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Chapter 1

Introduction and Outline

1.1 Purpose

This work is a self-contained introduction to the non-relativistic stability of matter prob-
lem for Coulomb systems!, which makes use of first-principle quantum mechanics and
basic functional analysis. Most of the presented material is contained in [16]. The main
alms are:

to develop the mathematical tools required to tackle the stability problem, in par-
ticular the relevant inequalities,

e to provide a direct proof of stability for non-relativistic matter, presenting exactly
what is necessary for a complete understanding of the non-relativistic case,

e to compare this with the original proof of stability through Thomas-Fermi (TF)
theory,

e to develop the physics alongside with the mathematics.

1.2 An Outlook on the Route to the First Stability
Result

The sections in the beginning of this work introduce basic quantum mechanics and func-
tional analysis needed for our analysis. We now give an outlook on the main path to
stability of matter, omitting the general introductory pieces. The following sections are
central.

e Section 1.3, for an understanding of the physical background of stability.

e Chapter 3, in which the basic tools for the analysis of electrostatics are provided
and the atomic Coulomb potential is defined.

e possibly: Section 4.2.3 for a review of some relevant properties of fermionic density
matrices.

T.e. systems which interact only via the electrostatic force.
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Section 4.3, for a concise presentation of the key concepts of a proof stability.

Chapter 5, a direct continuation of Chapter 3, where the inequalities required to
control the Coulomb potential are shown.

Chapter 6, which gives another centerpiece of this work, namely a way to control
the fermionic ground state energy.

Chapter 7, where the proof takes place.

1.3 Physical Motivation

We begin by showing how the question of stability of matter arises from physical consid-
erations and formulate the two different kinds of stability.

We know that matter is comprised of atoms, which have sizes of the order 1 A=10"10p.
For every-day matter, the constituents of the atoms are electrons and atomic nuclei. The
electrons are elementary particles and are modeled as point-like particles in the physical
theories, the nuclei are known to have sizes of order 1fm = 107*m. It is a fact of Nature
that, on the atomic length scale, the only relevant of the four fundamental forces is the
electromagnetic force.?

When we compare the length scales above, we notice that for atomic physics the nuclei
are essentially point particles and thus atoms are essentially empty. This was initially
shown experimentally by E. Rutherford in 1911 [25]. From a classical point of view, it is
utterly unclear why the electrons are so far away from the nuclei. If only the electrostatic
force is relevant, which is true if there are no external magnetic fields and the electron spin
plays no essential role, then the electron should fall (or rather: spiral) into the nucleus
within a short time interval and the matter in our world would shrink together indefinitely
while releasing an infinite amount of energy.> The fact that this does not occur is called
the stability (of matter) of the first kind and is a direct consequence of the quantum-
mechanical description of the atom. The proof of the stability of the hydrogen atom was
actually an early validation of quantum mechanics. We will show stability of the first kind
for one-particle systems using the basic uncertainty principles given in Section Section 4.1.

However, there is another issue: Physical systems tend to minimize their internal energy.
Therefore, bulk matter with a large number of particles N ~ 10%* ordinarily shows the
lowest possible energy Ey. With this notion at hand, we can characterize stability of the
first kind for many-body systems by Ey > —oo (i.e. the system cannot release an infinite
amount of energy to the environment). Naturally, the lower bound we can assign to Ey will
depend on N. Is there a property of bulk matter that suggests a certain N-dependency?
4

2The weak and the strong force are only relevant on scales comparable to the size of nuclei and
the gravitational force is too weak in comparison with the electromagnetic force to have an effect on
unscreened (i.e. 'viewed from close-up’) charges.

3Strictly speaking, there has to exist a mechanism to transfer energy from the atom to the environment.
Otherwise, energy is bound to be conserved. This mechanism is given by radiation.

4Quantum-mechanically speaking, this is the ground-state energy of the many-body system. We do
not occupy ourselves with the existence of an explicit minimizer, namely the ground state. A precise
definition of Fjy is given in Section 4.1.
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Indeed, it is a fundamental property of systems that some thermodynamic quantities
like the volume, the entropy and in particular the internal energy are extensive quantities,
meaning that they are linear with respect to the particle number. We see that this implies
that Ey should be bounded from below by a bound linear in N, i.e. that there exists a
C > 0 independent of N such that

Ey > —CN. (1.1)
The occurence of (1.1) will be called the stability of the second kind®.

