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Chapter 1

Introduction

The aim of this thesis is to investigate the mean-field quantum dynamics of boson systems
subject to an external magnetic field. We will outline three different approaches to mean-
field quantum dynamics and present our results on how to adapt these methods to include a
magnetic field.

1.1 Quantum mechanics of many-body systems

A quantum mechanical system of N particles in d dimensions can be described by a complex-
valued wave function ¢y (21, ..., zx) € L?(RVY) with the normalisation condition |[1x /|2 = 1.
The position of the j-th particle is denoted by z; € R? for j € {1,...,N}. The square of
the modulus of the wave function, |x(x1,...,zn)|?, can be interpreted as the probability of
finding the first particle at position z1, ..., and the N-th particle at position .

There are two different types of particles in Nature: bosons and fermions. The wave
function of N indistinguishable bosons is symmetric with respect to permutations of the
variables, i.e.

@/JN(xﬂ(l),ww(Q), N ,xﬂ(N)) = wN(acl, Ty ,xN) (1.1)
for all permutations 7 of {1,2,..., N}. In contrast, the wave function of N indistinguishable
fermions is antisymmetric with respect to permutations of the variables, i.e.

'(Z}N($7T(1)7$7r(2)’ s 7x7r(N)) = (71)sgn7r wN(mla L2y v:CN) (1'2)

for all permutations 7 of {1,2,..., N}, where sgnm denotes the sign of the permutation 7.

Physical observables are given by self-adjoint operators A on L?(R™?). If the system is in
the state ¥, the expectation value of a measurement with the observable A is given by

<wN7 A¢N> = /Nd d(l)l . d:L’NwiN(.Tl, ey .CCN)(AwN)(.Tl, . ,l’N). (13)
R

For example, the multiplication operator x; is the observable measuring the position of the

J-th particle and the differential operator —iV,; is the observable measuring the momentum

of the j-th particle.
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The time evolution of the system is governed by the Schrédinger equation

i0, =H )

PN NNt (1.4)
YN t=0 = YN,

in which 9y ; denotes the wave function of the system at time ¢, Hy is the Hamiltonian of
the system and ¢, is the initial state of the system at time ¢ = 0. Here and henceforth, the
subscript ¢ to a quantity denotes its time-dependence.

The Hamiltonian Hy is the energy observable of the system. For a many-body system
with two-particle interactions, it has the form

N
Z (hj 4 U (25) +>\ZV i — ;). (1.5)

1<j

The first part of the Hamiltonian is a sum of one-particle operators where the sum over the
one-particle operators h; is the kinetic part of the Hamiltonian. The function Uyt : R? — R
is an external potential acting on every particle in the same way. It describes for example
a confining potential which traps the particles in a certain region. The second part of the
Hamiltonian is a sum over all pairs of particles and the interaction between the particles is
described by the potential V : R? — R. A € R is a coupling constant.

For non-relativistic quantum systems the kinetic energy operator is h = —A. An external
magnetic field is accounted for by taking h = (—iV + A(z))? where A : R — R? is the
magnetic vector potential. For systems where relativistic effects cannot be neglected, one
typically adopts the semi-relativistic treatment by choosing h = /1 — A.

Under appropriate conditions of A and V', the Hamiltonian Hpy can be self-adjointly re-
alised in L2(RN9). Then ¢y, = e Nty is the solution to the Schrédinger equation (1.4)
by Stone’s Theorem and there is conservation of mass and energy, i.e.

[¥nlle = |

and <wN7 HN¢N> = <¢N,t, HNd}N,t) for all t € R. (16)

1.2 Dynamical analysis in the mean-field regime

We are interested in the dynamics of a large system of IV identical and spinless bosons in d
dimensions. A typical real-world example for such a system is a dilute Bose-Einstein conden-
sate which contains N ~ 10% — 101% atoms (see e.g. [25]).

In principle, the dynamics of the system is determined by solving the Schrodinger equa-
tion. Owing to the large particle numbers, it is practically impossible to derive an explicit
solution. Also, numerical simulations are hopeless. However, one does not necessarily need
to know the evolution of every particle in the system. Typical observables in experiments
involve only a small number of particles, usually one or two. Therefore, the interest is rather
towards macroscopic properties of the system which result from averaging over a large number
of particles.
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Throughout this thesis, we consider the description of (1.5) in the mean-field regime. This
is a natural approximation which one usually adopts to obtain a first qualitative understanding
of a many-body quantum system. It allows us to derive effective evolution equations which
are on the one hand at least numerically solvable and which on the other hand give a very
good approximate description of the macroscopic behaviour of the system. The mean-field
Hamiltonian is given by

N N

1

Hy = Zhj-i-NZV(l’i—xj), (1.7)
j=1 i<j

where h is the one-particle operator. The scaling % in front of the potential describes very

weak interactions among the particles. It also ensures that the kinetic and potential energy

are of the same order in N. Moreover, we consider only a condensate as initial data, i.e.

N
(... zn) = [] ela;) (1.8)
i=1

for some ¢ € L?(R?). These factorised states are of physical interest because they can ap-
proximately describe states close to the ground state of Hpy. Physically, such a mean-field
model could describe a dilute, cold Bose gas or a gravitating Boson star far away from collapse.

Since the initial data 1y = p®" is factorised and the interaction between the particles
is only very weak, it is reasonable to expect that the wave function of the system will stay
approximately factorised over the time evolution. That is, we expect in a sense to be made
more precise later on, that also at time t > 0,

N
@Z)N¢(SL’1,...,$N) = H QOt(l‘j) (19)
j=1

for a one-particle wave function ¢; € L?(R?). Note that this cannot hold as an identity for
wave functions in L2(RN?) because the interaction creates correlations between the particles.
Heuristically, when ¢+ is essentially factorised as in (1.9), the particles are distributed inde-
pendently in space with probability density |;|>. By the law of large numbers, one therefore
expects that the total interaction potential experienced by a single particle at position z; in
the limit N — oo will be

N N
1 1
N V@—a) = 3 [ V- plawPdy = (1 o) ). (1.10)
J#i j#i TR
This suggests that the one-particle wave function ¢; obeys the Hartree equation

i0ppr = hor + (V * |90t‘2)<Pt>
Pt=0 = P-

(1.11)

The main goal in the study of mean-field quantum dynamics is to prove rigorously that
the limiting dynamics as N — oo is indeed given by the solution ¢; to the Hartree equation.
Unfortunately, we cannot expect that ||[¢n s — @2 || r2mnay — 0 holds as N — oo. Simple
examples show that this notion of convergence is too strong.
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However, we already mentioned the good news that many physical observables only act on a
smaller number of particles, say k particles, out of the overall N particles. In order to be able
to predict the time evolution of the expectation value of measurements of such observables
one actually does not need the “full information” contained in ;. The appropriate objects
which we have to introduce are density matrices and their k-particle marginals. These are
suitable objects to describe macroscopic properties of the system. They will give rise to a
weaker notion of “closeness” (1.9) and we will be able to prove that the limiting dynamics is
determined by the solution ¢; to the Hartree equation in this weaker sense. The macroscopic
properties of the system, computed in the limiting regime N — oo, are then expected to
be a good approximation for the macroscopic properties observed in experiments, where the
number of particles N is very large, but finite.

Let oy € L2(RNY), |[wn]l2 = 1, be the symmetric wave function of a state of N identical
bosons. With 1 we associate the density matrix

YN = [YN) (YN, (1.12)

i.e. the orthogonal projection onto the state y¥n. The operator vy is a positive trace class
operator on L?(RN%) with unit trace. These properties are more generally the definition of a
density matrix.

As a trace class operator, vy has an integral kernel vy (xx;x/y) which is given by

N (XN Xy) = YN (xN) YN (X)) (1.13)

For every k € {1,...,N} we also define the corresponding k-particle marginal density or

reduced density matrix 'y](\l,c) as the partial trace over the last (N — k) particles:

k
’Y](V) = Iy, N]IN- (1.14)

One obtains the integral kernel of v](\l;) by integrating out the last (N — k) particles from the
integral kernel of yy:

k
’Yz(v)(Xk;XZ) _/ dX N YN (Xke, XN 3 Xy, XN—k)- (1.15)
R(N—k)d

This last equation can be considered as the definition of the partial trace of a density matrix.
It is easy to verify that ’y](\lfl is then a density matrix on L2(R*?). See [30] and [32] for a com-
prehensive account of the properties of trace class operators and integral kernels of operators.
The precise definition of the partial trace is given in Appendix 8.1.

Here we use the notation: xy = (21,...,2n), Xy = (2,...,2%) € RV and x;, =
(1,...,21), X, = (2],...,2}) € R* as well as xy_ = (Tpy1,...,zn) € RINTF with
Tj, T} cReforjec{l,...,N}.

A system in the state ¥ can equivalently be described in terms of the associated density
matrix vy. The expectation value of a measurement with an observable A on the system is
then given by

(N, AYPn) = tr Ayn. (1.16)
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Moreover, if J*) is a k-particle operator we have for the expectation value of a measurement
with J*) on the N-particle system

(Wn, (J® @ Ly_p)pn) = tr (J® @ Ly_p)yy = tr JE4E, (1.17)

Note that on the right-hand side of (1.17) the trace is only taken over k particles. So in order
to predict the outcome of a measurement with J*) on the evolved system at a later time
(k)

t > 0, it is enough to know the k-particle marginal density ~y,/; associated with the wave
function 1y of the system at that time.

We argued above that we expect the limiting dynamics to be given by the solution ¢; to
the Hartree equation (1.11). Therefore, we would hope to approximate fy](\];)t with |g) (¢ |F
in the limit N — oo. Since these operators are all of trace class, a natural norm for this
approximation is the trace norm on the space £!(L?(R¥?)) of trace class operators on L?(R¥?).

We would therefore hope to show that for every fixed k € N and every fixed t € R,
lim tr 4\ — @k =0 1.18
Jim ey~ e e = 0 (118)

The study of mean-field quantum dynamics has a relatively long history. The first proof
of the convergence (1.18) for non-relativistic systems with bounded interaction potentials was
established by Spohn [37] in 1980. An overview of results on mean-field quantum dynamics
is given in Section 1.4.

The following graphic illustrates the guiding principle of the effective description of mean-
field quantum dynamics: By considering only the k-particle marginals associated with the
state of a system one can approximate in the limit N — oo the many-body linear dynamics
with the one-body nonlinear Hartree dynamics. Note though that by passing from the density
matrix vy to a reduced density matrix ’y](\]f), one loses irreversibly information about the
system.

partial trace (k) *k
1N N W == |l
many-body one-body nonlinear (1 19)
linear dynamics Hartree dynamics :
partial trace (k) N—oo k
Nt YNt TNt o) (e ]®

1.3 Our model: assumptions and main result

In this thesis we investigate the mean-field quantum dynamics with magnetic fields of a sys-
tem of IV identical and spinless bosons. We restrict the analysis to the physically relevant
case of three dimensions. In the concluding remarks in Chapter 7 we also comment on other
dimensions.

Throughout we will make the following assumption regarding the magnetic vector poten-
tial A : R3 — R3 and the generated magnetic field B = V x A:

Assumption (A). Let A € C°(R3;R3) and define B = V x A. Assume that there exists



6 1. Introduction

€ > 0 such that

0% B(x)]
0% A(z)]

Co(1 + |z|)~0+e) Vel >1,Vz e R,

<
< Oy, V]a| > 1,Vz € R3,

where C,, are constants depending only on the multi-index a.

For A € L? (R3;R3) we define the magnetic Sobolev space as

loc
H)(R®) = {p € L*(R®) | (—iV + A)p € L*(R*)}. (1.20)
This allows us to state our strongest result.

Theorem 6.6. Let V € L®(R3) or V(z) = ﬁ, A € R, and assume that the magnetic
vector potential A : R® — R3 satiesfies assumption (A). We consider the mean-field quantum

dynamics generated by the Hamiltonian

N 1 N
Hy =) (=iVy, + A(z)))* + - > Vi — ). (1.21)
j=1 i<j

Let ¢ € H}X(RS) with ||¢||2 = 1 and set Yy = p®N. Let YNt = e Nty and denote by oy
the solution to the initial value problem for the magnetic Hartree equation

iOrpr = (—iV + Ao + (V * o) o, (1.22)
Pt=0 = .

Denote by 7](\1;:)1: the k-particle marginals associated with . Then there exists a constant
C > 0 such that, for k € N and t € R,

k k
tr ’%(v)t - |‘Pt><90t|®k‘ < 2y e (1.23)
holds for all N > k. In particular, this implies for every fized k € N and every fixed t € R

dim b 38, — e (]| = 0. (1.24)

1.4 A short history of known results

Unless stated otherwise, the following results refer to the case h = —A.

The first results establishing a relation between the many-body Schrodinger evolution and
the nonlinear Hartree dynamics for smooth interaction potentials V' were obtained by Hepp
in [23]. Ginibre and Velo generalised his results to singular potentials in [20] and [21]. Their
work was inspired by techniques from quantum field theory.

The first proof of the convergence (1.18) for bounded potentials V € L>®(R?) was given
by Spohn [37] in 1980. His method is based on expanding the BBGKY hierarchy of evolu-
tion equations for marginals. Since then, there has been a flourishing activity in research on



1.4 A short history of known results 7

mean-field quantum dynamics. Progress has been made mainly in two directions: First, to
show the convergence (1.18) for more singular potentials and second, to obtain estimates on
the rate of convergence of (1.18).

In [12], Erdés and Yau generalised and extended Spohn’s method to the Coulomb poten-
tial V(x) = ﬁ, A € R, which is of particular physical interest. Partial results in this direction
had been obtained before by Bardos, Golse and Mauser (see [2] and [3]). The method was ex-
tended by Elgart and Schlein in [10] to the case of semi-relativistic energy, i.e. h = /1 — A,
and Coulomb interactions. This case is technically more demanding, because the kinetic
and potential energy have the same scaling behaviour and the corresponding Hamiltonian is
energy-critical.

A different approach to the non-relativistic case with Coulomb interactions was taken by
Frohlich, Knowles and Schwarz in [18]. Their proof of (1.18) relies on dispersive estimates
and the counting of Feynman graphs.

Moreover, in [17] Frohlich, Graffi and Schwarz consider for smooth potentials the mean-field
limit uniformly in Planck’s constant A. This allows them to combine the semi-classical limit
and the mean-field limit.

In [33], Rodnianski and Schlein proved the convergence (1.18) for Coulomb interactions
using an idea of Hepp [23]. They obtained an estimate on the rate of convergence of the type:

C(k
tr [y — e (™| < jﬁ)em)t, (1.25)

where C(k), K (k) > 0 are k-dependent constants.

Under the more restrictive conditions that the interaction potential V' is bounded and has an
integrable Fourier transform, Erdds and Schlein proved in [11] a better estimate on the rate
of convergence:

k2 ]
tr |7\ — (e ®F| < Cy e (1.26)

for some constants C1, Co, C3 > 0.

More recently, Knowles and Pickl took yet another approach to show the convergence (1.18).
By considering a different, but equivalent indicator for the convergence (1.18) they were able
to derive estimates on the rate of convergence for more singular potentials. For instance in
the non-relativisitc case in three dimensions, they obtain for singularities at the origin up to,
but not including, the type 1/|z|3/2, the estimate:

k
tr |7y — |@t><@t|®k‘ < 2\/;6“ (1.27)

for some constant C > 0. Their method can also treat the semi-relativistic case and it can
be extended to even more singular potentials.

Parallel to the above investigations on the mean-field regime for many-body quantum
systems, a further analysis was carried out to deal with more realistic hard-core, short-range
interactions. This translates into a modification of the interaction term in the Hamiltonian
(1.7). One replaces the mean-field potential 4V (z) with a term of the form % Vy(z), where
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Vi converges to a delta-interaction potential as N — oco. The emerging one-body effective
description is then given by the nonlinear Gross-Pitaevskii equation

{ iOupr = —Apt + oo, (1.28)

Pt=0 = ¥,

for some o € R. Notice that the Gross-Pitaevskii equation (1.28) is formally obtained from
the Hartree equation (1.11) with A = —A by inserting “V(z) = od(z)”.

Although the general treatment of this model goes through the conceptual scheme presented
in this thesis, genuinely new tools are needed to control the singular scaling of the delta-
interaction. For a comprehensive overview of this subject we refer to the review [34].

1.5 Outline of the thesis

This thesis is organised as follows.

Chapter 2:
We study the relationship between two indicators for the factorisation of the k-particle

(k)

marginals vy} in the limit N — oo. We also present an improved estimate (2.16).

Chapter 3:

We prove the global well-posedness of the magnetic Hartree equation for a fairly general
class of magnetic vector potentials which includes the physically relevant case of a constant
magnetic field. Its global well-posedness is an important prerequisite for the study of the
mean-field quantum dynamics with magnetic fields in the subsequent chapters.

Chapter 4:

We use a method based on the perturbative expansion of the BBGKY hierarchy to study the
mean-field quantum dynamics with magnetic fields for bounded interaction potentials in three
dimensions. The method was introduced by Spohn in [37] and we present minor modifications
in order to adapt it to the magnetic case.

