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Chapter 1

Introduction

The aim of this thesis is to investigate the mean-field quantum dynamics of boson systems
subject to an external magnetic field. We will outline three different approaches to mean-
field quantum dynamics and present our results on how to adapt these methods to include a
magnetic field.

1.1 Quantum mechanics of many-body systems

A quantum mechanical system of N particles in d dimensions can be described by a complex-
valued wave function ψN (x1, . . . , xN ) ∈ L2(RNd) with the normalisation condition ‖ψN‖2 = 1.
The position of the j-th particle is denoted by xj ∈ Rd for j ∈ {1, . . . , N}. The square of
the modulus of the wave function, |ψN (x1, . . . , xN )|2, can be interpreted as the probability of
finding the first particle at position x1, . . ., and the N -th particle at position xN .

There are two different types of particles in Nature: bosons and fermions. The wave
function of N indistinguishable bosons is symmetric with respect to permutations of the
variables, i.e.

ψN (xπ(1), xπ(2), . . . , xπ(N)) = ψN (x1, x2, . . . , xN ) (1.1)

for all permutations π of {1, 2, . . . , N}. In contrast, the wave function of N indistinguishable
fermions is antisymmetric with respect to permutations of the variables, i.e.

ψN (xπ(1), xπ(2), . . . , xπ(N)) = (−1)sgnπ ψN (x1, x2, . . . , xN ) (1.2)

for all permutations π of {1, 2, . . . , N}, where sgnπ denotes the sign of the permutation π.

Physical observables are given by self-adjoint operators A on L2(RNd). If the system is in
the state ψN , the expectation value of a measurement with the observable A is given by

〈ψN , AψN 〉 =
∫

RNd
dx1 . . . dxN ψN (x1, . . . , xN )(AψN )(x1, . . . , xN ). (1.3)

For example, the multiplication operator xj is the observable measuring the position of the
j-th particle and the differential operator −i∇xj is the observable measuring the momentum
of the j-th particle.



2 1. Introduction

The time evolution of the system is governed by the Schrödinger equation{
i∂tψN,t = HN ψN,t,

ψN,t=0 = ψN ,
(1.4)

in which ψN,t denotes the wave function of the system at time t, HN is the Hamiltonian of
the system and ψN is the initial state of the system at time t = 0. Here and henceforth, the
subscript t to a quantity denotes its time-dependence.

The Hamiltonian HN is the energy observable of the system. For a many-body system
with two-particle interactions, it has the form

HN =
N∑
j=1

(hj + Uext(xj)) + λ
N∑
i<j

V (xi − xj). (1.5)

The first part of the Hamiltonian is a sum of one-particle operators where the sum over the
one-particle operators hj is the kinetic part of the Hamiltonian. The function Uext : Rd → R
is an external potential acting on every particle in the same way. It describes for example
a confining potential which traps the particles in a certain region. The second part of the
Hamiltonian is a sum over all pairs of particles and the interaction between the particles is
described by the potential V : Rd → R. λ ∈ R is a coupling constant.
For non-relativistic quantum systems the kinetic energy operator is h = −∆. An external
magnetic field is accounted for by taking h = (−i∇ + A(x))2 where A : Rd → Rd is the
magnetic vector potential. For systems where relativistic effects cannot be neglected, one
typically adopts the semi-relativistic treatment by choosing h =

√
1−∆.

Under appropriate conditions of h and V , the Hamiltonian HN can be self-adjointly re-
alised in L2(RNd). Then ψN,t = e−iHN tψN is the solution to the Schrödinger equation (1.4)
by Stone’s Theorem and there is conservation of mass and energy, i.e.

‖ψN‖2 = ‖ψN,t‖2 and 〈ψN , HNψN 〉 = 〈ψN,t, HNψN,t〉 for all t ∈ R. (1.6)

1.2 Dynamical analysis in the mean-field regime

We are interested in the dynamics of a large system of N identical and spinless bosons in d
dimensions. A typical real-world example for such a system is a dilute Bose-Einstein conden-
sate which contains N ∼ 102 − 1010 atoms (see e.g. [25]).

In principle, the dynamics of the system is determined by solving the Schrödinger equa-
tion. Owing to the large particle numbers, it is practically impossible to derive an explicit
solution. Also, numerical simulations are hopeless. However, one does not necessarily need
to know the evolution of every particle in the system. Typical observables in experiments
involve only a small number of particles, usually one or two. Therefore, the interest is rather
towards macroscopic properties of the system which result from averaging over a large number
of particles.
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Throughout this thesis, we consider the description of (1.5) in the mean-field regime. This
is a natural approximation which one usually adopts to obtain a first qualitative understanding
of a many-body quantum system. It allows us to derive effective evolution equations which
are on the one hand at least numerically solvable and which on the other hand give a very
good approximate description of the macroscopic behaviour of the system. The mean-field
Hamiltonian is given by

HN =
N∑
j=1

hj +
1
N

N∑
i<j

V (xi − xj), (1.7)

where h is the one-particle operator. The scaling 1
N in front of the potential describes very

weak interactions among the particles. It also ensures that the kinetic and potential energy
are of the same order in N . Moreover, we consider only a condensate as initial data, i.e.

ψN (x1, . . . , xN ) =
N∏
j=1

ϕ(xj) (1.8)

for some ϕ ∈ L2(Rd). These factorised states are of physical interest because they can ap-
proximately describe states close to the ground state of HN . Physically, such a mean-field
model could describe a dilute, cold Bose gas or a gravitating Boson star far away from collapse.

Since the initial data ψN = ϕ⊗N is factorised and the interaction between the particles
is only very weak, it is reasonable to expect that the wave function of the system will stay
approximately factorised over the time evolution. That is, we expect in a sense to be made
more precise later on, that also at time t > 0,

ψN,t(x1, . . . , xN ) '
N∏
j=1

ϕt(xj) (1.9)

for a one-particle wave function ϕt ∈ L2(Rd). Note that this cannot hold as an identity for
wave functions in L2(RNd) because the interaction creates correlations between the particles.
Heuristically, when ψN,t is essentially factorised as in (1.9), the particles are distributed inde-
pendently in space with probability density |ϕt|2. By the law of large numbers, one therefore
expects that the total interaction potential experienced by a single particle at position xi in
the limit N →∞ will be

1
N

N∑
j 6=i

V (xi − xj) '
1
N

N∑
j 6=i

∫
Rd

V (xi − y)|ϕt(y)|2dy ' (V ∗ |ϕt|2)(xi). (1.10)

This suggests that the one-particle wave function ϕt obeys the Hartree equation{
i∂tϕt = hϕt + (V ∗ |ϕt|2)ϕt,
ϕt=0 = ϕ.

(1.11)

The main goal in the study of mean-field quantum dynamics is to prove rigorously that
the limiting dynamics as N →∞ is indeed given by the solution ϕt to the Hartree equation.
Unfortunately, we cannot expect that ‖ψN,t − ϕ⊗Nt ‖L2(RNd) → 0 holds as N → ∞. Simple
examples show that this notion of convergence is too strong.
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However, we already mentioned the good news that many physical observables only act on a
smaller number of particles, say k particles, out of the overall N particles. In order to be able
to predict the time evolution of the expectation value of measurements of such observables
one actually does not need the “full information” contained in ψN,t. The appropriate objects
which we have to introduce are density matrices and their k-particle marginals. These are
suitable objects to describe macroscopic properties of the system. They will give rise to a
weaker notion of “closeness” (1.9) and we will be able to prove that the limiting dynamics is
determined by the solution ϕt to the Hartree equation in this weaker sense. The macroscopic
properties of the system, computed in the limiting regime N → ∞, are then expected to
be a good approximation for the macroscopic properties observed in experiments, where the
number of particles N is very large, but finite.

Let ψN ∈ L2(RNd), ‖ψN‖2 = 1, be the symmetric wave function of a state of N identical
bosons. With ψN we associate the density matrix

γN := |ψN 〉〈ψN |, (1.12)

i.e. the orthogonal projection onto the state ψN . The operator γN is a positive trace class
operator on L2(RNd) with unit trace. These properties are more generally the definition of a
density matrix.
As a trace class operator, γN has an integral kernel γN (xN ; x′N ) which is given by

γN (xN ; x′N ) = ψN (xN )ψN (x′N ). (1.13)

For every k ∈ {1, . . . , N} we also define the corresponding k-particle marginal density or
reduced density matrix γ(k)

N as the partial trace over the last (N − k) particles:

γ
(k)
N = tr[k+1,...,N ] γN . (1.14)

One obtains the integral kernel of γ(k)
N by integrating out the last (N − k) particles from the

integral kernel of γN :

γ
(k)
N (xk; x′k) =

∫
R(N−k)d

dxN−k γN (xk,xN−k; x′k,xN−k). (1.15)

This last equation can be considered as the definition of the partial trace of a density matrix.
It is easy to verify that γ(k)

N,t is then a density matrix on L2(Rkd). See [30] and [32] for a com-
prehensive account of the properties of trace class operators and integral kernels of operators.
The precise definition of the partial trace is given in Appendix 8.1.

Here we use the notation: xN = (x1, . . . , xN ),x′N = (x′1, . . . , x
′
N ) ∈ RNd and xk =

(x1, . . . , xk), x′k = (x′1, . . . , x
′
k) ∈ Rkd as well as xN−k = (xk+1, . . . , xN ) ∈ R(N−k)d with

xj , x
′
j ∈ Rd for j ∈ {1, . . . , N}.

A system in the state ψN can equivalently be described in terms of the associated density
matrix γN . The expectation value of a measurement with an observable A on the system is
then given by

〈ψN , AψN 〉 = trAγN . (1.16)
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Moreover, if J (k) is a k-particle operator we have for the expectation value of a measurement
with J (k) on the N -particle system

〈ψN , (J (k) ⊗ 1N−k)ψN 〉 = tr (J (k) ⊗ 1N−k)γN = tr J (k)γ
(k)
N . (1.17)

Note that on the right-hand side of (1.17) the trace is only taken over k particles. So in order
to predict the outcome of a measurement with J (k) on the evolved system at a later time
t > 0, it is enough to know the k-particle marginal density γ

(k)
N,t associated with the wave

function ψN,t of the system at that time.

We argued above that we expect the limiting dynamics to be given by the solution ϕt to
the Hartree equation (1.11). Therefore, we would hope to approximate γ(k)

N,t with |ϕt〉〈ϕt|⊗k
in the limit N → ∞. Since these operators are all of trace class, a natural norm for this
approximation is the trace norm on the space L1(L2(Rkd)) of trace class operators on L2(Rkd).
We would therefore hope to show that for every fixed k ∈ N and every fixed t ∈ R,

lim
N→∞

tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ = 0. (1.18)

The study of mean-field quantum dynamics has a relatively long history. The first proof
of the convergence (1.18) for non-relativistic systems with bounded interaction potentials was
established by Spohn [37] in 1980. An overview of results on mean-field quantum dynamics
is given in Section 1.4.

The following graphic illustrates the guiding principle of the effective description of mean-
field quantum dynamics: By considering only the k-particle marginals associated with the
state of a system one can approximate in the limit N → ∞ the many-body linear dynamics
with the one-body nonlinear Hartree dynamics. Note though that by passing from the density
matrix γN to a reduced density matrix γ

(k)
N , one loses irreversibly information about the

system.

ψN −−−−→ γN
partial trace−−−−−−−→ γ

(k)
N |ϕ〉〈ϕ|⊗k

many-body
linear dynamics

y y y y one-body nonlinear
Hartree dynamics

ψN,t −−−−→ γN,t
partial trace−−−−−−−→ γ

(k)
N,t

N→∞−−−−→ |ϕt〉〈ϕt|⊗k

(1.19)

1.3 Our model: assumptions and main result

In this thesis we investigate the mean-field quantum dynamics with magnetic fields of a sys-
tem of N identical and spinless bosons. We restrict the analysis to the physically relevant
case of three dimensions. In the concluding remarks in Chapter 7 we also comment on other
dimensions.

Throughout we will make the following assumption regarding the magnetic vector poten-
tial A : R3 → R3 and the generated magnetic field B = ∇×A:

Assumption (A). Let A ∈ C∞(R3; R3) and define B = ∇ × A. Assume that there exists
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ε > 0 such that

|∂αB(x)| ≤ Cα(1 + |x|)−(1+ε) ∀ |α| ≥ 1, ∀x ∈ R3,

|∂αA(x)| ≤ Cα ∀ |α| ≥ 1, ∀x ∈ R3,

where Cα are constants depending only on the multi-index α.

For A ∈ L2
loc(R3; R3) we define the magnetic Sobolev space as

H1
A(R3) =

{
ϕ ∈ L2(R3) | (−i∇+A)ϕ ∈ L2(R3)

}
. (1.20)

This allows us to state our strongest result.

Theorem 6.6. Let V ∈ L∞(R3) or V (x) = λ
|x| , λ ∈ R, and assume that the magnetic

vector potential A : R3 → R3 satiesfies assumption (A). We consider the mean-field quantum
dynamics generated by the Hamiltonian

HN =
N∑
j=1

(−i∇xj +A(xj))2 +
1
N

N∑
i<j

V (xi − xj). (1.21)

Let ϕ ∈ H1
A(R3) with ‖ϕ‖2 = 1 and set ψN = ϕ⊗N . Let ψN,t = e−iHN tψN and denote by ϕt

the solution to the initial value problem for the magnetic Hartree equation{
i∂tϕt = (−i∇+A)2ϕt + (V ∗ |ϕt|2)ϕt,
ϕt=0 = ϕ.

(1.22)

Denote by γ
(k)
N,t the k-particle marginals associated with ψN,t. Then there exists a constant

C > 0 such that, for k ∈ N and t ∈ R,

tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ ≤ 2

√
k

N
eCt (1.23)

holds for all N ≥ k. In particular, this implies for every fixed k ∈ N and every fixed t ∈ R

lim
N→∞

tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ = 0. (1.24)

1.4 A short history of known results

Unless stated otherwise, the following results refer to the case h = −∆.

The first results establishing a relation between the many-body Schrödinger evolution and
the nonlinear Hartree dynamics for smooth interaction potentials V were obtained by Hepp
in [23]. Ginibre and Velo generalised his results to singular potentials in [20] and [21]. Their
work was inspired by techniques from quantum field theory.

The first proof of the convergence (1.18) for bounded potentials V ∈ L∞(Rd) was given
by Spohn [37] in 1980. His method is based on expanding the BBGKY hierarchy of evolu-
tion equations for marginals. Since then, there has been a flourishing activity in research on
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mean-field quantum dynamics. Progress has been made mainly in two directions: First, to
show the convergence (1.18) for more singular potentials and second, to obtain estimates on
the rate of convergence of (1.18).

In [12], Erdős and Yau generalised and extended Spohn’s method to the Coulomb poten-
tial V (x) = λ

|x| , λ ∈ R, which is of particular physical interest. Partial results in this direction
had been obtained before by Bardos, Golse and Mauser (see [2] and [3]). The method was ex-
tended by Elgart and Schlein in [10] to the case of semi-relativistic energy, i.e. h =

√
1−∆,

and Coulomb interactions. This case is technically more demanding, because the kinetic
and potential energy have the same scaling behaviour and the corresponding Hamiltonian is
energy-critical.
A different approach to the non-relativistic case with Coulomb interactions was taken by
Fröhlich, Knowles and Schwarz in [18]. Their proof of (1.18) relies on dispersive estimates
and the counting of Feynman graphs.
Moreover, in [17] Fröhlich, Graffi and Schwarz consider for smooth potentials the mean-field
limit uniformly in Planck’s constant ~. This allows them to combine the semi-classical limit
and the mean-field limit.

In [33], Rodnianski and Schlein proved the convergence (1.18) for Coulomb interactions
using an idea of Hepp [23]. They obtained an estimate on the rate of convergence of the type:

tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ ≤ C(k)√

N
eK(k)t, (1.25)

where C(k),K(k) > 0 are k-dependent constants.
Under the more restrictive conditions that the interaction potential V is bounded and has an
integrable Fourier transform, Erdős and Schlein proved in [11] a better estimate on the rate
of convergence:

tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ ≤ C1

k2

N
eC2keC3t (1.26)

for some constants C1, C2, C3 > 0.
More recently, Knowles and Pickl took yet another approach to show the convergence (1.18).
By considering a different, but equivalent indicator for the convergence (1.18) they were able
to derive estimates on the rate of convergence for more singular potentials. For instance in
the non-relativisitc case in three dimensions, they obtain for singularities at the origin up to,
but not including, the type 1/|x|3/2, the estimate:

tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ ≤ 2

√
k

N
eCt (1.27)

for some constant C > 0. Their method can also treat the semi-relativistic case and it can
be extended to even more singular potentials.

Parallel to the above investigations on the mean-field regime for many-body quantum
systems, a further analysis was carried out to deal with more realistic hard-core, short-range
interactions. This translates into a modification of the interaction term in the Hamiltonian
(1.7). One replaces the mean-field potential 1

N V (x) with a term of the form 1
N VN (x), where
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VN converges to a delta-interaction potential as N → ∞. The emerging one-body effective
description is then given by the nonlinear Gross-Pitaevskii equation{

i∂tϕt = −∆ϕt + σ|ϕt|2ϕt,
ϕt=0 = ϕ,

(1.28)

for some σ ∈ R. Notice that the Gross-Pitaevskii equation (1.28) is formally obtained from
the Hartree equation (1.11) with h = −∆ by inserting “V (x) = σδ(x)”.
Although the general treatment of this model goes through the conceptual scheme presented
in this thesis, genuinely new tools are needed to control the singular scaling of the delta-
interaction. For a comprehensive overview of this subject we refer to the review [34].

1.5 Outline of the thesis

This thesis is organised as follows.

Chapter 2:
We study the relationship between two indicators for the factorisation of the k-particle
marginals γ(k)

N,t in the limit N →∞. We also present an improved estimate (2.16).

Chapter 3:
We prove the global well-posedness of the magnetic Hartree equation for a fairly general
class of magnetic vector potentials which includes the physically relevant case of a constant
magnetic field. Its global well-posedness is an important prerequisite for the study of the
mean-field quantum dynamics with magnetic fields in the subsequent chapters.

Chapter 4:
We use a method based on the perturbative expansion of the BBGKY hierarchy to study the
mean-field quantum dynamics with magnetic fields for bounded interaction potentials in three
dimensions. The method was introduced by Spohn in [37] and we present minor modifications
in order to adapt it to the magnetic case.

Chapter 5:
Using a compactness argument based on the BBGKY hierarchy we study the mean-field quan-
tum dynamics with magnetic fields for bounded interaction potentials in three dimensions.
The method was developed by Bardos, Erdős, Golse, Mauser and Yau in [2], [3] and [12]. We
present several non-trivial modifications, in particular Propositions 5.3, 5.6, 5.10 and 5.12, to
adapt it to the magnetic case.

Chapter 6:
In the first part, we outline the projections method introduced by Knowles and Pickl in [24]
for mean-field quantum dynamics in arbitrary dimension d. In the second part we apply their
method to the case of mean-field quantum dynamics with magnetic fields in three dimensions
for bounded potentials and also for the Coulomb potential.
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1.6 Conventions and notation

A subscript t to a variable denotes the time-dependence of this variable.

We use the following abbrevations for the position variables: xN = (x1, . . . , xN ), x′N =
(x′1, . . . , x

′
N ), xk = (x1, . . . , xk), x′k = (x′1, . . . , x

′
k) and xN−k = (xk+1, . . . , xN ) with xj , x

′
j ∈

Rd for j ∈ {1, . . . , N}. The dimension d is usually clear from the context. Also we use
∇j ≡ ∇xj and ∇′j ≡ ∇x′j .

Let h : L2(Rd) → L2(Rd) be a one-particle operator, N ∈ N and j ∈ {1, . . . , N}. Then
the operator hj is always understood to act on an N -particle wave function in L2(RNd) as
the operator 11 ⊗ · · ·1j−1 ⊗ hj ⊗ 1j+1 ⊗ · · ·1N .

Let 1 ≤ p ≤ ∞. The conjugate exponent p′ to p is defined through the relation 1
p + 1

p′ = 1.

The symbols C,C ′ stand for generic positive constants that may depend on some fixed
parameters; their concrete value may change in the course of an estimate.

List of symbols:

H a Hilbert space
〈·, ·〉 the scalar product of a Hilbert space, linear in the second argument
X,Y Banach spaces
X ↪→ Y X ⊂ Y with continuous injection

Lp(Rd) ≡ Lp the space of functions f : Rd → C such that ‖f‖Lp(Rd) <∞, where

‖f‖Lp(Rd) =

{(∫
Rd dx |f(x)|p

) 1
p if 1 ≤ p <∞,

ess supx∈Rd |f(x)| if p =∞.

