is a Borel set, and n = 1,...N we have,

(A.1)

/Adxl...da:npn(arl,...,xn,t) = /Ad:cl...da:npn(T(?(ml,...,a:n))

+ Y N (N =0+ DP{(@1(tmt), ooy Tt t)) € Ty 4 (A), e < 1}

(N = 14 D) P{@1 (b =) o B (b)) € T, (A),tn < 1}

P{(1(), ., zn (1)) € A}
= P{(z1(t-), ..., zn(t—)) € A, t; St}
+ P{(z1(t+), .y zn(t+)) € A, t1 >t}

o
= Z P{(xl(t_),---axn(t_)) € A, tmy1 > i, é t}
m=0
+ P{(z1, .., Tn) € TS’BFA, ty >t}
o
= 3" P{(@1(tmH), s T (tm+)) € TL 1 A, tings > byt S 8}
m=0

+ P{(@1, 0 2n) € TDAY = P{(z1, ..., zn) € T A, £, <t}
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(A3) = f: P{(z1(tmA)s s Tn(tm+)) € T (LA, b S 8}

m=0
=3 P{(@1(tmt), s Ta(tmt)) € T A, gy < 8
m=0
+ P{(1, ..., z,) € TDA}

P{(x1(tm—), orrr T (tm—)) € T, A, by S 1}

M

0

P{(@1(tm—), s Tn(tm—)) € T, A, tipyr <t}

s s

_I_

3
Il
)

To justify (A.2) we need to find a summable bound. It is easy to see that
the m-th term is bounded by ¢" Pey{t,, < t} (cf. (3.2)) which is, as we will
see in the following Lemma, summable. Note that the lines (*) and (*¥)
cancel each other, because as sets

(Ad) {(@1,-2n) € | @1 (EmA)s oo Tn (b)) € TS A, gy S 1}

= {(1,-2N) € | (@1(tmi1=)s s Tn(bmi1—)) € Tt(:llfth, tmi1 St
O

Lemma 1. Let 0 < t,, <t, m=1,2,....Then

(A5) Y Pegftm St} = t/dml/dm/ da’®e - (py — p2)
m=1 Q

1—(z1,p2)
X peg2(Z1,q1 + aw,p2),

where peg2 is the correlation function induced by the measure Pe,.

Note that > " | Peg{tm < t} is the expected number of collisions

EegN = Y mPe{N =m} =Y Pey{N 2 m},
m=1 m=1

where the random variable N is the number of collisions within [0, ¢].

Proof. We use a construction which interprets the hard sphere dynamics as
a flow under a ceiling function, cf. [5], to prove our Lemma.

We use a general fact in dynamical systems. Let B be a base space and
T : B — B be an invertible map which preserves a finite measure . Further
let a so-called ceiling function A : B — R, be integrable. Our phase space
is then

F={zeB,yeR |0y h(x)}.
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This set describes the region below the graph of the ceiling function. For
t € R we define the flow T;(z,y) piecewise, such that 73 : BxRy — Bx Ry,
where Ty(xz,y) = (z,y + t) until the first time ¢; such that (z,y + t1) =
(z,h(z)). Then we set at (t1+), Ty, +(z,y) = (Tz,0). This construction
is then continued into future and past. The dynamics T; is discontinuous
exactly at times t1,%o,... where the flow hits the ceiling function h. This
dynamics actually act only on I'. On this set T} is invariant and it preserves
measure 4 X dy. Under the above conditions we can state the following
lemma.