The notion of extensivity is closely related to a property called additivity, namely that
the physics does not change when one divides a system of identical particles into smaller
subsystems or, equivalently, if one adds two small systems to receive a large one. Imagine
two half-filled glasses of water® containing N particles each. We can always pour these
two together into a glass containing N = 2N particles. Since the electrostatic force is
a two-particle interaction the number of terms appearing in a calculation of the energy
will be of order O(N?). So, naively one could think that an optimal lower bound only
fulfills £y > —CN?, for some constant C' > 0 (constant with respect to N). With this
assumption, the energy of the large system Ey will only fulfill E, > —CN? = —4CN2. If
we assume for the moment that these lower bounds to the ground state energy are sharp,
we have a net decrease of internal energy given by Ey—2Ey = —2CN 2 which leaves the
system e.g. as heat.

We have thus created an enormous amount of energy (N is very large) simply by pouring
water together, which is not in accordance with reality. We see that only a linear bound
can provide us with the additivity of energy we experience. There must be another
mechanism at work, which frees us of the quadratic dependence on the particle number.
To summarize, stability of the second kind is a notion which is crucial to our understanding
of the material world.

1.4 Remarks on Notation

The notation used will be the one in [16], with minor changes when appropriate. Further-
more, we will occasionally use a few other conventions, some of which are widely used in
the physics literature:

e Vectors are denoted by boldface letters.
e For x € R? and R > 0, we define Bx(x) := {y € R||x —y| < R}.

e We will put the integration measure right behind the corresponding integral sign,
i.e. [dxf(x) instead of the usual [ f(z)dz to make the order of integration more
transparent. This will be particularly useful when invoking Fubini’s theorem to
interchange integrals.

e When dealing with sums of complicated terms which are equal up to exchange of one
quantity, we shall use the following notation to save writing (imagine the explicit

5Later on, N will denote only the total number of electrons, whereas M will be the total number of
nuclei. Then the lower bound should depend on (N + M), but the important fact is linearity.
6This example is taken from Chapter 8 of [20]
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form of f being a long expression):

/u(da:)f(m) + [p < v instead of /u(dm)f(x) + /u(dx)f(x).

So the bracket tells us to copy the preceding term and make the replacement given
within.



Chapter 2

Physical Preliminaries

This chapter will provide a quick, yet hopefully coherent presentation of the necessary
physical framework, particularly of quantum mechanics. A complete introduction to
quantum mechanics can be found in many excellent textbooks. Short guides well-suited
for mathematicians can be found in Chapter 7 of [28] and Chapter 2 of [16].

2.1 Classical Mechanics and Phase Space

2.1.1 Newton Mechanics

Classical mechanics is the physics of massive point particles with position variable given
by x = (21,72, 23) € R® and mass m.! Later on, we will also require our particles to have
a certain charge ¢q. The dynamics are governed by Newton’s equation of motion

% =F(x,%,1), (2.1)

where we have denoted time by ¢, the force acting on the particle by F and used the
dot to indicate a time-derivative. We restrict ourselves to systems, in which the force
shows no explicit time-dependence. Since (2.1) is second order in time, we know from the
theory of ordinary differential equations that a particular solution is uniquely determined
by fixing the two initial values x(t9) = xo and X(¢y) = v( at some time t5. The time evo-
lution from ¢, into the future (and for that matter, also into the past) is then deterministic.

Instead of considering the velocity, we can also work with the momentum
p = mX. (2.2)

As before, the motion of a particle is then completely determined by giving its position
and momentum at a certain time ty. It can be represented by the motion of a point
(x(t),p(t)) € T, where T' := R3 x R® = RS is called the phase space.

The Newtonian framework is a very haptic formulation of mechanics based on particles
interacting through collisions?. However, it is not well-suited to pass on to quantum

theory.

L Actually, most results here do not depend crucially on the dimension and one can often generalise to
x € RY, for some d € N. We note this here, since the results of Chapter 6 show a strong interplay with
the value of d, which is why we will state the results in full generality there.