‖ · ‖p ≡ ‖ · ‖Lp
‖ · ‖p1+p2 ≡ ‖ · ‖Lp1+Lp2 , where ‖f‖Lp1+Lp2 = inff=f1+f2 ‖f1‖Lp1 + ‖f2‖Lp2

C∞c (Rd) the space of smooth functions with compact support on Rd

H1(Rd) ≡ H1 the Sobolev space of functions on Rd such that ‖f‖H1 <∞,
where ‖f‖2H1 = ‖f‖22 + ‖∇f‖22

H1
A(Rd) ≡ H1

A the magnetic Sobolev space of functions on Rd such that ‖f‖H1
A
<∞,

where ‖f‖2
H1
A

= ‖f‖22 + ‖(−i∇+A)f‖22

C(I,X) the space of continuous functions from I to X, I ⊂ R an interval

Lp(I,X) the space of measurable functions f : I → X such that
‖f‖Lp(I,X) <∞, where

‖f‖Lp(I,X) =

{(∫
I dt ‖f(t)‖pX

) 1
p if 1 ≤ p <∞,

ess supt∈I‖f(t)‖X if p =∞.
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Hp(I,X) the space of functions f ∈ Lp(I,X) such that f ′ ∈ Lp(I,X)
in the sense of distributions

Lq(I, Lr) the space of functions f(t, x) : I × Rd → C, I ⊆ R an interval, with
‖f‖Lq(I,Lr) =

( ∫
I dt

( ∫
Rd dx |f(t, x)|r

)q/r)1/q
<∞

L(X,Y ) the space of bounded linear operators from X to Y
L(H) the space of bounded linear operators on H
K(H) the space of compact linear operators on H
Lp(H) the p-th trace ideal of L(H), i.e. the space of operators A ∈ L(H)

such that tr |A|p <∞
Lk ≡ L(H⊗k)
L1
k ≡ L1(H⊗k)

‖ · ‖ the operator norm on L(X,Y )
‖ · ‖Lp the Lp-norm, ‖ · ‖Lp = (tr | · |p)1/p

tr[j1,...,jl] γ the partial trace of a density matrix γ with respect
to the particles j1, . . . , jl

[A,B] the commutator AB −BA

D(A) the domain of an operator A
Q(A) the form domain of an operator A



Chapter 2

Indicators of convergence

We have introduced the trace norm distance

R
(k)
N (t) := tr

∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ (2.1)

as a meaningful indicator of the closeness ψN,t ≈ ϕ⊗Nt in (1.9), more precisely as an indicator
of the factorisation of γ(k)

N,t in the limit N →∞. However, one can also consider the indicator

E
(k)
N (t) := 1− 〈ϕ⊗kt , γ

(k)
N,tϕ

⊗k
t 〉. (2.2)

These two indicators are equivalent in the sense that the vanishing of either one of the two as
N →∞ implies the vanishing of the other one. However, they differ when considering explicit
rates of convergence. In Chapters 4 and 5 we will be working with the indicator R(k)

N (t), while
we will be focusing on the indicator E(k)

N (t) in Chapter 6.
In this chapter, we intend to take a closer look at the relationship between the two quantities
R

(k)
N (t) and E

(k)
N (t). The exposition follows largely that of Section 2 in [24]. In addition, we

present an improved estimate (2.16).

Let us first consider two examples illustrating the fact that one cannot expect ψN,t ≈
ϕ⊗Nt to hold in L2-norm for large N , but that the convergence of the trace norm distance
tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|⊗k

∣∣∣→ 0 as N →∞ is feasible.

Example 2.1. Let f, g ∈ L2(Rd) with ‖f‖2 = ‖g‖2 = 1 and define ψ = f⊗N , ψ̃ = g⊗N . Then
ψ, ψ̃ ∈ L2(RNd) with ‖ψ‖2 = ‖ψ̃‖2 = 1 and

‖ψ − ψ̃‖L2(RNd) = 2− 2 Re 〈ψ, ψ̃〉 = 2− 2 Re (〈f, g〉L2(Rd))
N −→ 2 (2.3)

as N →∞, if |〈f, g〉L2(Rd)| < 1. Thus, any two distinct product states become orthogonal in
the limit N →∞.

Example 2.2. Let f, g ∈ L2(Rd) with ‖f‖2 = ‖g‖2 = 1 and 〈f, g〉L2(Rd) = 0. Define ψ = f⊗N

and

ψ̃ =
(
f⊗ (N−1) ⊗ g

)
sym

=
1√
N

N∑
j=1

f (1) ⊗ · · · ⊗ f (j−1) ⊗ g ⊗ f (j+1) ⊗ · · · ⊗ f (N). (2.4)
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Then ‖ψ − ψ̃‖22 = ‖ψ‖22 + ‖ψ̃‖2 = 2, while we have for the one-particle marginals

γ
(1)
ψ = |f〉〈f |, γ

(1)eψ =
1
N

(
|g〉〈g|+ (N − 1)|f〉〈f |

)
(2.5)

and hence,

tr
∣∣∣γ(1)
ψ − γ

(1)eψ
∣∣∣ =

1
N

tr
∣∣∣(|f〉〈f | − |g〉〈g|)∣∣∣ ≤ 2

N
−→ 0 (2.6)

as N →∞. Although in this example “only one particle behaves badly”, the L2-norm is still
too strong. However, the trace norm distance of the two one-particle marginals vanishes in
the limit N → ∞ and thus encodes the appropriate notion of “closeness” between γ

(1)
ψ and

γ
(1)eψ .

In order to investigate the relationship between the two quantities R(k)
N (t) and E(k)

N (t) we
consider a more general setup than in the other chapters. Let H be a Hilbert space with
inner product 〈·, ·〉 and induced norm ‖ · ‖. We shall use the same notation for the corre-
sponding scalar products and norms on H⊗k, k ∈ N. In what follows, L denotes the space
of bounded operators with norm ‖ · ‖ and Lp denotes the p-th trace ideal, 1 ≤ p < ∞, with
norm ‖ · ‖Lp = (tr | · |p)1/p.

Lemma 2.3. Let N ∈ N and let γ ∈ L1(H⊗N ) be a positive trace class operator with unit
trace. For k = 1, . . . , N , let γ(k) ∈ L1(H⊗k) be the k-particle reduced density matrix associated
with γ in the sense of Section 8.1. That is,

γ(k) = tr[k+1,...,N ] γ. (2.7)

Let ϕ ∈ H satisfy ‖ϕ‖ = 1. For k = 1, . . . , N , define

E(k) = 1− 〈ϕ⊗k, γ(k)ϕ⊗k〉. (2.8)

Then we have for k = 1, . . . , N

E(k) ≤ kE(1). (2.9)

Proof. For k = 1, . . . , N , let (Φ(k)
i )i≥1 be an orthonormal basis of H⊗k with Φ(k)

1 = ϕ⊗k. By
the definition of partial trace as in (8.2), we then have

〈ϕ⊗k, γ(k)ϕ⊗k〉 =
∑
i≥1

〈ϕ⊗ Φ(k−1)
i , γ(k) ϕ⊗ Φ(k−1)

i 〉 −
∑
i≥2

〈ϕ⊗ Φ(k−1)
i , γ(k) ϕ⊗ Φ(k−1)

i 〉

= 〈ϕ, γ(1) ϕ〉 −
∑
i≥2

〈ϕ⊗ Φ(k−1)
i , γ(k) ϕ⊗ Φ(k−1)

i 〉.
(2.10)
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Therefore,

〈ϕ, γ(1)ϕ〉 − 〈ϕ⊗k, γ(k)ϕ⊗k〉

=
∑
i≥2

〈ϕ⊗ Φ(k−1)
i , γ(k)ϕ⊗ Φ(k−1)

i 〉

≤
∑
i≥2

∑
j≥1

〈Φ(1)
j ⊗ Φ(k−1)

i , γ(k)Φ(1)
j ⊗ Φ(k−1)

i 〉

=
∑
i≥1

∑
j≥1

〈Φ(1)
j ⊗ Φ(k−1)

i , γ(k)Φ(1)
j ⊗ Φ(k−1)

i 〉 −
∑
j≥1

〈Φ(1)
j ⊗ ϕ

⊗(k−1), γ(k)Φ(1)
j ⊗ ϕ

⊗(k−1)〉

= tr γ(k) − 〈ϕ⊗(k−1), γ(k−1)ϕ⊗(k−1)〉
= 1− 〈ϕ⊗(k−1), γ(k−1)ϕ⊗(k−1)〉.

(2.11)

This yields
E(k) ≤ E(k−1) + E(1), (2.12)

and the claim follows.

Remark 2.4. The bound (2.9) is sharp. Indeed, suppose that E(k) ≤ k f(k)E(1) for some
function f . Then

f(k) ≥ sup
γ(k)

E(k)

kE(1)
≥ sup

0<α<1

1− (1− α)k

kα
≥ lim

α→0

1− (1− α)k

kα
= 1, (2.13)

where the second inequality follows by restriction of the supremum to product states γ(k) =
|ψ〉〈ψ|⊗k and writing α = E(1).

Lemma 2.5. Let k ∈ N and let γ(k) ∈ L1(H⊗k) be an arbitrary positive trace class operator
with unit trace. Let ϕ ∈ H with ‖ϕ‖ = 1. Define

E(k) = 1− 〈ϕ⊗k, γ(k)ϕ⊗k〉 and R(k) = ‖γ(k) − |ϕ〉〈ϕ|⊗k‖L1 . (2.14)

Then

E(k) ≤ R(k), (2.15)

R(k) ≤ 2
√
E(k). (2.16)

Proof. We introduce the shorthand notation

p(k) := |ϕ〉〈ϕ|⊗k. (2.17)

Then

E(k) = 1− 〈ϕ⊗k, γ(k)ϕ⊗k〉 = tr (p(k) − p(k)γ(k)) ≤ ‖p(k)‖ ‖p(k) − γ(k)‖L1 = R(k), (2.18)

which is (2.15). In order to prove (2.16) we introduce the splitting

R(k) = ‖γ(k) − p(k)‖L1

= ‖(p(k) + 1− p(k))γ(k) − p(k)‖L1

≤‖p(k)(γ(k) − p(k))‖L1 + ‖(1− p(k))γ(k)‖L1 .

(2.19)
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We estimate the first term of (2.19) by

‖p(k)(γ(k) − p(k))‖L1 = ‖(p(k))2(γ(k) − p(k))‖L1

≤ ‖p(k)‖L2 ‖p(k)(γ(k) − p(k))‖L2

=
(
〈ϕ⊗k, (γ(k))2ϕ⊗k〉 − 2〈ϕ⊗k, γ(k)ϕ⊗k〉+ 1

) 1
2

≤
(
〈ϕ⊗k, γ(k)ϕ⊗k〉 − 2〈ϕ⊗k, γ(k)ϕ⊗k〉+ 1

) 1
2

=
(

1− 〈ϕ⊗k, γ(k)ϕ⊗k〉
) 1

2

=
√
E(k).

(2.20)

Now, the second term of (2.19) can be bounded by

‖(1− p(k))γ(k)‖L1 ≤ ‖(1− p(k))(γ(k))
1
2 ‖L2‖(γ(k))

1
2 ‖L2

=
(

tr (1− p(k))γ(k)(1− p(k))
) 1

2

=
(

tr (1− p(k))γ(k) − tr (1− p(k))γ(k)p(k)
) 1

2

=
(

tr (1− p(k))γ(k)
) 1

2

=
(

1− 〈ϕ⊗k, γ(k)ϕ⊗k〉
) 1

2

=
√
E(k).

(2.21)

Note that the first step in (2.21) is just the L1 – L2 Hölder inequality in the form ‖AB‖L1 ≤
‖A|B|1/2‖L2 ‖|B|1/2‖L2 (see e.g. Chapter 2 in [30] for more details), where A = 1 − |ϕ〉〈ϕ|
and B = γ(k) ≥ 0. Hence,

R(k) ≤ 2
√
E(k), (2.22)

which is (2.16).

Remark 2.6. A weaker estimate R(k) ≤
√

8E(k) is stated in [24]. There the proof is based
on the observation that the trace class operator T := γ(k) − p(k) can only have one negative
eigenvalue, because γ(k) is nonnegative and p(k) is a rank-one projection. This was first
observed by Seiringer (see Remark 1.4 in [33]).
Then the argument proceeds as follows. Let (λn)n≥0 be the sequence of eigenvalues of T and,
say, λ0 ≤ 0. Then 0 = trT =

∑∞
n=0 λn and therefore

‖T‖L1 =
∞∑
n=0

|λn| = 2|λ0| = 2‖T‖ ≤ 2‖T‖L2 . (2.23)

Now

‖T‖L2 = ‖γ(k) − p(k)‖L2 =
[
tr γ(k) − tr γ(k)p(k) − tr p(k)γ(k) + tr (p(k))2

]1/2
=
√

2E(k),

(2.24)
which yields the result

R(k) ≤
√

8E(k). (2.25)
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Remark 2.7. Up to constant factors the bounds (2.15) and (2.16) are sharp, as the following
examples show. Consider

ϕ =
(

1
0

)
, γ =

(
1− a 0

0 a

)
, (2.26)

where 0 ≤ a ≤ 1. As above we set p := |ϕ〉〈ϕ|. Computation gives

E = 1− 〈ϕ, γ ϕ〉 = a, R = tr |p− γ| = 2a, (2.27)

so that (2.15) is sharp up to a constant factor.

In order to show that in general (2.16) is sharp up to a constant factor, consider

ϕ =
(

1
0

)
, γ =

(
1− a

√
a− a2

√
a− a2 a

)
, (2.28)

where 0 ≤ a ≤ 1. γ is a density matrix (because it is, in fact, a one-dimensional projector

|ξ〉〈ξ|, where ξ =
(√

1− a√
a

)
). A short calculation yields

E = 1− 〈ϕ, γϕ〉 = a (2.29)

and
‖pγ − p‖L1 =

√
a. (2.30)

Using
‖pγ − p‖L1 = ‖p(γ − p)‖L1 ≤ ‖p‖ ‖γ − p‖L1 ≤ ‖γ − p‖L1 = R, (2.31)

we obtain for this example
R ≥

√
E. (2.32)
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Chapter 3

The magnetic Hartree equation

An essential step in the derivation of effective evolution equations from quantum dynamics is
the passage from a many-body linear Schrödinger equation to an effective description via a
one-body nonlinear Schrödinger (NLS) equation. In the analysis presented in the subsequent
chapters we need this equation to be globally well-posed.

The local well-posedness of the Hartree equation for suitable interaction potentials was
first proven by Ginibre and Velo in [22]. Its global well-posedness then follows from en-
ergy methods. Global well-posedness of the magnetic Hartree equation has been established
for a constant magnetic field by Cazenave and Esteban in [7]. Salem also treated the well-
posedness for a constant magnetic field with smooth, compactly supported perturbations of
the magnetic vector field, which are time-dependent, in a web note. NLS equations with more
general magnetic field, but with a power-type nonlinearity, have been addressed in [8] and [29].

In this chapter we will give a detailed derivation of the global well-posedness of the mag-
netic Hartree equation in three dimensions for a slightly more general class of magnetic fields
than those considered in [7]. This class includes constant magnetic fields. The idea of the
proof is to combine magnetic Strichartz’s estimates established by Yajima in [38] with stan-
dard techniques for NLS equations (see [6] for a detailed account of these).

For definiteness, we will work in the physically relevant case of three dimensions in this
and all subsequent chapters. Most of the results actually hold in any dimension d ≥ 2, see
the concluding remarks in Chapter 7.

The exposition and notation in this chapter is oriented towards that of Cazenave in [6]
and we will refer to several results therein. We also refer to the list of symbols in Section 1.6
for some notation.

Let us recall our general assumption on the magnetic vector potential and the generated
magnetic field:

Assumption (A). Let A ∈ C∞(R3; R3) and define B = ∇ × A. Assume that there exists
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ε > 0 such that

|∂αB(x)| ≤ Cα(1 + |x|)−(1+ε) ∀ |α| ≥ 1, ∀x ∈ R3,

|∂αA(x)| ≤ Cα ∀ |α| ≥ 1, ∀x ∈ R3,

where Cα are constants depending only on the multi-index α.

Note that the vector potential A(x) = 1
2B0×x generating a constant magnetic field B0 fulfills

this assumption. Also, smooth, compactly supported perturbations of linear vector potentials
satisfy the hypothesis.
Moreover, the operator (−i∇ + A)2 can be self-adjointly realised on L2(R3) under the as-
sumption (A). This follows, for instance, from Theorem 2 by Leinfelder and Simader [26].

For A ∈ L2
loc(R3; R3) we define the magnetic Sobolev space as

H1
A(R3) =

{
ϕ ∈ L2(R3) | (−i∇+A)ϕ ∈ L2(R3)

}
, (3.1)

where ∇ϕ is the distributional gradient of ϕ. H1
A(R3) is actually a Hilbert space under the

inner product

〈ϕ,ψ〉H1
A

= 〈ϕ,ψ〉+
3∑
j=1

〈(−i∂j +Aj)ϕ, (−i∂j +Aj)ψ〉. (3.2)

We denote by H−1
A (R3) the dual space of H1

A(R3).

In the following we consider the initial value problem for the magnetic Hartree equation,{
i∂tϕt = (−i∇+A)2ϕt + (V ∗ |ϕt|2)ϕt,
ϕt=0 = ϕ.

(3.3)

The interaction potential V : R3 → R will be specified later and the initial data is ϕ ∈ H1
A(R3).

Furthermore, we define the associated energy functional

E(ϕ) =
1
2
‖(−i∇+A)ϕ‖22 +

1
4

∫
R3

(V ∗ |ϕ|2)|ϕ|2 for ϕ ∈ H1
A(R3). (3.4)

Let us define more precisely the notion of a solution to (3.3) and the notion of local and
global well-posedness of (3.3).

Definition 3.1. Let I 3 0 be an interval.

(i) A weak H1
A-solution of (3.3) on I is a function

ϕt ∈ L∞(I,H1
A) ∩H1,∞(I,H−1

A ) (3.5)

such that i∂tϕt = (−i∇+A)2ϕt+(V ∗|ϕt|2)ϕt holds in H−1
A for a.a. t ∈ I and ϕt=0 = ϕ.

(ii) A strong H1
A-solution of (3.3) on I is a function

ϕt ∈ C(I,H1
A) ∩ C1(I,H−1

A ) (3.6)

such that i∂tϕt = (−i∇+A)2ϕt+ (V ∗ |ϕt|2)ϕt holds in H−1
A for all t ∈ I and ϕt=0 = ϕ.
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Definition 3.2. We say that the initial-value problem (3.3) is locally well-posed in H1
A if the

following properties hold:

(i) For every ϕ ∈ H1
A(R3) there exists a strong H1

A-solution of (3.3) which is defined on
a maximal interval I = (−Tmin, Tmax) with Tmax = Tmax(ϕ) ∈ (0,∞] and Tmin =
Tmin(ϕ) ∈ (0,∞].

(ii) There is uniqueness in H1
A for the problem (3.3). That is, given any ϕ ∈ H1

A(R3) and
any interval I 3 0, any two weak H1

A - solutions of (3.3) on I coincide.

(iii) There is the blowup alternative: If Tmax < ∞, then limt↑Tmax ‖ϕt‖H1
A

= +∞ (respec-
tively, if Tmin <∞, then we have limt↓−Tmin ‖ϕt‖H1

A
= +∞).

(iv) The solution depends continuously on the initial value, i.e. if ϕn
n→∞−−−→ ϕ in H1

A(R3)
and if I ⊂ (−Tmin(ϕ), Tmax(ϕ)) is a closed interval, then the maximal solution ϕ

(n)
t of

(3.3) with the initial condition ϕ(n)
t=0 = ϕn is defined on I for n large enough and satisfies

ϕ
(n)
t

n→∞−−−→ ϕt in C(I,H1
A(R3)).

The problem is globally well-posed if Tmin = Tmax = +∞.

We are now in a position to state the main theorem of this chapter.

Theorem 3.3. Let V (x) = λ
|x| , λ ∈ R, or V ∈ L∞(R3) and assume that the vector potential

A fulfills assumption (A). Let ϕ ∈ H1
A(R3). Then the initial value-problem (3.3) is globally

well-posed. Moreover there is conservation of mass and energy, i.e.

‖ϕt‖2 = ‖ϕ‖2 and E(ϕt) = E(ϕ) for all t ∈ R, (3.7)

and sup {‖ϕt‖H1
A
| t ∈ R} <∞.

The proof of the theorem consists of two steps. We first establish the local well-posedness
of (3.3). Using conservation of mass and energy we then show that the solution actually exists
globally in time.

3.1 Local well-posedness

We first state the theorem that yields the local well-posedness of (3.3) in H1
A(R3). It follows

from an abstract result in [6] on the local well-posedness of NLS-type equations. The main
work in this section will be to justify the assumptions of this abstract result. Here, we consider
more generally, interaction potentials V ∈ Lq(R3) + L∞(R3), q ≥ 1. In this way we obtain
the local well-posedness of (3.3) in H1

A(R3), in particular for the potentials of our interest,
V (x) = λ

|x| , λ ∈ R, and V ∈ L∞(R3).

Theorem 3.4. Let V ≡ V1 + V2 ∈ Lq(R3) + L∞(R3), q ≥ 1, be real-valued and even with
V1 ∈ Lq(R3) and V2 ∈ L∞(R3). Assume that A : R3 → R3 satisfies assumption (A) and
suppose that the following properties hold:

(i) H1
A(R3) ↪→ Lp(R3) for all 2 ≤ p ≤ 6.
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(ii) For every 6
5 ≤ p ≤ 6, (

1 + ε(−i∇+A)2
)−1 : Lp(R3)→ Lp(R3) (3.8)

is continuous for all ε > 0, and

sup
ε>0

{
‖
(
1 + ε(−i∇+A)2

)−1 ‖L(Lp;Lp)

}
< ∞. (3.9)

For j = 1, 2 define gj(ϕ) := (Vj ∗ |ϕ|2)ϕ for ϕ ∈ H1
A(R3).

(iii) For j = 1, 2, we have gj ∈ C(H1
A, H

−1
A ) such that gj = G′j for some Gj ∈ C1(H1

A,R).

(iv) For j = 1, 2, there exists rj ∈ [2, 6) such that

gj ∈ C(H1
A(R3), Lr

′
j (R3)) (3.10)

and such that for every M > 0, there exists Cj(M) <∞ such that

‖gj(ϕ)− gj(ψ)‖
L
r′
j
≤ Cj(M)‖ϕ− ψ‖Lrj (3.11)

for every ϕ,ψ ∈ H1
A with ‖ϕ‖H1

A
+ ‖ψ‖H1

A
≤M . Here 1

rj
+ 1

r′j
= 1, as usual.

(v) For j = 1, 2 and for all ϕ ∈ H1
A(R3),

Im(gj(ϕ)ϕ̄) = 0 a.e. in R3. (3.12)

In addition, assume that there is uniqueness for the problem (3.3). Then the initial value
problem (3.3) is locally well-posed in H1

A(R3). Moreover, there is conservation of mass and
energy, i.e.

‖ϕt‖2 = ‖ϕ‖2 and E(ϕt) = E(ϕ) (3.13)

for all t ∈ (−Tmin, Tmax), where ϕt is the solution of (3.3) with initial value ϕt=0 = ϕ ∈
H1
A(R3).

Proof. Properties (i) - (v) are proven in Lemma 3.5 below. Uniqueness for (3.3) is shown in
Proposition 3.8. These are the assumptions of Theorem 3.7.1 in [6], from which the claim
follows.