Chapter 5:

Using a compactness argument based on the BBGKY hierarchy we study the mean-field quan-
tum dynamics with magnetic fields for bounded interaction potentials in three dimensions.
The method was developed by Bardos, Erdés, Golse, Mauser and Yau in [2], [3] and [12]. We
present several non-trivial modifications, in particular Propositions 5.3, 5.6, 5.10 and 5.12, to
adapt it to the magnetic case.

Chapter 6:

In the first part, we outline the projections method introduced by Knowles and Pickl in [24]
for mean-field quantum dynamics in arbitrary dimension d. In the second part we apply their
method to the case of mean-field quantum dynamics with magnetic fields in three dimensions
for bounded potentials and also for the Coulomb potential.
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1.6 Conventions and notation

A subscript t to a variable denotes the time-dependence of this variable.

/

LIN), Xy =
: /

,xN) with zj, 2% €

We use the following abbrevations for the position variables: xy = (z1,..
(@), ..., 2y), xp = (z1,...,28), X, = (2],...,2}) and xn_ = (Tht1,- .-
RY for j € {1,...,N}. The dimension d is usually clear from the context. Also we use
Vj =V, and V) = Vx;.

Let h : L?(R?) — L%*(R%) be a one-particle operator, N € N and j € {1,...,N}. Then
the operator h; is always understood to act on an N-particle wave function in L?*(RN) as
the operator 1; ® ---1;_1 ®@h; @ Lj11 ®@--- 1.

Let 1 < p < oo. The conjugate exponent p’ to p is defined through the relation I%—F Z% =1.

The symbols C,C’ stand for generic positive constants that may depend on some fixed
parameters; their concrete value may change in the course of an estimate.

List of symbols:

H a Hilbert space
() the scalar product of a Hilbert space, linear in the second argument
XY Banach spaces
XY X C Y with continuous injection
LP(RY) = L the space of functions f : R? — C such that | f1 Lr () < 00, where
1
(Jpadz[f(2)[P)r if1<p<oo,
£l e ray = ,

ess sup ,cpa|f(2)] if p = oc.
[ =l
|- llpr+p2 = || - [[Ler+Lr2, where || fl|Lo1yLee = infr—p 4, [ f1llzor + [ f2] Lr2
C(RY) the space of smooth functions with compact support on R¢
H'(RY) = H! the Sobolev space of functions on R? such that || f|| ;1 < oo,

HARY) = 1}

(I, X)

LP(I,X)

where || f[I7, = [£1I3 + IV£13

the magnetic Sobolev space of functions on R such that || f|| HY < 09,
where |[f[[7 = /15 + |(=iV + A) f3

the space of continuous functions from I to X, I C R an interval

the space of measurable functions f : I — X such that
£l zr(1,x) < 00, where

v = {(J} at @)%

ess supye; | f()]x  if p = oo.
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HP(I,X) the space of functions f € LP(I, X) such that f’ € LP(I, X)
in the sense of distributions
La(I,L") the space of functions f(t,z): I x R — C, I C R an interval, with
1
I lzocrzry = (St (fpada ] £ 2)7) ") < o
L(X,)Y) the space of bounded linear operators from X to Y
L(H) the space of bounded linear operators on H
K(H) the space of compact linear operators on ‘H
LP(H) the p-th trace ideal of L(H), i.e. the space of operators A € L(H)
such that tr |A]P < oo
Ly = L(H®F)
Lp = L' (H®F)
Il 1l the operator norm on £(X,Y)
- llze the £P-norm, || - |[zr = (tr|- [7)!/7
oS A o' the partial trace of a density matrix v with respect
to the particles ji,..., 7
[A, B] the commutator AB — BA
D(A) the domain of an operator A

the form domain of an operator A



Chapter 2

Indicators of convergence

We have introduced the trace norm distance

k k
REV)(t) = tr "7](\/1 -

)

|30t><90t|®k‘ (2.1)

as a meaningful indicator of the closeness ¥y ; ~ cp?N in (1.9), more precisely as an indicator

of the factorisation of *y](\lf)t in the limit NV — oco. However, one can also consider the indicator

EP () == 1— (pPF, /8 0Eh). (2.2)

These two indicators are equivalent in the sense that the vanishing of either one of the two as
N — oo implies the vanishing of the other one. However, they differ when considering explicit
rates of convergence. In Chapters 4 and 5 we will be working with the indicator RS\I;) (t), while
we will be focusing on the indicator E](\lf) (t) in Chapter 6.

In this chapter, we intend to take a closer look at the relationship between the two quantities
R )( t) and 2 )( t). The exposition follows largely that of Section 2 in [24]. In addition, we
present an improved estimate (2.16).

Let us first consider two examples illustrating the fact that one cannot expect ¥n; ~
got to hold in L?-norm for large N, but that the convergence of the trace norm distance

tr 7](Vt loe) (|| — 0 as N — oo is feasible.

Example 2.1. Let f,g € L*(R?) with || f[2 = ||lg]l2 = 1 and define ¢ = f&V, ¥ = g®N. Then
¥, ¢ € L2(RYY) with [|¢[|l2 = [[¢]2 = 1 and

9 — Pl 2gnay = 2—2Re (¢, ) = 2—2Re ({f,9) 2(ay)” — 2 (2.3)

as N — o0, if [(f, g) r2(rey| < 1. Thus, any two distinct product states become orthogonal in
the limit N — oo.

Example 2.2. Let f,g € L*(RY) with || f[l2 = [lglla = 1 and (f, 9) r2(ga) = 0. Define ¢ = f&N
and

§ = (720 0)

sym

\/» Z f(l . f(J D g g f (3+1) ‘® f(N)_ (2.4)
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Then ||¢ — QZH% = |lv|I3 + |4]|2 = 2, while we have for the one-particle marginals

WD =100 A = (el + (V= DIA) (2.5)
and hence,
i1 =2 = |51~ ladal)| < = — 0 (26)

as N — oo. Although in this example “only one particle behaves badly”, the L?-norm is still

too strong. However, the trace norm distance of the two one-particle marginals vanishes in

the limit N — oo and thus encodes the appropriate notion of “closeness” between ’yfbl) and
(1)

’7{5'

In order to investigate the relationship between the two quantities REI\;) (t) and Ej(@(t) we
consider a more general setup than in the other chapters. Let H be a Hilbert space with
inner product (-,-) and induced norm || - ||. We shall use the same notation for the corre-
sponding scalar products and norms on H®*, k € N. In what follows, £ denotes the space
of bounded operators with norm || - || and £P denotes the p-th trace ideal, 1 < p < oo, with
norm || [lg» = (tr] - [7)1.

Lemma 2.3. Let N € N and let v € LY(H®N) be a positive trace class operator with unit
trace. Fork=1,..., N, let ’y(k) € EI(H@“) be the k-particle reduced density matrix associated
with v in the sense of Section 8.1. That is,

(k)

Y = Ay, N Y- (2.7)

Let ¢ € H satisfy ||¢|| =1. For k=1,...,N, define
EW =1 (88 4Bph), (2.8)

Then we have fork=1,...,N
E® < kM, (2.9)

Proof. For k=1,...,N, let (@(k))izl be an orthonormal basis of H®* with @gk) = % By

7
the definition of partial trace as in (8.2), we then have

(% A Bk = S el W o el ) — S pe el 4 p g el Y
izl i>2

= (W) =Y (pe eV W g el
i>2

(2.10)
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Therefore,
(o, 7 M) — (0®F, 7P p®F)
=Y po oV W el
i>2
< ZZ 1 q)(lc 1) (k)¢)§‘1) ® @Z(k_l)>
i>2 j>1 (2.11)
_ Z Z (1) <I>(k 1) (k)q>§'1) ® (I)Z(k—l)> _ Z@?) ® W@(k—l),,y(k)q)gl) ® (p®(k—1)>
i>1 5>1 j>1
—try®) — (p®E=D) (k1) o1y

—1- <¢®(k—1)7 ,y(kfl)90®(k71)>.
This yields
B® < gD 4+ B0, (2.12)

and the claim follows. O

Remark 2.4. The bound (2.9) is sharp. Indeed, suppose that E(*) < k f(k) E® for some
function f. Then
E®) 1—(1—a) 1—(1—a)

k) > > > lim ———2 =1 2.1
f®) TWEED T SR T ka T om0 ka ’ (2.13)

where the second inequality follows by restriction of the supremum to product states *) =
|9) (1| ®*F and writing o = E().

Lemma 2.5. Let k € N and let v%) LY(HEFY be an arbitrary positive trace class operator
with unit trace. Let ¢ € H with ||¢|| = 1. Define

EW =1—(p% 7/ ®e®) and  RY = |7 — o) (0| 1. (2.14)

Then
E® < R®) (2.15)
R¥) < 2/ E®), (2.16)

Proof. We introduce the shorthand notation
= o) (0l ®~. (2.17)
Then
E® = 1— (%, /@) =t (p® — p®Ey®) < |p®) | p®) — 4B = R®), (2.18)
which is (2.15). In order to prove (2.16) we introduce the splitting
B~ =l
=™ + 1 = p®)y® —p®| s (2.19)
<[lp™ P = pM)l 1+ (2 = p®)y @1
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We estimate the first term of (2.19) by

Ip™ Y = "Iz = 1™ (v *) = pW) 21
p™ ) 22 1p® (v * = p™)|l 22

= (9%, (11)2%) — 2%k 4P p%k) 11)

IN

(NI

1 2.20
< ((p®h,y %) — 2(p®F, 7B 4 1) (2:20)
1
= (1 - (tp®kw(’“)s@®k>>
= VE®),
Now, the second term of (2.19) can be bounded by
1 1
(@ = p® )y < lI2 —p(k))(’y(’“))fllw\\( Nzl
1
= (v )Y ®(1 - ph))?
2
_ (tr (1 — p*Ny® (1 — p<k>)7<k>p<k>)
(2.21)

~ (tr (- )y )
- (1- <s0®’“,’y(’“)sa®k>)
= VE®.

Note that the first step in (2.21) is just the £! — £2 Hélder inequality in the form ||AB| 1 <
| A|BIY2|| g2 ||| B]"?||z2 (see e.g. Chapter 2 in [30] for more details), where A = 1 — |@)(¢]|

and B =~ > 0. Hence,
R¥) < 2/ E®), (2.22)

which is (2.16). O

(ST

Remark 2.6. A weaker estimate R*) < v8E®) is stated in [24]. There the proof is based
on the observation that the trace class operator T := v*) — p(*) can only have one negative
eigenvalue, because 7(*) is nonnegative and p*) is a rank-one projection. This was first
observed by Seiringer (see Remark 1.4 in [33]).

Then the argument proceeds as follows. Let (Ay),,~, be the sequence of eigenvalues of T" and,
say, \o <0. Then 0 =trT =3 2 A, and therefore

Tl = D 1Aal = 22| = 27| < 2|72 (2.23)
n=0
Now
1/2
ITlez = 1% =Wl = [ery® — try®p® — e p®y® 4 gy (p0)2] "~ VaE®,
(2.24)

which yields the result
R®) < /8E®). (2.25)
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Remark 2.7. Up to constant factors the bounds (2.15) and (2.16) are sharp, as the following

examples show. Consider
1 1—a 0

where 0 < a < 1. As above we set p :=

©){p|. Computation gives
E=1-(pvp) =a,  R=trlp—1| = 2a, (2.27)
so that (2.15) is sharp up to a constant factor.

In order to show that in general (2.16) is sharp up to a constant factor, consider

(1 ([ 1-a Va—a? (2.28)
=) " \vame o ) |
where 0 < a < 1. 7 is a density matrix (because it is, in fact, a one-dimensional projector
1€)(£], where £ = ( Y 1/% a> ). A short calculation yields
E=1-{(p,79) = a (2:29)
and
lpy =Pl = Va. (2.30)
Using
Py = plee = lp(y =Pl < llpll Iy = pllee < Iy =plle = R, (2.31)

we obtain for this example
R > VE. (2.32)
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2. Indicators of convergence




Chapter 3

The magnetic Hartree equation

An essential step in the derivation of effective evolution equations from quantum dynamics is
the passage from a many-body linear Schrédinger equation to an effective description via a
one-body nonlinear Schrodinger (NLS) equation. In the analysis presented in the subsequent
chapters we need this equation to be globally well-posed.

The local well-posedness of the Hartree equation for suitable interaction potentials was
first proven by Ginibre and Velo in [22]. Its global well-posedness then follows from en-
ergy methods. Global well-posedness of the magnetic Hartree equation has been established
for a constant magnetic field by Cazenave and Esteban in [7]. Salem also treated the well-
posedness for a constant magnetic field with smooth, compactly supported perturbations of
the magnetic vector field, which are time-dependent, in a web note. NLS equations with more
general magnetic field, but with a power-type nonlinearity, have been addressed in [8] and [29].

In this chapter we will give a detailed derivation of the global well-posedness of the mag-
netic Hartree equation in three dimensions for a slightly more general class of magnetic fields
than those considered in [7]. This class includes constant magnetic fields. The idea of the
proof is to combine magnetic Strichartz’s estimates established by Yajima in [38] with stan-
dard techniques for NLS equations (see [6] for a detailed account of these).

For definiteness, we will work in the physically relevant case of three dimensions in this
and all subsequent chapters. Most of the results actually hold in any dimension d > 2, see
the concluding remarks in Chapter 7.

The exposition and notation in this chapter is oriented towards that of Cazenave in [6]
and we will refer to several results therein. We also refer to the list of symbols in Section 1.6
for some notation.

Let us recall our general assumption on the magnetic vector potential and the generated
magnetic field:

Assumption (A). Let A € C°(R3;R3) and define B = V x A. Assume that there exists
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€ > 0 such that

|0“B()|
0% A(z)]

Co(1 + |z|)~0+2) V]a| > 1,Vz € R3,

<
< Cq V]a| > 1,Vz € R3,
where C,, are constants depending only on the multi-index a.

Note that the vector potential A(x) = %Bg X x generating a constant magnetic field By fulfills
this assumption. Also, smooth, compactly supported perturbations of linear vector potentials
satisfy the hypothesis.

Moreover, the operator (—iV + A)? can be self-adjointly realised on L?(R3?) under the as-
sumption (A). This follows, for instance, from Theorem 2 by Leinfelder and Simader [26].

For A € LZOC(R3; R3) we define the magnetic Sobolev space as
Hi(R®) = {p € L*(R®) | (—iV + A)p € L*(R%)}, (3.1)

where Vi is the distributional gradient of ¢. H}(R3) is actually a Hilbert space under the
inner product

3
(@), )+ D (i) + Ajp, (—i0; + Aj)). (3:2)
7=1
We denote by H;'(R?) the dual space of H}(R?).

In the following we consider the initial value problem for the magnetic Hartree equation,

iOppr = (—iV 4+ A0 + (V * oe*) o,
Pt=0 = $-

(3.3)

The interaction potential V : R?* — R will be specified later and the initial data is ¢ € H}(R3).
Furthermore, we define the associated energy functional

1, 1
E(p) = §||(—ZV+A)90||§ + /RS (Vlo)pl* for ¢ € HA(R®). (3-4)

4

Let us define more precisely the notion of a solution to (3.3) and the notion of local and
global well-posedness of (3.3).

Definition 3.1. Let I > 0 be an interval.
(i) A weak HY-solution of (3.3) on I is a function
¢r € L°(I,Hy) N HY>(I, H") (3.5)
such that i0ypr = (—iV +A)20i+(Vx|oi|?)or holds in Hy' for a.a. t € T and oo = .
(i) A strong HY-solution of (3.3) on I is a function
v € C(I,HY) NCYI,HY) (3.6)

such that idpp; = (—iV + A)2p + (Vx| @i]?) i holds in Hgl forallt € I and p1—g = .
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Definition 3.2. We say that the initial-value problem (3.3) is locally well-posed in H% if the
following properties hold:

(i) For every ¢ € HY(R3) there exists a strong H-solution of (3.3) which is defined on
a mazimal interval I = (—Tmin, Tmaz) With Thae = Tmaz(p) € (0,00] and Thin =
Tomin(p) € (0, 00].

(i) There is uniqueness in HY for the problem (3.3). That is, given any ¢ € H4(R?) and
any interval I 50, any two weak H}l - solutions of (3.3) on I coincide.

(iti) There is the blowup alternative: If Tmae < 00, then limyr,,,, |[¢tll gy = +oo (respec-
tiwely, if Tinin < 00, then we have limy|_7, . H%HH}‘ = 400).

(iv) The solution depends continuously on the initial value, i.e. if @, ~——s ¢ in HY(R3)
and if I C (=Timin(¢), Tmaz(@)) is a closed interval, then the mazimal solution w%n) of
(3.3) with the initial condition 90,@0 = ¢, is defined on I for n large enough and satisfies
o "% gy in O(T, HY (R)).

The problem is globally well-posed if Tynin = Tinar = +00.
We are now in a position to state the main theorem of this chapter.

Theorem 3.3. Let V() = ﬁ, AER, or Ve L®(R3) and assume that the vector potential

A fulfills assumption (A). Let p € HY(R?). Then the initial value-problem (3.3) is globally
well-posed. Moreover there is conservation of mass and energy, i.e.

letlla = llellz - and  E(pr) = E(p)  for allt € R, (3.7)

and sup {[leell gy [t € R} < oo.