Lemma 2. Leth , B, ', T, T}, 1 and u X dy be as above, then

(1 x dy){tm =t} = tu(B)

Proof. The Poincaré recurrence theorem states that

Zh(T_jm) = 0o p(dzx)a.s..
=0

Therefore
- k-1

(A.6) Bi(t) = By :=={z € B|Y _W(T7z)<t, Y hW(T ) 2},
- =

forms a partition of B, for £k = 1,2,.... Here By is the set of those points
whose trajectories under the T} dynamics reaches exactly k — 1 times the
ceiling function h, within the time interval [0,¢]. Thus we get

(A.7) (1 X dy){tm St} = (x dy){ts St} + Y (ux dy){tm <t}
m=1 m=2
= [ x )T} = (ux dy) it 2 1}] + 37 [(ux dy{T) = (u x dy){tm 2 1}]
m=2
_ kz_l Bkh(gc)du—/& (h() ~ t)du]
0 o] m—2
+ [Z { Z (T **+22)dp —/ Z (h(T 72) —t)du}]
m=2  k=m+1" Bk B j=0
o'} e’} m—2
— [tu(B) + h(z)| + t— S KT 2))
REE W RECIE POLYARIEED>
+ 3 [ a3 (B0 = ()
k=m+1" Bk k=1
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O

We use this result in the following way. In our context of hard spheres we
have the base,

B= {ac €T3 (,j), i #j, 30 € §%, such that qj = gi+aw, (pj—p;)-w > 0}.

The measure P,, induces on B the invariant surface measure 1, given by

N N N
(A.8) { Y a’dgdo - (pj—pi) ] ko} 11 2s(pe)dpr,
i£j=1 k=1,k#i,j k=1
on the set where ¢; = ¢; + aw. The product measure p(dz) x dy := P, is
invariant under T;. We refer to the times t,,, m = 1,2, ..., in which we reset
the flow, to the times of collision. The ceiling function h(z) is defined to be
the time until the next collision (not counting collisions with the wall). Note
that h(z) > 0 for all z € T}, because we do not have multiple collisions.
Furthermore note that [ hdy > 0. The resetting transformation will be seen
as a collision. Finally T is the discrete flow which acts only on the instants of
a collision, i.e. it jumps from collision to collision. Using this specifications
we get,

(A.9) S Pogf{tm <t} = tu(B).
m=1

From this result and from the definition of P,; we derive

1—(z1,p2)

(A.10) Z Pog{tm St} = t/d:vl /dpg/ dwa®d - (p1 — po)
m=1 2

X Peq,2($1, (q1 + ad),pz)),
[l

Our aim is to express (A.1) in terms of correlation functions. For this
purpose we first have to prove some regularity of these functions.

Lemma 3. Under our assumptions on P, cf. Section 3, for every s € R,

pn(s) =0 on Ty \ T and p,(s) is continuous along trajectories of Tt(n) on
T

Proof. By the assumptions (iv) and (v) on P, fy(s) has the same continuity
properties as fn(0), we may set s = 0. For brevity we use z = (z1,...,Zn),
Yy = (Zn+t1,...zn). For x € T let A(z,t) C A be a spatial region traced
out by the particle’s motion z(s), 0 £ s £ ¢, with the initial condition z.
Correspondingly we define A(y,t) C A for y € T'y_,,, where I'y,_, C T'y_p
such that we remove the zero measure set of phase points with undefined
dynamics up to time ¢. For z € I}, let

(A.11) Non(z,t) = {y € Th_n| Alz,t) N A(y, 1) = 0},
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be the set in which the trace of z € I';, and the trace of y € I'y_,,,up to
time ¢, have no points in common. For z € I';, we define the N — n particle

flow Tt(w) on I'y_,(z), where I'y_,(z) is defined in (3.1). Following these

considerations and using Liouville’s equation for the map Tt(w(t)) for a fixed
t, we conclude

(A.12) pn(Tt(;)ac) :/ dyN..(N —n+1)fn(T, (:I:)-T Y)
'y n(w(t))

= / dy N..(N —n + 1) fx (T, TFDy).
Ty —a(a(t))

Let 7 be such that 0 £ ¢t < 7. Then we have two possibilities for = € '},
and y € [y_,
(1) The trace of z and the trace of y have no points in common, i.e.
y € Pn_pn(z,t). On this set we have (E(ﬁ)w,ﬂ(i(t))y) = Tt(f) (z,y).
(2) The traces of  and y have at least on point in common, i.e. y €
PN n\PN n(ZE t)