In order to prove the assumptions of Theorem 3.4 we will be repeatedly using the following
property of the magnetic Sobolev space. It is given in Proposition 8.8 in the appendix. For
convenience, let us state it here explicitly for three dimensions.

Proposition 8.8 (Diamagnetic inequality). Let A ∈ L2
loc(R3; R3) and let ϕ ∈ H1

A(R3). Then
|ϕ| ∈ H1(R3) and the diamagnetic inequality

|∇|ϕ|(x)| ≤ |(−i∇+A)ϕ(x)|

holds pointwise for almost every x ∈ R3.

Proof. See Theorem 7.21 in [27].
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We can now prove the main assumptions of Theorem 3.4 summarised in the next lemma.

Lemma 3.5. Let V ≡ V1 + V2 ∈ Lq(R3) + L∞(R3), q ≥ 1, be real-valued and even. Assume
that A : R3 → R3 satisfies the assumption (A). Then the properties (i) - (v) stated as
assumptions of Theorem 3.4 hold.

Proof. (i) From the diamagnetic inequality (8.11) we know that |ϕ| ∈ H1(R3) for every ϕ ∈
H1
A(R3). The Sobolev inequality on R3 implies that H1(R3) ↪→ L6(R3) and thus H1

A(R3) ↪→
L6(R3). Since H1

A(R3) ⊂ L2(R3) by definition, we obtain H1
A(R3) ↪→ Lp(R3) for all 2 ≤ p ≤ 6

by interpolation (8.9).
(ii) The proof of Lemma 9.1.3 in [6] given for a linear magnetic vector potential also works
for the more general class of vector potentials satisfying assumption (A).
(iii) and (iv) Set r1 = 4q

2q−1 and r2 = 2 as well as p1 = q and p2 = ∞. Then rj ∈ [2, 6) for
j = 1, 2. Moreover, for j = 1, 2, we deduce from Hölder and Young’s inequalities that

‖(Vj ∗ (uv))w‖
L
r′
j
≤ ‖Vj‖Lpj ‖u‖Lrj ‖v‖Lrj ‖w‖Lrj (3.14)

holds for all u, v, w ∈ Lrj (R3). This gives gj ∈ C(Lrj , Lr
′
j ) and (3.11). Using that H1

A(R3) ↪→
Lp(R3) for 2 ≤ p ≤ 6 and, by duality, Lp

′
(R3) ↪→ H−1

A (R3) for 6
5 ≤ p′ ≤ 2, we deduce (3.10)

and that gj ∈ C(H1
A;H−1

A ). For j = 1, 2, set

Gj(ϕ) =
1
4

∫
R3

(Vj ∗ |ϕ|2)(x)|ϕ(x)|2 dx (3.15)

for all measurable ϕ : R3 → C such that (Vj ∗ |ϕ|2)(x)|ϕ(x)|2 is integrable. Again, using
H1
A(R3) ↪→ Lp(R3) for 2 ≤ p ≤ 6 and Lp

′
(R3) ↪→ H−1

A (R3) for 6
5 ≤ p′ ≤ 2, it then follows as

in Proposition 3.2.9 in [6] that Gj ∈ C1(H1
A,R) with gj = G′j .

(v) This follows from V being real-valued.

Finally, we prove the essential assumption of Theorem 3.4, namely that there is uniqueness
in H1

A for the problem (3.3). To this end we will use magnetic Strichartz’s estimates estab-
lished by Yajima in [38]. For them to hold, the strong assumption (A) about the magnetic
vector potential is crucial.

Strichartz’s estimates are a means to control the size of the solution to the free Schrödinger
equation

i∂tϕt = −∆ϕt, ϕt=0 = ϕ ∈ L2(R3) (3.16)

in terms of the size of the initial data. It turns out that it is particularly useful to estimate
the mixed Lebesgue norms Lq(I, Lr(R3)), I ⊂ R an interval, of the solution eit∆ϕ by the
L2(R3)-norm of the initial data ϕ. Since the Schrödinger equation is invariant under the
scaling (t, x) 7→ (λ2t, λx), these estimates should be invariant under it as well. This leads to
the next definition.

Definition 3.6 (Admissible pair). We say that a pair (q, r) is admissible in three dimensions
if

2
q

= 3 (
1
2
− 1
r

) and 2 ≤ r ≤ 6. (3.17)

Note that if (q, r) is an admissible pair, then 2 ≤ q ≤ ∞.
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A large number of such estimates for the free Schrödinger equation (3.16) has been estab-
lished (see [6] and references therein). Analogous estimates for the free magnetic Schrödinger
equation

i∂tϕt = (−i∇+A)2ϕt (3.18)

are considerably less known. An important result in this direction was established by Yajima
in [38]. It implies the following inhomogeneous magnetic Strichartz’s estimate, which we shall
need in the rest of the chapter.

Proposition 3.7 (Inhomogeneous magnetic Strichartz’s estimate). Assume that A : R3 → R3

satisfies assumption (A) and define for t ∈ R the propagator

T (t) = e−it(−i∇+A)2 : L2(R3)→ L2(R3). (3.19)

Let 0 < |T | <∞. If (γ, ρ) is an admissible pair with γ > 2 and f ∈ Lγ′((0, T ), Lρ
′
), then for

every admissible pair (q, r) with q > 2, the function

t 7→ Φf (t) =
∫ t

0
ds T (t− s)f(s) (3.20)

belongs to Lq((0, T ), Lr). Furthermore, there exists a constant C, depending only on γ, ρ and
|T |, such that

‖Φf‖Lq((0,T ),Lr) ≤ C ‖f‖Lγ′ ((0,T ),Lρ′ ) (3.21)

for every f ∈ Lγ′((0, T ), Lρ
′
). In addition, Φf ∈ C([0, T ], L2).

Proof. Under the above assumptions, Theorem 4 in [38] by Yajima gives the following explicit
representation of the propagator T (t) as an integral operator for short times t:
There exists t0 > 0 such that for ψ ∈ L2(R3) and 0 < |t| < t0,

(T (t)ψ) (x) =
1

(2πit)3/2

∫
R3

eiS(t,x,y)b(t, x, y)ψ(y) dy, (3.22)

where S(t, x, y) is real-valued, C1 in (t, x, y), C∞ in (x, y) for fixed t, and b(t, x, y) is C1 in
(t, x, y), C∞ in (x, y) with |∂αx ∂

β
y b(t, x, y)| ≤ Cαβ for any multi-indices α and β.

Thus, for any ψ ∈ L1(R3) and 0 < |t| < t0, we have

‖T (t)ψ‖∞ ≤
‖b‖∞
|t|3/2

‖ψ‖1. (3.23)

Hence, there exists a K > 0 such that T (t) maps L1(R3) to L∞(R3) with a norm less than
K|t|−3/2 for every 0 < |t| < t0.
This last statement is the essential assumption of Theorem 2.7.1 in [6] which yields the
claim.

With the inhomogeneous magnetic Strichartz’s estimate of Proposition 3.7, we can now
show uniqueness for the magnetic Hartree equation (3.3).

Proposition 3.8. Let ϕ ∈ H1
A(R3) and let V ≡ V1 + V2 ∈ Lq(R3) + L∞(R3), q ≥ 1. If

ϕ
(1)
t , ϕ

(2)
t are two weak H1

A-solutions of (3.3) with initial data ϕ ∈ H1
A(R3) on some interval

I 3 0 (bounded or unbounded), then ϕ
(1)
t = ϕ

(2)
t .
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Proof. We use the notation gj(ϕ) = (Vj ∗ |ϕ|2)ϕ for j = 1, 2. Without loss of generality we
may assume that I is a bounded interval. By Duhamel’s formula (see Proposition 3.1.3 in
[6]), ϕt is a weak H1

A-solution of (3.3) on an interval I 3 0 if and only if

ϕt = T (t)ϕ− i
2∑
j=1

∫ t

0
ds T (t− s) gj(ϕs) for a.a. t ∈ I. (3.24)

It follows that

ϕ
(1)
t − ϕ

(2)
t = −i

2∑
j=1

∫ t

0
ds T (t− s) (gj(ϕ(1)

s )− gj(ϕ(2)
s )) for a.a. t ∈ I. (3.25)

Since ϕ
(1)
t , ϕ

(2)
t ∈ L∞(I,H1

A) by assumption, there exists M > 0 such that ‖ϕ(1)
t ‖H1

A
+

‖ϕ(2)
t ‖H1

A
≤ M for all t ∈ I. Then by property (iv) of Lemma 3.5, for j = 1, 2, there

exists rj ∈ [2, 6) and C(M) <∞ such that for all t ∈ I

‖gj(ϕ(1)
t )− gj(ϕ(2)

t )‖
L
r′
j
≤ Cj(M) ‖ϕ(1)

t − ϕ
(2)
t ‖Lrj . (3.26)

For j = 1, 2, let now qj = 4rj
3(rj−2) . Then (qj , rj) is an admissible pair and qj > 2. Let J be an

arbitrary interval such that 0 ∈ J ⊂ I. For j = 1, 2, integration over time yields

‖gj(ϕ(1)
t )− gj(ϕ(2)

t )‖
L
q′
j (J,L

r′
j )
≤ Cj(M) ‖ϕ(1)

t − ϕ
(2)
t ‖Lq′j (J,Lrj )

. (3.27)

We now apply the magnetic Strichartz’s estimates from Proposition 3.7 for the whole interval
I. For j = 1, 2, we then obtain with (γ, ρ) = (qj , rj) for l = 1, 2 and for every interval
0 ∈ J ⊂ I:∥∥∥∥∫ t

0
ds T (t− s) (gj(ϕ(1)

s )− gj(ϕ(2)
s ))

∥∥∥∥
Lql (J,Lrl )

≤ Cj ‖gj(ϕ(1)
t )− gj(ϕ(2)

t )‖
L
q′
j (J,L

r′
j )

≤ Cj Cj(M) ‖ϕ(1)
t − ϕ

(2)
t ‖Lq′j (J,Lrj )

,

(3.28)

where we used (3.27) in the second step. Here Cj only depends on qj , rj and I, but not on
J . Thus, from (3.25) we deduce that for l = 1, 2:

‖ϕ(1)
t − ϕ

(2)
t ‖Lql (J,Lrl ) ≤

2∑
j=1

∥∥∥∥∫ t

0
ds T (t− s) (gj(ϕ(1)

s )− gj(ϕ(2)
s ))

∥∥∥∥
Lql (J,Lrl )

≤
2∑
j=1

Cj Cj(M) ‖ϕ(1)
t − ϕ

(2)
t ‖Lq′j (J,Lrj )

,

(3.29)

where we used (3.28) in the second step. Hence, there exists a constant C > 0 such that

2∑
j=1

‖ϕ(1)
t − ϕ

(2)
t ‖Lqj (J,Lrj ) ≤ C

2∑
j=1

‖ϕ(1)
t − ϕ

(2)
t ‖Lq′j (J,Lrj )

(3.30)

for all intervals J such that 0 ∈ J ⊂ I. The Proposition now follows from applying Lemma
3.9 below with φj(t) = ‖ϕ(1)

t − ϕ
(2)
t ‖Lrj , aj = q′j , bj = qj for j = 1, 2, since q′j < 2 < qj by the

choice of (qj , rj).
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Lemma 3.9. Let I 3 0 be an interval. Let 1 ≤ aj < bj ≤ ∞ and φj ∈ Lbj (I) for j = 1, 2. If
there exists a constant C ≥ 0 such that

2∑
j=1

‖φj‖Lbj (J)
≤ C

2∑
j=1

‖φj‖Laj (J) (3.31)

for every interval J with 0 ∈ J ⊂ I, then φ1 = φ2 = 0 a.e. on I.

Proof. This Lemma is a simplified version of Lemma 4.2.2 in [6].

Remark 3.10. The strong assumption (A) about the magnetic vector potential A in The-
orem 3.3 is needed in order to use Yajima’s magnetic Strichartz’s estimates to show that
there is a priori uniqueness for the initial value problem (3.3). Theorem 3.3 could be easily
generalised to magnetic vector potentials A satisfying less stringent conditions if magnetic
Strichartz’s estimates held for these A’s.
Erdoğan, Goldberg and Schlag obtained in [13] magnetic Strichartz’s estimates for dimensions
d ≥ 3 for vector potentials A on which they impose significantly weaker regularity conditions
than Yajima. However, they require decay of A which excludes linear vector potentials and
therefore constant magnetic fields.
Under smallness assumptions about A magnetic Strichartz’s estimates for dimensions d ≥ 3
were obtained by Georgiev, Stefanov and Tarulli in [19]. Their assumptions about A are not
satisfied by linear magnetic vector potentials.
Using either of these magnetic Strichartz’s estimates should allow one to derive similar global
well-posedness results as in Theorem 3.3 for the magnetic Hartree equation under the cor-
responding assumptions about A. However, these cases have less physical interest, because
they do not include the constant magnetic field.

3.2 Global well-posedness

By Theorem 3.4 the magnetic Hartree equation (3.3) is locally well-posed and there is con-
servation of mass and energy. For V (x) = λ

|x| , λ ∈ R, we shall now prove that it is globally
well-posed. The case V ∈ L∞(R3) is easier and therefore omitted.

Proposition 3.11. Let ϕt be the maximal solution to (3.3) for the interaction potential
V (x) = λ

|x| , λ ∈ R, given by Theorem 3.4. Then ϕt is defined globally in time and there is
conservation of mass and energy, i.e.

‖ϕt‖2 = ‖ϕ‖2 and E(ϕt) = E(ϕ) for all t ∈ R. (3.32)

Moreover, sup {‖ϕt‖H1
A
| t ∈ R} <∞.

Proof. ϕt is defined on the maximal interval I = (−Tmin, Tmax) and conservation of mass
and energy holds on I. Moreover, by the blowup alternative, if Tmax < ∞, then we have
limt↑Tmax ‖ϕt‖H1

A
= +∞ (respectively, if Tmin <∞, then we have limt↓−Tmin ‖ϕt‖H1

A
= +∞).

We now control the H1
A-norm of ϕt and show that it is uniformly bounded on I. By the

blowup alternative, ϕt must then exist globally in time.
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For t ∈ I we have

E(ϕt) =
1
2
‖(−i∇+A)ϕt‖22 +

1
4

∫
R3

(V ∗ |ϕt|2) |ϕt|2

≥ 1
2
‖(−i∇+A)ϕt‖22 −

|λ|
4

∫
R3

∣∣∣∣ 1
| · |
∗ |ϕt|2

∣∣∣∣ |ϕt|2. (3.33)

Using the inequality
1
|x|
≤ ε

1
|x|2

1{|x|≤ε} +
1
ε
1{|x|>ε}, (3.34)

which holds for all ε > 0, we can estimate for arbitrary x ∈ R3∣∣∣∣( 1
| · |
∗ |ϕt|2

)
(x)
∣∣∣∣ =

∫
R3

1
|x− y|

|ϕt(y)|2dy

≤ ε

∫
R3

1
|x− y|2

|ϕt(y)|2dy +
1
ε

∫
R3

|ϕt(y)|2 dy

≤ 4ε ‖∇x−y|ϕt|‖22 +
1
ε
‖ϕt‖22

= 4ε ‖∇x|ϕt|‖22 +
1
ε
‖ϕt‖22

≤ 4ε ‖(−i∇x +A)ϕt‖22 +
1
ε
‖ϕt‖22.

(3.35)

Here we used Hardy’s inequality (8.10) in the second step, the translational invariance of ∇
in the third step and the diamagnetic inequality (8.11) in the last step.
Using conservation of mass and energy and choosing ε = 1

4|λ|‖ϕ‖22
, yields for all t ∈ I

E(ϕ) = E(ϕt) ≥
1
4
‖(−i∇+A)ϕt‖22 − |λ|2‖ϕ‖62, (3.36)

and hence
‖(−i∇+A)ϕt‖22 ≤ 4

(
E(ϕ) + |λ|2‖ϕ‖62

)
. (3.37)

Thus, we have
‖ϕt‖2H1

A
≤ 4

(
E(ϕ) + ‖ϕ‖22 + |λ|2‖ϕ‖62

)
< ∞ (3.38)

at all times t ∈ I. By the blowup alternative, ϕt exists globally in time.

Remark 3.12. The proof of global well-posedness in Proposition 3.11 can be easily adapted
to the more general class of interaction potentials V ∈ L3/2(R3) + L∞(R3). For example, all
potentials of the type V (x) = λ

|x|α , λ ∈ R and 0 ≤ α < 2, belong to this class. We have local
well-posedness of (3.3) for this class of potentials by Theorem 3.4. Let V ≡ V1 + V2 with
V1 ∈ L3/2(R3) and V2 ∈ L∞(R3). It is easy to see that we can decompose V in such a way
that ‖V1‖3/2 can be made arbitrarily small. We now only show how to perform the analogous
estimate to (3.35). Let x ∈ R3 be arbitrary. Then∣∣∣∣( 1

| · |
∗ |ϕt|2

)
(x)
∣∣∣∣ ≤ ∫

R3

|V1(x− y)| |ϕt(y)|2 dy + ‖V2‖∞‖ϕt‖22

≤ ‖V1‖3/2 ‖ϕt‖26 + ‖V2‖∞‖ϕt‖22
≤ C ‖V1‖3/2 ‖∇|ϕt|‖22 + ‖V2‖∞‖ϕt‖22
≤ C ‖V1‖3/2 ‖(−i∇+A)ϕt‖22 + ‖V2‖∞‖ϕt‖22.

(3.39)
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Here we used the Hölder inequality in the second step, the Sobolev inequality in the third
step and the diamagnetic inequality (8.11) in the fourth step.
Moreover, we can derive global well-posedness for the potential V (x) = λ

|x|2 , λ ∈ R, under the
smallness condition |λ| < 1

2‖ϕ‖22
. To this end, we make use of Hardy’s inequality (8.10) in the

analogous estimate to (3.35).



Chapter 4

Perturbative expansion of the
BBGKY hierarchy

In this chapter we will prove that for bounded potentials the limiting quantum dynamics for
mean-field systems with magnetic fields in three dimensions is determined by the solution to
the magnetic Hartree equation (3.3). We will apply a method first developed by Spohn in
[37] for non-relativistic mean-field systems, which is based on a perturbative expansion of the
so-called BBGKY hierarchy. We will largely follow the exposition of [35] for the description
of Spohn’s approach. Along the way we will present the minor changes needed to extend this
method in order to include magnetic fields. The main result of this chapter is as follows.

Theorem 4.1. Let V ∈ L∞(R3) and assume that the magnetic vector potential A : R3 → R3

satisfies assumption (A). We consider the mean-field quantum dynamics generated by the
Hamiltonian

HN =
N∑
j=1

hj +
1
N

N∑
i<j

V (xi − xj), (4.1)

where h = (−i∇+A)2 is the magnetic one-particle operator. Let ϕ ∈ H1
A(R3) with ‖ϕ‖2 = 1

and set ψN = ϕ⊗N . Let ψN,t = e−iHN tψN and denote by ϕt the solution to the magnetic
Hartree equation (3.3) with initial data ϕt=0 = ϕ. Denote by γ

(k)
N,t the k-particle marginals

associated with ψN,t. Then, for every fixed k ∈ N and for every fixed t ∈ R, we have

lim
N→∞

tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ = 0. (4.2)

Before we can embark on the proof of Theorem 4.1, we have to introduce the BBGKY
hierarchy, the main tool of this and the next chapter. We know that the state of a mean-field
quantum system of N identical bosons is given by a symmetric and normalised wave function
ψN,t ∈ L2(RNd) whose evolution is governed by the Schrödinger equation (1.4). Equivalently,
we can consider the density matrix γN,t = |ψN,t〉〈ψN,t|, whose time evolution is determined
by the von Neumann equation {

i∂tγN,t = [HN , γN,t] ,
γN,t=0 = γN .

(4.3)

The description of the dynamics of the system in terms of the wave function ψN,t and the
Schrödinger equation is equivalent to the description in terms of the density matrix γN,t and
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the von Neumann equation.
Owing to the interactions between the particles, the dynamics of the k-particle marginal
γ

(k)
N,t cannot be described by a closed equation in γ

(k)
N,t. The correct evolution law for γ(k)

N,t is
obtained by taking the partial trace over (N − k) particles in the von Neumann equation
and by exploiting the boson symmetry of the marginals. The result is a hierarchy of coupled
evolution equations for k = 1, . . . , N :
i∂tγ

(k)
N,t =

k∑
j=1

[
hj , γ

(k)
N,t

]
+

1
N

k∑
i<j

[
V (xi − xj), γ(k)

N,t

]
+
N − k
N

k∑
j=1

tr[k+1]

[
V (xj − xk+1), γ(k+1)

N,t

]
,

γ
(k)
N,t=0 = γ

(k)
N .

(4.4)
Here tr[k+1] denotes the partial trace over the (k + 1)-th particle and we use the convention

that γ(k)
N,t = 0 if k > N . (4.4) is the celebrated BBGKY hierarchy named after the mathe-

maticians and physicists Bogoliubov, Born, Green, Kirkwood and Yvon. Its structure is such
that the time derivative of the k-th marginal is expressed in terms of the k-th marginal and
the (k+1)-th marginal. Notice that choosing k = N just gives the von Neumann equation, so
that the introduction of the hierarchy of equations might look tautological. But we will see in
this and the next chapter that the BBGKY hierarchy is an appropriate tool for considering
the limiting dynamics as N →∞.

Taking the formal limit N →∞ in (4.4) leads to an infinite hierarchy of coupled equations
for a family of marginal densities {γ(k)

∞,t}k∈N:
i∂tγ

(k)
∞,t =

k∑
j=1

[
hj , γ

(k)
∞,t

]
+

k∑
j=1

tr[k+1]

[
V (xj − xk+1), γ(k+1)

∞,t

]
,

γ
(k)
∞,t=0 = γ

(k)
∞,0,

(4.5)

where {γ(k)
∞,0}k∈N is the family of initial states.