The proof of the theorem consists of two steps. We first establish the local well-posedness
of (3.3). Using conservation of mass and energy we then show that the solution actually exists
globally in time.

3.1 Local well-posedness

We first state the theorem that yields the local well-posedness of (3.3) in H}X(R?’). It follows
from an abstract result in [6] on the local well-posedness of NLS-type equations. The main
work in this section will be to justify the assumptions of this abstract result. Here, we consider
more generally, interaction potentials V € LI(R3) + L>®(R?), ¢ > 1. In this way we obtain
the local well-posedness of (3.3) in H}(R3), in particular for the potentials of our interest,
V(z) =g, AeR, and V € L¥(R?).

Theorem 3.4. Let V = V) + Vo € LIY(R?) + L®(R3), q > 1, be real-valued and even with
Vi € LYR3) and Vo € L®(R3). Assume that A : R3 — R3 satisfies assumption (A) and
suppose that the following properties hold:

(i) HY(R3) — LP(R3) for all 2 < p < 6.
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(ii) For every % <p<6,
(1+e(—iV + A4)2) 7" IP(R?) — LP(RY) (3.8)
is continuous for all € > 0, and

sup { || (1 + (=i + A1) " | zminy | < o0, (3.9)

e>0

For j = 1,2 define gj(¢) := (V; x [¢|*) ¢ for ¢ € HA(R?).
(iii) For j =1,2, we have g; € C(HY, Hy") such that g; = G’ for some Gj € CYHY,R).
() For j = 1,2, there exists rj € [2,6) such that
9; € C(HA(RY), 73 (R?)) (3.10)
and such that for every M > 0, there exists Cj(M) < oo such that

195 (#) = g; (D) < Ci(M)lp =Pl (3.11)

L'
for every o, € HY with [l + 1€l g1, < M. Here % + 1 =1, as usual.
J
(v) For j =1,2 and for all ¢ € H4(R?),

Im(g;(¢)@) =0 a.e. in R3. (3.12)

In addition, assume that there is uniqueness for the problem (3.3). Then the initial value
problem (3.3) is locally well-posed in HY(R®). Moreover, there is conservation of mass and
energy, i.e.

letllz = llellz and  E(er) = E(p) (3.13)

for all t € (=Tmin, Tinaz), where o is the solution of (3.3) with initial value pi—g = @ €
HL(R3).

Proof. Properties (i) - (v) are proven in Lemma 3.5 below. Uniqueness for (3.3) is shown in
Proposition 3.8. These are the assumptions of Theorem 3.7.1 in [6], from which the claim
follows. =

In order to prove the assumptions of Theorem 3.4 we will be repeatedly using the following
property of the magnetic Sobolev space. It is given in Proposition 8.8 in the appendix. For
convenience, let us state it here explicitly for three dimensions.

Proposition 8.8 (Diamagnetic inequality). Let A € L} (R3;R3) and let p € H4(R3). Then
lo| € HY(R3) and the diamagnetic inequality

Vil (@) < [(=iV + A)p(z)]
holds pointwise for almost every x € R3.

Proof. See Theorem 7.21 in [27]. O
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We can now prove the main assumptions of Theorem 3.4 summarised in the next lemma.

Lemma 3.5. Let V = Vi + Vo € LY(R3) + L>®(R3), ¢ > 1, be real-valued and even. Assume
that A : R® — R3 satisfies the assumption (A). Then the properties (i) - (v) stated as
assumptions of Theorem 3.4 hold.

Proof. (i) From the diamagnetic inequality (8.11) we know that || € H*(R3) for every ¢ €
H(R3). The Sobolev inequality on R? implies that H*(R3) — L5(R3) and thus H}(R3) —
LS(R3). Since H4(R?) C L?(R?) by definition, we obtain H}(R3) — LP(R3) forall2 <p <6
by interpolation (8.9).

(ii) The proof of Lemma 9.1.3 in [6] given for a linear magnetic vector potential also works
for the more general class of vector potentials satisfying assumption (A).

(iii) and (iv) Set r; = % and rp = 2 as well as p; = ¢ and py = co. Then r; € [2,6) for
j =1,2. Moreover, for j = 1,2, we deduce from Holder and Young’s inequalities that

I(V5 o (wo)) wll 2 < AVjllges lullprs l[ollprs lwllgrs (3.14)

holds for all u,v,w € L™ (R?). This gives g; € C(LTJ',L’"Q) and (3.11). Using that H}(R3) —
LP(R?) for 2 < p < 6 and, by duality, L” (R?) — H'(R?) for 8 < p’ <2, we deduce (3.10)
and that g; € C(H}q;HIZI). For j = 1,2, set

Gile) = [, o) @le(@] da (3.15)

for all measurable ¢ : R® — C such that (V; * |p|?)(z)|p(z)[? is integrable. Again, using
H4(R3) — LP(R?) for 2 < p < 6 and L (R?) — H;'(R?) for g < p' <2, it then follows as
in Proposition 3.2.9 in [6] that G; € C'(H},R) with g; = G';.

(v) This follows from V' being real-valued. O

Finally, we prove the essential assumption of Theorem 3.4, namely that there is uniqueness
in H}l for the problem (3.3). To this end we will use magnetic Strichartz’s estimates estab-
lished by Yajima in [38]. For them to hold, the strong assumption (A) about the magnetic
vector potential is crucial.

Strichartz’s estimates are a means to control the size of the solution to the free Schrodinger
equation

iOppr = —Agpy, pi=0 = ¢ € L*(R%) (3.16)

in terms of the size of the initial data. It turns out that it is particularly useful to estimate

the mixed Lebesgue norms L9(I,L"(R3)), I C R an interval, of the solution ey by the

L?(R3)-norm of the initial data . Since the Schrédinger equation is invariant under the

scaling (t,x) — (A%t, A\z), these estimates should be invariant under it as well. This leads to
the next definition.

Definition 3.6 (Admissible pair). We say that a pair (q,r) is admissible in three dimensions
if

- = - — = 2<r<6. 1
. 3(2 7“) and <r<6 (3.17)

Note that if (q,r) is an admissible pair, then 2 < q < oo.
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A large number of such estimates for the free Schrédinger equation (3.16) has been estab-
lished (see [6] and references therein). Analogous estimates for the free magnetic Schrédinger
equation

iOppr = (—iV + A)?py (3.18)

are considerably less known. An important result in this direction was established by Yajima
in [38]. It implies the following inhomogeneous magnetic Strichartz’s estimate, which we shall
need in the rest of the chapter.

Proposition 3.7 (Inhomogeneous magnetic Strichartz’s estimate). Assume that A : R?® — R3
satisfies assumption (A) and define for t € R the propagator

T(t) = e V" L2(R3) — L2(RP). (3.19)

Let 0 < |T| < oo. If (v, p) is an admissible pair with v > 2 and f € LY ((0,T), L"), then for
every admissible pair (q,r) with ¢ > 2, the function

t
t— Op(t) = /0 dsT(t —s)f(s) (3.20)

belongs to L1((0,T),L"). Furthermore, there exists a constant C, depending only on v, p and
|T|, such that

H(I)fHL‘l((O,T),LT) < C||f||Lv’((o,T),Lp’) (3.21)
for every f € LY ((0,T),L*). In addition, @y e (0,17, L.

Proof. Under the above assumptions, Theorem 4 in [38] by Yajima gives the following explicit
representation of the propagator 7 (t) as an integral operator for short times ¢:
There exists o > 0 such that for ¢ € L?(R3) and 0 < |t| < to,

(T00) @) = s [, €S0t} dy, (322)

(27it)3/2
where S(t,z,y) is real-valued, C! in (¢,2,y), C*® in (x,y) for fixed t, and b(¢,z,y) is C! in
(t,z,y), C* in (z,y) with |8§‘65b(t,a:,y)| < Cyp for any multi-indices a and f3.
Thus, for any 1 € LY(R?) and 0 < |¢| < to, we have

bl
7@l < 1555 Wl (323)

Hence, there exists a K > 0 such that 7 (¢) maps L'(R3) to L°(R3) with a norm less than
K|t|=3/2 for every 0 < |t| < to.

This last statement is the essential assumption of Theorem 2.7.1 in [6] which yields the
claim. O

With the inhomogeneous magnetic Strichartz’s estimate of Proposition 3.7, we can now
show uniqueness for the magnetic Hartree equation (3.3).

Proposition 3.8. Let ¢ € H4(R3) and let V. = Vi +V, € LI(R?) + L>®°(R3), ¢ > 1. If

gogl), %(62) are two weak H}-solutions of (3.3) with initial data p € HY(R3) on some interval

I >0 (bounded or unbounded), then 90751) = <p§2).
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Proof. We use the notation g;(p) = (V; * |p|*)p for j = 1,2. Without loss of generality we
may assume that [ is a bounded interval. By Duhamel’s formula (see Proposition 3.1.3 in
[6]), ¢ is a weak H}-solution of (3.3) on an interval I 3 0 if and only if

2 t
or = Ty —iz / dsT(t —s)g;(ps) fora.a. tel. (3.24)
: 0
It follows that

2
o — o) = Xy/dartsx%w9> g(¢?)) foraa tel  (3.25)

Since cpg) E) € L*(I,HY) by assumption, there exists M > 0 such that M”HH}A +

HQOEZ)HHI < M for all t € I. Then by property (iv) of Lemma 3.5, for j = 1,2, there
exists 7; € [2,6) and C(M) < oo such that for all t € I

lgs (i) = g5 o < G NIt = 6Pl (3.26)

4r;

For j = 1,2, let now ¢; = =) Then (g;,7;) is an admissible pair and ¢; > 2. Let J be an

2)
arbitrary interval such that 0 € J C I. For j =1,2, integration over time yields

lgj (pM) — %wtmq % < (M) et = ol (3.27)

I,
We now apply the magnetic Strichartz’s estimates from Proposition 3.7 for the whole interval
I. For j = 1,2, we then obtain with (v,p) = (gj,r;) for [ = 1,2 and for every interval
0OeJClI:

45709 )~ e < Gllase™) - (o)l

LU(J,L")
< GG [lef” = o

q
L9 (,L5) (3.28)

J(J,L"I)

where we used (3.27) in the second step. Here C; only depends on ¢;, r; and I, but not on
J. Thus, from (3.25) we deduce that for [ = 1,2:

[ ®7n$@w%—mwm

HED T (3)

<ZCC HSOt _SOt HLJ(JLJ)

where we used (3.28) in the second step. Hence, there exists a constant C' > 0 such that

2 2

1 2 1

> llet” = e lwwen < €3 let” = el g, (3:30)
j=1 j=1

for all intervals J such that 0 € J C I. The Proposition now follows from applying Lemma

3.9 below with ¢;(t) = ||g0§1) - SOEZ)HL% aj = qj, bj = g; for j = 1,2, since ¢; < 2 < g; by the

choice of (g;,7;). O
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Lemma 3.9. Let I 50 be an interval. Let 1 < a; < b;j < 0o and ¢; € LY (I) for j =1,2. If
there exists a constant C > 0 such that

2 2
S 165l sy < €S 165l (3.31)
j=1

j=1
for every interval J with 0 € J C I, then ¢1 = ¢2 =0 a.e. on I.
Proof. This Lemma is a simplified version of Lemma 4.2.2 in [6]. O

Remark 3.10. The strong assumption (A) about the magnetic vector potential A in The-
orem 3.3 is needed in order to use Yajima’s magnetic Strichartz’s estimates to show that
there is a priori uniqueness for the initial value problem (3.3). Theorem 3.3 could be easily
generalised to magnetic vector potentials A satisfying less stringent conditions if magnetic
Strichartz’s estimates held for these A’s.

Erdogan, Goldberg and Schlag obtained in [13] magnetic Strichartz’s estimates for dimensions
d > 3 for vector potentials A on which they impose significantly weaker regularity conditions
than Yajima. However, they require decay of A which excludes linear vector potentials and
therefore constant magnetic fields.

Under smallness assumptions about A magnetic Strichartz’s estimates for dimensions d > 3
were obtained by Georgiev, Stefanov and Tarulli in [19]. Their assumptions about A are not
satisfied by linear magnetic vector potentials.

Using either of these magnetic Strichartz’s estimates should allow one to derive similar global
well-posedness results as in Theorem 3.3 for the magnetic Hartree equation under the cor-
responding assumptions about A. However, these cases have less physical interest, because
they do not include the constant magnetic field.

3.2 Global well-posedness

By Theorem 3.4 the magnetic Hartree equation (3.3) is locally well-posed and there is con-
servation of mass and energy. For V(x) = ﬁ, A € R, we shall now prove that it is globally

well-posed. The case V € L®(R3) is easier and therefore omitted.

Proposition 3.11. Let ¢; be the mazximal solution to (3.3) for the interaction potential
V(z) = |7/\|’ A € R, given by Theorem 3.4. Then ¢ is defined globally in time and there is
conservation of mass and energy, i.e.

Iletlla = llellz  and  E(pr) = E(p)  for allt € R. (3.32)
Moreover, sup {|[¢t]| 1 |t € R} < oo.

Proof. ¢, is defined on the maximal interval I = (=Tynin, Tinaz) and conservation of mass
and energy holds on I. Moreover, by the blowup alternative, if Tj,q. < 00, then we have
im0, H%HH}‘ = 400 (respectively, if Ty,in < 00, then we have limy|_7, . ||‘Pt||H}4 = +00).
We now control the H)-norm of ¢; and show that it is uniformly bounded on I. By the
blowup alternative, ¢; must then exist globally in time.
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For t € I we have

1 ) 1
Ble) = IV + el + 5 [V <lo) ol

| b 2 (3.33)
> 51-i7 + e - B[ ko] ot
Using the inequality
1 1
o] S SR Melsa 11{|z|>5}, (3.34)
which holds for all € > 0, we can estimate for arbitrary = € R?
1 2 1 2
— = d
(,,‘*!wtl )(w) /]R3 ,x_y,\%(y)! y
< _ 2y + 1 2d
</, ‘$_y’2|‘pt(y)| Y+ - lee(y)|” dy
(3.35)

1
< de [VanylellI3 + - I3
1
= 4e || Valelll3 + z (e
. 2 1 2
< de[(=iVe + A)eellz + - lleell2-

Here we used Hardy’s inequality (8.10) in the second step, the translational invariance of V
in the third step and the diamagnetic inequality (8.11) in the last step.

Using conservation of mass and energy and choosing € = W, yields for all t € T
2
1 ,
E(p) = E(p) = 1 1(=iV + Dl = AP [l¢ll2, (3.36)
and hence
I(=iV + A3 < 4 (Bl) + [AP[2ll3) - (3.37)
Thus, we have
leell7n < 4 (E(e) + llell3 + IAPllel3) < oo (3.38)
at all times ¢ € I. By the blowup alternative, y; exists globally in time. O

Remark 3.12. The proof of global well-posedness in Proposition 3.11 can be easily adapted
to the more general class of interaction potentials V € L3/2(R3) + L®(R3). For example, all
potentials of the type V(z) = x\av A€ R and 0 < a < 2, belong to this class. We have local
well-posedness of (3.3) for this class of potentials by Theorem 3.4. Let V = V; + V5 with
Vi € L32(R3) and Vo € L®(R3). It is easy to see that we can decompose V in such a way
that [|V1]|3/2 can be made arbitrarily small. We now only show how to perform the analogous
estimate to (3.35). Let z € R? be arbitrary. Then

(il @

< [, Wit =)l o) P dy -+ Velolinl

< [Villssa lell3 + [Valloollorl (3.39)
< C[Villsj2 I¥lodl I3 + 1 Vellooliel?
< CWVillgya (¥ + A)prll3 + [Valloclliotll3
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Here we used the Holder inequality in the second step, the Sobolev inequality in the third

step and the diamagnetic inequality (8.11) in the fourth step.

Moreover, we can derive global well-posedness for the potential V(x) = ﬁ, A € R, under the
1

SR To this end, we make use of Hardy’s inequality (8.10) in the
2

analogous estimate to (3.35).

smallness condition |\| <



Chapter 4

Perturbative expansion of the
BBGKY hierarchy

In this chapter we will prove that for bounded potentials the limiting quantum dynamics for
mean-field systems with magnetic fields in three dimensions is determined by the solution to
the magnetic Hartree equation (3.3). We will apply a method first developed by Spohn in
[37] for non-relativistic mean-field systems, which is based on a perturbative expansion of the
so-called BBGKY hierarchy. We will largely follow the exposition of [35] for the description
of Spohn’s approach. Along the way we will present the minor changes needed to extend this
method in order to include magnetic fields. The main result of this chapter is as follows.

Theorem 4.1. Let V € L*°(R3) and assume that the magnetic vector potential A : R — R3
satisfies assumption (A). We consider the mean-field quantum dynamics generated by the
Hamiltonian

N 1N
Hy = h; + — Viz; —z5), 4.1
N 2 ity Z (i — ;) (4.1)
where h = (—iV + A)? is the magnetic one-particle operator. Let ¢ € HY(R3) with ||¢]l2 = 1
and set Yy = N, Let YNt = e Nty and denote by ¢; the solution to the magnetic
Hartree equation (3.3) with initial data @i—o = @. Denote by fy](\]fi the k-particle marginals
associated with ¥ . Then, for every fized k € N and for every fized t € R, we have

. k
i tr |y = e (1| = 0. (4.2)

Before we can embark on the proof of Theorem 4.1, we have to introduce the BBGKY
hierarchy, the main tool of this and the next chapter. We know that the state of a mean-field
quantum system of N identical bosons is given by a symmetric and normalised wave function
YNt € L?(RN?) whose evolution is governed by the Schrédinger equation (1.4). Equivalently,
we can consider the density matrix v = [¥n ) (¥n,|, whose time evolution is determined
by the von Neumann equation

{ ianN,t = [HN> 'YN,t] ) (4 3)

IN,t=0 = YN-

The description of the dynamics of the system in terms of the wave function ¢y ; and the
Schrodinger equation is equivalent to the description in terms of the density matrix vy and
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the von Neumann equation.