2[5] calls Newtonian Mechanics ,romantic in a way.“
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2.1.2 Hamilton mechanics

Newton mechanics has an equivalent formulation which, as it stands, lies much closer
to quantum mechanics, namely the Hamiltonian formalism.> In the Hamiltonian formu-
lation, the interesting variables are x and its conjugate momentum P. They are the
arguments of the Hamilton function H = H(x,P), which is defined on the phase space
I'. Given H, we can define

Definition 2.1.1 (Hamiltonian vector field).

v (x,P) = (g—];, —aa—l;r) (x,P), V(x,P)el (2.3)

This is the essence of the Hamiltonian formalism, since a vector field defines a set of
ODEs. In the case of vy these govern the phase space dynamics and are called Hamilton’s
equations

(i, P) = vy (x, P). (2.4)

Note that these are now first order in time, so it is only required to fix one quantity at ¢,
as an initial condition. However, this quantity is precisely (x(o), P(t9)) € I'. The upshot
will be, that the same six initial values have to be specified as in the Newton case, i.e. we
cannot gain or loose information by changing the formalism.

Assumption 2.1.2. We shall make two assumptions to simplify matters. These are very
natural in the sense that they are fulfilled by most physically relevant Hamilton functions,
in particular for the Coulomb force governing the interaction on the atomic level (see 3).

(i) All the forces F we consider will be conservative, i.e. they are generated by a
potential energy V' through
F(x) = -VV(x). (2.5)

The term conservative refers to the fact that due to the existence of a primitive to
F all integrals over closed curves will vanish, corresponding to energy conservation.

(ii) The conjugate momentum will just be the physical momentum?; i.e.

P =p=mx. (2.6)

This has several implications and simplifies our mechanics substantially. The greatest
improvement is that now the Hamilton function will be given explicitely by a kinetic plus
a potential term

2
H(x,p) = 5~ +V(x) = T +V. (2.7)
where T is called the kinetic energy and V' the potential energy. As a consistency check,
we can use Hamilton’s equations for (2.7) to immediately reproduce (2.1) and (2.5). Fur-

thermore, we can take the time-derivative of H(x(t), p(t)) and see again from (2.4) that

3Note that another formalism of classical mechanics is the Lagrangian formulation, which is much more
natural when passing to Quantum Field Theory, i.e. relativistic quantum mechanics. This is connected
with the fact that the expectation of the Hamiltonian gives the energy for conservative systems, whereas
in special relativity the energy is the O-component of a 4-vector and is therefore not Lorentz-invariant.

4The most relevant exception to this appears in the presence of a magnetic field B(x) = V x A(x)
where the canonical momentum is shifted with the vector potential A, i.e. P = p + ¢A. In particular, P
becomes x-dependent.
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the value of H is a constant of mechanical motion. Actually, H just measures the energy
of our system, which is conserved as just argued.

Let us note that all objects we considered can be generalised naturally to the case of
N particles on a phase space given by some I' := R3" x R3" = RV For an illuminating
discussion of phase space we refer to Chapter 2 of [5]. We will return to this notion in a
moment, when introducing quantum mechanics.

2.2 A first view of the Coulomb Potential

Our most important example of a conservative force will be the electrostatic (or Coulomb)
force. It will be discussed thoroughly in chapter 3. However, we will introduce it here
in the special case of two point particles at positions xi,Xs carrying charges ¢ and @,
respectively. In our language, one of the charges (e.g. the second one) generates a field
E(x) at every x € R? with which the other one interacts through the Coulomb force

F = qE(x1). (2.8)

This is not very useful, until we give the explicit form of the field E(x) which is well-known
to be

Q X1 — X2
Ex)= . 2.9
(x) |x — Xo|? [x1 — X3 (29)
It is generated® by the Coulomb potential of the point charge Q) at x5 given by
Q
Vi = 2.10
C(X> |X — X2| ( )

We comment on the fact, that while (2.10) is the definition common in the physics litera-
ture, it will suit our purposes better, if we do not include units of charge in its definition.
In Section 3.2, we will pull out the e-dependence® from V.

Note 2.2.1. Let us collect some properties of (2.9) and (2.10).

(i) The direction of the Coulomb force is determined by the relative sign of ¢ and Q.
If their signs are the same, the force is repulsive. Otherwise, it is attractive.