Proof of Theorem 4.1. By Duhamel’s formula we can rewrite each equation of the hierarchy
(4.4) in integral form as

γ
(k)
N,t = U (k)(t)γ(k)

N +
1
N

∫ t

0
dsU (k)(t− s)A(k)γ

(k)
N,s+

N − k
N

∫ t

0
dsU (k)(t− s)B(k)γ

(k+1)
N,s , (4.6)

where we defined the free evolution operator

U (k)(t)γ(k) := e−it
Pk
j=1 hjγ(k)eit

Pk
j=1 hj , (4.7)

and the operators

A(k)γ(k) = −i
k∑
i<j

[
V (xi − xj), γ(k)

]
, (4.8)

B(k)γ(k+1) = −i
k∑
j=1

tr[k+1]

[
V (xj − xk+1), γ(k+1)

]
. (4.9)
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The free evolution operator U (k)(t) is well-defined, because the one-particle operator h is self-
adjoint under the assumptions on the magnetic vector potential A (see e.g. Theorem 2 in
[26]). Also, notice that A(k) maps k-particle operators into k-particle operators, while B(k)

maps (k + 1)-particle operators into k-particle operators.

The infinite hierarchy (4.5) in integral form is given by the equations

γ
(k)
∞,t = U (k)(t)γ(k)

∞,0 +
∫ t

0
dsU (k)(t− s)B(k)γ(k+1)

∞,s (4.10)

for every k ∈ N and with initial data {γ(k)
∞,0}k∈N = {|ϕ〉〈ϕ|⊗k}k∈N. One sees by direct inspec-

tion that the family {|ϕt〉〈ϕt|⊗k}k∈N is a solution to the infinite hierarchy, where ϕt is the
solution to the magnetic Hartree equation (3.3) with initial data ϕt=0 = ϕ. We will actually
see in the third part of the proof of Theorem 5.1 that this family is the unique solution.

In order to estimate the trace norm distance tr
∣∣∣γ(k)
N,t − γ

(k)
∞,t

∣∣∣ ≡ ‖γ(k)
N,t−γ

(k)
∞,t‖L1 , we iterate

the integral expressions for γ(k)
N,t and γ

(k)
∞,t. Since we are interested in the limit N → ∞ for

fixed k ∈ N, we understand the second term on the right-hand side of (4.6) as well as the
contribution proportional to k

N to the third term on the right-hand side of (4.6) as small
perturbations. Iterating the integral equation (4.6) n times, and stopping the iteration every
time we encounter a perturbation, we obtain

γ
(k)
N,t =U (k)(t)γ(k)

N

+
n−1∑
m=1

∫ t

0
ds1 · · ·

∫ sm−1

0
dsm U (k)(t− s1)B(k)U (k+1)(s1 − s2) · · ·B(k+m−1)U (k+m)(sm)γ(k+m)

N

+
∫ t

0
ds1 · · ·

∫ sn−1

0
dsn U (k)(t− s1)B(k)U (k+1)(s1 − s2) · · ·B(k+n−1)γ

(k+n)
N,sn

+
1
N

n∑
m=1

∫ t

0
ds1 · · ·

∫ sm−1

0
dsm U (k)(t− s1)B(k) · · · U (k+m−1)(sm−1 − sm)A(k+m−1)γ

(k+m−1)
N,sm

−
n∑

m=1

k +m− 1
N

∫ t

0
ds1 · · ·

∫ sm−1

0
dsm U (k)(t− s1)B(k) · · ·B(k+m−1)γ

(k+m)
N,sm

.

(4.11)

Iterating the infinite hierarchy in integral form (4.10) for n times yields

γ
(k)
∞,t =U (k)(t)γ(k)

∞,0

+
n−1∑
m=1

∫ t

0
ds1 · · ·

∫ sm−1

0
dsm U (k)(t− s1)B(k)U (k+1)(s1 − s2) · · ·B(k+m−1)U (k+m)(sm)γ(k+m)

∞,0

+
∫ t

0
ds1 · · ·

∫ sn−1

0
dsn U (k)(t− s1)B(k)U (k+1)(s1 − s2) · · ·B(k+n−1)γ(k+n)

∞,sn .

(4.12)
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Using that γ(k)
∞,0 = γ

(k)
N = |ϕ〉〈ϕ|⊗k for all k ∈ N, we begin to estimate the difference

‖γ(k)
N,t − γ

(k)
∞,t‖L1

≤
∫ t

0
ds1 · · ·

∫ sn−1

0
dsn ‖U (k)(t− s1)B(k)U (k+1)(s1 − s2) · · ·B(k+n−1)(γ(k+n)

N,sn
− γ(k+n)
∞,sn )‖L1

+
1
N

n∑
m=1

∫ t

0
ds1 · · ·

∫ sm−1

0
dsm ‖U (k)(t− s1)B(k) · · · U (k+m−1)(sm−1 − sm)A(k+m−1)γ

(k+m−1)
N,sm

‖L1

+
n∑

m=1

k +m− 1
N

∫ t

0
ds1 · · ·

∫ sm−1

0
dsm ‖U (k)(t− s1)B(k) · · ·B(k+m−1)γ

(k+m)
N,sm

‖L1 .

(4.13)

To proceed with the estimate we use the fact that the volume of the n-simplex with side
length t is given by

∫ t
0 ds1 · · ·

∫ sn−1

0 dsn 1 = tn

n! and we use the following bounds. By the
unitarity of the free evolution U (k)(t) we have

‖U (k)(t)γ(k)‖L1 = tr
∣∣∣U (k)(t)γ(k)

∣∣∣ = tr
∣∣∣γ(k)

∣∣∣ = ‖γ(k)‖L1 . (4.14)

Since V is bounded, we have additionally

‖A(k)γ(k)‖L1 ≤ k2 ‖V ‖ ‖γ(k)‖L1 (4.15)

and
‖B(k)γ(k+1)‖L1 ≤ 2k ‖V ‖ ‖γ(k)‖L1 , (4.16)

where we used the fact (see (8.6)) that

tr
∣∣∣tr[k+1] γ

(k+1)
∣∣∣ ≤ tr

∣∣∣γ(k+1)
∣∣∣. (4.17)

We iteratively apply the bounds (4.14), (4.15) and (4.16) to the terms on the right-hand side of
(4.13) and finally use the trivial bounds ‖γ(k)

N,t‖L1 = ‖γ(k)
∞,t‖L1 = 1 as well as ‖γ(k)

N,t−γ
(k)
∞,t‖L1 ≤

2, which hold for all k ∈ N, to obtain

‖γ(k)
N,t − γ

(k)
∞,t‖L1 ≤ 2(2‖V ‖t)n (k + n− 1)!

(k − 1)!n!
+

2
N

n∑
m=1

(2‖V ‖t)m(k +m− 1)
(k +m− 1)!
(k − 1)!m!

.

(4.18)
Next we observe that

(k + n− 1)!
(k − 1)!n!

=
(
k + n− 1

n

)
≤

k+n−1∑
l=0

(
k + n− 1

l

)
= 2k+n−1 (4.19)

and

(k +m− 1)
(k +m− 1)!
m!(k − 1)!

= k

(
k +m− 1
k − 1

)
+
m− 1
m

k

(
k +m− 1

k

)
≤ 2k 2k+m−1. (4.20)

Hence,

‖γ(k)
N,t − γ

(k)
∞,t‖L1 ≤ 2k(4‖V ‖t)n +

k2k+1

N

n∑
m=1

(4‖V ‖t)m. (4.21)
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We will first prove the convergence ‖γ(k)
N,t − γ

(k)
∞,t‖L1 → 0 as N → ∞ for short times and

then deduce by a contradiction argument that it actually holds at all times.
So if 0 < t ≤ t0, where t0 = 1

8‖V ‖ , then

‖γ(k)
N,t − γ

(k)
∞,t‖L1 ≤

2k

2n
+
k2k+1

N
. (4.22)

Since the left-hand side of (4.22) is independent of n, it follows that

‖γ(k)
N,t − γ

(k)
∞,t‖L1 ≤

k2k+1

N
. (4.23)

Thus,
lim
N→∞

‖γ(k)
N,t − γ

(k)
∞,t‖L1 = 0 (4.24)

for all fixed 0 ≤ t ≤ t0 and for all fixed k ∈ N.

Next we define

t1 := sup
{
t > 0 | lim

N→∞
‖γ(k)

N,s − γ
(k)
∞,s‖L1 = 0 for all fixed 0 ≤ s ≤ t and all fixed k ∈ N

}
.

(4.25)
From (4.24) we know that t1 ≥ t0. By contradiction we show that actually t1 =∞.
Suppose that t1 <∞. For t2 = t1 − t0

2 , we have, by the definition of t1, that for fixed k ∈ N,

lim
N→∞

‖γ(k)
N,t2
− γ(k)
∞,t2‖L1 = 0 (4.26)

holds. Starting from this, we will show that for every fixed k ∈ N

lim
N→∞

‖γ(k)
N,t − γ

(k)
∞,t‖L1 = 0 (4.27)

actually holds for all 0 < t ≤ t1 + t0
2 , which will contradict the definition of t1.

To this end we expand the integral expressions for γ(k)
N,t and γ(k)

∞,t in a similar manner as before,
but starting at time t2. This yields for time t = t2 + τ , 0 ≤ τ ≤ t0,

‖γ(k)
N,t − γ

(k)
∞,t‖L1

≤‖U (k)(τ)(γ(k)
N,t2
− γ(k)
∞,t2‖L1

+
n−1∑
m=1

∫ τ

0
ds1 · · ·

∫ sm−1

0
dsm×

‖U (k)(τ − s1)B(k)U (k+1)(s1 − s2) · · ·B(k+m−1)U (k+m)(sm)(γ(k+m)
N,t2

− γ(k+m)
∞,t2 )‖L1

+
∫ τ

0
ds1 · · ·

∫ sn−1

0
dsn ‖U (k)(τ − s1)B(k)U (k+1)(s1 − s2) · · ·B(k+n−1)(γ(k+n)

N,t2+sn
− γ(k+n)
∞,t2+sn)‖L1

+
1
N

n∑
m=1

∫ τ

0
ds1 · · ·

∫ sm−1

0
dsm ‖U (k)(τ − s1)B(k) · · · U (k+m−1)(sm−1 − sm)A(k+m−1)γ

(k+m−1)
N,t2+sm

‖L1

+
n∑

m=1

k +m− 1
N

∫ τ

0
ds1 · · ·

∫ sm−1

0
dsm ‖U (k)(τ − s1)B(k) · · ·B(k+m−1)γ

(k+m)
N,t2+sm

‖L1 .

(4.28)
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More terms appear in this estimate than in (4.13), because the k-particle marginals γ(k)
N,t2

and γ
(k)
∞,t2 , k ∈ N, do not necessarily coincide at time t2 > 0. Proceeding in an analogous

way as before using the estimates (4.14), (4.15), (4.16) and the trivial estimates ‖γ(k)
N,t‖L1 =

‖γ(k)
∞,t‖L1 = 1 as well as ‖γ(k)

N,t − γ
(k)
∞,t‖L1 ≤ 2, which hold for all k ∈ N, we obtain

‖γ(k)
N,t − γ

(k)
∞,t‖L1 ≤ 2k

n−1∑
m=0

1
2m
‖γ(k+m)

N,t2
− γ(k+m)
∞,t2 ‖L1 +

2k

2n
+
k2k+1

N
. (4.29)

Now let ε > 0 be arbitrary. First choose n large enough such that 2k

2n ≤
ε
3 . Then choose N

large enough such that the first and third term are each less than ε
3 . This is possible because,

by assumption, for time t2 < t1 we have ‖γ(k+m)
N,t2

− γ(k+m)
∞,t2 ‖L1 → 0 as N → ∞. Since ε > 0

was chosen arbitrarily, this implies

lim
N→∞

‖γ(k)
N,t − γ

(k)
∞,t‖L1 = 0 (4.30)

for t1 − t0
2 ≤ t ≤ t1 + t0

2 , which completes the proof.

Remark 4.2. Let us emphasise that in order to include an external magnetic field by Spohn’s
method a minor change and a non-trivial part are both needed. One has to use the free
evolution operator U (k)(t) acting on k-particle marginals γ(k) by

U (k)(t)γ(k) = e−it
Pk
j=1 (−i∇j+A(xj))

2

γ(k)eit
Pk
j=1 (−i∇j+A(xj))

2

(4.31)

instead of the free evolution operator

Ũ (k)(t)γ(k) = eit
Pk
j=1 ∆jγ(k)e−it

Pk
j=1 ∆j (4.32)

for non-relativistic systems without magnetic fields. U (k)(t) is well-defined because the oper-
ator (−i∇+ A)2 is self-adjoint under the assumptions (A) on the magnetic vector potential
A. What is instead non-trivial in generalising Spohn’s method to Theorem 4.1 is the fact that
the magnetic Hartree equation is globally well-posed in H1

A(R3). This was shown in Chapter 3.

In [11], Erdős and Schlein used a new approach inspired by Lieb-Robinson bounds to
obtain estimates of the rate of convergence under more restrictive conditions applying to
the interaction potential V . Their method is also based on the BBGKY hierarchy and it
can be easily generalised to non-relativistic mean-field quantum systems with magnetic fields.
Similar to the proof of Theorem 4.1 one also only has to use a different free evolution operator.
This gives the next result.

Theorem 4.3. Let V ∈ L∞(R3) such that ‖V̂ ‖1 < ∞ and assume that the magnetic vec-
tor potential A : R3 → R3 satisfies assumption (A). We consider the mean-field quantum
dynamics generated by the Hamiltonian

HN =
N∑
j=1

hj +
1
N

N∑
i<j

V (xi − xj), (4.33)
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where h = (−i∇+A)2 is the magnetic one-particle operator. Let ϕ ∈ H1
A(R3) with ‖ϕ‖2 = 1

and set ψN = ϕ⊗N . Let ψN,t = e−iHN tψN and denote by ϕt the solution to the magnetic
Hartree equation (3.3) with initial data ϕt=0 = ϕ. Denote by γ

(k)
N,t the k-particle marginals

associated with ψN,t. Then we have

tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ ≤ k2λV

N
e2k‖V ‖∞

(
e8‖V ‖∞t − 1

)
(4.34)

for every t ∈ R, N ≥ 1 and 1 ≤ k ≤ N . Here λV = 1 + (‖V̂ ‖1/‖V ‖∞).

Proof. The proof is a straightforward generalisation of the proof in [11] by using the magnetic
free evolution operator (4.31) instead of (4.32) for non-relativistic systems without magnetic
fields. Apart from the global well-posedness of (3.3), the self-adjointness of (−i∇ + A)2 is
again all that is needed. This holds under the assumption (A).
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Chapter 5

A compactness argument based on
the BBGKY hierarchy

In [2], [3] and [12], Bardos, Erdős, Golse, Mauser and Yau developed an alternative approach
to mean-field quantum dynamics, which is also based on the BBGKY hierarchy. Their method
relies on a compactness argument and in this way avoids the expansion of the BBGKY hier-
archy.

In this chapter we will use their method to include an external magnetic field. The de-
scription of the method mainly follows that of [35] and Sections 6 and 7 in [14]. Along the
way, we will discuss in detail those steps of the original proof that we managed to modify and
adapt for the inclusion of an external magnetic field.

We assume that the interaction potential V is bounded and that it vanishes at infinity, i.e.
V (x)→ 0 as |x| → ∞. This additional assumption is justified in the sense that all physically
reasonable potentials vanish at infinity. The main result is as follows.

Theorem 5.1. Let V ∈ L∞(R3) such that V (x) → 0 as |x| → ∞ and assume that the
magnetic vector potential A : R3 → R3 satisfies assumption (A). We consider the mean-field
quantum dynamics generated by the Hamiltonian

HN =
N∑
j=1

hj +
1
N

N∑
i<j

V (xi − xj), (5.1)

where h = (−i∇+A)2 is the magnetic one-particle operator. Let ϕ ∈ H1
A(R3) with ‖ϕ‖2 = 1

and set ψN = ϕ⊗N . Let ψN,t = e−iHN tψN and denote by ϕt the solution to the magnetic
Hartree equation (3.3) with initial data ϕt=0 = ϕ. Denote by γ

(k)
N,t the k-particle marginals

associated with ψN,t. Then, for every fixed k ∈ N and for every fixed t ∈ R, we have

lim
N→∞

tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ = 0. (5.2)

Proof. For every N ∈ N, we denote by ΓN,t = {γ(k)
N,t}Nk=1 the family of k-particle marginals

associated with the wavefunction ψN,t. The evolution equations for the elements of ΓN,t are
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given by the BBGKY hierarchy of equations (4.4). In what follows, we consider the infinite
hierarchy with initial data {|ϕ〉〈ϕ|⊗k}k∈N for a family of marginal densities {γ(k)

∞,t}k∈N:
i∂tγ

(k)
∞,t =

k∑
j=1

[
hj , γ

(k)
∞,t

]
+

k∑
j=1

tr[k+1]

[
V (xj − xk+1), γ(k+1)

∞,t

]
,

γ
(k)
∞,t=0 = |ϕ〉〈ϕ|⊗k.

(5.3)

The main idea of the proof is to characterise the limit of the sequence (ΓN,t)N∈N as the unique
solution to the infinite hierarchy of equations (5.3). The proof consists of three steps. We
first show the precompactness of the sequence (ΓN,t)N∈N with respect to an appropriate weak
topology. Next we identify each limit point of the sequence (ΓN,t)N∈N as a solution to the
infinite hierarchy of equations (5.3). Finally, we prove the uniqueness of the solution to the
infinite hierarchy (5.3).
One sees by direct inspection that the family {γ(k)

∞,t}k∈N with γ
(k)
∞,t = |ϕt〉〈ϕt|⊗k solves the

infinite hierarchy (5.3). Since a precompact sequence with only one limit point actually con-
verges to this point, it follows for every k ∈ N that γ(k)

N,t → |ϕt〉〈ϕt|⊗k as N →∞ in the weak
operator topology. Using the fact that the limit point is an orthogonal rank one projection,
we then show that this convergence also holds in trace norm. We now explain in detail the
three steps of the proof.

Step 1: Precompactness
Let L1

k ≡ L1(L2(R3k)) denote the space of trace class operators on L2(R3k) equipped with
the trace norm ‖ · ‖L1 . Moreover, let Kk ≡ K(L2(R3k)) be the space of compact operators
on L2(R3k) equipped with the operator norm ‖ · ‖. Then L1

k and Kk are Banach spaces and
L1
k = K∗k (see e.g. Theorem VI.26 in [32]).

By definition, the k-particle marginals γ(k)
N,t are nonnegative trace class operators with unit

trace:
‖γ(k)

N,t‖L1 = tr |γ(k)
N,t| = tr γ(k)

N,t = 1. (5.4)

For fixed t ∈ R and fixed k ∈ N, it follows from the Banach-Alaoglu Theorem that {γ(k)
N,t}N≥k

has a weak* - convergent subsequence in L1
k.

However, precompactness at fixed times t ∈ R is not enough. We need the precompactness
of the sequence (ΓN,t)N∈N uniformly on an entire time interval in order to be able to show
that a limit point of the sequence is a solution to the infinite hierarchy of equations (5.3).
This leads to the definition of the appropriate weak topology. To this end we use the fact that
the weak* topology on the unit ball of L1

k is metrisable, because its predual Kk is separable.
We fix a dense countable subset of the unit ball of Kk, say {J (k)

i }i∈N ⊂ Kk with ‖J (k)
i ‖ ≤ 1

for all i ∈ N. Using the operators J (k)
i , we define the following metric ηk(· , · ) on the unit ball

of L1
k. For γ(k), γ̃(k) ∈ L1

k with ‖γ(k)‖L1 , ‖γ̃(k)‖L1 ≤ 1, we set

ηk(γ(k), γ̃(k)) :=
∞∑
i=1

1
2i

∣∣∣tr J (k)
i (γ(k) − γ̃(k))

∣∣∣. (5.5)

Hence, a uniformly bounded sequence {γ(k)
N }N∈N ⊂ L1

k with ‖γ(k)
N ‖L1 ≤ 1 for all N ∈ N,

converges to some γ(k) as N → ∞ with respect to the weak* topology of L1
k if and only if
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ηk(γ
(k)
N , γ(k))→ 0 as N →∞ (see Théorème III.25 in [5]).

For arbitrary T > 0 let C([0, T ];L1
k) be the space of functions of t ∈ [0, T ] with values in L1

k

which are continuous with respect to the metric ηk. On C([0, T ];L1
k) we define the metric

η̂k(γ(k)(·), γ̃(k)(·)) := sup
t∈[0,T ]

ηk(γ(k)(t), γ̃(k)(t)). (5.6)

Last, we denote by τprod the topology on the space
⊕

k∈N C([0, T ];L1
k) given by the product

of the topologies generated by the metrics η̂k on C([0, T ];L1
k).

Remark 5.2. Convergence of the sequence (ΓN,t)N∈N to Γ∞,t = {γ(k)
∞,t}k∈N with respect to

the topology τprod is equivalent to the statement that, for every fixed k ∈ N and for every
fixed compact operator J (k) ∈ Kk,

tr J (k)
(
γ

(k)
N,t − γ

(k)
∞,t

)
→ 0 (5.7)

as N →∞, uniformly in t for t ∈ [0, T ].
Precompactness of the sequence (ΓN,t)N∈N with respect to the topology τprod means there-
fore that for every strictly increasing sequence {Mj}j∈N ⊂ N there exists a subsequence
{Nj}j∈N ⊂ {Mj}j∈N and a limit point Γ∞,t such that ΓNj ,t → Γ∞,t as j → ∞ in the sense
(5.7).

Owing to the metric structure introduced on the space
⊕

k∈N C([0, T ];L1
k), we are now in

a position to invoke the Arzela-Ascoli Theorem to prove the precompactness of the sequence
{ΓN,t}N∈N with respect to the topology τprod.

Proposition 5.3. Fix an arbitrary T > 0. Suppose that V ∈ L∞(R3) and that the magnetic
vector potential A : R3 → R3 satisfies assumption (A). Then the sequence (ΓN,t)N∈N ⊂⊕

k∈N C([0, T ];L1
k) with ΓN,t = {γ(k)

N,t}Nk=1 is precompact with respect to the topology τprod.