Owing to the interactions between the particles, the dynamics of the k-particle marginal
fy](\];)t cannot be described by a closed equation in fy](\];)t The correct evolution law for ’y](\lf)t is
obtained by taking the partial trace over (N — k) ﬁ)articles in the von Neumann equaéion
and by exploiting the boson symmetry of the marginals. The result is a hierarchy of coupled

evolution equations for k=1,..., N:

k
o (k k 1 k N —k &
0N, = > {h]m(vﬂ + Nz [V(I'i - l‘j)a’Y](VH + D k) [V(g;j — apyr), Y
Jj=1 1<J j=1
k k
Wizo = I -

(4.4)
Here trp 1) denotes the partial trace over the (k + 1)-th particle and we use the convention

that 7](\1;1 =0if k > N. (4.4) is the celebrated BBGKY hierarchy named after the mathe-
maticians and physicists Bogoliubov, Born, Green, Kirkwood and Yvon. Its structure is such
that the time derivative of the k-th marginal is expressed in terms of the k-th marginal and
the (k4 1)-th marginal. Notice that choosing k = N just gives the von Neumann equation, so
that the introduction of the hierarchy of equations might look tautological. But we will see in
this and the next chapter that the BBGKY hierarchy is an appropriate tool for considering
the limiting dynamics as N — oo.

Taking the formal limit N — oo in (4.4) leads to an infinite hierarchy of coupled equations
for a family of marginal densities {’ygz?t}keN:

k
100, = Z [ T t] +th[k+1] [V( T )]a
j=1 Jj=1

(k)

k
PYootO ®

P)/oo [)7

where {’Yéﬁ?o}keN is the family of initial states.

Proof of Theorem 4.1. By Duhamel’s formula we can rewrite each equation of the hierarchy
(4.4) in integral form as

t - t
A = U@+ [ asue- 94820+ EE [asube—9p®fh, 1
0 0

where we defined the free evolution operator

UB 1)y ®) = =it Ejor by (0) it oy by (4.7)
and the operators
k
A(k)’y(k) = —3 Z |:V(.Z‘Z — l‘j), ’Y(k)i| 3 (4'8)
i<j

k
BEYE = i3 gy [V = a0, ). (4.9)

)
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The free evolution operator U *) (t) is well-defined, because the one-particle operator h is self-
adjoint under the assumptions on the magnetic vector potential A (see e.g. Theorem 2 in
[26]). Also, notice that A®) maps k-particle operators into k-particle operators, while B*)
maps (k + 1)-particle operators into k-particle operators.

The infinite hierarchy (4.5) in integral form is given by the equations
t
VB, = u® B+ / dstUM)(t — 5)BHE D (4.10)
0

for every k € N and with initial data {’Yiﬁ?o}keN = {|©){©|®*}ren. One sees by direct inspec-
tion that the family {|os)(p¢|®*}ren is a solution to the infinite hierarchy, where ¢y is the
solution to the magnetic Hartree equation (3.3) with initial data ¢;—9 = ¢. We will actually
see in the third part of the proof of Theorem 5.1 that this family is the unique solution.

(k)’ —

In order to estimate the trace norm distance tr "y](\lf)t — Yoot| = ||7](\l,€)t —'yélz?t|]£1, we iterate

the integral expressions for fy](\]fzt and ’yéﬁ?t. Since we are interested in the limit N — oo for

fixed k£ € N, we understand the second term on the right-hand side of (4.6) as well as the

contribution proportional to % to the third term on the right-hand side of (4.6) as small

perturbations. Iterating the integral equation (4.6) n times, and stopping the iteration every
time we encounter a perturbation, we obtain

k k
ey =UP (07

n—1 t Sm—1
m=1

N,sn,

t Sn—1
+/ dsy -- / dsnu(k)(t — sl)B(k)u(kH)(Sl — S9) - B(k+nf1)7(k+n)
0 0
1 n t Sm—1 )
+ N Z /0 dSl .. /0 dSm Z/[(k) (t _ Sl)B(k‘) .. .u(k‘-ﬁ-m—l) (Smfl - Sm)A(k—’—m_l)f}/](\]Zj;n 1)
m=1

n k‘+m _ 1 t Sm—1 _ m
T2 TN /0 dsy - /0 dsp UM (t = 51)BE) ... pETTDA T,

m=1

(4.11)

Iterating the infinite hierarchy in integral form (4.10) for n times yields

Yoy =UB ()L

00,0

n—1 t Sm—1
3 /O dsy --- /0 Qs UB (& — 1) BOUE (51 — s5) .. Blrm=Dgglrm) () (m)
m=1

Vo0,8n

t Sn—1
n / dsy - / dsn U (¢ — 51 BRUFD (51 — s5) ... Bl+n=1)k4n),
0 0
(4.12)
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Using that ’Yg;?o = 'y](\’;) = |¢){@|®* for all k € N, we begin to estimate the difference

k k
), = 7

t Sn—1
f;Adﬁ~ZA sy AP (¢ — 51) BOUED (5, — 55) .. BlFn=1) (3 (EF0) _ o (himyy

n t Sm—1
+ % Z / dsy / ds;, Hu(k)(t — sl)B(k) .. .z/{(ker—l)(sn%1 _ Sm)A(k+m 1 k+m 1)||

k -1 Sm—1 m
+ Z +m / dsy / ds, ||u(k)(t _ sl)B(k) . ..B(k+m*1)%\’;§m 1.
0
(4.13)

To proceed with the estimate we use the fact that the volume of the n-simplex with side
length t is given by fg dsy--- fosn_l ds,1 = %n, and we use the following bounds. By the
unitarity of the free evolution ) (t) we have

B @B e = e pu® (¥ = r[y®] = 3Ol (4.14)
Since V' is bounded, we have additionally
AW 2o < B2 [V 79 21 (4.15)
and
IBEA V| o < 2k [V 49 21, (4.16)
where we used the fact (see (8.6)) that
tr tr[k+1]7 ‘ < tr‘v (k+1) ‘ (4.17)

We iteratively apply the bounds (4.14), (4.15) and (4.16) to the terms on the right-hand side of

(4.13) and finally use the trivial bounds HVJ(\’;)tHﬁl = vaz’)tﬂg = las well as H%(\];;—yg?tﬂg <
2, which hold for all £ € N, to obtain

®) < 2yt 2 (ktm—1!
=28l < 2V Y ]VEZ L TR
(4.18)
Next we observe that
k4+n—1
(k+n—1)! E+n-—1 kE+n-—1 e
R G I p ) (419)
o =0
and
(k+m—1)! E+m—1 m—1 (k+m—1 ketm—1
_ — / [RRE— < . .
(btm=1) e =R Ly ) h < 2k2 (4.20)
Hence,
i & " k.2k+1 n .
I = Al < 2PV + (4| v |ty (4.21)

N

m=1
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We will first prove the convergence ||7](\];)t — fyélg)t]] r1 — 0 as N — oo for short times and
then deduce by a Contradiction argument that it actually holds at all times.

So if 0 < t < tg, where tg = ﬂ then
k k+1
() 2 k2
)~ < 24 B (422
Since the left-hand side of (4.22) is independent of n, it follows that
k.2k+1
Iy = viekller < =5 (4.23)
Thus,
. k k
dim ) =% =0 (4.24)

for all fixed 0 <t < tg and for all fixed k € N.

Next we define

t = sup {t > 0] Jim [7h =1l = 0 for all fixed 0 < s < ¢ and all fixed k € N}.

(4.25)
From (4.24) we know that t; > to. By contradiction we show that actually t; =
Suppose that t; < co. For to = t; — 2, we have, by the definition of ¢;, that for ﬁxed keN,
. k k
lim H%&,&z —ekller = 0 (4.26)
holds. Starting from this, we will show that for every fixed k € N
. k k
dim [} = =0 (4.27)

actually holds for all 0 <t <t; + %0, which will contradict the definition of ¢;.

(k) (k)

To this end we expand the integral expressions for v, and v5’; in a similar manner as before,

but starting at time to. This yields for time t =to + 7, 0 < 7 < 1y,
k k
V), = 7 &
k k
< UB (), =7 Eh e

n—1 el
—i—Z/Odsl-'-/O ds,, X
m=1

Hu(k) (r — 5>,1)B(l<r)z,{(k+1)(31 — 59) - .B(k+m—1)u(kz+m)(Sm)(%(\’;;;m) _ ’yé’i,i;”))!\u

T Sn—1
4 /0 dsy - /0 s U (7 — 51) BOUED (51 — s) .. Bln=D(3{Etm) bt )

I (7 sm—1 _
Tae Z /O dsy --- / Qs [UF (r — 51) BO) . y4m=D(,, | — 5,) Alktm=1), (=)

1

n +m_1 Sm—1 m— k4+m
+y N/o dsy /0 s |UP (7 — s1)BE) ... plrm=Drm)

m=1

(4.28)

1
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(k)

More terms appear in this estimate than in (4.13), because the k-particle marginals v b
(k)

sotsr K € N, do not necessarily coincide at time ¢ > 0. Proceeding in an analogous

and 7
way as before using the estimates (4.14), (4.15), (4.16) and the trivial estimates ||'yj(\’2H£1 =

H"}/élz?tHEI = 1 as well as H’yj(\]fi — ’yélg?t|’£1 < 2, which hold for all k£ € N, we obtain

k k+1
k k (k+ (k+ 2 k2
I =2l < 2k§j Sl =+ g (4.29)

Now let € > 0 be arbitrary. First choose n large enough such that 2: < 5. Then choose N

large enough such that the first and third term are each less than 5. This i 1s p0881ble because,

by assumption, for time ¢y < ¢t; we have ||7](\’;:;m) ’yc()ﬁzn |1 — 0 as N — oo. Since € > 0

was chosen arbitrarily, this implies
A}im H’YJ(Vt 7 tH 1 =0 (4.30)
—00

for t; — %0 <t<ti+ %0, which completes the proof. O

Remark 4.2. Let us emphasise that in order to include an external magnetic field by Spohn’s
method a minor change and a non-trivial part are both needed. One has to use the free
evolution operator () (t) acting on k-particle marginals ~ k) by

) (t)V(k) — it (*iVjJrA(ij))QV(k)eitZ?:l (—iV+A(z)))? (4.31)
instead of the free evolution operator
UB 1)y ) = it i By (W) g=it 51 A, (4.32)

for non-relativistic systems without magnetic fields. ¢ (t) is well-defined because the oper-
ator (—iV + A)? is self-adjoint under the assumptions (A) on the magnetic vector potential
A. What is instead non-trivial in generalising Spohn’s method to Theorem 4.1 is the fact that
the magnetic Hartree equation is globally well-posed in H}‘ (R3). This was shown in Chapter 3.

In [11], Erdés and Schlein used a new approach inspired by Lieb-Robinson bounds to
obtain estimates of the rate of convergence under more restrictive conditions applying to
the interaction potential V. Their method is also based on the BBGKY hierarchy and it
can be easily generalised to non-relativistic mean-field quantum systems with magnetic fields.
Similar to the proof of Theorem 4.1 one also only has to use a different free evolution operator.
This gives the next result.

Theorem 4.3. Let V € L®(R3) such that |H7||1 < o0 and assume that the magnetic vec-
tor potential A : R3 — R3 satisfies assumption (A). We consider the mean-field quantum
dynamics generated by the Hamiltonian

N N
1
Hy = E hj + N E V(Z‘i —CL‘j), (4.33)
J=1

1<j



33

where h = (—iV + A)? is the magnetic one-particle operator. Let ¢ € HY(R3) with ||¢]l2 = 1
and set vy = p®N. Let YNt = e~ Nty and denote by ¢; the solution to the magnetic
Hartree equation (3.3) with initial data @i—g = @. Denote by 'y](\]fl the k-particle marginals

associated with ¥ . Then we have

k k*Av
tr |7y — e or| | < el (eg”‘/”wt - 1) (4.34)

Jor everyt e R, N >1 and 1 <k < N. Here Ay = 1+ (|[V[|1/]|V]|o0)-

Proof. The proof is a straightforward generalisation of the proof in [11] by using the magnetic
free evolution operator (4.31) instead of (4.32) for non-relativistic systems without magnetic
fields. Apart from the global well-posedness of (3.3), the self-adjointness of (—iV + A)? is
again all that is needed. This holds under the assumption (A). O
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4. Perturbative expansion of the BBGKY hierarchy




Chapter 5

A compactness argument based on
the BBGKY hierarchy

In [2], [3] and [12], Bardos, Erdds, Golse, Mauser and Yau developed an alternative approach
to mean-field quantum dynamics, which is also based on the BBGKY hierarchy. Their method
relies on a compactness argument and in this way avoids the expansion of the BBGKY hier-
archy.

In this chapter we will use their method to include an external magnetic field. The de-
scription of the method mainly follows that of [35] and Sections 6 and 7 in [14]. Along the
way, we will discuss in detail those steps of the original proof that we managed to modify and
adapt for the inclusion of an external magnetic field.

We assume that the interaction potential V' is bounded and that it vanishes at infinity, i.e.
V(z) — 0 as |z| — oo. This additional assumption is justified in the sense that all physically
reasonable potentials vanish at infinity. The main result is as follows.

Theorem 5.1. Let V € L®(R3) such that V(z) — 0 as |z| — oo and assume that the
magnetic vector potential A : R® — R? satisfies assumption (A). We consider the mean-field
quantum dynamics generated by the Hamiltonian

N 1 N
Hy = Zhj—l-ﬁz‘/(l’i—l‘j), (5.1)
=1

1<J

where h = (—iV + A)? is the magnetic one-particle operator. Let ¢ € HY(R3) with ||¢]l2 = 1
and set vy = p®N. Let YN = e Nty and denote by ¢; the solution to the magnetic
Hartree equation (3.3) with initial data @i—g = @. Denote by ’y](\]fl the k-particle marginals

associated with V. Then, for every fized k € N and for every fized t € R, we have
. k
dimtr |9 — fee) (0 #*| = 0. (5.2)
—0Q

Proof. For every N € N, we denote by I'y; = {71(\]/2};:\[:1 the family of k-particle marginals
associated with the wavefunction ¥y ;. The evolution equations for the elements of I'y; are
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given by the BBGKY hierarchy of equations (4.4). In what follows, we consider the infinite
hierarchy with initial data {|p)(p|®*}ren for a family of marginal densities {%()I;?t}keNi

k k
0L = [hjv'ycgi?t] + D ] [V(ﬂfj - l‘k+1)ﬁ$il)]a
j=1 j=1

(5.3)

k
7By = o)l

The main idea of the proof is to characterise the limit of the sequence (I'y )\ cn as the unique
solution to the infinite hierarchy of equations (5.3). The proof consists of three steps. We
first show the precompactness of the sequence (I'n ) cn With respect to an appropriate weak
topology. Next we identify each limit point of the sequence (I'y ) ~Nen s a solution to the
infinite hierarchy of equations (5.3). Finally, we prove the uniqueness of the solution to the
infinite hierarchy (5.3).

One sees by direct inspection that the family {’yc()lz?t}keN with fygz?t = |¢t) (pe|®" solves the
infinite hierarchy (5.3). Since a precompact sequence with only one limit point actually con-
verges to this point, it follows for every k € N that 7](\];) — |oe) (p¢|®F as N — oo in the weak
operator topology. Using the fact that the limit point7 is an orthogonal rank one projection,
we then show that this convergence also holds in trace norm. We now explain in detail the
three steps of the proof.

’®k

Step 1: Precompactness
Let £i = LY(L?*(R?*)) denote the space of trace class operators on L*(R**) equipped with
the trace norm || - ||z1. Moreover, let K = K(L?(R?)) be the space of compact operators
on L?(R?*) equipped with the operator norm || - ||. Then £} and K}, are Banach spaces and
Li = K; (see e.g. Theorem VI.26 in [32]).

By definition, the k-particle marginals 7](\];1 are nonnegative trace class operators with unit
trace:

k k k
Iler = tr i) = o), = 1. (5.4)

For fixed t € R and fixed k € N, it follows from the Banach-Alaoglu Theorem that {’y](\]fi} N>k
has a weak™* - convergent subsequence in E,lg.