(ii) The Coulomb potential of a point charge is radially symmetric and falls off as %

This has many useful consequences, as we will see in Chapter 3.

(iii) We can generally observe that only the derivative of a potential enters the physical
laws. Therefore, we retain the freedom of adding an overall constant to Vi without
changing the dynamics. If possible (i.e. if Vo has a uniform limit at infinity), we
will choose this constant in such a way as to make Vi vanish at infinity.

°In the sense of (2.5). Note, though, that the Coulomb potential differs from the corresponding
potential energy by a factor of ¢, which originates from (2.8).
6This denotes the electron charge given by e = 1.6021 - 10719 Ampere seconds
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2.3 Quantum Mechanics

The predictions of classical mechanics break down in two cases: On the velocity scale,
in the regime of high speeds, where special relativity governs the laws of motion; and on
atomic length and mass scales, where quantum mechanics comes in. We are interested in
the latter.

2.3.1 The notion of a state

Consider the word ,quantum®. It refers to a coarse-grained nature of the fundamental
objects of study.” In mechanics, this is the phase space. Position and momentum can no
longer assume exact values. The best we can hope for is to localize them within a box in
phase space®, the volume of which is given by the third power of Planck’s constant

h = 6.626 - 10~**Joule seconds. (2.11)

This is reflected by the famous Heisenberg uncertainty principle, which says that

hZ
AxAp > T (2.12)

where A := % and Ax, Ap denote the variance of z, p respectively.

Note that the variance is a statistical notion. However, we have never assumed any
lack of knowledge about our system, which would of course require a treatment with the
methods of statistical mechanics and variances would appear. The point is that:

Even though we can have complete information about the ,state“ of our system, this
does not give us any right to speak about a definite momentum or position.
Therefore, what we name ,state“? of a system must be given differently than in classical
mechanics, where knowing (x(o), p(to)) for a fixed ¢y, determined our system trajectory
in phase space completely. We have to abandon this kind of determinism, which was
inherited by our classical system from the global existence and uniqueness theorem for
solutions of ODEs — simply because we cannot know (x(to), p(to)).

The foundation of quantum mechanics is a very interesting and highly important sub-
ject. However, it is also incoherent and lengthy. We will not go deeper and finish the
discussion with four remarks.

Remark 2.3.1. We try to clarify some points made above.

(i) The statement that we cannot know (x(to), p(tp)) is not meant in the sense that our
measurement devices are too imprecise to detect them. It is meant in the stronger
sense that particles do not have intrinsic properties such as a definite position.
However, upon measurement a particle assumes (in the stochastic sense) a definite
position value. To distinguish it from randomness appearing due to our incomplete
knowledge of the world (’subjective randomness’), this is sometimes referred to as
‘objective randomness’.

"The appelation originates from Planck’s energy quanta correctly describing the blackbody radiation.

8This is the basic principle underlying the LT inequalities in Chapter 6 and is explained in Section
6.2.

9This will be made more precise in a moment.
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(ii) Thus, the variance in (2.12) refers to the variance we would get by measuring several
systems which are in the same state (an ensemble) and doing the statistics.

(iii) There is determinism in quantum mechanics. Namely, the time evolution of states is
given in a definite way, which reflects the fact that we have understood the dynamics
of quantum systems (in the sense that we do not loose information by letting an
unperturbed system evolve in time, only upon measurement is it that objective
randomness occurs).

(iv) Of course, one can also handle subjective randomness in quantum mechanics. The
appropriate tools are density matrices, see Section 4.2.3.

2.3.2 Formalism of quantum mechanics

Now that we have adressed the difficulties of interpretation, we take a pragmatic view-
point: We will postulate the correct formalism and justify this with the simplest argument
available to physicists: The predictions of the theory are in accordance with experiment.
We comment on the fact that we will not occupy ourselves with an abstract Hilbert space
structure, rather we shall define a state through its position representation.

Definition 2.3.2 (Wave function). All possible information about the (pure) state of a
physical system is contained in a function ¢ € L?(R3, C) satisfying

16l = (R/ dxlp)f| =1 (2.13)

Remark 2.3.3. (i) (2.13) allows us to interpret [¢(x)[* =: o(x) > 0 as a probability
density for the position of the particle. This is actually the motivation for the
definition and goes back to Born.