Proof. By a standard “choice of the diagonal subsequence” argument, it is enough to prove
the precompactness of {γ(k)

N,t}N≥k for every fixed k ∈ N with respect to the metric η̂k on
C([0, T ];L1

k). To this end we would like to invoke the Arzela-Ascoli Theorem. The elements
of the sequence {γ(k)

N,t}N≥k are uniformly bounded in trace norm by 1. It therefore remains
to prove the equicontinuity of the sequence with respect to the metric η̂k, for which the next
lemma gives a criterion.

Lemma 5.4. Fix k ∈ N and T > 0. A sequence {γ(k)
N,t}N≥k ⊂ L1

k with γ
(k)
N,t ≥ 0 and

tr γ(k)
N,t = 1 for all t ∈ [0, T ] and N ≥ k, is equicontinuous in C([0, T ];L1

k) with respect to the
metric η̂k, if and only if there exists a dense subset Jk of Kk such that for any J (k) ∈ Jk and
for every ε > 0 there exists a δ > 0 such that

sup
N≥1

∣∣∣ tr J (k)
(
γ

(k)
N,t − γ

(k)
N,s

) ∣∣∣ ≤ ε (5.8)

for all t, s ∈ [0, T ] with |t− s| ≤ δ.
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Proof of Lemma 5.4. The statement is Lemma 6.2 in [14], its proof is analogous to the one
of Lemma 9.2 in [9].

Identifying operators with their kernels, we choose the set J (k) = H1
A(R3k) × H1

A(R3k)
for the proof of equicontinuity. J (k) is dense in the set of compact operators Kk, because it
contains all operators with kernels in C∞c (R3k) × C∞c (R3k). These are dense in L2(R3k) ×
L2(R3k), i.e. the set of Hilbert-Schmidt operators L2

k ≡ L2(L2(R3k)), which are in turn dense
in Kk.
For any s ≤ t, we rewrite the BBGKY hierarchy in integral form

γ
(k)
N,t = γ

(k)
N,s− i

k∑
j=1

∫ t

s
dr [hj , γ

(k)
N,r]− i

1
N

k∑
i<j

∫ t

s
dr [V (xi − xj), γ(k)

N,r]

− i(1− k

N
)

k∑
j=1

∫ t

s
dr tr[k+1] [V (xj − xk+1), γ(k+1)

N,r ].

(5.9)

Multiplying the last equation with a J (k) ∈ J (k) and taking the trace, we obtain the bound∣∣∣tr J (k)(γ(k)
N,t − γ

(k)
N,s)

∣∣∣
≤

k∑
j=1

∫ t

s
dr
∣∣∣tr J (k)[hj , γ

(k)
N,r]
∣∣∣

+
1
N

k∑
i<j

∫ t

s
dr
∣∣∣tr J (k)[V (xi − xj), γ(k)

N,r]
∣∣∣

+ (1− k

N
)

k∑
j=1

∫ t

s
dr
∣∣∣tr J (k) tr[k+1] [V (xj − xk+1), γ(k+1)

N,r ]
∣∣∣

≤
( k∑
j=1

sup
r∈[s,t]

{
tr
∣∣∣J (k)[hj , γ

(k)
N,r]
∣∣∣}+ (k2 + 2k) ‖J (k)‖ ‖V ‖

)
|t− s|.

(5.10)

We will next show that the expression tr
∣∣∣J (k)[hj , γ

(k)
N,t]
∣∣∣ is uniformly bounded in N ∈ N, t ∈

[0, T ] and j ∈ {1, . . . , N}. This gives the equicontinuity of the sequence {γ(k)
N,t}N≥k by Lemma

5.4.

Let N ∈ N, t ∈ [0, T ] and j ∈ {1, . . . , N} be arbitrary and denote Sj =
√

1 + hj . Then∣∣∣trJ (k)[hj , γ
(k)
N,t]
∣∣∣ ≤ ∣∣∣trJ (k)hjγ

(k)
N,t

∣∣∣+
∣∣∣trJ (k)γ

(k)
N,thj

∣∣∣
≤
∥∥∥S−1

j J (k)Sj

∥∥∥ ∥∥∥S−1
j hjS

−1
j

∥∥∥ tr
∣∣∣Sjγ(k)

N,tSj

∣∣∣
+
∥∥∥SjJ (k)S−1

j

∥∥∥ ∥∥∥S−1
j hjS

−1
j

∥∥∥ tr
∣∣∣Sjγ(k)

N,tSj

∣∣∣.
(5.11)

Now we show that each of the factors of the two summands in the last line of (5.11) is



39

uniformly bounded. For J (k) ∈ J (k) we have∥∥∥J (k)Sj

∥∥∥2

L2
= tr (J (k)Sj)∗J (k)Sj

= trJ (k)∗J (k)S2
j

=
∫

dxk dx′k |J (k)(xk; x′k)|2 +
∫

dxkdx′k |(−i∇′j +A(x′j))J
(k)(xk; x′k)|2

< ∞

(5.12)

by the choice of J (k). Thus J (k)Sj is a Hilbert-Schmidt operator, i.e. in particular bounded,
and therefore S−1

j J (k)Sj is bounded. Analogously, it follows that SjJ (k)S−1
j is bounded.

Moreover
∥∥∥S−1

j hjS
−1
j

∥∥∥ < 1 by functional calculus and

tr
∣∣∣Sjγ(k)

N,tSj

∣∣∣ = ‖ψN,t‖22 + ‖(−i∇j +A)ψN,t‖22 = 1 + ‖(−i∇j +A)ψN,t‖22. (5.13)

To obtain a uniform bound on ‖(−i∇j + A)ψN,t‖22 we use the conservation of mass and
energy for the many-body linear Schrödinger equation (1.4). The initial state ψN = ϕ⊗N

with ϕ ∈ H1
A(R3), ‖ϕ‖2 = 1, has energy

EN = 〈ψN , HNψN 〉

=
N∑
j=1

‖(−i∇j +A)ψN‖22 +
1
N

N∑
i<j

∫
dxN V (xi − xj)|ψN (xN )|2

= N‖(−i∇+A)ϕ‖22 +
N − 1

2

∫
dx1dx2 V (x1 − x2)|ϕ(x1)|2|ϕ(x2)|2

≤ NC ′,

(5.14)

where we used the permutation symmetry of ψN . The conservation of mass and energy for
the Schrödinger equation then implies for all t ∈ [0, T ] that

EN = 〈ψN,t, HNψN,t〉

=
N∑
j=1

‖(−i∇j +A(xj))ψN,t‖22 +
1
N

N∑
i<j

∫
dxN V (xi − xj)|ψN,t(xN )|2

≥
N∑
j=1

‖(−i∇j +A(xj))ψN,t‖22 −
1
N
‖V ‖∞

N∑
i<j

‖ψN,t‖22

=
N∑
j=1

‖(−i∇j +A(xj))ψN,t‖22 −
N − 1

2
‖V ‖∞.

(5.15)

Thus for arbitrary j ∈ {1, ..., N} we have by permutation symmetry,

‖(−i∇j +A(xj))ψN,t‖22 =
1
N

N∑
l=1

‖(−i∇l +A(xl))ψN,t‖2

≤ 1
N

(EN +
N − 1

2
‖V ‖∞)

≤ 1
N

(NC ′ +
N − 1

2
‖V ‖∞)

≤ C

(5.16)
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for all N and at all times t ∈ [0, T ]. This completes the proof of the precompactness of the
sequence {γ(k)

N,t}N≥k with respect to the metric η̂k on C([0, T ];L1
k).

Moreover, we prove the following properties of limit points of the sequence (ΓN,t)N∈N,
which we will need later on.

Proposition 5.5. Let Γ∞,t = {γ(k)
∞,t}k∈N be an arbitrary limit point of the sequence (ΓN,t)N∈N ⊂⊕

k∈N C([0, T ];L1
k) with respect to the topology τprod. Then γ

(k)
∞,t is symmetric with respect to

permutations, non-negative and such that

tr γ(k)
∞,t ≤ 1 (5.17)

for every k ≥ 1.

Proof. Suppose that Γ∞,t = {γ(k)
∞,t}k∈N ∈

⊕
k∈N C([0, T ];L1

k) is a limit point of ΓN,t with

respect to τprod. Then for any k ∈ N, γ(k)
∞,t ∈ C([0, T ];L1

k) is a limit point of {γ(k)
N,t}N≥k in the

sense (5.7). The bound
tr
∣∣∣γ(k)
∞,t

∣∣∣ ≤ 1 (5.18)

follows because the norm can only drop in the weak limit.
To prove that γ

(k)
∞,t is non-negative we observe that, for an arbitrary ϕ ∈ L2(R3k) with

‖ϕ‖2 = 1, the orthogonal projection |ϕ〉〈ϕ| is in Kk and hence

〈ϕ, γ(k)
∞,tϕ〉 = tr |ϕ〉〈ϕ|γ(k)

∞,t = lim
j→∞

tr |ϕ〉〈ϕ|γ(k)
Nj ,t

= lim
j→∞

〈ϕ, γ(k)
Nj ,t

ϕ〉 ≥ 0 (5.19)

for an appropriate subsequence (Nj)j∈N with Nj →∞ as j →∞.
Last, we show that γ(k)

∞,t is symmetric with respect to permutations. For a permutation π of
{1, . . . , k}, we denote by Ξπ the operator on L2(R3k) defined by

(Ξπϕ) = ϕ(xπ(1), . . . , xπ(k)). (5.20)

Then the permutation symmetry of γ(k)
∞,t is defined by asserting that

Ξπγ
(k)
∞,tΞ

−1
π = γ

(k)
∞,t (5.21)

holds for every permutation π. To prove (5.21) we note that, for an arbitrary J (k) ∈ Kk and
a permutation π of {1, . . . , k}, we have, for an appropriate subsequence Nj →∞ as j →∞,

tr J (k)γ
(k)
∞,t = lim

j→∞
tr J (k)γ

(k)
Nj ,t

= lim
j→∞

tr J (k)Ξπγ
(k)
Nj ,t

Ξ−1
π = lim

j→∞
Ξ−1
π J (k)Ξπγ

(k)
Nj ,t

= tr Ξ−1
π J (k)Ξπγ

(k)
∞,t = tr J (k)Ξπγ

(k)
∞,tΞ

−1
π ,

(5.22)

where we used that Ξ−1
π J (k)Ξπ ∈ Kk for every J (k) ∈ Kk and every permutation π.

Step 2: Convergence
In this second step we characterise the weak limit points of the sequence (ΓN,t)N∈N as solu-
tions to the infinite hierarchy of equations (5.3).
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Proposition 5.6. Suppose that V ∈ L∞(R3) such that V (x) → 0 as |x| → ∞ and that
the magnetic vector potential A : R3 → R3 satisfies assumption (A). Assume moreover that
Γ∞,t = {γ(k)

∞,t}k∈N ∈
⊕

k∈N C([0, T ];L1
k) is a limit point of the sequence (ΓN,t)N∈N with respect

to the topology τprod. Then γ
(k)
∞,0 = |ϕ〉〈ϕ|⊗k and

γ
(k)
∞,t = U (k)(t)γ(k)

∞,0 +
∫ t

0
dsU (k)(t− s)B(k)γ(k+1)

∞,s (5.23)

for all k ∈ N. Here U (k)(t) and B(k) are defined as in (4.7) and, respectively, in (4.9).

Proof. Passing to a subsequence we can assume that ΓN,t → Γ∞,t as N → ∞, with respect
to the topology τprod. This implies immediately that γ(k)

∞,0 = |ϕ〉〈ϕ|⊗k. To show (5.23), it is
enough to prove that for every fixed k ∈ N and for every fixed J (k) from a dense subset J (k)

of Kk,

tr J (k)γ
(k)
∞,t = tr J (k)U (k)(t)γ(k)

∞,0 +
∫ t

0
ds tr J (k)U (k)(t− s)B(k)γ(k+1)

∞,s . (5.24)

For what follows, we choose J (k) = L2
k as the set of Hilbert-Schmidt operators on L2(R3k),

which are dense in Kk. We start from the integral form (4.6) of the BBGKY hierarchy of
equations for the marginals {γ(k)

N,t}Nk=1. For k ∈ {1, . . . , N}, we multiply the corresponding
equation from the hierarchy with a fixed, but arbitrary J (k) ∈ J (k) and take the trace. This
leads to the relations

tr J (k)γ
(k)
N,t = tr J (k)U (k)(t)γ(k)

N − i
1
N

k∑
i<j

∫ t

0
ds tr J (k)U (k)(t− s)[V (xi − xj), γ(k)

N,s]

+
N − k
N

∫ t

0
ds tr J (k)U (k)(t− s)B(k)γ

(k+1)
N,s .

(5.25)

By assumption the left-hand side of (5.25) converges to the one of (5.24) as N → ∞. Also,
the first term on the right-hand side of (5.25) coincides with the one of (5.24). So the claim
follows if we can show that

lim
N→∞

1
N

k∑
i<j

∫ t

0
ds tr J (k)U (k)(t− s)[V (xi − xj), γ(k)

N,s] = 0 (5.26)

and that

lim
N→∞

(1− k

N
)
∫ t

0
ds tr J (k)U (k)(t− s)B(k)γ

(k+1)
N,s =

∫ t

0
ds tr J (k)U (k)(t− s)B(k)γ(k+1)

∞,s .

(5.27)
The limit (5.26) follows immediately from the estimate∣∣∣∣∣∣ 1

N

k∑
i<j

∫ t

0
ds tr J (k)U (k)(t− s)[V (xi − xj), γ(k)

N,s]

∣∣∣∣∣∣ ≤ k2

N
‖J (k)‖ ‖V ‖ |t|. (5.28)

Moreover, observe that∣∣∣∣ kN
∫ t

0
ds tr J (k)U (k)(t− s)B(k)γ

(k+1)
N,s

∣∣∣∣ ≤ 2k2

N
‖J (k)‖ ‖V ‖ |t| → 0 (5.29)
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as N →∞. It therefore remains to show

lim
N→∞

∫ t

0
ds tr J (k)U (k)(t− s)B(k)(γ(k+1)

N,s − γ(k+1)
∞,s ) = 0. (5.30)

We have ∫ t

0
ds tr J (k)U (k)(t− s)B(k)(γ(k+1)

N,s − γ(k+1)
∞,s )

= − i
k∑
j=1

∫ t

0
ds tr J (k)U (k)(t− s)tr[k+1] [V (xj − xk+1), (γ(k+1)

N,s − γ(k+1)
∞,s )]

= − i
k∑
j=1

∫ t

0
ds tr J (k)U (k)(t− s)[V (xj − xk+1), (γ(k+1)

N,s − γ(k+1)
∞,s )]

= − ik
∫ t

0
ds tr J (k)U (k)(t− s)V (x1 − xk+1) (γ(k+1)

N,s − γ(k+1)
∞,s )

+ ik

∫ t

0
ds trV (x1 − xk+1)J (k)U (k)(t− s) (γ(k+1)

N,s − γ(k+1)
∞,s ),

(5.31)

where in the last step, we used the cyclicity of the trace and the permutation symmetry of
γ

(k+1)
N,s and γ

(k+1)
∞,s . In order to show that the two terms in the last line of (5.31) vanish in

the limit N → ∞, we would like to use the weak* - convergence in L1
k+1 of γ(k+1)

N,s ⇀ γ
(k+1)
∞,s

as N →∞. We know that the operator J (k) is compact on L2(R3k). However, the operators
J (k)U (k)(t − s)V (x1 − xk+1) and V (x1 − xk+1)J (k)U (k)(t − s) are not necessarily compact
operators on L2(R3(k+1)), so that a straightforward application of the weak* - convergence
in the sense (5.7) is not possible. To overcome this obstacle, we have to introduce several
cut-offs and exploit energy conservation.

We now show that the first term in the last line of (5.31) vanishes in the limit N → ∞.
The second term in the last line of (5.31) can be treated in a similar way. This then completes
the proof of Proposition 5.6.
To this end we notice that the vanishing of∫ t

0
ds tr J (k)U (k)(t− s)V (x1 − xk+1) (γ(k+1)

N,s − γ(k+1)
∞,s ) (5.32)

in the limit N →∞ follows by dominated convergence, if we can show that for all s ∈ [0, t]

tr J (k)U (k)(t− s)V (x1 − xk+1) (γ(k+1)
N,s − γ(k+1)

∞,s ) (5.33)

vanishes as N →∞. We found two different proofs to show this. We now present one of the
proofs, the other one is outlined in Remark 5.7 below. Recall the notation Sk+1 =

√
1 + hk+1.

For n > 0 we introduce

V<n(x) = V (x)1{|x|<n} and V≥n(x) = V (x)1{|x| ≥n}. (5.34)

Let ε > 0 be arbitrary. Choose n > 0 large enough such that ‖V≥n‖∞ ≤ ε. This is possible
owing to the assumption that V (x)→ 0 as |x| → ∞. Applying a cut-off in momentum space,
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then a cut-off to the potential V and then another cut-off in momentum space, we can write
(5.33) as

tr J (k)U (k)(t− s)V (x1 − xk+1)(γ(k+1)
N,s − γ(k+1)

∞,s )

= trJ (k)U (k)(t− s)V (x1 − xk+1)
(

1− 1
1 + εSk+1

)
(γ(k+1)
N,s − γ(k+1)

∞,s ) (I)

+ tr J (k)U (k)(t− s)V≥n(x1 − xk+1)
1

1 + εSk+1
(γ(k+1)
N,s − γ(k+1)

∞,s ) (II)

+ tr
(

1− 1
1 + εSk+1

)
J (k)U (k)(t− s)V<n(x1 − xk+1)

1
1 + εSk+1

(γ(k+1)
N,s − γ(k+1)

∞,s ) (III)

+ tr
1

1 + εSk+1
J (k)U (k)(t− s)V<n(x1 − xk+1)

1
1 + εSk+1

(γ(k+1)
N,s − γ(k+1)

∞,s ). (IV )

(5.35)

We can estimate the term (I) in (5.35) using energy conservation:

|(I)| ≤ ε ‖J (k)U (k)(t− s)‖ ‖V ‖
∥∥∥ 1

1 + εSk+1

∥∥∥ (tr
∣∣∣Sk+1γ

(k+1)
N,s

∣∣∣+ tr
∣∣∣Sk+1γ

(k+1)
∞,s

∣∣∣)
≤ ε ‖J (k)‖ ‖V ‖ (tr

∣∣∣Sk+1γ
(k+1)
N,s Sk+1

∣∣∣+ tr
∣∣∣Sk+1γ

(k+1)
∞,s Sk+1

∣∣∣)
≤ ε ‖J (k)‖ ‖V ‖C,

(5.36)

where C > 0 is independent of N and s ∈ [0, t]. Here we used the monotonicity of the
operator square root (see the remark to Proposition 2.2.13 in [4]) in the second line. We
exploited energy conservation in the third line to obtain a bound on tr

∣∣∣Sk+1γ
(k+1)
N,s Sk+1

∣∣∣
uniform in N and time s ∈ [0, t] and thus also on tr

∣∣∣Sk+1γ
(k+1)
∞,s Sk+1

∣∣∣ (see (5.13) – (5.16) for
more details).
Now the second term (II) in (5.35) can be bounded by

|(II)| ≤ ‖J (k)‖ ‖V≥n‖∞
∥∥∥ 1

1 + εSk+1

∥∥∥ tr
∣∣∣γ(k+1)
N,s − γ(k+1)

∞,s

∣∣∣ ≤ ε 2 ‖J (k)‖. (5.37)

The third term (III) in (5.35) can again be bounded using energy conservation:

|(III)| ≤ ε ‖J (k)‖ ‖V<n‖
∥∥∥ 1

1 + εSk+1

∥∥∥ (tr
∣∣∣γ(k+1)
N,s Sk+1

∣∣∣+ tr
∣∣∣γ(k+1)
∞,s Sk+1

∣∣∣) ∥∥∥ 1
1 + εSk+1

∥∥∥
≤ ε ‖J (k)‖ ‖V ‖ (tr

∣∣∣Sk+1γ
(k+1)
N,s Sk+1

∣∣∣+ tr
∣∣∣Sk+1γ

(k+1)
∞,s Sk+1

∣∣∣)
≤ ε ‖J (k)‖ ‖V ‖C.

(5.38)

In order to control the fourth term (IV ) in (5.35), we use the weak* - convergence γ(k+1)
N,s ⇀

γ
(k+1)
∞,s as N →∞ in L1

k+1. We show below that

1
1 + εSk+1

J (k)U (k)(t− s)V<n(x1 − xk+1)
1

1 + εSk+1
(5.39)
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is a compact (k+1)-particle operator. Thus, we can choose N large enough so that |(IV )| ≤ ε.
Collecting the estimates of the terms (I) - (IV ), we obtain that for arbitrary ε > 0, we can
choose N large enough so that∣∣∣tr J (k)U (k)(t− s)V (x1 − xk+1)(γ(k+1)

N,s − γ(k+1)
∞,s )

∣∣∣ ≤ (2 ‖J (k)‖ ‖V ‖C + 2‖J (k)‖+ 1) ε. (5.40)

Since ε > 0 was chosen arbitrarily, this implies for all s ∈ [0, t] the vanishing of the term
(5.33) as N →∞, which completes the proof.

It remains to show the crucial ingredient of the above proof, namely the compactness of
the (k + 1)-particle operator (5.39). We denote J (k)

s ≡ J (k)U (k)(t − s). Then J
(k)
s ∈ L2

k is a
Hilbert-Schmidt operator, because J (k) ∈ L2

k and U (k)(t− s) is bounded. We have

1
1 + εSk+1

J (k)
s V<n(x1 − xk+1)

1
1 + εSk+1

=
(

1
1 + εSk+1

εSk+1

)
1
ε

(
1

Sk+1
J (k)
s V<n(x1 − xk+1)

1
Sk+1

)
1
ε

(
εSk+1

1
1 + εSk+1

)
.