Note that we restrict (z,y) to be in '}, and recall that 'y \ I}y is a zero
measure set. Again we denote with I'y,_, (z,¢) the set in which we removed
the multiple collisions. Therefore, for all z € I'} and 7 2 ¢, we have

= [ aypeaa Oy

[ auna e+ [ dy f (T, Oy,
y_,(zT7) Tn_n(zm)\Ty_, (z,7)

Thus we get for,

(A13) [p(TVz) — pn(,0)|
=N..(N —n+1) ‘/* mT)dny )(:c,y))

dyin@Pa 1) — [ dyfn(e,0)

)
IN—n(z(T)\['y _, (2,7) ITn—n(z)

<NV -n+ 1 / dylfn (T (@, ) = Fu(,9,0)]

Non(@T)

+C/ dyfeq,N(xa y)+c/ dyfeq,N(xa Y, 0)}
In—n(z(M)\I'y_, (,7) In—n(@\I'y_,(z7)
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(n)

Here we used the two possibilities for a time evolution in p(T},’z), i.e.
the particles described by = have "bad” collisions with fresh particles within
[0, 7], or they do not. The last two terms are bounded by a constant times 7,
due to Lemma 1. For fixed 7, using dominated convergence and assumption
(iv), the first term vanishes in the limit ¢ — 0. Finally we let 7 tend to
Z€ro. [l

We have proven that p,(z) is continuous through collisions, now we prove
the pointwise continuity of the map ¢ +— ry(%).

Lemma 4. Under our assumptions on P, for all z € T'; the map t —
pn(z,t) is continuous, i.e.

(A.14) lim pp,(z, s +t) = pu(z, s).
t—0

Proof. By our assumptions (iv) and (v) on P, fy(s) has the same continuity
properties at any s as at s = 0. Hence we may set s = 0. For every z € I},
we have

(A.15) pn(z,t) — pn(z,0)

=/ @mw%w—/ dyin(z,y,0)
{yl(z,y)€T W } {yl(z,y)elry }

_ / dy(fn (TN (z,9)) — fn(z,5,0)
{yl(z,y)ely }

We conclude the proof using dominated convergence together with assump-
tion (iv) on P. O

Now we are ready to prove

Proposition 2 For ACT; andn=1,...,N,

(A.16) /Adml...dmnpn(xl,...,mn,t):/Adml...dxnpn(Tg)(xl,...,:z;n))

noopt
+Z/ / dsdzy . .. dzn[Cjpni1pn(8)](T™ (@1, oy Tn)).
=il Ja
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Proof. We consider the third term on the right hand side of (A.1). For
0 < s < t want to compute the limit € — 0 of

o

(A.17) Z— (@1 (tm—), s Tn (tm—)) € T, A, by € [5,5+ €]}
m=

o

=

partlcles with the label n + 1,...,; N during the time interval [0, ¢],

mn—n

Py{particles with labels 1,...,n collide exactly k£ times with

m|+—l

at the times 7 of collision z(7—) € T(+)T A}

Lemma 5. For our equilibrium measure Py, we have

21 21
(A.18) kZ_Q —Peg{ts S} = kz_; —kPeg{ti = €}.

tends to zero as € — 0.

Proof. Here we use the time evolved measure P;, defined by assumption (v)
on P. By assumption (iii), on P, the sum for k£ = 2 is bounded by

o0
(A.19) Z kgPeq{particles have exactly k collisions in [0, £]}.
k=2

By the proof of Lemma 1 we have,

(A.19) Z Poy{tm < €} = eu(B) 2 eu(By).