(ii) We observe that the exact knowledge of the wave function requires to specify un-
countably many (complex) values, whereas in the classical case it was enough to fix
6 (real) values. In this sense, a quantum state is much richer than a classical state.

(iii) In fact, any function in L?(R?, C) can be normalized as in (2.13), so we can consider
the whole of L*(R?,C) as the state space.

(iv) As a Hilbert space, L?*(R3,C) is equipped with a scalar product given by
(0.6) = [ FBIox)ax.
R3

Now that we have characterized states, we have to define the dynamics. As it turns out,
the time evolution of a state is governed by the time-dependent Schrodinger’s Equation

i) = Hip, (2.14)

where we obtain the Hamiltonian H by the following quantization rules from the classical
Hamilton function H(x,p) given in (2.7):

p — —ihV, X — X. (2.15)
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The multiplication operator x is defined by its action on wave functions, i.e. X1 := x1).
We get

R 72 .

H = 2mA+V(x) =T+V. (2.16)
We call T and V the kinetic and the potential energy operator, respectively. In the
following, we will drop the hat in the notation of operators.

2.3.3 Expectation Values and Sobolev spaces

The next step is to actually make predictions for measured values in experiments. From
the discussion in Section 2.3.1, we know that we can only make probabilistic statements
about these outcomes. A simple quantity we can assign to an experiment involving ran-
domness is the expectation value of the measured object.

But how are measurable quantities represented in our theory? By definition, a mea-
surable quantity is represented by a so-called observable, i.e. a self-adjoint operator on
L*(R?,C)."° Now we are ready to make the following

Definition 2.3.4 (Expectation value). Let A be an observable. Then we define the
expectation value of A in the state ¢ by

Ay = (@, A¢) (2.17)

CHON
Remark 2.3.5. (i) The term in the denominator on the right hand side of (2.17) ensures
that we only make predictions for normalized states.

(ii) Note that (2.17) is invariant under the global U(1) gauge transformation
Y — X (2.18)

Thus, we can only distinguish between equivalence classes of states. These so-called
rays are denoted by [¢)] = span(¢) = {eiW!X € R}.

(iii) (2.17) explains the motivation behind choosing A to be self-adjoint: By the spectral
theorem, A, will be a linear combination of eigenvalues of A. The eigenvalues of
self-adjoint operators are real, which implies A, € R as it should be.

By analogy, we can derive from classical mechanics that the associated quantity of the
Hamiltonian H is again the system’s energy. We will denote Hy by £(1), to emphasize
its functional character. As we are interested in lower bounds on the energy, H will be
the only observable of interest to us.

However, we see from (2.16) that H involves second order derivatives, which certainly
do not exist for general L?*(R?)-functions. On the other hand, the space C?(R?) would be
too restrictive for our purposes, since we can make sense of the expectation value of the
kinetic energy operator for many more functions. With this goal in mind, we consider a
function space lying in between L? and C? by generalising the notion of a derivative. We
shall only require the possibility to formally integrate by parts.'!

10The question of self-adjointness of operators can be highly non-trivial. These kind of problems will
be outside of our scope, it should however be noted that there is an issue here.

Note that this implies that the classical derivative, in case it exists (and the function vanishes at
infinity), agrees with the newly defined weak one.
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Definition 2.3.6 (Sobolev space). Let f € L*(R?).
(i) f is said to be weakly differentiable iff
By LB Vo R [axfVol) = - [dxoaglx). (219
R3 R3
g is then denoted by Vf.
(i) We define the first Sobolev space'? by
H'(R?) := {f € L*(R%)|f is weakly differentiable } (2.20)

We remark on the fact, that H'(R?) is also a Hilbert space with norm given by

1/2

Il = (‘R/ axlfeof + [ axIViGoP | 221

R3

From here on, we will mostly restrict ourselves to H'(R3) C L?(R?). The reason is that
for all ¥ € H'(R?) we can make sense of the expectation of the kinetic energy operator
(i.e. the Laplacian) by appropriately redefining the quadratic form

(0.0 = [[ax (G TT00 VU VR ) = Tt Ve (222

RS

For C?(R3)-functions vanishing at infinity, the former definition follows from integrating
by parts. For states ¢ ¢ H'(R?), we define T}, := co. In view of (2.22) it makes sense'®
to make the following definition.