However, precompactness at fixed times t € R is not enough. We need the precompactness
of the sequence (I'n )y uniformly on an entire time interval in order to be able to show
that a limit point of the sequence is a solution to the infinite hierarchy of equations (5.3).
This leads to the definition of the appropriate weak topology. To this end we use the fact that
the weak* topology on the unit ball of E,lg is metrisable, because its predual Ky, is separable.
We fix a dense countable subset of the unit ball of Ky, say {Ji(k)}Z-eN C K with ||Ji(k)|| <1
for all 4 € N. Using the operators Ji(k), we define the following metric 7(-, ) on the unit ball
of L£}. For v F®) ¢ £l with ||[y®)|| 21, |[7®)]| 21 < 1, we set

k) ~(k o .- 1
(0, 30) = o

=1

tr J M (v B — 5] (5.5)

(2

Hence, a uniformly bounded sequence {7](\];)}]\761\1 C L} with H'y](\lf)Hp <1 for all N € N,
converges to some 7*¥) as N — oo with respect to the weak* topology of L if and only if
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nk(’yj(\’f),’y(k)) — 0 as N — oo (see Théoreme II1.25 in [5]).

For arbitrary T > 0 let C([0,7]; £1) be the space of functions of ¢ € [0, 7] with values in £}
which are continuous with respect to the metric n. On C([0,77]; £},) we define the metric

(P (), 7)) = Sup (7P (1), 79 (2)). (5.6)

Last, we denote by 7,4 the topology on the space @, C([0,77; L) given by the product
of the topologies generated by the metrics 7)), on C([0,T7]; £},).

Remark 5.2. Convergence of the sequence (I'n ) yey t0 Toor = {%Eﬁ,)t}keN with respect to
the topology 7poq is equivalent to the statement that, for every fixed k € N and for every
fixed compact operator J*) € Ky,

tr J ) <’y](\’f1 — ’Yc(jé,)t> -0 (5.7)

as N — oo, uniformly in ¢ for t € [0,T].

Precompactness of the sequence (I'n ) NeN with respect to the topology 7,4 means there-
fore that for every strictly increasing sequence {Mj}jeny C N there exists a subsequence
{Nj}jen C {M;}jen and a limit point 'y such that T'y; ; — Ty as j — oo in the sense
(5.7).

Owing to the metric structure introduced on the space @,y C([0,T]; £}), we are now in
a position to invoke the Arzela-Ascoli Theorem to prove the precompactness of the sequence
{T'~n+}Nen with respect to the topology Tpred-

Proposition 5.3. Fiz an arbitrary T > 0. Suppose that V € L®(R3) and that the magnetic
vector potential A : R® — R? satisfies assumption (A). Then the sequence (Uny)yey C

Bren C([0,T); £}) with Ty = {yj(\lfi}fﬁvzl is precompact with respect to the topology Tprod-

Proof. By a standard “choice of the diagonal subsequence” argument, it is enough to prove
the precompactness of {'y](\lf)t} N>k for every fixed k € N with respect to the metric 75 on
C([0,T); £}). To this end we would like to invoke the Arzela-Ascoli Theorem. The elements
of the sequence {'71(\];)15} N>k are uniformly bounded in trace norm by 1. It therefore remains
to prove the equicontinuity of the sequence with respect to the metric 7, for which the next
lemma gives a criterion.

Lemma 5.4. Fizr k € N and T > 0. A sequence {'YJ(\’;,)t}NZk C L} with 'YJ(\’;,)t > 0 and
tr ’y](\lf)t =1 for allt € [0,T] and N >k, is equicontinuous in C([0,T); L}.) with respect to the

metric T, if and only if there exists a dense subset Ji, of Ky, such that for any J*) € J, and
for every € > 0 there exists a 0 > 0 such that

sup |trJ®) (71(\];)75 - ’y](\]f)s) ’ <e (5.8)

N>1

for all t,s € [0,T] with |t — s] <.
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Proof of Lemma 5.4. The statement is Lemma 6.2 in [14], its proof is analogous to the one
of Lemma 9.2 in [9]. O

Identifying operators with their kernels, we choose the set J®) = HY(R3*) x H(R3*)
for the proof of equicontinuity. J®) is dense in the set of compact operators Ky, because it
contains all operators with kernels in C2°(R3*) x C2°(R3). These are dense in L?(R3%) x
L?(R3), i.e. the set of Hilbert-Schmidt operators £2 = £2(L?(R?¥)), which are in turn dense
in ,Ck
For any s <t, we rewrite the BBGKY hierarchy in integral form

k
WNt—’YNs ZZ/dT Jv'YNr _ZZ/ dr [V )VI(VM

1<)

, k
—i(l =) Z/ dr trpqq) [V(z; — $k+1),71(\l/€,jl)]-
j=1"%
Multiplying the last equation with a J*) € 7*) and taking the trace, we obtain the bound
o 7B (5, = A40)
k t
< Z / dr
+ = Z/ dr ‘trJ(k —xj),’y](\];;]

1<)

Eooa [t
+(1—N);/Sdr

tr M hy, 40

(5.10)

tr T8 gy [V — o), 7l )|

k
< (Z sup {tr [7¥)[h;,y +26) [P V) [t = .

—1 T€[s)t]

(k)

We will next show that the expression tr ‘J (k) [h;, VN,t] is uniformly bounded in N € N,¢ €

[0,7] and j € {1,..., N}. This gives the equicontinuity of the sequence {7](\?35} N>k by Lemma
5.4.

Let N e N,t € [0,7] and j € {1,..., N} be arbitrary and denote S; = /1 + h;. Then

trJ O [hy, 7] < s ® Jth‘vL‘trJ Won
<50 s

S, ’ (5.11)

+HS J® s H HS 'Sy H tr| s

J'VN)tS ’

Now we show that each of the factors of the two summands in the last line of (5.11) is
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uniformly bounded. For J *) e 7*) we have

HJ(’“)S]-‘ = tr (JW ;) JWg;

2
[:2

— tr R g(k) g2
! (5.12)

= /dxk dX;g|J(k)(Xk;X2)‘2+/kadX;€‘(—iv9+A(w;))J(k)(X1€;X;€)‘2
< o0

by the choice of J*). Thus J (k)Sj is a Hilbert-Schmidt operator, i.e. in particular bounded,
and therefore Sj_IJ (k)Sj is bounded. Analogously, it follows that S;J (k)Sj_l is bounded.

Moreover HS]-_lhij_l H < 1 by functional calculus and

tr

SNnSi| = 10wl + =iV, + Apwelly = 1+ (=95 + Dnall3. (5.13)

To obtain a uniform bound on |[(=iV; + A)Yn.||3 we use the conservation of mass and
energy for the many-body linear Schrédinger equation (1.4). The initial state 1y = @V
with ¢ € HL(R3), ||¢|l2 = 1, has energy

Enx = (YN, HNYN)

N 1 N
= Y-V + A+ 3 [ Vi = ) o Gen) P

j=1 i<j (5.14)
. 2 N -1 2 2
= Nl[(=V + Al + —5— [ dardzz V(s — 22) (1) p(22)]
< NC',

where we used the permutation symmetry of ¥5. The conservation of mass and energy for
the Schrédinger equation then implies for all ¢ € [0, 7] that

En = (Uny, HNYny)

N
(=9 + Al Vol + 3 D [ e Vi = ) lumalon)P

I
WE

j=1 i<j
N N
. 1 (5.15)
> D =iV + Aley)nell3 - ~ 1Vl > lewalls
j=1 i<j
N
. N -1
= S iV 4+ Al — Y e
j=1
Thus for arbitrary j € {1,..., N} we have by permutation symmetry,
L
1(=iV; + Alz;))owell3 = N S =iV + A(z) e
=1
1 N -1
< 2@+ V) (5.16)
1 N-—-1
< —(NC'"+ —||V|loo
< o+ T v
<C
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for all N and at all times ¢ € [0,7]. This completes the proof of the precompactness of the
sequence {’Y](\];C)t}zvzk with respect to the metric 7 on C([0,T7]; £}). O

Moreover, we prove the following properties of limit points of the sequence (I'n ) Nen
which we will need later on.

Proposition 5.5. Let'o ¢ = {’Ygz?t}keN be an arbitrary limit point of the sequence (U'n ) yey C

C([0,T]; £L1) with respect to the topology Tyreq. Then 'y(k) is symmetric with respect to
keN k p P oo,
permutations, non-negative and such that

W <1 (5.17)

try
for every k > 1.

Proof. Suppose that I'no; = {’Yéi?t}k:eN € Pyen C([0,T); L)) is a limit point of T'y, with
respect to Ty.oq. Then for any k € N, W(k) € C([0,T); L)) is a limit point of v(k) N>k in the
P ooyt k NtIN>
sense (5.7). The bound
tr‘yg?t‘ <1 (5.18)

follows because the norm can only drop in the weak limit.
To prove that Wgoc?t is non-negative we observe that, for an arbitrary ¢ € L?(R3*) with
llell2 = 1, the orthogonal projection |¢) (| is in K and hence

k k . k . k
{0, Vi) = trlo)(plriey, = Jim, tr o) plvi s = Jim (0 p) = 0 (5.19)

for an appropriate subsequence (V) en with N; — oo as j — oc.
Last, we show that ’Yc(j;)t is symmetric with respect to permutations. For a permutation m of
{1,...,k}, we denote by Z, the operator on L?(R?*) defined by

(Enp) = @(Ta(1)s -« Tr(k))- (5.20)
Then the permutation symmetry of 'yg?t is defined by asserting that
—_ k) —— k
By eh Bt = 2, (5.21)
holds for every permutation 7. To prove (5.21) we note that, for an arbitrary J (k) € K}, and
a permutation 7 of {1,...,k}, we have, for an appropriate subsequence N; — oo as j — oo,
tr J(k)’ygi?t = lim tr J(k)'y](\];j)’t = lim tr J(k)Eﬂfy](\’Z,)ytEgl = lim E;lJ(k)Eﬂfy](\]Z{t

= 0251 I0ZAY, = 0w gW= 02

=
oo,t—m

where we used that E;lj(k)E7r € Ky, for every J*) € K and every permutation 7.

Step 2: Convergence
In this second step we characterise the weak limit points of the sequence (I'n ) yoy @s solu-
tions to the infinite hierarchy of equations (5.3).
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Proposition 5.6. Suppose that V € L*(R3) such that V(z) — 0 as |z| — oo and that
the magnetic vector potential A : R® — R3 satisfies assumption (A). Assume moreover that

Fot = {’yg)t}keN € Pen ([0 T); L},) is a limit point of the sequence (T ) oy with respect
to the topology Tproa. Then 'yoo o = le) e 1%k and

t
1E = uB el +/ dstU® (t — ) By EEY (5.23)
0

for all k € N. Here U¥)(t) and B®) are defined as in (4.7) and, respectively, in (4.9).

Proof. Passing to a subsequence we can assume that I'y; — 'y as N — oo, with respect
to the topology Tpreq. This implies immediately that 'yg?o = |p){p|®*. To show (5.23), it is

enough to prove that for every fixed k € N and for every fixed J*) from a dense subset 7 *)
of K,

t
tr J(k)'yff))t = tr J(k)u(k)(t)’y(k) +/ dstr JPY® (t — s)BE )'yéﬁtl). (5.24)
0

00,0

For what follows, we choose J*) = £? as the set of Hilbert-Schmidt operators on L?(R3),
which are dense in Ki. We start from the integral form (4.6) of the BBGKY hierarchy of

equations for the marginals {vg\lf)t}{q\[:l. For k € {1,..., N}, we multiply the corresponding

equation from the hierarchy with a fixed, but arbitrary J* ¢ 7®) and take the trace. This
leads to the relations

NI CION G NZ/dster)U (t = )V (i — 25),74]
i<j (5.25)
_,_NN_k/ ds tr JPY®) (1 — )B(k)fy](\]f;rl).
0

By assumption the left-hand side of (5.25) converges to the one of (5.24) as N — oo. Also,
the first term on the right-hand side of (5.25) coincides with the one of (5.24). So the claim
follows if we can show that

A NZ/ ds tr JOUD (t — 8)[V (2 —2;),74] = 0 (5.26)
1<)
and that
k t t
A}im (1-— N)/ ds tr J®Y®) (1 — S)B(k)’}’j(\’;jl) = / dstr JOYE) (1 — s)BE) 4 F+1),
—00 0 ’ 0 ’
(5.27)
The limit (5.26) follows immediately from the estimate
k
- Ly~ / st JOUD @ = )V, — 2,70 < 5 1O v (5.28)
1<j
Moreover, observe that
 dstr L0 (0, k0| o 28
N/, dstr JWUW (L — s) By | < N NNV e — 0 (5.29)
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as N — oo. It therefore remains to show

t
Jim [ dste TY®E (¢ — 5)BE (v §TY — &) = 0. (5.30)

We have

t
/ dstr JOUD (1 — 5) B (3 {TY — D)
0

k t
= —1 Z /0 dstr JFgy k) (t— ) f1g1] V(zj — k1), (fy](\];’jl) — 7g’;;1))]
7=1

k t
= —1 Z / dstr JOUB (t — $)[V () — 2p41), (%(\1;21) - Wéﬁj;l))] (5-31)
j=1"0
t

— ik / dstr JEOUR (t — )V (21 — 2psr) (YT — D)
0 ) b

t
+ zk/ dstrV(z, — ka)J(k)Z/{(k) (t—s) (,y](\/]c?:l) _ ”Y(kﬂ)),
0 ,

00,8

where in the last step, we used the cyclicity of the trace and the permutation symmetry of
(k+1) (k+1)

YN  and Ysos . In order to show that the two terms in the last line of (5.31) vanish in
the limit N — oo, we would like to use the weak* - convergence in L} 4 of 7](\1;;1) - yé’;if;”

as N — oo. We know that the operator J*) is compact on L2 (R%). However, the operators
JOUE) (t — )V (21 — xp41) and V(zy — 1) JPUE (¢ — 5) are not necessarily compact
operators on L2(R3(k+1)), so that a straightforward application of the weak* - convergence
in the sense (5.7) is not possible. To overcome this obstacle, we have to introduce several
cut-offs and exploit energy conservation.

We now show that the first term in the last line of (5.31) vanishes in the limit N — oo.
The second term in the last line of (5.31) can be treated in a similar way. This then completes
the proof of Proposition 5.6.

To this end we notice that the vanishing of

t
/ dstr JRUE (¢ — $)V (21 — 2p41) (’y](\’f:l) — A1) (5.32)
0 9 2

in the limit N — oo follows by dominated convergence, if we can show that for all s € [0, ]
tr JBUB (= )V (21 — 1) (0T — 4 EED) (5.33)

vanishes as N — oco. We found two different proofs to show this. We now present one of the
proofs, the other one is outlined in Remark 5.7 below. Recall the notation Siy1 = /1 4+ hgy1.
For n > 0 we introduce

V<n(l') = V(l‘) ]l{|x\<n} and VZn($) = V(l‘)]l{mZn} (5.34)

Let € > 0 be arbitrary. Choose n > 0 large enough such that ||V || < e. This is possible
owing to the assumption that V(z) — 0 as |z| — co. Applying a cut-off in momentum space,
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then a cut-off to the potential V' and then another cut-off in momentum space, we can write
(5.33) as

tr JOUB (¢t — )V (21 — zpa) (v — AEED)

00,8

—tr U )V (a1 = ) (1 g ) 8~ 28?) n
+tr JOUB (- Vs (21 — xkﬂ)ﬂ-elﬁﬂ(%(\l;’jl) - ’Y&;l)) (IT)
ttr (1 - %) TEUB (4 — )V () — mkﬂ)mlsm(’y(k,j Dy (11)
+ tr Hglskﬂj(k)u(k) (t—s)Ven(@1 — xk+1)H;gH(7§\l;jl) YeED): (V)

(5.35)

We can estimate the term (/) in (5.35) using energy conservation:

(D)] < ellJDUB & — )| |[V]| Hm“ tr)SkmN“\Hr\Skm k+1)‘)
< OV (b | Ser§ T Shsa | + tr] Skr1n &) Spa ) (5.36)
< e|lJWviiC,

where C' > 0 is independent of N and s € [0,t]. Here we used the monotonicity of the
operator square root (see the remark to Proposition 2.2.13 in [4]) in the second line. We

exploited energy conservation in the third line to obtain a bound on tr ‘Skﬂfy](\];;l)SkH

uniform in N and time s € [0,¢] and thus also on tr Sk+1'y<(>]§,+51)5k+1’ (see (5.13) — (5.16) for

more details).
Now the second term (I7) in (5.35) can be bounded by

mnl < [J® VnooHi‘
D] < IOl | g

tr T =] < e2®). (5.37)

The third term (II7) in (5.35) can again be bounded using energy conservation:

T LN e L P e e et
D] < el ONVenll | 75— ot + xS ) | 2
< TNV o |Skerivs >sk+1) + 0[S 17D S )
< < |lJ®) v .
(5.38)

In order to control the fourth term (IV) in (5.35), we use the weak™® - convergence 'y](vjl)

yé’éfsl) as N — oo in E}CH. We show below that

1
1+ &Sk41

1

JEY® ¢ — Vo (z1 — - -
(t = s)Van(z1 $k+1)1+55k+1

(5.39)



44 5. A compactness argument based on the BBGKY hierarchy

is a compact (k+1)-particle operator. Thus, we can choose N large enough so that [(IV)| < e.
Collecting the estimates of the terms (I) - (IV'), we obtain that for arbitrary ¢ > 0, we can
choose N large enough so that

o JOUE (E — )V (@1 — zp) (7D — &) < @IIPVIIC + 20+ 1)e. (5.40)
Since € > 0 was chosen arbitrarily, this implies for all s € [0,¢] the vanishing of the term
(5.33) as N — oo, which completes the proof.