Hence,
(A20) u(B) — u(By) = é( > Pftm S €}~ Pegfts e, 12 > €}
m=1

1/ & IBS
ZE(ZPelI{tmég}_Peq{tlég)) :gzpeq{tméE}zﬂ
m=1 m=2

Recall that By = Bj(e) is time dependent. The limit of By (g), as ¢ — 0, is
B. Thus

lim 4(B) — p(Bi(e)) = 0

e—0
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Therefore we have,

(A.21)

1
lir% — P.4{particles have exactly one collisions within the time interval [0, €]}
e—=>0 €

= /dml /dp2/ diva®® - (pl —pQ)Pqu(xb ((h + ad),p2))
Q1 (z1,p2)

and again according to Lemma, 1

(A.22)

Z kP,q{particles have exactly k collisions within the time interval [0, ]}
k=1
= 5/d371 /dp2/ dwa®e - (p1 — p2)peq2(w1, (g1 + ad, pa))-
Q1_(z1,p2

Therefore the expression (A.19) vanishes as we take the limit ¢ — 0.

Hence, we are left with the term k¥ = 1 from equation (A.17). We label
the particle of collision with n + 1. I.e. we have,

(A.23)
1
(N —n)gPs{particles with labels 1, ...,n collide exactly once with the particle
n + 1 and do not collide with any other particle during the interval [0, €],

at the time 7 of collision z(r—) € T, A} = Z (N—n) P{B (e)},
Jj=1

where

Bj(e) ={the only collision during the time interval [0, €] is between the
particle j and the particle n + 1, at time 7 of collision z(7—) € Ts1,— A}

Let

(A24) Aj(e) == {(z,..., zn1) € T 4| T )(ml, vy Zpg1) for 0 St S g
has as only colhslon the one between the j-th and the n + 1-th particle,

at the time 7 of collision (z1(7—),...xy(7—)) € T(+T A}
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Then, continuing (A.23), we have
(A.25)

n

> (V- n)éps{Bj(g)} = jZ:l(N - n)é /Bj(g) dzy..dey fn (1, .. TN, )

=1

" 1
= Z(N—n)—/ dwl...dxn+1/ dzpio...dey fn(T1, -y TN, S)
i1 € JA;(e) TN (n+1)(T150sTn1)
“ 1
+ Z(N —n)- [/ dzy..dzy fn(z1,- TN, S)
= (3 B

—/ dl‘l...dicn_H/ d$n+2...d£cN fN(.’L‘l,...,:BN,S)].
Aj(e) PN (nt1)(T15sTnt1)

The term in the brackets is again bounded by
(A.26)

(& . . . . . .
— P, 4{there is more than one collision during the time interval [0, €]},
€

and vanishes as ¢ — 0. After multiplying with the factor N(N + 1)...(N —
n —1) as in (A.1) we are left with

(A.27)
= 1 "1
Z(N—n)gPs{Bj(e)} = Z E/A ( )dwl...d$n+1pn+1(w1, ey Tyt 1, 8)+O(€).
j=1 j=1 i(e

Let 7, 0 = 7 < ¢, be the time of collision. Then on A;(¢)

(A.28) Gn+1 = @5 + a® + T(Dj — Prt1)-

We preform this substitution in the integral (A.27). The change in the
volume element is

(A.29) dz;dT11 = a*@ - (pj — put1)dzjdrdidpn 1.

We flow on A;(e) all n + 1 coordinates from time 0 to time 7. Then

n
1
(A30) ) E/A dz1...dTp11pn 1 (T15 -y Ty, 8)
= e Jae

—Z / de/ ...d$n/dpn+1/ A & - (pj — Pry1)
Togr—t—A Qj—(xvpn+1)

X xz=(z,w Pn+1)Pn+1(T(n+1)($a (gj + a@w,pni1)),s) + O(e)

1 [¢ A

= Z - dr a2/ 1...dxn/dpn+1 / dw &« (pj — pnt1)
€ s+7‘ t— A Q] (zapn-f—l)

X Pt (T (x, (g7 + ai, ppya)), 8) + Oe).
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In the second integral xz is the indicator function of the set
E:={(z,0,pns1)| TT(,RH)(:L‘, (gj+a@, pnt1))for —7 < 7/ < e—7 has only one collision}

. The error term is again bounded by
(A.31)

—P.¢{there is more than one collision during the time interval [0, €] }.
€

Only P, refers now to the equilibrium measure of n + 1 particles.