Definition 2.3.7 (Ground state energy). For a fixed V', we call
Eo = inf { (1, HY)|yp € H'(R?),V,, is well-defined } (2.23)
the ground state energy of the system defined by V' (even if the infimum is not attained).

We see that our notion of ground state does not involve the existence of some ground
state 19. Rather, it is a variational characterization. This will be generalised in Section
6.1.

Remark 2.3.8. We comment on the fact that H' can also be defined by use of the Fourier
transform F on L?(R3).! Tt is then the F-inverse of a weighted L?-space. It is well-known
that in Fourier space, (spatial) differentiation becomes multiplication with a monomial of
the order of the derivative. This is not needed for our considerations,'®

So far, we have only considered a single quantum particle. Of course, stability of matter
is a notion concerning many-particle systems. We will come back to this in Chapter 4,
where we develop the actual mathematical tools needed for many-body quantum mechan-
ics.

12For a general treatment of Sobolev spaces, see Chapter 5 in [8]. For an approach using distribution
theory, see Chapter 6 of [14]

13Recall that H, gives the expectation value of the system’s energy.

1We assume basic knowledge of Fourier transformation. An introduction can be found in many
textbooks, e.g. chapter 5 of [14].

5Tt would be relevant for relativistic stability. For this we will have to make sense of fractional
derivatives (recall that the relativistic energy-momentum relation contains a square root).



Chapter 3

Electrostatics

Let us now return to our main example of a conservative potential: the Coulomb poten-
tial V. It governs the electrostatic interaction of charge distributions, in particular (as
seen in Section 2.2) the interactions between point particles such as nuclei and electrons.
Therefore, the potential term in the quantum-mechanical Hamiltonians discussed above
will be given by Vi for most of this work. Before we give the exact form of Vi for our
case, we will develop the basic theory of electrostatics, which has the advantage of being
accessible with only a few definitions.

3.1 Charge Distributions

3.1.1 Relevant Quantities in Electrostatics

The first question that arises is how to define a notion of charge distributions, which is
restrictive enough to allow the computation of the relevant quantities while at the same
time allowing for a sufficient variety in the appearence of charges. One solution to this is
to consider signed Borel measures on the coordinate space R3.

Remark 3.1.1. It is natural here to work with measures, because we will encounter both,
continuous and discrete charge distributions. In the mathematical language, the first one
corresponds to measures which are absolutely continuous (i.e. have a density o(x)) with
respect to Lebesgue measure dx, while the second one is given by a singular pure-point
(i.e. ,delta-like” in the case of point particles) measure with respect to dx. The measures
are signed because the electric charge has a sign. For a short introduction to measures,
see Chapter 1.4 of [23].

Before we can define charge distributions precisely, we have to introduce two natural
quantities for the analysis of electrostatics. First, we restrict ourselves to non-negative
Borel measures, for which we can define the following objects (in the sense that they
might be 400, but certainly will not yield an ill-defined expression such as ,,o0 —o00*“ due
to cancellation problems).

Definition 3.1.2 (Potential function and Coulomb energy). Let ¢ be a (non-negative)
Borel measure on R?

(i) The potential function asscociated with o is given by
1
d(x) := /a(dy)

x—y|
]R3

14
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(ii) The Coulomb energy of o is then defined to be

Ix -yl
R3 R3

D(a,a)::% / / o (dx) o (dy)— (3.2)
1

= é/a(dx)q)(x), (3.3)

RS

where (3.2) holds due to Fubini’s theorem (o is non-negative). The physical interpre-
tation for @ is that it gives the potential energy of a unit test charge subject to the
electrostatic field generated by o. In D(c, ) the field generated by o at the point x € R?
is tested with a charge given by o(dx) yielding the corresponding potential energy. When
we sum up (integrate) over all choices of x and y, we overcount all self-interactions of the
field by a factor of 2 which is remedied by the factor of % So D(o,0) gives the total en-
ergy stored in the electric field generated by o. This is why it is called the Coulomb energy.