It remains to show the crucial ingredient of the above proof, namely the compactness of
the (k + 1)-particle operator (5.39). We denote JE = gk (t —s). Then I e L2 is a
Hilbert-Schmidt operator, because J*) € L2 and U (k) (¢t — s) is bounded. We have

1 1
I () Vs — - -
I+eSkr ° <nl(®L = Tkr1) 1+ eSkt1

1 1 1 1 1 1
= (— - )y _ _- )z -
<]. + €Sk+1 €Sk+1> 9 <Sk+1 JS <n(§U1 xk+1) Sk+1) g <€Sk+1 1+ €Sk+1> '

By functional calculus, the operators in the first and third parentheses on the right-hand side
of (5.41) are bounded. To show that the operator on the left-hand side of (5.41) is compact,
it is therefore sufficient to show that the operator in the second parentheses on the right-hand
side of (5.41) is compact. We denote it by 7" and prove that it is actually a Hilbert-Schmidt
operator and hence, in particular compact. To this end we compute the Hilbert-Schmidt
norm of T":

(5.41)

trT*T
= triv (a;l—:vk 1)(J(k))* L J(k)V (xl—a:k 1) !
Sk+1 <n + s S]%_H s <n + Sk+1
1 1
= trVen(z1 — 2p1) (S 3 TPV (1 — ka)ST
k+1 k+1
1 1
= tr Vo, (2] — yAC00 L —— ) v ¢ -
rVen(z1 — 2rq1)(Js) T < (71 xk+1)1+hk+1
_ O L .
= [ dxp dzpyy Ay dypgr Van(@1 — 2p41) s (Yrs Xk) (7) (Tht15 Yrt1) X
L+ A

1

X J§k)(yk7xk) V<n($1 — karl) <Thk1
+

) (yk+1; $k+1)

®) 2 2 1 2
= /dxkd$k+1d}’kdyk+1 Jg (.Yk;Xk)) ‘V<n(1‘1_1’k+1)} ‘(m)($k+l§yk+1)‘
+
2 2 1 2
< /dxk dzgy1 dyr Ay Js(k)(Yk;Xk)) ’V<n($1 _$k+1)’ ’(m)(wkﬂ _yk+1)’
— Apy
2 2 1
= /dxk dyr | T8 (yi: xi) /dl‘kﬂ ‘V<n($1 —iﬂk+1)) /dyk—H ‘(7)(%“ — Yk+1)
1—Agp

(5.42)

Here we used the non-relativistic diamagnetic inequality (8.12) in the penultimate line. The
last line of (5.42) is finite due to the following reasoning: The translationally invariant kernel

—|z—y| . . .
ﬁ) (x—y) = ﬁﬁ is square-integrable in yj41. Moreover, [ dxji1 |Ven(z1 — Try1)]?
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is finite because V., is bounded and has finite support. Since Js(k) € Ei is a k-particle

Hilbert-Schmidt operator, [ dxj dyy ]Js(k)(yk;xk)\Q is also finite. Thus, T is a k-particle
Hilbert-Schmidt operator, which completes the proof. O

Remark 5.7. The crucial step in the proof of Proposition 5.6 is to show that the term (5.33)
vanishes as N — oco. To this end we introduced several cut-offs and then showed the compact-
ness of the (k + 1)-particle operator (5.39) in order to make use of the weak™ - convergence

E+1 E+1 .
'y](\,;r)—\'yéofg)as]\fﬁoomﬁ}cﬂ.

In a different approach to show the vanishing of the term (5.33), we introduce a cut-off in
momentum space to write (5.33) as follows:

tr JFy k) (t—s)V(zx1 — fk—s—l)(%(\];;rl) - ’Ygéi;l))

1
_ (k)7 (k) (4 _ _ o (k+1) _ _ (k+1)
eI OUB1 = )V a1 — ) (1= g ) O~ 820 1
T tr JOUB (= )V (1 — a41) e (D = D). (I1)
1+€Sk+1 ’ ’
(5.43)

The first term (I) in (5.43) can be controlled by energy conservation. In order to show that
the second term (/1) in (5.43) vanishes as N — oo, we make use of the weak™ - convergence

vj(\lf;rl) - fyé’é,tl) as N — oo in E,lcﬂ. To this end we have to prove that the operator
1
JOUE (¢ — )V (21 — x —_— 5.44
(t—s)V (21 k+1)1+53k+1 (5.44)

is a compact (k 4 1)-particle operator on L*(R3*+1)). We know that J®Y®) (t — 5) is a
compact k-particle operator. Propositions 5.10 and 5.12 at the end of this chapter show that
V(a:)ﬁ is a compact one-particle operator under suitable assumptions about the mag-
netic vector potential A. In particular, a magnetic vector potential A that satisfies assumption
(A) meets the conditions of Proposition 5.10. Lemma 5.15 at the end of this chapter then
implies that (5.44) is a compact (k + 1)-particle operator on L?(R3*+1). This completes the
different approach to showing the vanishing of the term (5.33) in the limit N — oo.

Step 3: Uniqueness
In order to finish the proof of Theorem 5.1, we still have to prove the uniqueness of the solution
to the infinite hierarchy (5.3). This follows from the next slightly more general result.

Proposition 5.8. Fiz TV, = {’Yc(,ﬁ?o}keN € @yen L)~ Then there exists at most one solution

00,0 T

Foot = {'ygi?t}keN € @en C([0,T); L}) to the infinite hierarchy (4.5) such that 'Ygé?tzo = VSOC?O
and tr "Yc(i)t‘ <1 forallk € N and all t € [0,T1].

Proof. Suppose that {’Yg;,)u}keN and {’Yc(ﬁ?g,t}keN are two solutions of (4.5) with the same
initial data {'ygﬁ?o}keN, such that tr |'ygg)”| <1, forall ke N, t € [0,T], and for i = 1,2. Then
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we can expand the integral equations for ’yiﬁ?u and fyc(j?m into the Duhamel series (4.12). It
follows that

t Sn—1
o = ] < [as [T asc U - s B0 B IGET —0850)]

700,1,571 00,2,5n,

(5.45)

Applying recursively the bounds (4.14) and (4.16), we obtain

k k (k+n—1)!
tr e 2] < D CIVIDT < 2@V (5.46)
and thus, for 0 <t < m,
k k —_

tr ”yéo?l,t — ')’éo?z,t < ok—n, (5.47)

Since the left-hand side of (5.47) is independent of n € N, it has to vanish. This proves

uniqueness for short times. Iterating the same argument, we obtain uniqueness for all times.
O

Putting things together:

We have now established that the sequence (I'w ¢) e is precompact with respect to the topol-
0gY Tproa and that all its limit points are given by the unique solution I'eo + = {|¢¢)(t|* }ren
to the infinite hierarchy (5.3).

This implies that the sequence {T'y;}nen actually converges to Toor = {[t) (0¢|¥ }ren With
respect to the weak topology 7,,.4. In particular, it yields the result that for every fixed k € N
and every fixed t € R,

dim e TP () — e (il ) = 0 (5.48)
for all compact operators J*) € K. Taking J®) = |¢,)(o|®* € Ky, we have

. T k . k
0= lim JY() — ) = lim (g%, e - 1. (5.49)
Finally, by the relation (2.16), we obtain for every fixed £ € N and every fixed t € R, the
strong trace norm convergence

Jim 5, = Lo il = 0. (5.50)

O]

Remark 5.9. In this chapter we have adapted the compactness argument for non-relativistic
mean-field systems without magnetic fields to the case of systems with external magnetic
fields. This required several non-trivial changes. In particular, the proofs of Propositions 5.3
and 5.6 had to be modified significantly to account for an external magnetic field.

We pursued two different approaches to the proof of Proposition 5.6. The idea of the second
approach was outlined in Remark 5.7. The main ingredients of this second approach are given
below in Propositions 5.10, 5.12 and in Lemma 5.15.
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Proposition 5.10. Let A € L} (R3R3) be such that (—iV + A)? is self-adjoint on L*(R3)

loc

and let V € L™ (R3) such that V(x) — 0 as |z| — oo. Then for every € > 0, the operator

1
V@) 1+ ey/1+ (=iV + A)2

. LA(R®) — L*(R3) (5.51)

18 compact.

Proof. Let h denote (—iV + A)? and fix an arbitrary ¢ > 0. We have

1 1 1
Vo) - (vmwﬁ) <<1+smm>. (5.52)

By functional calculus the operator in the second parentheses is bounded. Suppose the op-
erator in the first parentheses is compact, then the operator on the left-hand side is also

compact. It is therefore enough to show the compactness of V' (z) 1+; N

To this end we will make use of the following result by B. Russo and J. Fournier on
trace ideal properties of integral operators. Here £P(L?(R3)) denotes the p-th trace ideal over
L?(R3) with norm || - || z»-

Lemma 5.11. For a measurable function k : R3? x R? — C and 1 < p,q < 0o define
1/q

llpg = ( J ([ wtpas) " dy> | (5.53)

Let T : L*(R3?) — L2(R?) be an integral operator with kernel k and 2 < p < co. Then
ITler < (Il ol ), (5.54)

where k*(x,y) := k(y,x) and %—I—% = 1. In particular, if T has kernel k(z,y) = f(x)g(x—y),
using Young’s inequality, this implies

ITlce < Il ol )2 < 1 lpllgly (5.55)

Proof. See the remarks to Corollary 2, in particular equation (10), in [16]. Also compare with
equation (4.9) in the remark to the proof of Theorem 4.1 in [36]. O

Set Vi(T) := X{jz|<n}(®)V (z) for n € N and define the operators

~ 1 1 1 1

T, = -Vy(x and T, .= - Vp(z)——.
DT )T s

(5.56)

Denote by T},(z,y) and T),(z,y) the integral kernels of T}, and, respectively, of T},. By the
relativistic diamagnetic inequality (8.13), which requires A € L2 (R%*R3), we have for any
e > 0 that for almost every z,y € R3:

L] < )
ervh YT erv=a Y

(5.57)
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Thus, for almost every z,y € R3:

1
T\/ﬁ(m’y)

€

1
1+ V=A

(T, )| < ZIVa(o) < ZIVa(a)| (0.9) = ITu(e,y)l. (559)

The kernel 7\/7(33 y) is of the type g(x —y) for some function g : R® — R as shown below.
Lemma 5.11 then yields

[Tollcr < (”Tn(x’?/)||p’,pHT;($’3/)”1)’4))1/2 < (HTn(x,y)Hp/,pHT;(x,y)|]p/7p)1/2 < %HVNHPHQHP'

(5.59)
for any 2 < p < co. Below we will show that g € L¥ (R3) for any 1 < p' < 2 Hence T}, is
in £P(L?(R3)), and in particular compact, for every n € N. By the definition of V;, and the

—T,|| — 0 in operator norm as

assumption that V' vanishes at infinity, we have HV(JE)ﬁ

n — oo. Hence, the operator V(x) 1+81\/E is compact.

It remains to verify the above mentioned properties of the integral kernel of ﬁ. By

functional calculus we have

1 /OO (L — o _ly /=
L [ gretGR) —/ dte e VD, 5.60
= 0 (5.60)

Using the explicit representation of the relativistic heat kernel in three dimensions (8.14),
1 t
—tv—A
(& ( 3

- W for T,y S Rs, (561)

T,y) =

we can compute the integral kernel of ﬁ: For any ¢ € L%(R3) we have

£

# x) = - 6_%te_tm x
0 _1y 1 ;
- / dre s /]R3 W2 w2 (t2+ |z —yl? )21/}(11) (5.62)
t

/(wwxmwwy
RS

Thus

1 _ o1 te <!
ﬁ('xay) = g(:v—y) - 7T2/0 dt( 212" (563)

m =
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Now for g > 1:

[ dzlgtar
RS
_ / L /mdtteit
-~ Jrs 72 Jo (12 4 |z|?)?
fe'e) fe'e) teflt
—C | drr? dt ———
/o / (2 4 r2)2

o0 o0 7l’l"8
=C drr?21 / ds 22
/0 g o (14822

q

q

1 e’} _l.s |4 00 [e’s) q
€ 8 1 S
—c [ d 22‘1/ ds -~ _ C/ d 22‘1/ ds (=5) [ Zemirs) 2
/0 rr ; 5(14—52)2 + 1 rr ; s( r) 856 e
1 [e%s} q (o) [e’s) a s q
<C dz—%/ds C/d2‘3q/d ey (. -
< /0 rr ; 8(1—1—32)2 + 1 rr ; 35]88 ESE |
1 [es)
:CC({/ drr2_2q+ch/ dr 2734,
0 1
(5.64)

where we performed an integration by parts in the penultimate step. Since ¢; = fooo ds m <

oo and ¢y = fooodse

% (m)‘ < 00, the expression in the last line is finite for any

1<g< % Hence, g € LY(R3) for any 1 < ¢ < %, which completes the proof.
O

We found an alternative proof for the compactness of the operator (5.51) under more
restrictive conditions applying to the magnetic vector potential A. It is stated in Proposition
5.12 below. However, notice that not all vector potentials A satisfying the assumption (A)
fulfil the conditions of Proposition 5.12 below.

For the magnetic one-particle operator A we introduce the shorthand notation
h=(—iV+A)? = -A-2A-V—i(V-A)+A*> = S+T, (5.65)

where S = —A and T = —2iA-V —i(V - A) + A2, The idea of the proof of Proposition
5.12 is of perturbative nature. We will treat T as a perturbation of the operator S = —A,
which is self-adjoint on L?(R3). In this way we will reduce the proof of the compactness of
the operator (5.51) to the unperturbed case, i.e. the proof of the compactness of the operator
V(Cﬂ)m The latter follows from Theorem 8.13.

Proposition 5.12. Let V € L®(R?) such that V(z) — 0 as |z| — oco. Suppose that the
magnetic vector potential A : R? — R3 is such that T' is S-bounded with relative bound a <1,
i.e. D(T) D D(S) and there exists some b > 0 such that

ITell < allSell +blel (5.66)
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holds for all p € D(S). Then for every € > 0, the operator

1
V@) 14+ey/1+4 (—iV + A)?

. L*(R?) — L*(R?) (5.67)

18 compact.

Proof. Under the given assumptions, the Kato-Rellich Theorem 8.12 implies that h = S+ T
is self-adjoint on the domain of S. To simplify the notation, we shall only prove the assertion
for the case e = 1. For other values of ¢, obvious modifications of the proof give the result.
Consider the splitting

V(@) = V() !
1+v1+h 1+V14+8S+T

(5.68)

1 1
V(iz) ——— 1+vV1+ S > :
( ()1+\/1+S><( )1+\/1+S+T
The operator in the first parentheses is compact by the “f(z)g(—iV) — Theorem” 8.13. In
order to prove the compactness of the operator on the left-hand side of (5.68), it therefore
suffices to show that the operator in the second parentheses is bounded. By functional
calculus, we can estimate as follows:

1 1 1
1+vV14+ S < + V14 S H
( )1+\/1+S+TH_Hl—h/lJrSJrTH H 1+VI+S+T
1 1
<1+ |WI+S———— || [VI+S5+T
<1+ VIS e | N ax
1
<14+ |(|[VI+S—m———||.
< 1+ |VIFS |
(5.69)

Using the identity ||O]|?> = |O*O| for the operator norm of a self-adjoint operator O, we
obtain
2

1 1 1
Vi A — :H1+SH
H VI+S+T \/1+S+T( )\/1+S+T
< 1 N 1 g 1 (5.70)
1+ S+T VI+S+T V1+S5+T
<14 H(1+A)*%B(1+A)*% :
where we use the notation B = S and A = S + T. By our initial assumptions on T,

A=S+T = (—iV+ A)? is a positive self-adjoint operator and B = S = —A is self-adjoint.
Moreover, for every ¢ € D(S) = D(S+T),

IS¢l < 1I(S +D)ell + I(=T)ell < IS+ T)ell + all Sl + bllell- (5.71)
Hence -
1 b

< T .72

I186ll < == (S + D)l + —— Il (5.72)

so B is A-bounded with relative bound a = 1ia' Lemma 5.13 below now yields a bound on

0
‘(1 + fl)*%B(l + fl)fé , which completes the proof of Proposition 5.12.

O]
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Lemma 5.13. Iffl s a positive self-adjoint operator and Bisa self-adjoint operator, which
18 A-bounded with relative bound a and corresponding constant b, then

B(1+ A) 2

(SIS

H0+Ar

< a+b. (5.73)

Proof. See the proof of Theorem X.18 in [31]. O

Remark 5.14. Note that a linear magnetic vector potential A, which generates a constant
magnetic field B, does not satisfy the assumptions of Proposition 5.12. However, an appro-
priately chosen magnetic vector potential A of a smooth, compactly supported magnetic field
B, does meet the conditions of Proposition 5.12.

Moreover, by Theorem X.22 in [31], a magnetic vector potential A € L*(R?) 4+ L>°(R3) with
V- A€ L?(R3) + L*°(R?) satisfies the conditions of Proposition 5.12.

Lemma 5.15. Let J*) be a compact operator on L*(R3*) and let e > 0. Suppose V€ L®(R?)
with V(z) — 0 as |x| — oo. Assume that the magnetic vector potential A : R — R3 is such
that the one-particle operator V(:n)m is compact on L*(R3), where h = (—iV + A)2.