To obtain the limit as € — 0 of (A.30) we have to show that the map
T — dzi...dx, /dpn+1/ dw @ - (pj — Pny1)
Tstr—t—A ij ($,pn+1)
X pn—}—l(TE,:Lr_'—l) (wa (q] + ad)apn+1))7 3)

is continuous at 7 = 0.

As a first step we will show that
(A.32) p(T:A\A) - 0as7—0.

To see this we define

Sy := {t1(z) > 7}. Then we have for z € S; that Tt(n):z; is continuous
for |t| £ 7. Thus

W(IPAN\A) = u(S; N (TFAN A)) + u(SE N (T7A\ A))
< u(Sy N (TPAN\ A)) + u(S9) £ (S, N (IPA\ A)) +er.

The last inequality follows by Lemma 1.



A Derivation of The Nonlinear Boltzmann Equation 29

Now we bound as,

(A.33) ‘/() d:cl...da:n/dan/ i@ - (pj — prs1)
T,V A Qi (®,pn+1)

s+7—t

1 ~
X pn+1(T£7}r+ )(.77, (Qj + a’wapn-l-l))a 3)

—/ d$1...dxn/dpn+1/ do @ - (pj — Pny1)
™A (i)

s—t

X pui1(@, (4] + 4@, put), )|

/ dﬂvl---divn/dpnﬂ/ dis &+ (pj—pn+1)
(™ AuT ™ AN, AnT™A) Qj—(z,Pn+1)

s+7—t s+7—t

A

1 N
% pny1 (T (2, (g5 + 4@, pn11)), 9)

+/ da:l...dwn/dpn+1/ do @ - (pj — Pnt1)
Ts(ﬁiA Qj_(w,pn+1)

X |prat (TU (, (g5 + ad, prs1))s 8) — pota (&, (g + 0@, pt), 8)]-

We bound py, 11, in the first term, by feq,+1. By the dominated convergence
and (A.32) this term vanishes as 7 — 0. In the second term we integrate
only over points (z,(g; + a@,pmy1)) € T}, ;. Hence, the integrand is con-
tinuous by Lemma 3, and vanishes as 7 — 0.

Altogether we have shown that the measure
(A.34)
oo

N NN =0+ DP{@1 (), s @altin—)) € Top—t (D).t € ds}

is absolutely continuous with respect to the Lebesgue measure and has a
density given by

n
(A.35) Za2/( ) da:/dpn+1/ do & - (pj — pn+1)
j=1 TsftA Qj—(z,pnt1)

X Pn+1($, (CIj + GGJ,PnH)a 3)-

Note that this density is continuous in s, by Lemma 4. The same argumen-
tation applied to the second term in (1) shows that the measure

(A.36)

Y NN =n+1)P{(@1(tm+), - Tn(tm+)) € To—ts (D), tm < 1}
m=1



30 Michael Reifinger

has a density given by
(A. 37)

Z / (n) dx/dpn—l-l/ dww - (pj — Pnt1)
1‘1, ’QJpr’ ’In ET r A Q] ( zpn+1)
X pn—l—l( z, (Qj + aw, p, + l)a 3)

dxl...dqjdp;-...dmn/dp;zﬂ

n
-ya [
j=1 (:cl,...,qj,p;.,...,xn)ETs(f)tA
AL A / / ! N !
x/ dw &+ (P =P 1) Prt1(T15 ooy @G Py ooy T, (g +a@, pp+1), 8),
Q] (:‘611 1QJ1pJ1 1pn+1)

where we used the continuity of p,11(s) through a collision on the domain
of our integration. After relabeling (p},p;,11) as (pj,pnt1) in (A.37), we
subtract (A.35) from (A.37). Since A C T},

L
(A38) Jz_:l/o ds /Ts(f)tAdﬂ?[c',n—klpn_'_l(s)](x)
L
= ]2_:1/0 ds/Adx[Cj,n+1pn+1(s)](Ts(ﬁ%w).