(5.41)

By functional calculus, the operators in the first and third parentheses on the right-hand side
of (5.41) are bounded. To show that the operator on the left-hand side of (5.41) is compact,
it is therefore sufficient to show that the operator in the second parentheses on the right-hand
side of (5.41) is compact. We denote it by T and prove that it is actually a Hilbert-Schmidt
operator and hence, in particular compact. To this end we compute the Hilbert-Schmidt
norm of T :

trT ∗ T

= tr
1

Sk+1
V<n(x1 − xk+1)(J (k)

s )∗
1

S2
k+1

J (k)
s V<n(x1 − xk+1)

1
Sk+1

= trV<n(x1 − xk+1)(J (k)
s )∗

1
S2
k+1

J (k)
s V<n(x1 − xk+1)

1
S2
k+1

= trV<n(x1 − xk+1)(J (k)
s )∗

1
1 + hk+1

J (k)
s V<n(x1 − xk+1)

1
1 + hk+1

=
∫

dxk dxk+1 dyk dyk+1 V<n(x1 − xk+1) J (k)
s (yk; xk)

( 1
1 + hk+1

)
(xk+1; yk+1)×

× J (k)
s (yk; xk)V<n(x1 − xk+1)

( 1
1 + hk+1

)
(yk+1;xk+1)

=
∫

dxk dxk+1 dyk dyk+1

∣∣∣J (k)
s (yk; xk)

∣∣∣2 ∣∣∣V<n(x1 − xk+1)
∣∣∣2 ∣∣∣( 1

1 + hk+1

)
(xk+1; yk+1)

∣∣∣2
≤
∫

dxk dxk+1 dyk dyk+1

∣∣∣J (k)
s (yk; xk)

∣∣∣2 ∣∣∣V<n(x1 − xk+1)
∣∣∣2 ∣∣∣( 1

1−∆k+1

)
(xk+1 − yk+1)

∣∣∣2
=
∫

dxk dyk
∣∣∣J (k)
s (yk; xk)

∣∣∣2 ∫ dxk+1

∣∣∣V<n(x1 − xk+1)
∣∣∣2 ∫ dyk+1

∣∣∣( 1
1−∆k+1

)
(xk+1 − yk+1)

∣∣∣2.
(5.42)

Here we used the non-relativistic diamagnetic inequality (8.12) in the penultimate line. The
last line of (5.42) is finite due to the following reasoning: The translationally invariant kernel(

1
1−∆

)
(x−y) = 1

4π
e−|x−y|

|x−y| is square-integrable in yk+1. Moreover,
∫

dxk+1 |V<n(x1 − xk+1)|2
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is finite because V<n is bounded and has finite support. Since J
(k)
s ∈ L2

k is a k-particle
Hilbert-Schmidt operator,

∫
dxk dyk |J

(k)
s (yk; xk)|2 is also finite. Thus, T is a k-particle

Hilbert-Schmidt operator, which completes the proof.

Remark 5.7. The crucial step in the proof of Proposition 5.6 is to show that the term (5.33)
vanishes as N →∞. To this end we introduced several cut-offs and then showed the compact-
ness of the (k + 1)-particle operator (5.39) in order to make use of the weak* - convergence
γ

(k+1)
N,s ⇀ γ

(k+1)
∞,s as N →∞ in L1

k+1.

In a different approach to show the vanishing of the term (5.33), we introduce a cut-off in
momentum space to write (5.33) as follows:

tr J (k)U (k)(t− s)V (x1 − xk+1)(γ(k+1)
N,s − γ(k+1)

∞,s )

= trJ (k)U (k)(t− s)V (x1 − xk+1)
(

1− 1
1 + εSk+1

)
(γ(k+1)
N,s − γ(k+1)

∞,s ) (I)

+ tr J (k)U (k)(t− s)V (x1 − xk+1)
1

1 + εSk+1
(γ(k+1)
N,s − γ(k+1)

∞,s ). (II)

(5.43)

The first term (I) in (5.43) can be controlled by energy conservation. In order to show that
the second term (II) in (5.43) vanishes as N →∞, we make use of the weak* - convergence
γ

(k+1)
N,s ⇀ γ

(k+1)
∞,s as N →∞ in L1

k+1. To this end we have to prove that the operator

J (k)U (k)(t− s)V (x1 − xk+1)
1

1 + εSk+1
(5.44)

is a compact (k + 1)-particle operator on L2(R3(k+1)). We know that J (k)U (k)(t − s) is a
compact k-particle operator. Propositions 5.10 and 5.12 at the end of this chapter show that
V (x) 1

1+ε
√

1+h
is a compact one-particle operator under suitable assumptions about the mag-

netic vector potential A. In particular, a magnetic vector potential A that satisfies assumption
(A) meets the conditions of Proposition 5.10. Lemma 5.15 at the end of this chapter then
implies that (5.44) is a compact (k+ 1)-particle operator on L2(R3(k+1)). This completes the
different approach to showing the vanishing of the term (5.33) in the limit N →∞.

Step 3: Uniqueness
In order to finish the proof of Theorem 5.1, we still have to prove the uniqueness of the solution
to the infinite hierarchy (5.3). This follows from the next slightly more general result.

Proposition 5.8. Fix Γ(k)
∞,0 = {γ(k)

∞,0}k∈N ∈
⊕

k∈N L1
k. Then there exists at most one solution

Γ∞,t = {γ(k)
∞,t}k∈N ∈

⊕
k∈N C([0, T ];L1

k) to the infinite hierarchy (4.5) such that γ(k)
∞,t=0 = γ

(k)
∞,0

and tr |γ(k)
∞,t| ≤ 1 for all k ∈ N and all t ∈ [0, T ].

Proof. Suppose that {γ(k)
∞,1,t}k∈N and {γ(k)

∞,2,t}k∈N are two solutions of (4.5) with the same

initial data {γ(k)
∞,0}k∈N, such that tr |γ(k)

∞,i,t| ≤ 1, for all k ∈ N, t ∈ [0, T ], and for i = 1, 2. Then
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we can expand the integral equations for γ(k)
∞,1,t and γ

(k)
∞,2,t into the Duhamel series (4.12). It

follows that

tr
∣∣∣γ(k)
∞,1,t − γ

(k)
∞,2,t

∣∣∣ ≤ ∫ t

0
ds1 · · ·

∫ sn−1

0
dsn tr

∣∣∣U (k)(t− s1)B(k) · · ·B(k+n−1)(γ(k+n)
∞,1,sn − γ

(k+n)
∞,2,sn)

∣∣∣.
(5.45)

Applying recursively the bounds (4.14) and (4.16), we obtain

tr
∣∣∣γ(k)
∞,1,t − γ

(k)
∞,2,t

∣∣∣ ≤ (k + n− 1)!
(k − 1)!n!

(2‖V ‖t)n ≤ 2k(4‖V ‖t)n (5.46)

and thus, for 0 < t < 1
8‖V ‖ ,

tr
∣∣∣γ(k)
∞,1,t − γ

(k)
∞,2,t

∣∣∣ ≤ 2k−n. (5.47)

Since the left-hand side of (5.47) is independent of n ∈ N, it has to vanish. This proves
uniqueness for short times. Iterating the same argument, we obtain uniqueness for all times.

Putting things together:
We have now established that the sequence (ΓN,t)N∈N is precompact with respect to the topol-
ogy τprod and that all its limit points are given by the unique solution Γ∞,t = {|ϕt〉〈ϕt|⊗k}k∈N
to the infinite hierarchy (5.3).
This implies that the sequence {ΓN,t}N∈N actually converges to Γ∞,t = {|ϕt〉〈ϕt|⊗k}k∈N with
respect to the weak topology τprod. In particular, it yields the result that for every fixed k ∈ N
and every fixed t ∈ R,

lim
N→∞

tr J (k)(γ(k)
N,t − |ϕt〉〈ϕt|

⊗k) = 0 (5.48)

for all compact operators J (k) ∈ Kk. Taking J̃ (k) = |ϕt〉〈ϕt|⊗k ∈ Kk, we have

0 = lim
N→∞

J̃ (k)(γ(k)
N,t − |ϕt〉〈ϕt|

⊗k) = lim
N→∞

〈ϕ⊗kt , γ
(k)
N,tϕ

⊗k
t 〉 − 1. (5.49)

Finally, by the relation (2.16), we obtain for every fixed k ∈ N and every fixed t ∈ R, the
strong trace norm convergence

lim
N→∞

∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ = 0. (5.50)

Remark 5.9. In this chapter we have adapted the compactness argument for non-relativistic
mean-field systems without magnetic fields to the case of systems with external magnetic
fields. This required several non-trivial changes. In particular, the proofs of Propositions 5.3
and 5.6 had to be modified significantly to account for an external magnetic field.
We pursued two different approaches to the proof of Proposition 5.6. The idea of the second
approach was outlined in Remark 5.7. The main ingredients of this second approach are given
below in Propositions 5.10, 5.12 and in Lemma 5.15.
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Proposition 5.10. Let A ∈ L2
loc(R3; R3) be such that (−i∇ + A)2 is self-adjoint on L2(R3)

and let V ∈ L∞(R3) such that V (x)→ 0 as |x| → ∞. Then for every ε > 0, the operator

V (x)
1

1 + ε
√

1 + (−i∇+A)2
: L2(R3)→ L2(R3) (5.51)

is compact.

Proof. Let h denote (−i∇+A)2 and fix an arbitrary ε > 0. We have

V (x)
1

1 + ε
√

1 + h
=
(
V (x)

1
1 + ε

√
h

)(
(1 + ε

√
h)

1
1 + ε

√
1 + h

)
. (5.52)

By functional calculus the operator in the second parentheses is bounded. Suppose the op-
erator in the first parentheses is compact, then the operator on the left-hand side is also
compact. It is therefore enough to show the compactness of V (x) 1

1+ε
√
h

.

To this end we will make use of the following result by B. Russo and J. Fournier on
trace ideal properties of integral operators. Here Lp(L2(R3)) denotes the p-th trace ideal over
L2(R3) with norm ‖ · ‖Lp .

Lemma 5.11. For a measurable function k : R3 × R3 → C and 1 ≤ p, q <∞ define

‖k‖p,q =

(∫ (∫
|k(x, y)|pdx

)q/p
dy

)1/q

. (5.53)

Let T : L2(R3)→ L2(R3) be an integral operator with kernel k and 2 ≤ p <∞. Then

‖T‖Lp ≤ (‖k‖p′,p‖k∗‖p′,p)1/2, (5.54)

where k∗(x, y) := k(y, x) and 1
p + 1

p′ = 1. In particular, if T has kernel k(x, y) = f(x)g(x−y),
using Young’s inequality, this implies

‖T‖Lp ≤ (‖k‖p′,p‖k∗‖p′,p)1/2 ≤ ‖f‖p‖g‖p′ . (5.55)

Proof. See the remarks to Corollary 2, in particular equation (10), in [16]. Also compare with
equation (4.9) in the remark to the proof of Theorem 4.1 in [36].

Set Vn(x) := χ{|x|≤n}(x)V (x) for n ∈ N and define the operators

T̃n :=
1
ε
Vn(x)

1
1
ε +
√
h

and Tn :=
1
ε
Vn(x)

1
1
ε +
√
−∆

. (5.56)

Denote by T̃n(x, y) and Tn(x, y) the integral kernels of T̃n and, respectively, of Tn. By the
relativistic diamagnetic inequality (8.13), which requires A ∈ L2

loc(R3; R3), we have for any
e > 0 that for almost every x, y ∈ R3:∣∣∣∣ 1

e+
√
h

(x, y)
∣∣∣∣ ≤ 1

e+
√
−∆

(x, y). (5.57)
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Thus, for almost every x, y ∈ R3:

|T̃n(x, y)| ≤ 1
ε
|Vn(x)|

∣∣∣∣∣ 1
1
ε +
√
h

(x, y)

∣∣∣∣∣ ≤ 1
ε
|Vn(x)| 1

1
ε +
√
−∆

(x, y) = |Tn(x, y)|. (5.58)

The kernel 1
1
ε

+
√
−∆

(x, y) is of the type g(x− y) for some function g : R3 → R as shown below.

Lemma 5.11 then yields

‖T̃n‖Lp ≤ (‖T̃n(x, y)‖p′,p‖T̃ ∗n(x, y)‖p′,p)1/2 ≤ (‖Tn(x, y)‖p′,p‖T ∗n(x, y)‖p′,p)1/2 ≤ 1
ε
‖Vn‖p ‖g‖p′

(5.59)
for any 2 ≤ p < ∞. Below we will show that g ∈ Lp′(R3) for any 1 < p′ < 3

2 . Hence T̃n is
in Lp(L2(R3)), and in particular compact, for every n ∈ N. By the definition of Vn and the
assumption that V vanishes at infinity, we have

∥∥∥V (x) 1
1+ε
√
h
− T̃n

∥∥∥→ 0 in operator norm as

n→∞. Hence, the operator V (x) 1
1+ε
√
h

is compact.

It remains to verify the above mentioned properties of the integral kernel of 1
1
ε

+
√
−∆

. By

functional calculus we have

1
1
ε +
√
−∆

=
∫ ∞

0
dt e−t(

1
ε

+
√
−∆) =

∫ ∞
0

dt e−
1
ε
te−t

√
−∆. (5.60)

Using the explicit representation of the relativistic heat kernel in three dimensions (8.14),

e−t
√
−∆(x, y) =

1
π2

t

(t2 + |x− y|2)2
for x, y ∈ R3, (5.61)

we can compute the integral kernel of 1
1
ε

+
√
−∆

: For any ψ ∈ L2(R3) we have

(
1

1
ε +
√
−∆

ψ

)
(x) =

∫ ∞
0

dt e−
1
ε
te−t

√
−∆ψ(x)

=
∫ ∞

0
dt e−

1
ε
t

∫
R3

dy
1
π2

t

(t2 + |x− y|2)2
ψ(y)

=
∫

R3

dy
1
π2

∫ ∞
0

dt
te−

1
ε
t

(t2 + |x− y|2)2
ψ(y)

≡
∫

R3

dy g(x− y)ψ(y).

(5.62)

Thus

1
1
ε +
√
−∆

(x, y) ≡ g(x− y) =
1
π2

∫ ∞
0

dt
te−

1
ε
t

(t2 + |x− y|2)2
. (5.63)
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Now for q ≥ 1:∫
R3

dx |g(x)|q

=
∫

R3

dx

∣∣∣∣∣ 1
π2

∫ ∞
0

dt
te−

1
ε
t

(t2 + |x|2)2

∣∣∣∣∣
q

=C

∫ ∞
0

dr r2

∣∣∣∣∣
∫ ∞

0
dt

te−
1
ε
t

(t2 + r2)2

∣∣∣∣∣
q

=C

∫ ∞
0

dr r2−2q

∣∣∣∣∣
∫ ∞

0
ds

se−
1
ε
rs

(1 + s2)2

∣∣∣∣∣
q

=C

∫ 1

0
dr r2−2q

∣∣∣∣∣
∫ ∞

0
ds

se−
1
ε
rs

(1 + s2)2

∣∣∣∣∣
q

+ C

∫ ∞
1

dr r2−2q

∣∣∣∣∫ ∞
0

ds (−ε
r

)
(
∂

∂s
e−

1
ε
rs

)
s

(1 + s2)2

∣∣∣∣q
≤C

∫ 1

0
dr r2−2q

∣∣∣∣∫ ∞
0

ds
s

(1 + s2)2

∣∣∣∣q + C

∫ ∞
1

dr r2−3q

∣∣∣∣∫ ∞
0

ds ε | ∂
∂s

(
s

(1 + s2)2

)
|
∣∣∣∣q

=Ccq1

∫ 1

0
dr r2−2q + Ccq2

∫ ∞
1

dr r2−3q,

(5.64)

where we performed an integration by parts in the penultimate step. Since c1 =
∫∞

0 ds s
(1+s2)2

<

∞ and c2 =
∫∞

0 ds ε
∣∣∣ ∂∂s ( s

(1+s2)2

)∣∣∣ < ∞, the expression in the last line is finite for any

1 < q < 3
2 . Hence, g ∈ Lq(R3) for any 1 < q < 3

2 , which completes the proof.

We found an alternative proof for the compactness of the operator (5.51) under more
restrictive conditions applying to the magnetic vector potential A. It is stated in Proposition
5.12 below. However, notice that not all vector potentials A satisfying the assumption (A)
fulfil the conditions of Proposition 5.12 below.

For the magnetic one-particle operator h we introduce the shorthand notation

h = (−i∇+A)2 = −∆− 2iA · ∇ − i(∇ ·A) +A2 ≡ S + T, (5.65)

where S ≡ −∆ and T ≡ −2iA · ∇ − i(∇ · A) + A2. The idea of the proof of Proposition
5.12 is of perturbative nature. We will treat T as a perturbation of the operator S ≡ −∆,
which is self-adjoint on L2(R3). In this way we will reduce the proof of the compactness of
the operator (5.51) to the unperturbed case, i.e. the proof of the compactness of the operator
V (x) 1

1+ε
√

1−∆
. The latter follows from Theorem 8.13.

Proposition 5.12. Let V ∈ L∞(R3) such that V (x) → 0 as |x| → ∞. Suppose that the
magnetic vector potential A : R3 → R3 is such that T is S-bounded with relative bound ã < 1,
i.e. D(T ) ⊇ D(S) and there exists some b̃ > 0 such that

‖Tϕ‖ ≤ ã‖Sϕ‖+ b̃‖ϕ‖ (5.66)
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holds for all ϕ ∈ D(S). Then for every ε > 0, the operator

V (x)
1

1 + ε
√

1 + (−i∇+A)2
: L2(R3)→ L2(R3) (5.67)

is compact.

Proof. Under the given assumptions, the Kato-Rellich Theorem 8.12 implies that h = S + T
is self-adjoint on the domain of S. To simplify the notation, we shall only prove the assertion
for the case ε = 1. For other values of ε, obvious modifications of the proof give the result.
Consider the splitting

V (x)
1

1 +
√

1 + h
≡ V (x)

1
1 +
√

1 + S + T

=
(
V (x)

1
1 +
√

1 + S

)(
(1 +

√
1 + S)

1
1 +
√

1 + S + T

)
.

(5.68)

The operator in the first parentheses is compact by the “f(x)g(−i∇) – Theorem” 8.13. In
order to prove the compactness of the operator on the left-hand side of (5.68), it therefore
suffices to show that the operator in the second parentheses is bounded. By functional
calculus, we can estimate as follows:∥∥∥∥(1 +

√
1 + S)

1
1 +
√

1 + S + T

∥∥∥∥ ≤ ∥∥∥∥ 1
1 +
√

1 + S + T

∥∥∥∥+
∥∥∥∥√1 + S

1
1 +
√

1 + S + T

∥∥∥∥
≤ 1 +

∥∥∥∥√1 + S
1√

1 + S + T

∥∥∥∥ ∥∥∥∥√1 + S + T
1

1 +
√

1 + S + T

∥∥∥∥
≤ 1 +

∥∥∥∥√1 + S
1√

1 + S + T

∥∥∥∥ .
(5.69)

Using the identity ‖Ô‖2 = ‖Ô∗Ô‖ for the operator norm of a self-adjoint operator Ô, we
obtain ∥∥∥∥√1 + S

1√
1 + S + T

∥∥∥∥2

=
∥∥∥∥ 1√

1 + S + T
(1 + S)

1√
1 + S + T

∥∥∥∥
≤
∥∥∥∥ 1

1 + S + T

∥∥∥∥+
∥∥∥∥ 1√

1 + S + T
S

1√
1 + S + T

∥∥∥∥
≤ 1 +

∥∥∥(1 + Â)−
1
2 B̂(1 + Â)−

1
2

∥∥∥ ,
(5.70)

where we use the notation B̂ ≡ S and Â ≡ S + T . By our initial assumptions on T ,
Â ≡ S + T = (−i∇+A)2 is a positive self-adjoint operator and B̂ ≡ S = −∆ is self-adjoint.
Moreover, for every ϕ ∈ D(S) = D(S + T ),

‖Sϕ‖ ≤ ‖(S + T )ϕ‖+ ‖(−T )ϕ‖ ≤ ‖(S + T )ϕ‖+ ã‖Sϕ‖+ b̃‖ϕ‖. (5.71)

Hence

‖Sϕ‖ ≤ 1
1− ã

‖(S + T )ϕ‖+
b̃

1− ã
‖ϕ‖, (5.72)

so B̂ is Â-bounded with relative bound a = 1
1−ã . Lemma 5.13 below now yields a bound on∥∥∥(1 + Â)−

1
2 B̂(1 + Â)−

1
2

∥∥∥, which completes the proof of Proposition 5.12.
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Lemma 5.13. If Â is a positive self-adjoint operator and B̂ is a self-adjoint operator, which
is Â-bounded with relative bound a and corresponding constant b, then∥∥∥(1 + Â)−

1
2 B̂(1 + Â)−

1
2

∥∥∥ ≤ a+ b. (5.73)

Proof. See the proof of Theorem X.18 in [31].

Remark 5.14. Note that a linear magnetic vector potential A, which generates a constant
magnetic field B, does not satisfy the assumptions of Proposition 5.12. However, an appro-
priately chosen magnetic vector potential A of a smooth, compactly supported magnetic field
B, does meet the conditions of Proposition 5.12.
Moreover, by Theorem X.22 in [31], a magnetic vector potential A ∈ L4(R3) + L∞(R3) with
∇ ·A ∈ L2(R3) + L∞(R3) satisfies the conditions of Proposition 5.12.

Lemma 5.15. Let J (k) be a compact operator on L2(R3k) and let ε > 0. Suppose V ∈ L∞(R3)
with V (x) → 0 as |x| → ∞. Assume that the magnetic vector potential A : R3 → R3 is such
that the one-particle operator V (x) 1

1+ε
√

1+h
is compact on L2(R3), where h = (−i∇ + A)2.

Then the operator

J (k) V (x1 − xk+1)
1

1 + ε
√

1 + hk+1

(5.74)

is compact on L2(R3(k+1)).

Proof. It is enough to show the compactness of the operator

K ≡ J V (x− y)
1

1 + ε
√

1 + h
, (5.75)

on L2(R3)⊗L2(R3), where J is a compact one-particle operator on L2(R3) and h is a magnetic
operator in the variable y. To this end we will use the fact that the set of compact operators
is closed under the operator norm. In order to prove that the operator K is compact, it is
therefore enough to approximate it with an operator norm convergent sequence of compact
operators. Moreover, it is a fact that the finite rank operators are dense in the set of compact
operators on L2(R3) (see e.g. Theorem VI.12 and Theorem VI.13 in [32]).