Then the operator
1

JEV(zy — 2p41) e AT (5.74)
is compact on L?(R3*+1),
Proof. It is enough to show the compactness of the operator
K=JV(-y) — (5.75)

1+eV1+h

on L?(R?)® L?(R3), where J is a compact one-particle operator on L?(R?) and h is a magnetic
operator in the variable y. To this end we will use the fact that the set of compact operators
is closed under the operator norm. In order to prove that the operator K is compact, it is
therefore enough to approximate it with an operator norm convergent sequence of compact
operators. Moreover, it is a fact that the finite rank operators are dense in the set of compact
operators on L?(R?) (see e.g. Theorem VI.12 and Theorem VI.13 in [32]).

Since V is bounded and vanishes at infinity, it can be approximated by a sequence of
compactly supported bounded functions V;, such that ||V — V,,|[cc — 0 as n — oco. Since

v V() Y - vl |

1 1 1
S - _|I< S — 0
1+evli+h 1+5\/1+hH_ 1+€\/1+hH—>

(5.76)

as n — 0o, we can from now on assume V' to be compactly supported and bounded.
Moreover, since J is compact, it can be approximated by a sequence (J,), of finite rank
operators such that ||J — J,|| — 0 as n — co. We have

v LV ) 1= 2 |

1
— || <
1—|—€\/l+hH -

1 1
- - 0
1+ev1+h 1+€\/1+h|(_>)

5.77
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as n — oo. It is therefore sufficient to show that J, V(x—y) m is compact. By linearity,

we can assume that J, is a rank one operator, i.e. J, = [¢)(¢| for some 1, ¢ € L*(R3). By
another approximation argument, we can assume that 1) and ¢ actually have compact support.

The kernel of the operator T = J, V(z — y) 1+e\1/1+7h is then

T,y ) = 0la) AV =) T ) (5.73)

Since ¢ and V' are both compactly supported, ¢(z’) V (2’ — y) vanishes for |y| > R for some
large enough R > 0. We are therefore free to insert the characteristic function xgr(y) =

Ly < ry:

T(z,y;2,y") = (@) d(@') V(2 —y) xr(y) (5.79)

1 /
Crevira )
The characteristic function x g is obviously bounded and compactly supported. By assump-

. 1 . 2 3 . . .
tion, xgr Trevih 8 then a compact operator on L*(R”). With the same approximation ar-

gument as above, we can assume that it is a rank one operator |f)(g| for some f,g € L?(R?).
So T has kernel

T(z,y;2",y") = ¥(x) o(a') V(z' —y) f(y) 9(v) (5.80)
and its Hilbert-Schmidt norm

/dx da’ dy dy' |T (2, y; 2’/ )|* = /dx da’ dy dy' [ (2)* o) * [V (" = ) ? [F (W) ()]
(5.81)
is finite, because V is bounded and 1, ¢, f, g € L*(R3). Hence, T is a Hilbert-Schmidt operator

and in particular compact, which completes the proof.
O

Remark 5.16. We would like to thank Prof. Erdds for showing us the proof of Lemma 5.15.



Chapter 6

Projections method

In the first part of this chapter we will explain the approach by Knowles and Pickl to derive
effective evolution equations from quantum dynamics for mean-field systems for arbitrary
dimension d. In the second part we will apply their method to mean-field systems with
magnetic fields. This latter part only treats d = 3 dimensions.

6.1 Outline of the method

We shall consider interaction potentials V € L?(R%) + L>®(R9). The analysis of [24] can
be extended to more singular interaction potentials. This requires further technicalities and
assumptions about the initial state that are more stringent. In order to understand the main
idea of the method we will therefore restrict ourselves to the above class of potentials, which
includes the important case of Coulomb interactions for d = 3. The exposition in this section
largely follows that in [24].

The method relies on controlling the quantity
1 1
an(t) = BR (1) = 1= (pr. i) (6.1)

over its evolution in time. We saw in Chapter 2 that EJ(\})(t) in turn controls the trace norm

(k)

distance of all higher k-particle marginals v, from the corresponding factorised solutions of

the infinite hierarchy, |¢;){ws|®*. We will compute the derivative of ay(t) and show that it
satisfies an estimate of the form

an(t) < An(t) + By (t)an(t). (6.2)
Then, by Gronwall’s Lemma,
t t
an(t) < <aN(0)+ / dsAN(s)> eJo dsBN(s), (6.3)
0

The scaling of Ay and By with NV will then give the appropriate behaviour of ay as N — oc.

To simplify the notation in what follows, we rewrite the Hamiltonian (1.7) as

N N
1
HNZEjhj+N§jmj = HY + HY, (6.4)
j=1 i<j
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where Vi := V(z; — x;).

We make the following assumptions:

(A1) The one-particle Hamiltonian h is self-adjoint and bounded from below. Without loss
of generality we assume that h > 0. We define the Hilbert space Xy = Q(HY) as the
form domain of HR, with norm

IWollxy = (L +HY)Y20 . (6.5)

(A2) The Hamiltonian Hy is self-adjoint and bounded from below. We also assume that
Q(Hy) C Xy, where Q(Hy) is the form domain of Hy.

(A3) The interaction potential V is a real and even function satisfying V' € LP1 + LP2 where
2<p; <p2 <00

(A4) The solution ¢; to the Hartree equation (1.11) with initial data ¢ € X N L9 satisfies
¢r € C(R; X, N LY N CYR; X7), (6.6)

where 2 < g3 < g1 < 00 are defined by

1 1 1

S-S S =12 6.7

2 PG (6.7)
Here X} denotes the dual space of X1, i.e. the closure of L? under the norm [¢||xs :=
1L+ 1)1 2]l2.

We can now state the main result.

Theorem 6.1 (Knowles-Pickl, [24]). Let ¥ € Q(Hy) satisfy ||Yn|l2 =1, and p € X1 N LN
satisfy ||pll2 = 1. Assume that the assumptions (A1) - (A4) hold. Then

an(t) < (aN(O) +]1V> R0} (6.8)
where .
o(t) = 32||V||LP1+LP2/0 ds ([l(s)llgr + [1o(8)llg2)- (6.9)

Using the results of Chapter 2 we obtain

Corollary 6.2. Let the sequence vy € Q(Hy), N € N, satisfy the assumptions of Theorem
6.1 as well as

(6.10)

2|

EY(0) <

for some C' > 0. Then we have

E® ) < (c+1)%e¢<t>, RY (1) < 2vT+ 1y %af’(t)/?. (6.11)
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Remark 6.3. For an initially factorised state 1n = o®V, we have trivially E](\})(O) =0, and
Corollary 6.2 reads

k k k k
EW ) < 7. rRW) < 2/ e (6.12)

This implies that for every fixed k € N and every fixed ¢t € R:
lim tr |y — Bkl = 0 6.13
Jim_tr |28~ e (@l = 0. (6.13)

Remark 6.4. In some cases it is convenient to modify the assumptions as follows. Replace

(A3) and (A4) with
(A3’) The interaction potential V' is a real and even function satisfying
V2 lolPllee < Kllolk, (6.14)

for some constant K > 0. Without loss of generality we assume that K > 1.

(A4’) The solution ¢; of (3.3) satisfies

¢ € C(R; X)) N CHR; X7). (6.15)

Then Theorem 6.1 and Corollary 6.2 hold with

ott) = 328 [ aslel, (.10
The proof even simplifies. One replaces (6.54) with (6.14), and (6.43) with
IV 1ol < 2K]lel%,, (6.17)
which follows directly from (6.14).
Proof of Theorem 6.1. We introduce the projection operators
p(t) = [e)(pe] and q(t) := 1 —p(t), (6.18)
where 1 is the identity on L?(R%). For j € {1,..., N} we use the notation
pit)=11®...01,1@pt) ®1L;11®...01x (6.19)
and ¢;(t) = Lp2gnay — p;(t) . Next, define
N
Put) == Y JIes®' g0 (6.20)
ac{0,1}V j=1
> aj=k
and set Py(t) =0if k ¢ {0,1,...,N}. Pi(t) has the following properties:

(i) Pr(t) is an orthogonal projection,
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(i) Pe(t)Pi(t) = ouPr(t),
(ii)) Yplo Prt) = Lp2mnay.

Moreover, for any function f : Z — C with supp(f) C {0,1,..., N} we define the operator

N
= IR, (6.21)
k=0
It follows that R -
fD)3(t) = fo(v), (6.22)
and that f(¢) commutes with p;(t) and Py(t). We will often use the functions
(k) = ~ k) = /5 forkefo1,.. N} (6.23)
m(k) = & n(k) ==/ fo I P .
and m(k) = n(k) := 0 otherwise. From the definition of ¢;(t) and P(t) we obtain
| X L NN
v D gi(t) = ~ SN gt Pu(t) = kak = 1h(t). (6.24)
j=1 j=1 k=0

By the symmetry of the wave function 1 ; and the definition of partial trace, this allows us
to rewrite ay(t) as

an(t) =1- <§0t7’y§\}7)t§0t> = (Une a(O)Yng) = (Ung qu JUNt)
(6.25)

N
k
Z (WUt Pe()ong) = (O, mt)dng)-
k=1
Let us emphasise what an(t) does. The part of ¢¥n; where k of the N particles are not in

the state ¢, (i.e. (Yny, Pr(t)ne)) is given the weight % Thus, intuitively, ay(t) counts the
relative number of particles which are not in the state ;.

Now we introduce the shift operation 7,, n € Z, defined on functions f through

(tnf) (k) := f(k+n). (6.26)
We will use the following lemma several times in the main part of the proof of Theorem 6.1.

Lemma 6.5. Let A be an operator acting on L*(R?) ® L2(R?) and define A15 := A® 13 ®
@1y, Let Q;, i = 1,2, be two operators of the form

Qi = #1#2, (6.27)

where # denotes either p(t) or q(t). Then

Q1A12f(t)Q2 = QNTn\f(t)Al,zQ% (6.28)

where n = ng — ny and n; is the number of factors q(t) in Q; (n; can be either 0, 1 or 2).
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Proof. Define

N
PP = S Tl 9.

(6.29)
ac{0,1}N-2 j=3
Zj aj=k
Then
N N N
A 2 2)
FH)Qi = = N fR)QiP() = S FR)QPE (1) = Y flk+n)QiPY (1),
k=0 k=0 k=0
(6.30)
Using the fact that A; » commutes with P,g2) (t) we therefore obtain
A N
QA f()Q2 = > f(k+ n2)Q1A12PL) (1)Q2
k=0
- (2)
= > f(k+n2)Q1P, 7 (1)A12Q2
kz_o (6.31)
N
=Y flk+ng —n1)Q1Pu(t)A12Qq
k=0
= Q1(7nf)(t)A12Q2.
O

Estimate of day(t):

We can now proceed to the main part of the proof and derive a Gronwall - type estimate on

an(t). We use the abbreviations

N
Ve =V x |g]?, H? = Zhj—#—Vj%.

Let ¢ € L?(RN?). From the assumption (A4) we deduce for j € {1,..., N} that

O (1, pi(0)) = (=) (W, [(hj + V), pi () | ¥) = (=i) (v, [H?*,p;()] ¥)

using the fact that [(h; + V,;**),p;(t)] = 0 for i # j. We also have

O (¥, qi (1)) = (=1) (P, [H?*, (1) ).

(6.32)

(6.33)

(6.34)
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Thus, using (6.25) and the symmetry of ¢n, we obtain

an(t) = 0 (U, m(t)dn )
= i (YNt [HN, ()] YNg) — 1 (Ones [HP 1 (8)] Yne)

N

= i (YN [Hy, m(t)] Yne) — i (Y, [H? %Z IOy

= 'wm,[HN—H% A( ) ¥ne) (6.35)
= i (U [ ZVW ZV% ()]t
z<]

= §(¢N,t, (N = 1)Vip = NV = NV in(t)] v ).

Notice that the one-particle operator h drops out of the expression. This is the reason why
the method can account for several types of one-particle operators in the same way.

In order to estimate ¢ (t) we introduce

Tra@nay = (pr(t) +q1(2))(p2(t) + g2(t)) (6.36)

on both sides of the commutator and expand the expression. Several of the 16 resulting terms
vanish because of Lemma 6.5. More precisely, all terms with an equal number of factors ¢(t)
on both sides of the commutator vanish. Only three types remain:

%(¢N,t,p1(t)p2(t) (N = 1)Vig = NV¥* — NV i(6)] q1 (t)p2(t) ¥ e) (1)
%WN,ta q1()p2(t) (N = 1)Vig — NV — NV ()] q1(t) g2 () dw,e) (1)

i .
2 (One P (Op2(8) (N = DVig = NV = NV ()] (B2 ()ewe) - (ITD).
All in all, we have
an(t) = 2(I)+ 2(11) + (IIT) + complex conjugates. (6.37)
It remains to estimate each of the three terms. To this end we use the following heuristics.
We control the singularities of V' with p(¢) by using the regularity of the solution ¢; of the
Hartree equation. Factors ¢(t) give something small of the order ay(t).
FEstimate of (I): Observe first that
p2(t)Vizpa(t) = pa(t)Vy™". (6.38)

This can be seen explicitly on the level of kernels. Dropping the irrelevant indices x3,y3, - . .,
TN, yn we have

(P2()Vi2p2 (1)) (21, 22; 91, 42) = /dz pr(22)pr(2)V (21 = 2)0(21 — y1)@r(2) e (y2)

= 021 — yl)%(wz)wt(m)/dz V(z1 = 2)|ee(2)] (6.39)

= 0(z1 — y1)er(2) e (y2) (V * |4 *) (21)
= (p2(t)V7") (1, w2391, 2)-
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Thus,
(1) = £ (nepr (Opat) [N — )Via — NV — NV ] an(0)pa (e
= e nOpa(0) [V~ DV~ NV i0)] aa(pa(0)n,)
= L e (Opat) [V (0)] aa (o (0w ) (6.40)
= sl P2 (0) [V 1 (1] ar (pa(0)w )

- _ﬁ(@Z’N,t,pl(t)pQ(t)‘/ftCIl(t)PZ(tWNﬁ'

Here we used (6.38) as well as p1(t)q1(t) = 0 in the first step and (6.24) in the fourth step to
replace m(t). Now we can bound () trivially by

1 1
(D] < 5Vl = 5 IV o1 oo (6.41)

Note that now it is the regularity of the Hartree wave function that allows us to control the
singularities of V' in the right-hand side of (6.41): Indeed, from assumption (A3) we know
that

V=vO4v® yherp (6.42)
Using Young’s inequality, we obtain
IV loePlloo < IV lpillel?, + 1Vl e, (6.43)
where 1 and 79 are defined by
1 2
1=—+—. (6.44)
pi T
Thus,
IV s leelPlloe < VO llpy + 1V o) Qeellry + llotlry)?. (6.45)
Taking the infimum over all decompositions (6.42) we obtain
IV 5 leelloe < IV IIzersLra(lelley + llotlra)*: (6.46)
Observe that the assumptions (A3) and (A4) imply
2<r, <q fori=1,2. (6.47)

Assumption (A4) and LP-interpolation (8.9) therefore ensure that the right-hand side of (6.46)
is finite. Thus

(1) IV zorrea (lpelley + lotllna)?. (6.48)

|_2N

Estimate of (II): Proceeding analogously as before, we have
i .
(1) = S(nea@p2(O(N = )Viz = NV = NVE rin(t))qa (8 a2 () dne)
i N -1
= (¥ (t)p2(t)] Vig = Vo™ qu(t) + q2()]a1 (1) g2 (1) 1)
2

N
SViaar (aa(0)n ) — & (o e an (P2 (VS 01 (s (B )
(6.49)

= %(le,tv a1 ()p2(1) N
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Hence,

()] < %l(l/w,t,(h(t)pz(t)Vw(h(75)612(t)¢N,t>| +%’W)N,t,Q1(t)p2(t)v2%%(t)Q2(t)¢N,t>|-

(6.50)
By (6.46) the second term of (6.50) is bounded by
1 1
SN a@p2(OVy a1 (a2(O)dn0l = SHa@)dne, (V™ g2 (B ()¢ne)|
1
< IV lollan (o (6:51)

1
< §HVHLP1+LP2(H<PtHn + [ty ) 2een (2),

where we used that ||q1(t)1j}N7t||% = (N, q(t)YNg) = an(t).

Next we bound the first term of (6.50). Using the Cauchy-Schwarz inequality and applying
(6.38) to V2, we get

%\ (Un a1 (O)p2(t)Vi2g1 (8) g2 () YN )|

< sV O e Op2OVER Dar ()0 1 (a1

1

= 5\/<¢N,t, q1(O)p2(t) (V2 * |e*)1p2(t)@a (t)¢N,t>\/<¢N,t, q1(t)g2(t)Yn,e)- (6.52)

1
< S\ IV2 5 ool (0 al3lar ()l

1
=5 VIIVZ e llocan ().

In order to estimate ||[V2 * |ps|?||co We proceed as before. Using the splitting (6.42) and
applying Young’s inequality we obtain

V25 leePlloo < 201V 5 felPlloo + 201 (V)2 5 0o
2[VOI, Neells, + 21V, leell7, (6.53)

<
< 201V, + 1V P2 (ltllay + letllan)?.