O

To obtain the integrated form of the BBGKY hierarchy, and therefore
obtain (3.7), we have to iterate (A.38). However, we have to prove first that
for a fixed t, the map

nooet
03 [ O (DT
is continuous along trajectories. We have

¢
(A.39) /0 ds[Cjni1pns1(s)] (TSZ)TT(?L)HU)

n

<3|

Jj=1

- Z / 45[Cjnsapun (5)] (17, )
t+1 (n)
/0 ds + /t ds}‘ [Cjnt1pns1(s — T)|(T Ttb+x)“
jm1Pn41(s = 7) = Cinrpnin ()] (T, ).

nooaf
-I-Z/ ds [C
j=170
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The first term is bounded by ¢ feq,n, and thus vanishes as 7 — 0. For the
second term we use dominated convergence. By the assumed continuity of
s = pp1(21, ..., Tng1,8) for z € T, and by the definition of Cj 11 (3.5)
the integrand vanishes pointwise in the limit 7 — 0.

Hence, we obtain

(A.40) /da:l...da:npn(:cl,...,a:n,t):
A

n+m—1

ZZ 3 / /tm/Adtl...dtmdml...da:n

m=0 j1=0 Jm=0

X (Cjy 1 -+ (Cmtm (Prrmo T ™)oL T (@1, ey ).

Since the Boltzmann-Grad limit not quite apparent in this form (A.40),
we convert it into an integral over collision histories.

Proposition 3
For every Borel set A C T}, and every n € N,

(A.41) / Az dTppp (21, oy T,y t) =
A

A Aa(zly---ywn;[oat])

X Wo(z1, . s Tp, 5)pn+m(5) (z1(0,z, d), - Tn+m(s) (0, z,0)).

Proof. 1f we write out (A.40) explicitly, using the definitions of C} 41, Wy
and the definition of the collision history we obtain the later identity.

In order to 1nterchange the integrals we need a integrable bound. We

knowp+m_cf

eqn+m and therefore we get

(A42) (3.7) < / do / 48| W (, )|
A 0,t])
X (gqﬂ,?n—f-m(wl(oama(s)a"'axn-I—m(Oaxad)) gC”/ d$feq,n+m( )

for all ¢. This last estimate can be found in full detail in F. King’s thesis [6].
O
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APPENDIX B

Proposition 4 Let r5(z,t) be defined as in (3.11), and 75 (z,0) satisfies
the Mazwellian bound,

(B.1) 75,(2,0)] £ M [ zhs(p)),
j=1

for some M, z,8 > 0 independently of .
Then there exist a to(z, ) such that for 0 <t < to(z, ),

n

(B.2) |rn(z,t)| = M H 2()hg () (Ps),

for some functions z(t) and B(t), independently of . We will define z(t)
and ((t) within the proof.

Moreover we have the bound 0.2% < to(z,B) < 0.4% for the threshold
time to(z, B).

We split the proof into two lemmata.

Lemma 6. Given (z1,...,z,) € L'} and for fized m,t1, ..., tm, W1, .., W, Py -y P
we have the bound

n n+m—1 ( m
Z Z {H ‘Dk ) (pAk _p;k(tk))} rfL—I—m(q&l:(O)a ---,p;+m(0))

Jji=1 Jm=1 k=1

N=

m n+m
<M (H{(mk— 1)lpasel + (n+k — 1) }) I1 zhs(w))
k=1 j=1

where P, = ppyk(s) for k=1,....,m and s € [0,t]. This limit is uniformly
i €.