Since V is bounded and vanishes at infinity, it can be approximated by a sequence of
compactly supported bounded functions Vn such that ‖V − Vn‖∞ → 0 as n→∞. Since∥∥∥∥J V (x− y)

1
1 + ε

√
1 + h

− J Vn(x− y)
1

1 + ε
√

1 + h

∥∥∥∥ ≤ ‖J‖ ‖V − Vn‖ ∥∥∥∥ 1
1 + ε

√
1 + h

∥∥∥∥ → 0

(5.76)
as n→∞, we can from now on assume V to be compactly supported and bounded.
Moreover, since J is compact, it can be approximated by a sequence (Jn)n of finite rank
operators such that ‖J − Jn‖ → 0 as n→∞. We have∥∥∥∥J V (x− y)

1
1 + ε

√
1 + h

− Jn V (x− y)
1

1 + ε
√

1 + h

∥∥∥∥ ≤ ‖J − Jn‖ ‖V ‖ ∥∥∥∥ 1
1 + ε

√
1 + h

∥∥∥∥ → 0

(5.77)
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as n→∞. It is therefore sufficient to show that Jn V (x−y) 1
1+ε
√

1+h
is compact. By linearity,

we can assume that Jn is a rank one operator, i.e. Jn = |ψ〉〈φ| for some ψ, φ ∈ L2(R3). By
another approximation argument, we can assume that ψ and φ actually have compact support.
The kernel of the operator T ≡ Jn V (x− y) 1

1+ε
√

1+h
is then

T (x, y;x′, y′) = ψ(x)φ(x′)V (x′ − y)
1

1 + ε
√

1 + h
(y; y′). (5.78)

Since φ and V are both compactly supported, φ(x′)V (x′ − y) vanishes for |y| ≥ R for some
large enough R > 0. We are therefore free to insert the characteristic function χR(y) =
1{|y| ≤R}:

T (x, y;x′, y′) = ψ(x)φ(x′)V (x′ − y)χR(y)
1

1 + ε
√

1 + h
(y; y′). (5.79)

The characteristic function χR is obviously bounded and compactly supported. By assump-
tion, χR 1

1+ε
√

1+h
is then a compact operator on L2(R3). With the same approximation ar-

gument as above, we can assume that it is a rank one operator |f〉〈g| for some f, g ∈ L2(R3).
So T has kernel

T (x, y;x′, y′) = ψ(x)φ(x′)V (x′ − y) f(y) g(y′) (5.80)

and its Hilbert-Schmidt norm∫
dx dx′ dy dy′ |T (x, y;x′, y′)|2 =

∫
dx dx′ dy dy′ |ψ(x)|2 |φ(x′)|2 |V (x′ − y)|2 |f(y)|2 |g(y′)|2

(5.81)
is finite, because V is bounded and ψ, φ, f, g ∈ L2(R3). Hence, T is a Hilbert-Schmidt operator
and in particular compact, which completes the proof.

Remark 5.16. We would like to thank Prof. Erdős for showing us the proof of Lemma 5.15.



Chapter 6

Projections method

In the first part of this chapter we will explain the approach by Knowles and Pickl to derive
effective evolution equations from quantum dynamics for mean-field systems for arbitrary
dimension d. In the second part we will apply their method to mean-field systems with
magnetic fields. This latter part only treats d = 3 dimensions.

6.1 Outline of the method

We shall consider interaction potentials V ∈ L2(Rd) + L∞(Rd). The analysis of [24] can
be extended to more singular interaction potentials. This requires further technicalities and
assumptions about the initial state that are more stringent. In order to understand the main
idea of the method we will therefore restrict ourselves to the above class of potentials, which
includes the important case of Coulomb interactions for d = 3. The exposition in this section
largely follows that in [24].

The method relies on controlling the quantity

αN (t) = E
(1)
N (t) = 1− 〈ϕt, γ(1)

N,tϕt〉 (6.1)

over its evolution in time. We saw in Chapter 2 that E(1)
N (t) in turn controls the trace norm

distance of all higher k-particle marginals γ(k)
N,t from the corresponding factorised solutions of

the infinite hierarchy, |ϕt〉〈ϕt|⊗k. We will compute the derivative of αN (t) and show that it
satisfies an estimate of the form

α̇N (t) ≤ AN (t) +BN (t)αN (t). (6.2)

Then, by Grönwall’s Lemma,

αN (t) ≤
(
αN (0) +

∫ t

0
dsAN (s)

)
e

R t
0 dsBN (s). (6.3)

The scaling of AN and BN with N will then give the appropriate behaviour of αN as N →∞.

To simplify the notation in what follows, we rewrite the Hamiltonian (1.7) as

HN =
N∑
j=1

hj +
1
N

N∑
i<j

Vij =: H0
N +HV

N , (6.4)
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where Vij := V (xi − xj).

We make the following assumptions:

(A1) The one-particle Hamiltonian h is self-adjoint and bounded from below. Without loss
of generality we assume that h ≥ 0. We define the Hilbert space XN = Q(H0

N ) as the
form domain of H0

N with norm

‖ψ‖XN := ‖(1+H0
N )1/2ψ‖2. (6.5)

(A2) The Hamiltonian HN is self-adjoint and bounded from below. We also assume that
Q(HN ) ⊂ XN , where Q(HN ) is the form domain of HN .

(A3) The interaction potential V is a real and even function satisfying V ∈ Lp1 +Lp2 , where
2 ≤ p1 ≤ p2 ≤ ∞.

(A4) The solution ϕt to the Hartree equation (1.11) with initial data ϕ ∈ X1 ∩ Lq1 satisfies

ϕt ∈ C(R;X1 ∩ Lq1) ∩ C1(R;X∗1 ), (6.6)

where 2 ≤ q2 ≤ q1 ≤ ∞ are defined by

1
2

=
1
pi

+
1
qi
, i = 1, 2. (6.7)

Here X∗1 denotes the dual space of X1, i.e. the closure of L2 under the norm ‖ϕ‖X∗1 :=
‖(1 + h)−1/2ϕ‖2.

We can now state the main result.

Theorem 6.1 (Knowles-Pickl, [24]). Let ψN ∈ Q(HN ) satisfy ‖ψN‖2 = 1, and ϕ ∈ X1 ∩Lq1
satisfy ‖ϕ‖2 = 1. Assume that the assumptions (A1) - (A4) hold. Then

αN (t) ≤
(
αN (0) +

1
N

)
eφ(t), (6.8)

where

φ(t) := 32‖V ‖Lp1+Lp2

∫ t

0
ds (‖ϕ(s)‖q1 + ‖ϕ(s)‖q2). (6.9)

Using the results of Chapter 2 we obtain

Corollary 6.2. Let the sequence ψN ∈ Q(HN ), N ∈ N, satisfy the assumptions of Theorem
6.1 as well as

E
(1)
N (0) ≤ C

N
. (6.10)

for some C > 0. Then we have

E
(k)
N (t) ≤ (C + 1)

k

N
eφ(t), R

(k)
N (t) ≤ 2

√
C + 1

√
k

N
eφ(t)/2. (6.11)
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Remark 6.3. For an initially factorised state ψN = ϕ⊗N , we have trivially E(1)
N (0) = 0, and

Corollary 6.2 reads

E
(k)
N (t) ≤ k

N
eφ(t), R

(k)
N (t) ≤ 2

√
k

N
eφ(t)/2. (6.12)

This implies that for every fixed k ∈ N and every fixed t ∈ R:

lim
N→∞

tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ = 0. (6.13)

Remark 6.4. In some cases it is convenient to modify the assumptions as follows. Replace
(A3) and (A4) with

(A3’) The interaction potential V is a real and even function satisfying

‖V 2 ∗ |ϕ|2‖∞ ≤ K‖ϕ‖2X1
(6.14)

for some constant K > 0. Without loss of generality we assume that K ≥ 1.

(A4’) The solution ϕt of (3.3) satisfies

ϕt ∈ C(R;X1) ∩ C1(R;X∗1 ). (6.15)

Then Theorem 6.1 and Corollary 6.2 hold with

φ(t) = 32K
∫ t

0
ds ‖ϕs‖2X1

. (6.16)

The proof even simplifies. One replaces (6.54) with (6.14), and (6.43) with

‖V ∗ |ϕ|2‖∞ ≤ 2K‖ϕ‖2X1
, (6.17)

which follows directly from (6.14).

Proof of Theorem 6.1. We introduce the projection operators

p(t) := |ϕt〉〈ϕt| and q(t) := 1− p(t), (6.18)

where 1 is the identity on L2(Rd). For j ∈ {1, . . . , N} we use the notation

pj(t) = 11 ⊗ . . .⊗ 1j−1 ⊗ p(t)⊗ 1j+1 ⊗ . . .⊗ 1N (6.19)

and qj(t) = 1L2(RNd) − pj(t) . Next, define

Pk(t) :=
∑

a∈{0,1}NP
j aj=k

N∏
j=1

pj(t)1−ajqj(t)aj (6.20)

and set Pk(t) = 0 if k /∈ {0, 1, ..., N}. Pk(t) has the following properties:

(i) Pk(t) is an orthogonal projection,
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(ii) Pk(t)Pl(t) = δklPk(t),

(iii)
∑N

k=0 Pk(t) = 1L2(RNd).

Moreover, for any function f : Z→ C with supp(f) ⊆ {0, 1, . . . , N} we define the operator

f̂(t) :=
N∑
k=0

f(k)Pk(t). (6.21)

It follows that
f̂(t)ĝ(t) = f̂g(t), (6.22)

and that f̂(t) commutes with pj(t) and Pk(t). We will often use the functions

m(k) :=
k

N
, n(k) :=

√
k

N
for k ∈ {0, 1, . . . , N} (6.23)

and m(k) = n(k) := 0 otherwise. From the definition of qj(t) and Pk(t) we obtain

1
N

N∑
j=1

qj(t) =
1
N

N∑
j=1

N∑
k=0

qj(t)Pk(t) =
1
N

N∑
k=1

kPk(t) = m̂(t). (6.24)

By the symmetry of the wave function ψN,t and the definition of partial trace, this allows us
to rewrite αN (t) as

αN (t) = 1− 〈ϕt, γ(1)
N,tϕt〉 = 〈ψN,t, q1(t)ψN,t〉 = 〈ψN,t,

1
N

N∑
j=1

qj(t)ψN,t〉

=
N∑
k=1

k

N
〈ψN,t, Pk(t)ψN,t〉 = 〈ψN,t, m̂(t)ψN,t〉.

(6.25)

Let us emphasise what αN (t) does. The part of ψN,t where k of the N particles are not in
the state ϕt (i.e. 〈ψN,t, Pk(t)ψN,t〉) is given the weight k

N . Thus, intuitively, αN (t) counts the
relative number of particles which are not in the state ϕt.

Now we introduce the shift operation τn, n ∈ Z, defined on functions f through

(τnf)(k) := f(k + n). (6.26)

We will use the following lemma several times in the main part of the proof of Theorem 6.1.

Lemma 6.5. Let A be an operator acting on L2(Rd)⊗ L2(Rd) and define A1,2 := A⊗ 13 ⊗
. . .⊗ 1N . Let Qi, i = 1, 2, be two operators of the form

Qi = #1#2, (6.27)

where # denotes either p(t) or q(t). Then

Q1A1,2f̂(t)Q2 = Q1τ̂nf(t)A1,2Q2, (6.28)

where n = n2 − n1 and ni is the number of factors q(t) in Qi (ni can be either 0, 1 or 2).
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Proof. Define

P
(2)
k (t) =

∑
a∈{0,1}N−2P

j aj=k

N∏
j=3

pj(t)1−ajqj(t)aj . (6.29)

Then

f̂(t)Qi = Qif̂(t) =
N∑
k=0

f(k)QiPk(t) =
N∑
k=0

f(k)QiP
(2)
k−ni(t) =

N∑
k=0

f(k + ni)QiP
(2)
k (t).

(6.30)
Using the fact that A1,2 commutes with P

(2)
k (t) we therefore obtain

Q1A1,2f̂(t)Q2 =
N∑
k=0

f(k + n2)Q1A1,2P
(2)
k (t)Q2

=
N∑
k=0

f(k + n2)Q1P
(2)
k (t)A1,2Q2

=
N∑
k=0

f(k + n2 − n1)Q1Pk(t)A1,2Q2

= Q1(̂τnf)(t)A1,2Q2.

(6.31)

Estimate of α̇N (t):
We can now proceed to the main part of the proof and derive a Grönwall - type estimate on
α̇N (t). We use the abbreviations

V ϕt := V ∗ |ϕt|2, Hϕt :=
N∑
j=1

hj + V ϕt
j . (6.32)

Let ψ ∈ L2(RNd). From the assumption (A4) we deduce for j ∈ {1, ..., N} that

∂t 〈ψ, pj(t)ψ〉 = (−i) 〈ψ,
[
(hj + V ϕt

j ), pj(t)
]
ψ〉 = (−i) 〈ψ, [Hϕt , pj(t)]ψ〉 (6.33)

using the fact that [(hi + V ϕt
i ), pj(t)] = 0 for i 6= j. We also have

∂t 〈ψ, qj(t)ψ〉 = (−i) 〈ψ, [Hϕt , qj(t)]ψ〉. (6.34)
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Thus, using (6.25) and the symmetry of ψN,t, we obtain

α̇N (t) = ∂t 〈ψN,t, m̂(t)ψN,t〉
= i 〈ψN,t, [HN , m̂(t)]ψN,t〉 − i 〈ψN,t, [Hϕt , q1(t)]ψN,t〉

= i 〈ψN,t, [HN , m̂(t)]ψN,t〉 − i 〈ψN,t, [Hϕt ,
1
N

N∑
j=1

qj(t)]ψN,t〉

= i 〈ψN,t, [HN −Hϕt , m̂(t)]ψN,t〉

= i 〈ψN,t, [
1
N

N∑
i<j

Vij −
N∑
j=1

V ϕt
j , m̂(t)]ψN,t〉

=
i

2
〈ψN,t, [(N − 1)V12 −NV ϕt

1 −NV
ϕt

2 , m̂(t)]ψN,t〉.

(6.35)

Notice that the one-particle operator h drops out of the expression. This is the reason why
the method can account for several types of one-particle operators in the same way.

In order to estimate α̇N (t) we introduce

1L2(RNd) = (p1(t) + q1(t))(p2(t) + q2(t)) (6.36)

on both sides of the commutator and expand the expression. Several of the 16 resulting terms
vanish because of Lemma 6.5. More precisely, all terms with an equal number of factors q(t)
on both sides of the commutator vanish. Only three types remain:

i

2
〈ψN,t, p1(t)p2(t) [(N − 1)V12 −NV ϕt

1 −NV
ϕt

2 , m̂(t)] q1(t)p2(t)ψN,t〉 (I)

i

2
〈ψN,t, q1(t)p2(t) [(N − 1)V12 −NV ϕt

1 −NV
ϕt

2 , m̂(t)] q1(t)q2(t)ψN,t〉 (II)

i

2
〈ψN,t, p1(t)p2(t) [(N − 1)V12 −NV ϕt

1 −NV
ϕt

2 , m̂(t)] q1(t)q2(t)ψN,t〉 (III).

All in all, we have

α̇N (t) = 2(I) + 2(II) + (III) + complex conjugates. (6.37)

It remains to estimate each of the three terms. To this end we use the following heuristics.
We control the singularities of V with p(t) by using the regularity of the solution ϕt of the
Hartree equation. Factors q(t) give something small of the order αN (t).

Estimate of (I): Observe first that

p2(t)V12p2(t) = p2(t)V ϕt
1 . (6.38)

This can be seen explicitly on the level of kernels. Dropping the irrelevant indices x3, y3, . . . ,
xN , yN we have

(p2(t)V12p2(t))(x1, x2; y1, y2) =
∫

dz ϕt(x2)ϕt(z)V (x1 − z)δ(x1 − y1)ϕt(z)ϕt(y2)

= δ(x1 − y1)ϕt(x2)ϕt(y2)
∫

dz V (x1 − z)|ϕt(z)|2

= δ(x1 − y1)ϕt(x2)ϕt(y2)(V ∗ |ϕt|2)(x1)
= (p2(t)V ϕt

1 )(x1, x2; y1, y2).

(6.39)
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Thus,

(I) =
i

2
〈ψN,t, p1(t)p2(t) [(N − 1)V12 −NV ϕt

1 −NV
ϕt

2 , m̂(t)] q1(t)p2(t)ψN,t〉

=
i

2
〈ψN,t, p1(t)p2(t) [(N − 1)V ϕt

1 −NV
ϕt

1 , m̂(t)] q1(t)p2(t)ψN,t〉

= − i
2
〈ψN,t, p1(t)p2(t) [V ϕt

1 , m̂(t)] q1(t)p2(t)ψN,t〉

= − i

2N
〈ψN,t, p1(t)p2(t) [V ϕt

1 , q1(t)] q1(t)p2(t)ψN,t〉

= − i

2N
〈ψN,t, p1(t)p2(t)V ϕt

1 q1(t)p2(t)ψN,t〉.

(6.40)

Here we used (6.38) as well as p1(t)q1(t) = 0 in the first step and (6.24) in the fourth step to
replace m̂(t). Now we can bound (I) trivially by

|(I)| ≤ 1
2N
‖V ϕt‖∞ =

1
2N
‖V ∗ |ϕt|2‖∞. (6.41)

Note that now it is the regularity of the Hartree wave function that allows us to control the
singularities of V in the right-hand side of (6.41): Indeed, from assumption (A3) we know
that

V = V (1) + V (2), V (i) ∈ Lpi . (6.42)

Using Young’s inequality, we obtain

‖V ∗ |ϕt|2‖∞ ≤ ‖V (1)‖p1‖ϕt‖2r1 + ‖V (2)‖p2‖ϕt‖2r2 , (6.43)

where r1 and r2 are defined by

1 =
1
pi

+
2
ri
. (6.44)

Thus,
‖V ∗ |ϕt|2‖∞ ≤ (‖V (1)‖p1 + ‖V (2)‖p2)(‖ϕt‖r1 + ‖ϕt‖r2)2. (6.45)

Taking the infimum over all decompositions (6.42) we obtain

‖V ∗ |ϕt|2‖∞ ≤ ‖V ‖Lp1+Lp2 (‖ϕt‖r1 + ‖ϕt‖r2)2. (6.46)

Observe that the assumptions (A3) and (A4) imply

2 ≤ ri ≤ q1 for i = 1, 2. (6.47)

Assumption (A4) and Lp-interpolation (8.9) therefore ensure that the right-hand side of (6.46)
is finite. Thus

|(I)| ≤ 1
2N
‖V ‖Lp1+Lp2 (‖ϕt‖r1 + ‖ϕt‖r2)2. (6.48)

Estimate of (II): Proceeding analogously as before, we have

(II) =
i

2
〈ψN,t, q1(t)p2(t)[(N − 1)V12 −NV ϕt

1 −NV
ϕt

2 , m̂(t)]q1(t)q2(t)ψN,t〉

=
i

2
〈ψN,t, q1(t)p2(t)[

N − 1
N

V12 − V ϕt
2 , q1(t) + q2(t)]q1(t)q2(t)ψN,t〉

=
i

2
〈ψN,t, q1(t)p2(t)

N − 1
N

V12q1(t)q2(t)ψN,t〉 −
i

2
〈ψN,t, q1(t)p2(t)V ϕt

2 q1(t)q2(t)ψN,t〉.
(6.49)
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Hence,

|(II)| ≤ 1
2
|〈ψN,t, q1(t)p2(t)V12q1(t)q2(t)ψN,t〉|+

1
2
|〈ψN,t, q1(t)p2(t)V ϕt

2 q1(t)q2(t)ψN,t〉|.
(6.50)

By (6.46) the second term of (6.50) is bounded by

1
2
|〈ψN,t, q1(t)p2(t)V ϕt

2 q1(t)q2(t)ψN,t〉| =
1
2
|〈q1(t)ψN,t, p2(t)V ϕt

2 q2(t)q1(t)ψN,t〉|

≤ 1
2
‖V ϕt‖∞‖q1(t)ψN,t‖22

≤ 1
2
‖V ‖Lp1+Lp2 (‖ϕt‖r1 + ‖ϕt‖r2)2αN (t),

(6.51)

where we used that ‖q1(t)ψN,t‖22 = 〈ψN,t, q1(t)ψN,t〉 = αN (t).

Next we bound the first term of (6.50). Using the Cauchy-Schwarz inequality and applying
(6.38) to V 2, we get

1
2
|〈ψN,t, q1(t)p2(t)V12q1(t)q2(t)ψN,t〉|

≤ 1
2

√
〈ψN,t, q1(t)p2(t)V 2

12p2(t)q1(t)ψN,t〉
√
〈ψN,t, q1(t)q2(t)ψN,t〉

=
1
2

√
〈ψN,t, q1(t)p2(t)(V 2 ∗ |ϕt|2)1p2(t)q1(t)ψN,t〉

√
〈ψN,t, q1(t)q2(t)ψN,t〉.

≤ 1
2

√
‖V 2 ∗ |ϕt|2‖∞‖q1(t)ψN,t‖22‖q1(t)ψN,t‖2

=
1
2

√
‖V 2 ∗ |ϕt|2‖∞αN (t).

(6.52)

In order to estimate ‖V 2 ∗ |ϕt|2‖∞ we proceed as before. Using the splitting (6.42) and
applying Young’s inequality we obtain

‖V 2 ∗ |ϕt|2‖∞ ≤ 2‖(V (1))2 ∗ |ϕt|2‖∞ + 2‖(V (2))2 ∗ |ϕt|2‖∞
≤ 2‖V (1)‖2p1‖ϕt‖

2
q1 + 2‖V (2)‖2p2‖ϕt‖

2
q2

≤ 2(‖V (1)‖p1 + ‖V (2)‖p2)2(‖ϕt‖q1 + ‖ϕt‖q2)2.