Taking the infimum over all decompositions gives

V25 leePlloe < 20V 2o 4 Loz (letllan + o). (6.54)

Hence from (6.51) and (6.52) we finally obtain

1
(D] < SIVIzer4pre (\@(H%qu +llellen) + Clpellr + H@th)2) an(t). (6.55)



6.1 Outline of the method 61

Estimate of (I11):

(1) = E.<11}Nt,101 (Op2(O[(N = 1)Vig = NV = NV in(t)] g1 (t) g2 (t) v e)

- fbwm,pl( Dp2(6)[Via, 01 (1) + ao(0)]ar ()as (1)) (6.56)

2 N
N e 1 (P2 () Vigs (g (£ ).

= 1 N

Next, observe that the operator n~1(t) := Z;V o (%)~ 12 Py (t) is bounded on the range of
q1(t), because

At () = 1 — Py(t) and Py(t)qi(t) = 0. (6.57)

Hence,

((LID)| < [(¥n,e, p1(E)p2(t)Vish () (£)q1 (£) g2 (£) )|
= (s p1(E)p2() T2 () Vign ™ (£)q1 (t) g2 ()N )|

< \/ (Y1, p1(E)p2 ()T (8) Vi (t)p1 () p2 ()Y e) \/<¢N,t,fl’Q(t)Q1(t)Q2(t)¢N,t>

< s (Op TR0 (V2 a2 ) (Opa(0)on ) | Van (D)

N
V2 o1 [* || oo 720 ()N e ll2 v/ v (t)
< VIVZ 5 o] 0o \/<¢N,t7ﬁl(t)¢N,t> + 2 Van(t)
V2% |9l oo + N Ve

1
V25 fot 2 lloo 2(an (8) + 5)-

(6.58)

Here we used Lemma 6.5 in the first step and the Cauchy-Schwarz inequality in the second
step. In the third step we applied (6.38) to V2 and used the fact that

N
W A0 O000081) = =77 2 Wi O ()
i#]
¢ S e a0
= (N — 1)N = N,t» qi\l)q; N,t (6.59)
e () ()
N
=y g
Moreover, in the fourth step we used
|T2n(t)Ynll2 = \/(¢N,t,7/277b(t)¢N,t> < \/<¢N,t,m(t)¢N,t> Ny (6.60)
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Inserting the estimates (6.48), (6.55) and (6.58) into (6.37) yields

lan (@) < 4[] +4(ID] + 2[(IIT)] < %BN(tHBN(t)aN(t), (6.61)
where

By (t) = 2/|Vzorsze2 (6(llellay + lotllge) + (el + lleellrs)?) - (6.62)

Using L2-norm conservation |||z = 1 and 2 < r; < ¢;, we obtain by LP-interpolation (8.9)
that [l¢¢|7, < [|tllq,. Hence,

By (t) < 16|V [zovsrea([[@ellay + llpellgz)- (6.63)
Finally, coming back to the Gronwall estimate,
I 1
an(®) < (an(0) + (| dsBa(s)el Y < (an() + )R, (660)
0
which completes the proof. O

6.2 Inclusion of a magnetic field

We can now state the strongest result of this thesis. We prove that with the projections
method one can include a reasonably general class of external magnetic fields. The overall
result for three dimensions is as follows.

Theorem 6.6. Let V € L®(R3) or V(z) = 2, A € R, and assume that the magnetic

m:
vector potential A : R® — R3 satiesfies assumption (A). We consider the mean-field quantum
dynamics generated by the Hamiltonian

N 1 N
Hy =Y (=iVy, + A(z)))* + ~ > Vi — ;). (6.65)
j=1 i<j

Let p € HY{(R?) with |¢ll2 = 1 and set vy = ®N. Let Y, = e "INty and denote by ¢y
the solution to the magnetic Hartree equation (3.3) with initial data pi—9 = ¢. Denote by

'Y](\];)t the k-particle marginals associated with Yy ;. Then there ewists a constant C' > 0 such

that, for k € N and t € R,

k k
'Y](V,3t_|€0t><90t|®k’ < 2y (6.66)

holds for all N > k. In particular, this implies for every fized k € N and every fixed t € R

tr

. k
Jmtr A7 — e (el = 0. (6.67)

Proof. Assume that V(z) = ﬁ, A € R. The case V € L®(R?) is easier and therefore omitted.

We will verify the assumptions (A1), (A2), (A3’) and (A4’). The assertion then follows from
Theorem 6.1, Corollary 6.2 and Remark 6.4.

Note that the form domain X; is the magnetic Sobolev space H(R?).
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(A1) The one-particle Hamiltonian h = (—iV + A)? is positive and self-adjoint by Theorem
2 in Leinfelder and Simader [26].

(A2) Theorem X.16 and Example 2 in Section X.2 in [31] show that the operator HY, =
Zi]\ij ﬁ is infinitesimally small with respect to the operator Zj\[: 1 —A;. The-
orem 2.4 in [1] then implies that HY is also infinitesimally small with respect to
HY = Z;V:1 (—iV; + A)%. Hence, by the Kato-Rellich Theorem 8.12, Hy is self-adjoint
on the domain D(HY,) of HY and bounded from below.

Moreover, this implies that HY is Hy-bounded. Using Theorem X.18 in [31], we infer
that HR, is form-bounded with respect to Hy. By the definition of form-boundedness,

Q(Hy) C QHY).

(A3’) The Coulomb interaction potential V(z) = 2, A € R, is a real and even function. For

_m’

2
/ o) dy
R

s |z —yl?

every ¢ € H}(R3) we have

IV? 5 @ |loo = sup
z€R3

AN Vaeyloolll

= 4N ||V lolll3

< AN [|(=iVe + A)oll3
< 4)\2HSOH§{}‘~

IN

(6.68)

Here we used Hardy’s inequality (8.10) in the second line, the translational invariance
of V in the third line and the diamagnetic inequality (8.11) in the fourth line.

(A4’) Theorem 3.3 states that the solution ¢; of the magnetic Hartree equation (3.3) with
initial data ¢ satisfies
¢t € C(R; Hy) N CHR; H Y (6.69)

and that furthermore, we have sup {[[¢¢|| ;1 |£ € R} < oco. Thus

t 2
ott) = 92 [ aslanliy, < 22K (s ol [t eR L G0

Hence, for every k € N and ¢t € R, we have

tr |7y — e (el ® ‘ < 2\/Ne¢(t)/ < 2/ e (6.71)
2
with C' = 16K (sup {H%HH}‘ |t e R}) , which completes the proof. O

Remark 6.7. Note that the verification of the global well-posedness of the magnetic Hartree
equation (3.3) in (A4’) required the biggest effort in the proof of Theorem 6.6. This was

worked out in Chapter 3.
Remark 6.8. Theorem 6.6 also holds for the class of potentials V' € L3(R?) + L>®(R3). For
example, all potentials of the type V(x) = ﬁ, A€ R and 0 < a <1, belong to this class.

We now sketch briefly how to verify (A2), (A3’) and (A4’) for this class of potentials.
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(A2)

(A3)

(A)

If Ve L3(R3) + L*°(R3), then also V € L?(R?) + L>®(R?). Since all potentials V €
L?(R?) + L>®(R3) are —A-bounded (see e.g. the proof of Theorem X.15 in [31]), the
same argument as above applies.

Let V = V3 + V5 € L3(R3) + L®(R3) with V; € L3(R3) and Vo € L®(R3), and let
¢ € HL(R3). Then

V< lol e = s | [ |v<x—y>|2|so<y>|2dy\
zeR3 | JR3
<2 [ <\v1<x—y>|2+|v2<x—y>r2>rso<y>|2dy'
zcR3 | JR3
<925 Vi(x —v)|? 2dy| + 2||Valles |02
<2 | [ Wit - PGPl +2ln ol

2|Val3llell§ + 2 1Valls 2
2C VAl IV lll3 + 2 [Valloo [l0l13
2C VAl 1I(=iV + A)gll3 + 2 Vallos lleoll3

<
<
<
< CVAll+211Valloo) 1ol -

Here we used the Holder inequality in the fourth line, the Sobolev inequality in the fifth
line and the diamagnetic inequality (8.11) in the sixth line.

This follows from Theorem 3.4 and Remark 3.12 (notice that V € L3(R3) + L*(R?)
implies V € L3/2(R3) + L®(R?)).
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Conclusion

In this thesis three different approaches to the study of mean-field quantum dynamics have
been reviewed. It proved possible to adapt these methods to include a magnetic field in three
dimensions. This required several non-trivial modifications of the methods. In particular, it
was necessary to establish the global well-posedness of the magnetic Hartree equation (3.3).
The results pertain to a reasonable class of magnetic vector potentials satisfying the assump-
tion (A). This includes the physically relevant case of a constant magnetic field.

For bounded interaction potentials V', a magnetic field could be included by all three
methods. The perturbative expansion of the BBGKY hierarchy in Chapter 4 and the com-
pactness argument in Chapter 5 both gave the convergence (1.18) to the limiting dynamics
determined by the solution to the magnetic Hartree equation. The compactness argument
is considerably more involved than the perturbative expansion and does not yield a better
result. However, among the two methods, only the compactness method might be extendable
to the case of including a magnetic field for singular interaction potentials. This would be an
interesting topic to pursue further.

The projections method was used in Chapter 6 to include a magnetic field not only for
bounded potentials, but also for the Coulomb potential. Moreover, an estimate on the rate
of convergence of (1.18) was attained. This approach therefore gave the strongest result ob-
tained in this work.

It is desirable to extend these results to a larger class of magnetic vector potentials. The
methods in Chapters 4, 5 and 6 would allow this. However, the necessary global well-posedness
of the magnetic Hartree equation depends crucially on the class of vector potentials satisfying
the assumption (A). For those vector potentials the magnetic Strichartz’s estimates by Ya-
jima hold. These estimates are at the heart of the proof of global well-posedness in Chapter
3. Suitable magnetic Strichartz’s estimates, allowing e.g. for less regular vector potentials
without decay assumptions, would immediately improve our results.

Furthermore, it would be interesting to find out whether one can also include a magnetic
field in arbitrary dimension d > 2. The magnetic Strichartz’s estimates by Yajima hold for
all dimensions d > 2. For bounded interaction potentials V', the global well-posedness of the
magnetic Hartree equation can then be derived in exactly the same way as in Chapter 3.
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For bounded potentials, the approaches in Chapters 4 and 6 apply without change for any
dimension d > 2. For the compactness argument in Chapter 5 to work, minor modifications
have to be made. The proof of Proposition 5.6 relies on showing the compactness of the
operator (5.39). The presented proof of the latter does not go through in higher dimensions,
one would have to introduce additional cut-offs. However, Proposition 5.10 is the crucial
ingredient of the second approach to the proof of Proposition 5.6. Its proof can be easily
generalised to arbitrary dimensions. It suffices to go through the same scheme of (5.64) using
the general form (8.14) of the relativistic heat kernel.

For the potential V(x) = ﬁ, A € R, in dimensions d > 3, the global well-posedness of the
magnetic Hartree equation can actually be established. Moreover, the projections method in
Chapter 6 to include a magnetic field in the mean-field quantum dynamics also works for this
potential. Both cases rely essentially on applying Hardy’s inequality (8.10) and the diamag-

netic inequality (8.11). These inequalities hold for all d > 3.



Chapter 8

Appendix

8.1 Partial trace and reduced density matrices

In the following let H1, Hs be two separable Hilbert spaces and set H = H; ® Ha.

Definition 8.1. Let T be a trace class operator on the tensor product H. There then exists
a unique operator try, T € LY(H) such that

tr(trpg, T)A = tr T(A @ 1yy,) (8.1)

holds for every compact operator A € K(H1). This operator try, T is called the partial trace
of T with respect to Ha. Note that on the left-hand side of (8.1), the trace is taken on L'(H1),
while on the right-hand side it is taken on L*(H).

The existence of the partial trace follows from duality: The mapping A — tr T(A ® 14,)
is a bounded linear functional on K(H1) and K(H;1)* = L£1(H1). One can show that the partial
trace try, T € L1(H1) is equivalently characterised by requiring that, for any orthonormal
basis {{;}jen of Ha, we have

e}
(o, (tr, T))r, = > (9@, TP &) Vo, v € Hi. (82)
j=1

Proposition 8.2. The partial trace satisfies the following relations:

trivy,(T) = tr T VT € LY(H) (8.3)
T>0 = tra,(T) >0 VT € LY (H) (8.4)

try, (T1 @ Ty) = Ty - tr Ty VTy € LY(H1) VT € LY (Ho) (8.5)
tr [tra, (T)] < tr|T| VT € L(H). (8.6)

Definition 8.3. A density matriz on a Hilbert space is a positive self-adjoint trace class
operator with unit trace.

Suppose 7 is a density matrix on H; ® Ha. Then by (8.3) and (8.4), the partial trace
try, () is a density matrix on Hj. It is called the reduced density matriz of -y with respect
to Hj.

If the Hilbert space is L?(R"), the operation of taking the partial trace on density matrices
can be formulated in terms of kernels.
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Proposition 8.4. Let Hy = L*(R") and Hy = L*(R™) for some n,m € N and let v be a
density matriz on Hy ® He with integral kernel y(xz,y; 2", y’). Then try, () has integral kernel

) (5 ) =/ dy~y(z,y; 2", y), (8.7)

where the integral is rigorously defined via the canonical decomposition of v in terms of its
eigenfunctions.

See the appendix in [12] or Chapter 2 in [30] for more information on partial trace and
density matrices.
8.2 L - estimates

Theorem 8.5 (Young’s inequality). Let1 < p,q,r < oo with 1—|—% = %—&—% and let f € LP(RY),
g € LYRY). Then
1f = gllr < I1fllp lgllq- (8.8)

Theorem 8.6 (LP- mterpolatlo ) Let 1 < p < q < oo and let f € LP(RY) N LY(RY). Let
0 € (0,1) and define r by £ = % + L=L. Then f € L"(R%) and

Ll < 15 11" (8.9)

Theorem 8.7 (Hardy’s inequality). For any d > 3 and ¢ € H'(R?) we have

(d_2>2/ (=) dx</ |V (x)|? da. (8.10)
R4

4 |2

8.3 Diamagnetic inequalities

Proposition 8.8 (Diamagnetic inequality). Let A € L? (R%R?) and let ¢ € H}(RY). Then
lo| € HY(R?) and the diamagnetic inequality

Vipl(@)] < [(=iV + A)p(z)] (8.11)
holds pointwise for almost every x € R%,

Proof. See Theorem 7.21 in [27]. O

Theorem 8.9 (Non-relativistic diamagnetic inequality). Let A € L2 (R%R?). Then, for
e > 0 and for almost every z,y € R?,

e+(—iV1—|— A Y| = e_lA(W)- (8.12)

Proof. See Theorem 4.4 in [28]. O
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Theorem 8.10 (Relativistic diamagnetic inequality). Let A € L2 (R%R?). Then, for e >0
and for almost every x,y € RY,

1 1
D < ——— (). 8.13
e v+ A@| Y| = ey (8.13)
The relativistic heat kernel at t > 0 s given by
VR (g ) = (4L ) ()2 t
e (w,y) = D(*)7 @1 [z )@ (8.14)
Proof. See Theorem 4.4 in [28]. O

8.4 Kato-Rellich - Theorem

Definition 8.11. Let A and B be densely defined linear operators on a Hilbert space H with
norm || - ||. Suppose that:

(1) D(B) > D(A)
(ii) For some a,b € R and all ¢ € D(A),

1Bl < allAgl| + blll (8.15)

Then B is said to be A-bounded. The infimum of such a is called the relative bound of B with
respect to A. If the relative bound is zero, we say that B is infinitesimally small with respect
to A.

Theorem 8.12 (Kato-Rellich). Suppose that A is self-adjoint, B is symmetric, and B is
A-bounded with relative bound a < 1. Then A+ B is self-adjoint on D(A) and essentially
self-adjoint on any core of A. Further, if A is bounded from below by M, then A+ B is
bounded below by M — max{b/(1 — a),a|M|+ b}, where a and b are given by (8.15).

Proof. See Theorem X.12 in [31]. O

8.5 f(z)g(—iV) - Theorem

Theorem 8.13. Let f,g € L?(RY) and define an operator f(-)g(—iV) : L*(R%) — L2(R?) by

(fOg(=iV)) (@) = f@)(g( )W) (z), o € LA(RY), (8.16)
Then )
1f(@)g(=iV)ll g2 = W\\f\\z!m!b- (8.17)

In particular, if f and g are in the L - closure of L*(R?) N L(R?), then the operator
f()g(—=iV) is compact.

Proof. See the proof of Theorem 4.1 in [36]. O
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8.6 Gronwall - Lemma

Lemma 8.14 (Gronwall). Let n(-) be a nonnegative, absolutely continuous function on [0,T],
which satisfies for a.e. t the differential inequality

() < P(t) +ot)n(t), (8.18)
where ¥ (t) and ¢(t) are nonnegative, summable functions on [0,T]. Then
t t
o) < (20 + [ dsue) el (8.19)
0

forall0 <t <T.

Proof. See e.g. Section (j) of the Appendix B in [15]. O
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