Proof. Let x& : R% — R be the indicator function of the set
{q1, -, qn| |¢i —gqj| = €a,1,j € N}. The invariance of the equilibrium measure
implies that

() O T ) o T = X6 Ty s
If g is a function of energy and g(q1,p1,..-sqn,Pn) = gg(% Z?leg),
then by the conversation of energy

(i) go T =
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L.h.s. of (3.12)
n+m—1 m
< Z > {H |Be| + |5, (t I)}Mxi+m(ﬁ(0),---,q;+m(0))
Jji=1 Jm=1 \k=1
n+m

< 1] =hs(v5(0)

n n+m—1 (m—1
=> ) {H(\szlﬂpjk(tk)l)}(|p2n\+\p§m(tk)l)
j j k=1

n+m

X M X5 4 (45(0); s Gy (0)) H zhg(p3(0))

Using (i),(ii) and the Schwarz inequality we get that the 1.h.s. of (3.12)

n+m—2 (m—1 n+m—1 1
SIS RN \pk|+\p;k<tk>|>}(<n+m—1>|p;n|+(<n+m—1> > er)’)
ji=1 Jm—1=1 k=1

j=1
n+m—1
X zhg(Dm) M X5, 4 m—1(¢5 (tm); -

’qn—|—m 1 tm H Zh,B p]

n+m—2
SRS ORI |pk|+|p;k<tk>|>}
j1=1  jm-1=1 (k=1

n+m—1 1

. 1 3 .

x{ b m =Dl + (b m =13 (D B5ltm-1)?)” | 2hali)
j=1
n+m—1
X MXpim—1(41(tm=1); - Gnpm—1 (tm—-1)) X H Zhﬂ(P;'(tm—l))
Jj=1

Now we iterate for j,,_1,...,7

.., j1, and conclude the Lh.s of (3.12)

. n+k—1 % n-+m
< M (k= Dlpneel + ot k=13 [ S 20| b | ] 2hotwso)) |
j=1 j=1

since we have by the conservation of energy
n+k—1 n k-1 n k—1 n+k—1

D @5)20) =D _()*O)+ D> Bk =D p(0)+ > Bk = Y p(0)
j=1 j=1 j=1 j=1

j=1 j=1
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Lemma 7. There exist continuous functions t — z(t),t — B(t) such that
B(0) = B,2(0) = z,

z(t) is monotonously increasing, and z(t) — oo as t — to(z, )

B(t) is monotonously decreasing, 5(t) — 0 as t — to(z, 58)—,

and such that for 0 <t < to(z, 5)

(o] tm
(B.3) Z ﬁ 47ra /dpn_H...dpn_Hn
=0
1
m ) n+k—1 2
< | T[S 4k =Dlpnsrl + (n+ k=12 | Y pj
k=1 j=1
n+m n
X H zhg(p;) < H h,B () (pj)
We haveOZﬁ <to(z,B) < \/‘éz

Proof. We choose smooth functions g, h : [0,1] — Ry such that g is monotonously
increasing and h monotonously decreasing, g(0) = 1 = h(0). The optimal
choice of g and h will be given later in the proof.

We define z; = g(L)z, B; = h(L)8, j=1,...,m
z:zo<zl<...<zm—g(1)z—z

B=PHo>..>Bn=h1)g=70"

Then the integral on the Lh.s. of (B.3) is

(Zﬁ;)r (ntm) /dpn—H Apn+m
n+k—1 1 1 n+m
x H (k= Dlpua+ (k=1 3 52)" Jam exp [~ 560 Y ]
k=1 j=1 j=1
(2’87(:_) n+m)/dpn+1---dpn+m
n+m—1 1
x {[<n+m—1>\pn+m\ +(n+m-1) 3 )]
j=1

m— n+k—1 1 1 n+m
H { (n+k—1) ‘pn+k|+<(n+k_1) Z P?) 2}}><Zg+m exp [—Eﬂo > p?]