(6.53)

Taking the infimum over all decompositions gives

‖V 2 ∗ |ϕt|2‖∞ ≤ 2‖V ‖2Lp1+Lp2 (‖ϕt‖q1 + ‖ϕt‖q2)2. (6.54)

Hence from (6.51) and (6.52) we finally obtain

|(II)| ≤ 1
2
‖V ‖Lp1+Lp2

(√
2(‖ϕt‖q1 + ‖ϕt‖q2) + (‖ϕt‖r1 + ‖ϕt‖r2)2

)
αN (t). (6.55)
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Estimate of (III):

(III) =
i

2
〈ψN,t, p1(t)p2(t)[(N − 1)V12 −NV ϕt

1 −NV
ϕt

2 , m̂(t)]q1(t)q2(t)ψN,t〉

=
i

2
N − 1
N
〈ψN,t, p1(t)p2(t)[V12, q1(t) + q2(t)]q1(t)q2(t)ψN,t〉

= i
N − 1
N
〈ψN,t, p1(t)p2(t)V12q1(t)q2(t)ψN,t〉.

(6.56)

Next, observe that the operator n̂−1(t) :=
∑N

j=0

(
k
N

)−1/2
Pk(t) is bounded on the range of

q1(t), because
n̂(t)n̂−1(t) = 1− P0(t) and P0(t)q1(t) = 0. (6.57)

Hence,

|(III)| ≤ |〈ψN,t, p1(t)p2(t)V12n̂(t)n̂−1(t)q1(t)q2(t)ψN,t〉|
= |〈ψN,t, p1(t)p2(t)τ̂2n(t)V12n̂

−1(t)q1(t)q2(t)ψN,t〉|

≤
√
〈ψN,t, p1(t)p2(t)τ̂2n(t)V 2

12τ̂2n(t)p1(t)p2(t)ψN,t〉
√
〈ψN,t, n̂−2(t)q1(t)q2(t)ψN,t〉

≤
√
〈ψN,t, p1(t)p2(t)τ̂2n(t)(V 2 ∗ |ϕt|2)1τ̂2n(t)p1(t)p2(t)ψN,t〉

√
N − 1
N

√
αN (t)

≤
√
‖V 2 ∗ |ϕt|2‖∞ ‖τ̂2n(t)ψN,t‖2

√
αN (t)

≤
√
‖V 2 ∗ |ϕt|2‖∞

√
〈ψN,t, m̂(t)ψN,t〉+

2
N

√
αN (t)

=
√
‖V 2 ∗ |ϕt|2‖∞

√
αN (t) +

2
N

√
αN (t)

≤
√
‖V 2 ∗ |ϕt|2‖∞ 2(αN (t) +

1
N

).

(6.58)

Here we used Lemma 6.5 in the first step and the Cauchy-Schwarz inequality in the second
step. In the third step we applied (6.38) to V 2 and used the fact that

〈ψN,t, n̂−2(t)q1(t)q2(t)ψN,t〉 =
1

(N − 1)N

N∑
i 6=j
〈ψN,t, m̂−1(t)qi(t)qj(t)ψN,t〉

≤ 1
(N − 1)N

N∑
i,j=1

〈ψN,t, m̂−1(t)qi(t)qj(t)ψN,t〉

=
N

N − 1
〈ψN,t, m̂−1(t)m̂2(t)ψN,t〉

=
N

N − 1
αN (t).

(6.59)

Moreover, in the fourth step we used

‖τ̂2n(t)ψN,t‖2 =
√
〈ψN,t, τ̂2m(t)ψN,t〉 ≤

√
〈ψN,t, m̂(t)ψN,t〉+

2
N
. (6.60)
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Inserting the estimates (6.48), (6.55) and (6.58) into (6.37) yields

|α̇N (t)| ≤ 4|(I)|+ 4|(II)|+ 2|(III)| ≤ 1
N
BN (t) +BN (t)αN (t), (6.61)

where
BN (t) := 2‖V ‖Lp1+Lp2

(
6(‖ϕt‖q1 + ‖ϕt‖q2) + (‖ϕt‖r1 + ‖ϕt‖r2)2

)
. (6.62)

Using L2-norm conservation ‖ϕt‖2 = 1 and 2 ≤ ri ≤ qi, we obtain by Lp-interpolation (8.9)
that ‖ϕt‖2ri ≤ ‖ϕt‖qi . Hence,

BN (t) ≤ 16‖V ‖Lp1+Lp2 (‖ϕt‖q1 + ‖ϕt‖q2). (6.63)

Finally, coming back to the Grönwall estimate,

αN (t) ≤ (αN (0) +
1
N

)(
∫ t

0
dsBN (s))e

R t
0 dsBN (s) ≤ (αN (0) +

1
N

)e2
R t
0 dsBN (s), (6.64)

which completes the proof.

6.2 Inclusion of a magnetic field

We can now state the strongest result of this thesis. We prove that with the projections
method one can include a reasonably general class of external magnetic fields. The overall
result for three dimensions is as follows.

Theorem 6.6. Let V ∈ L∞(R3) or V (x) = λ
|x| , λ ∈ R, and assume that the magnetic

vector potential A : R3 → R3 satiesfies assumption (A). We consider the mean-field quantum
dynamics generated by the Hamiltonian

HN =
N∑
j=1

(−i∇xj +A(xj))2 +
1
N

N∑
i<j

V (xi − xj). (6.65)

Let ϕ ∈ H1
A(R3) with ‖ϕ‖2 = 1 and set ψN = ϕ⊗N . Let ψN,t = e−iHN tψN and denote by ϕt

the solution to the magnetic Hartree equation (3.3) with initial data ϕt=0 = ϕ. Denote by
γ

(k)
N,t the k-particle marginals associated with ψN,t. Then there exists a constant C > 0 such

that, for k ∈ N and t ∈ R,

tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ ≤ 2

√
k

N
eCt (6.66)

holds for all N ≥ k. In particular, this implies for every fixed k ∈ N and every fixed t ∈ R

lim
N→∞

tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ = 0. (6.67)

Proof. Assume that V (x) = λ
|x| , λ ∈ R. The case V ∈ L∞(R3) is easier and therefore omitted.

We will verify the assumptions (A1), (A2), (A3’) and (A4’). The assertion then follows from
Theorem 6.1, Corollary 6.2 and Remark 6.4.

Note that the form domain X1 is the magnetic Sobolev space H1
A(R3).
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(A1) The one-particle Hamiltonian h = (−i∇+ A)2 is positive and self-adjoint by Theorem
2 in Leinfelder and Simader [26].

(A2) Theorem X.16 and Example 2 in Section X.2 in [31] show that the operator HV
N =∑N

i<j
λ

|xi−xj | is infinitesimally small with respect to the operator
∑N

j=1−∆j . The-

orem 2.4 in [1] then implies that HV
N is also infinitesimally small with respect to

H0
N =

∑N
j=1 (−i∇j +A)2. Hence, by the Kato-Rellich Theorem 8.12, HN is self-adjoint

on the domain D(H0
N ) of H0

N and bounded from below.
Moreover, this implies that H0

N is HN -bounded. Using Theorem X.18 in [31], we infer
that H0

N is form-bounded with respect to HN . By the definition of form-boundedness,
Q(HN ) ⊂ Q(H0

N ).

(A3’) The Coulomb interaction potential V (x) = λ
|x| , λ ∈ R, is a real and even function. For

every ϕ ∈ H1
A(R3) we have

‖V 2 ∗ |ϕ|2‖∞ = sup
x∈R3

∣∣∣∣∫
R3

λ2

|x− y|2
|ϕ(y)|2 dy

∣∣∣∣
≤ 4λ2‖∇x−y|ϕ|‖22
= 4λ2 ‖∇x|ϕ|‖22
≤ 4λ2 ‖(−i∇x +A)ϕ‖22
≤ 4λ2‖ϕ‖2H1

A
.

(6.68)

Here we used Hardy’s inequality (8.10) in the second line, the translational invariance
of ∇ in the third line and the diamagnetic inequality (8.11) in the fourth line.

(A4’) Theorem 3.3 states that the solution ϕt of the magnetic Hartree equation (3.3) with
initial data ϕ satisfies

ϕt ∈ C(R;H1
A) ∩ C1(R;H−1

A ) (6.69)

and that furthermore, we have sup {‖ϕt‖H1
A
| t ∈ R} <∞. Thus

φ(t) = 32K
∫ t

0
ds ‖ϕs‖2H1

A
≤ 32K

(
sup {‖ϕt‖H1

A
| t ∈ R}

)2
t. (6.70)

Hence, for every k ∈ N and t ∈ R, we have

tr
∣∣∣γ(k)
N,t − |ϕt〉〈ϕt|

⊗k
∣∣∣ ≤ 2

√
k

N
eφ(t)/2 ≤ 2

√
k

N
eCt (6.71)

with C ≡ 16K
(

sup {‖ϕt‖H1
A
| t ∈ R}

)2
, which completes the proof.

Remark 6.7. Note that the verification of the global well-posedness of the magnetic Hartree
equation (3.3) in (A4’) required the biggest effort in the proof of Theorem 6.6. This was
worked out in Chapter 3.

Remark 6.8. Theorem 6.6 also holds for the class of potentials V ∈ L3(R3) + L∞(R3). For
example, all potentials of the type V (x) = λ

|x|α , λ ∈ R and 0 ≤ α < 1, belong to this class.
We now sketch briefly how to verify (A2), (A3’) and (A4’) for this class of potentials.
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(A2) If V ∈ L3(R3) + L∞(R3), then also V ∈ L2(R3) + L∞(R3). Since all potentials V ∈
L2(R3) + L∞(R3) are −∆-bounded (see e.g. the proof of Theorem X.15 in [31]), the
same argument as above applies.

(A3’) Let V ≡ V1 + V2 ∈ L3(R3) + L∞(R3) with V1 ∈ L3(R3) and V2 ∈ L∞(R3), and let
ϕ ∈ H1

A(R3). Then

‖V 2 ∗ |ϕ|2‖∞ = sup
x∈R3

∣∣∣∣∫
R3

|V (x− y)|2|ϕ(y)|2 dy
∣∣∣∣

≤ 2 sup
x∈R3

∣∣∣∣∫
R3

(|V1(x− y)|2 + |V2(x− y)|2)|ϕ(y)|2 dy
∣∣∣∣

≤ 2 sup
x∈R3

∣∣∣∣∫
R3

|V1(x− y)|2|ϕ(y)|2 dy
∣∣∣∣+ 2 ‖V2‖∞ ‖ϕ‖22

≤ 2 ‖V1‖23 ‖ϕ‖26 + 2 ‖V2‖∞ ‖ϕ‖22
≤ 2C ‖V1‖23 ‖∇|ϕ|‖22 + 2 ‖V2‖∞ ‖ϕ‖22
≤ 2C ‖V1‖23 ‖(−i∇+A)ϕ‖22 + 2 ‖V2‖∞ ‖ϕ‖22
≤ (2C ‖V1‖23 + 2 ‖V2‖∞) ‖ϕ‖2H1

A
.

(6.72)

Here we used the Hölder inequality in the fourth line, the Sobolev inequality in the fifth
line and the diamagnetic inequality (8.11) in the sixth line.

(A4’) This follows from Theorem 3.4 and Remark 3.12 (notice that V ∈ L3(R3) + L∞(R3)
implies V ∈ L3/2(R3) + L∞(R3)).
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Conclusion

In this thesis three different approaches to the study of mean-field quantum dynamics have
been reviewed. It proved possible to adapt these methods to include a magnetic field in three
dimensions. This required several non-trivial modifications of the methods. In particular, it
was necessary to establish the global well-posedness of the magnetic Hartree equation (3.3).
The results pertain to a reasonable class of magnetic vector potentials satisfying the assump-
tion (A). This includes the physically relevant case of a constant magnetic field.

For bounded interaction potentials V , a magnetic field could be included by all three
methods. The perturbative expansion of the BBGKY hierarchy in Chapter 4 and the com-
pactness argument in Chapter 5 both gave the convergence (1.18) to the limiting dynamics
determined by the solution to the magnetic Hartree equation. The compactness argument
is considerably more involved than the perturbative expansion and does not yield a better
result. However, among the two methods, only the compactness method might be extendable
to the case of including a magnetic field for singular interaction potentials. This would be an
interesting topic to pursue further.

The projections method was used in Chapter 6 to include a magnetic field not only for
bounded potentials, but also for the Coulomb potential. Moreover, an estimate on the rate
of convergence of (1.18) was attained. This approach therefore gave the strongest result ob-
tained in this work.

It is desirable to extend these results to a larger class of magnetic vector potentials. The
methods in Chapters 4, 5 and 6 would allow this. However, the necessary global well-posedness
of the magnetic Hartree equation depends crucially on the class of vector potentials satisfying
the assumption (A). For those vector potentials the magnetic Strichartz’s estimates by Ya-
jima hold. These estimates are at the heart of the proof of global well-posedness in Chapter
3. Suitable magnetic Strichartz’s estimates, allowing e.g. for less regular vector potentials
without decay assumptions, would immediately improve our results.

Furthermore, it would be interesting to find out whether one can also include a magnetic
field in arbitrary dimension d ≥ 2. The magnetic Strichartz’s estimates by Yajima hold for
all dimensions d ≥ 2. For bounded interaction potentials V , the global well-posedness of the
magnetic Hartree equation can then be derived in exactly the same way as in Chapter 3.
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For bounded potentials, the approaches in Chapters 4 and 6 apply without change for any
dimension d ≥ 2. For the compactness argument in Chapter 5 to work, minor modifications
have to be made. The proof of Proposition 5.6 relies on showing the compactness of the
operator (5.39). The presented proof of the latter does not go through in higher dimensions,
one would have to introduce additional cut-offs. However, Proposition 5.10 is the crucial
ingredient of the second approach to the proof of Proposition 5.6. Its proof can be easily
generalised to arbitrary dimensions. It suffices to go through the same scheme of (5.64) using
the general form (8.14) of the relativistic heat kernel.

For the potential V (x) = λ
|x| , λ ∈ R, in dimensions d ≥ 3, the global well-posedness of the

magnetic Hartree equation can actually be established. Moreover, the projections method in
Chapter 6 to include a magnetic field in the mean-field quantum dynamics also works for this
potential. Both cases rely essentially on applying Hardy’s inequality (8.10) and the diamag-
netic inequality (8.11). These inequalities hold for all d ≥ 3.
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Appendix

8.1 Partial trace and reduced density matrices

In the following let H1,H2 be two separable Hilbert spaces and set H = H1 ⊗H2.

Definition 8.1. Let T be a trace class operator on the tensor product H. There then exists
a unique operator trH2 T ∈ L1(H1) such that

tr (trH2 T )A = trT (A⊗ 1H2) (8.1)

holds for every compact operator A ∈ K(H1). This operator trH2 T is called the partial trace
of T with respect to H2. Note that on the left-hand side of (8.1), the trace is taken on L1(H1),
while on the right-hand side it is taken on L1(H).

The existence of the partial trace follows from duality: The mapping A 7→ trT (A⊗ 1H2)
is a bounded linear functional on K(H1) and K(H1)∗ = L1(H1). One can show that the partial
trace trH2 T ∈ L1(H1) is equivalently characterised by requiring that, for any orthonormal
basis {ξj}j∈N of H2, we have

〈ϕ, (trH2 T )ψ〉H1 =
∞∑
j=1

〈ϕ⊗ ξj , Tψ ⊗ ξj〉H ∀ϕ,ψ ∈ H1. (8.2)

Proposition 8.2. The partial trace satisfies the following relations:

tr trH2(T ) = trT ∀T ∈ L1(H) (8.3)

T ≥ 0 ⇒ trH2(T ) ≥ 0 ∀T ∈ L1(H) (8.4)

trH2(T1 ⊗ T2) = T1 · trT2 ∀T1 ∈ L1(H1) ∀T2 ∈ L1(H2) (8.5)

tr |trH2(T )| ≤ tr |T | ∀T ∈ L1(H). (8.6)

Definition 8.3. A density matrix on a Hilbert space is a positive self-adjoint trace class
operator with unit trace.

Suppose γ is a density matrix on H1 ⊗ H2. Then by (8.3) and (8.4), the partial trace
trH2(γ) is a density matrix on H1. It is called the reduced density matrix of γ with respect
to H1.

If the Hilbert space is L2(Rn), the operation of taking the partial trace on density matrices
can be formulated in terms of kernels.
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Proposition 8.4. Let H1 = L2(Rn) and H2 = L2(Rm) for some n,m ∈ N and let γ be a
density matrix on H1⊗H2 with integral kernel γ(x, y;x′, y′). Then trH2(γ) has integral kernel

γ(H2)(x;x′) =
∫

Rm
dy γ(x, y;x′, y), (8.7)

where the integral is rigorously defined via the canonical decomposition of γ in terms of its
eigenfunctions.

See the appendix in [12] or Chapter 2 in [30] for more information on partial trace and
density matrices.

8.2 Lp - estimates

Theorem 8.5 (Young’s inequality). Let 1 ≤ p, q, r ≤ ∞ with 1+ 1
r = 1

p+ 1
q and let f ∈ Lp(Rd),

g ∈ Lq(Rd). Then
‖f ∗ g‖r ≤ ‖f‖p ‖g‖q. (8.8)

Theorem 8.6 (Lp-interpolation). Let 1 ≤ p ≤ q ≤ ∞ and let f ∈ Lp(Rd) ∩ Lq(Rd). Let
θ ∈ (0, 1) and define r by 1

r = θ
p + 1−θ

q . Then f ∈ Lr(Rd) and

‖f‖r ≤ ‖f‖θp ‖f‖1−θq . (8.9)

Theorem 8.7 (Hardy’s inequality). For any d ≥ 3 and ψ ∈ H1(Rd) we have

(d− 2)2

4

∫
Rd

|ψ(x)|2

|x|2
dx ≤

∫
Rd
|∇ψ(x)|2 dx. (8.10)

8.3 Diamagnetic inequalities

Proposition 8.8 (Diamagnetic inequality). Let A ∈ L2
loc(Rd; Rd) and let ϕ ∈ H1

A(Rd). Then
|ϕ| ∈ H1(Rd) and the diamagnetic inequality

|∇|ϕ|(x)| ≤ |(−i∇+A)ϕ(x)| (8.11)

holds pointwise for almost every x ∈ Rd.

Proof. See Theorem 7.21 in [27].

Theorem 8.9 (Non-relativistic diamagnetic inequality). Let A ∈ L2
loc(Rd; Rd). Then, for

e > 0 and for almost every x, y ∈ Rd,∣∣∣∣ 1
e+ (−i∇+A(x))2

(x, y)
∣∣∣∣ ≤ 1

e−∆
(x, y). (8.12)

Proof. See Theorem 4.4 in [28].
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Theorem 8.10 (Relativistic diamagnetic inequality). Let A ∈ L2
loc(Rd; Rd). Then, for e > 0

and for almost every x, y ∈ Rd,∣∣∣∣ 1
e+ | − i∇+A(x)|

(x, y)
∣∣∣∣ ≤ 1

e+
√
−∆

(x, y). (8.13)

The relativistic heat kernel at t > 0 is given by

e−t
√
−∆(x, y) = Γ(d+1

4 )π−(d+1)/2 t

(t2 + |x− y|2)(d+1)/2
. (8.14)

Proof. See Theorem 4.4 in [28].

8.4 Kato-Rellich - Theorem

Definition 8.11. Let A and B be densely defined linear operators on a Hilbert space H with
norm ‖ · ‖. Suppose that:

(i) D(B) ⊃ D(A)

(ii) For some a, b ∈ R and all ϕ ∈ D(A),

‖Bϕ‖ ≤ a‖Aϕ‖+ b‖ϕ‖. (8.15)

Then B is said to be A-bounded. The infimum of such a is called the relative bound of B with
respect to A. If the relative bound is zero, we say that B is infinitesimally small with respect
to A.

Theorem 8.12 (Kato-Rellich). Suppose that A is self-adjoint, B is symmetric, and B is
A-bounded with relative bound a < 1. Then A + B is self-adjoint on D(A) and essentially
self-adjoint on any core of A. Further, if A is bounded from below by M , then A + B is
bounded below by M −max{b/(1− a), a|M |+ b}, where a and b are given by (8.15).

Proof. See Theorem X.12 in [31].

8.5 f(x)g(−i∇) - Theorem

Theorem 8.13. Let f, g ∈ L2(Rd) and define an operator f(·)g(−i∇) : L2(Rd)→ L2(Rd) by

(f(·)g(−i∇)ψ)(x) = f(x)(g(·)ψ̂)∨(x) , ψ ∈ L2(Rd). (8.16)

Then
‖f(x)g(−i∇)‖L2 =

1
(2π)d/2

‖f‖2‖g‖2. (8.17)

In particular, if f and g are in the L∞ - closure of L2(Rd) ∩ L∞(Rd), then the operator
f(·)g(−i∇) is compact.

Proof. See the proof of Theorem 4.1 in [36].
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8.6 Grönwall - Lemma

Lemma 8.14 (Grönwall). Let η(·) be a nonnegative, absolutely continuous function on [0, T ],
which satisfies for a.e. t the differential inequality

η′(t) ≤ ψ(t) + φ(t)η(t), (8.18)

where ψ(t) and φ(t) are nonnegative, summable functions on [0, T ]. Then

η(t) ≤
(
η(0) +

∫ t

0
dsψ(s)

)
e

R t
0 ds φ(s) (8.19)

for all 0 ≤ t ≤ T .

Proof. See e.g. Section (j) of the Appendix B in [15].
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Mâıtrise, Masson, Paris, 1983.

[6] Thierry Cazenave, Semilinear Schrödinger equations, Courant Lecture Notes in Mathe-
matics, vol. 10, New York University Courant Institute of Mathematical Sciences, New
York, 2003.

[7] Thierry Cazenave and Maria J. Esteban, On the stability of stationary states for nonlinear
Schrödinger equations with an external magnetic field, Mat. Apl. Comput. 7 (1988), no. 3,
155–168.

[8] Anne De Bouard, Nonlinear Schroedinger equations with magnetic fields, Differential
Integral Equations 4 (1991), no. 1, 73–88.
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