k=1 j=1 j=1
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We the integration over dpp+n, and get
3
= {(5_;)2(”+m)/dpn—l—l---dpn—l—m—l
m—1 n+k—1 1
2
[T {t+ k= Dlpnssl + ((n+E-1) 3 p2)°}
k=1 j=1
1 nim A
X z?"’m_l exp [— 5ﬂ1 Z p?]} . {(n +m — 1)(87r—2)
=1 0
n+m—1 % 2 2 n+m—1
+((rm=1) D ) 20(Z0)? ) exp [~ (Bo=p) Y ]
et Bo 21 o

Now we have with:

t\')l»—l

O (S5 7) e [~ 300 - 3 S 4] £ (el = )
(ii) (n4+m — 1)(2_(1))n+m—1 < (—6108;(2—2))_1

1

1 _ _1
(iii) (n+m—1)2(§$)"+m 1< (—210g§(11) 2

These inequalities follow from elementary calculus. We used for 0 < z, and
0 < a < 1 the inequalities,
z2e™ < (eb) 2,
m < (—elog a)_l, and
1

ntan < (~2loga)

bl

{ } (520 (—etos (C2)) '+ (5) 20 (2108 (1) *(e(0—51) *]
_ ]

8wz 21\ —1 27‘('%2’0 21— % B1y-1L
{. }[( 7)o (2) ™+ 20 (o () (- 2y

The term in the curly brackets has the same structure as in the previous

step. We iterate the bound and integrate successively over prpim—1, s Pnt1
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and conclude

Po\3tm) 1 1, oo [ /872
< (ﬁ)Q 2 jl:[lexp[—iﬂ'pg]jli[l [( ZZJ 1

e ﬁ]{l

Bi-1

i=1

_ (BN | T (B E g o | TT 267 9()=
~(ar) [H<2”) " (pj)]H ¢ {<2(h(w)

2
j—1

)(IOg (%))—1

3
o B (e 2]
Zj—1

P o) h)
8 Gy )
(@@ o] ]
j=1 j=1

( - g (522 (n(932))

X1+ — 5 — .
' (h(%)) 1_h(((j:1)>))2(

- Lﬁl (2%) ” (f_l %zlhﬂ (pa)] ﬁ ;ﬁgj{

— L.h.s. of (B.3)

j=1

(B4) < [H (%)%z'hﬂ«pj)] > 2 (a4 ()
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The product grows for large m as D™ with

' z)? 7/ h(z)g' (z) \3
(IL{-)" < w2 {-F = [ | }<efo{ -

Therefore the sum converges provided

t < (16&22D<%) %)

One can minimize D by choosing appropriate g and h. We will only optimize
g and h in the form of the Ansatz

gl@) = (1—x) % k@) =(1-2)* a0 >0
This minimization gives us the bound on the radius of convergence. By
scaling the radius of convergence can only depend on the ratio % O

[mB
The particular ratio Ef’; has a simple physical meaning. \/mTﬂ is the
average (root mean square) velocity of an ideal gas with Maxwellian velocity
distribution hg. ma? is the cross section of a hard sphere of diameter a and,

hence, (ma%z)™! is the mean free path of a hard sphere with density z.

mB
Therefore 7ra23z is the mean free time, i.e. the average time between two

collisions for a typical molecule. The net conclusion is then that the sum
over collision histories converges, uniformly in €, provided ¢ < % mean free
time.

Why did we achieve only a finite radius of convergence? The reason is
to be traced back to the estimation of the weight W¢ by its absolute value
|W¢|. On the level of Boltzmann equation this would correspond to replace
the negative sign of the loss term by a plus sign. Since the collision term is
quadratic, in essence one has the equation

d 2
Ew(t) = z(t)

whose solution diverges as t — 1_.
The finite radius of convergence and therefore the restriction to short times
is the central unsolved problem in the derivation of the Boltzmann equation.
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