Now, we are ready to define

Definition 3.1.3 (Charge distribution). Let p; and u_ be Borel measures on R3 with
finite Coulomb energy satisfying

/,ui(dx)1 —1—1\x| < 0. (3.4)

R3

In this case we shall call the signed Borel measure given by

fLi= g — [ (3.5)
a charge distribution.

Remark 3.1.4. Note that we do not require p and p_ to have disjoint support, i.e. we
are not using the measure-theoretic fact (called the Hahn decomposition), that any signed
measure can be written as the difference of two positive measures with disjoint support.

3.1.2 Basic properties of charge distributions

Of course, we have defined a charge distribution in such way as to make the objects ® and
D accessible for non-negative Borel measures (in the sense that no cancellation problem
can occur). We will show now that this is indeed the case. We begin with a lemma which
is the result of a simple integration in polar coordinates.

Lemma 3.1.5. Let S? C R? denote the unit sphere. We denote by dw the normalized
surface measure on S?. Then for any r > 0 and y € R® we have

1 11
/dw— — min {—, —} (3.6)
4 rw —y| 'yl

Proof. Without loss of generality, assume r > |y|. Find a rotation R € O(R?) such
that Ry = |y|les = (0,0, y|). Then we can make the change of variables ¢(w) := R™'w
followed by a transformation to polar coordinates and an application of the fact that for
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any two vectors X,y € R3 we know |x — y| = (|x|? + |y|> — 2(x,y))"/2. This gives the
desired result

2

1
1 1 1

/dw— = —/d¢/d(0039)

J lrw — |yles| 4w J 1 /12 + |y2 = 2r|y]| cos 0

1

\/1+Iy|2 L ‘

(1412

Lo / d _%_1 r %’(H‘%')z
ol T T eyl e

(-2

1
i O
r

The following proposition (Thm.9.7 in [14]) comprises two statements of relevance. The
first one is that (3.1) makes sense for charge distributions. The second one is a fundamental
property of potentials proportional to inverse length! and goes back to I. Newton. We
shall give further comments after the proof.

Proposition 3.1.6. Let p be a charge distribution with potential function ®. Then

(i) ® € L} (R?) (i.e. ® is integrable on every compact subset of R®). In particular
®(x) is finite for Lebesgque-a.e. x € R3.

(i) If we assume that p is spherically symmetric with respect to the origin (i.e. rotations
around (0,0,0) are measure-preserving), then

‘P(X):§ / p(dy) + / u(dY)|?1|- (3.7)

ly[<[x| [y [>Ix|

Proof. We notice that

1
x—y|

x)| < / e / (12 (dy) + u_(dy))

We can thus restrict our proof to the non-negative measure v := p, + p_. This allows
us to freely use Fubini’s Theorem, because ﬁ is non-negative as well. Let K C R? be

compact. We can always find R > 0 such that K C Bg(0). By monotonicity, it then
suffices to consider

/ dx / (dy) / (dy) / dx
k— R—y\
9 1
= V(dy) dT?” du}m
R3 0 S2

IThis is also the case for the gravitational potential
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By (3.6), the innermost integral gives min{r~', |y|~'}. The r-integral can then be bounded
by Cr/(1+ |yl|), with a constant Cz > 0 depending only on R. This is seen by differenti-
ating cases. For |y| < R, one can split the integration and drop a negative term in |y|? to
get Cr = R*(R+1)/2. In the case |y| > R, one rewrites |y| = |y|R(R+1)" ' +|y|[(R+1)"!
and gets Cr = R*(3(1 + R))~*. So we can bound the whole expression by

Cr / v(dy)

]R3

1+ y|’

which is finite because 4, p— fulfill (3.4).

Now, assume 4 to be spherically symmetric. For every element of { R € O(R®)|R(0) = 0},
the change of variables ¢(y) := R™'y shows that ® is also spherically symmetric. There-
fore we can express ® by its spherical average, invoke Fubini and again use (3.6) to see

1 1
(I)(X) :ER[M(CZY)AS[CZWHX‘W_yl

- [ ntaymin{ o
- - :U’dy mineg —, 17— )
i ) MM R

R3
which gives the desired result. O]

Remark 3.1.7. The following consequence of the second statement is sometimes referred
to as Newton’s theorem or the screening property of the Coulomb potential.?2 Consider
the case supp(p) C Bg(0) for some R > 0. Then we see that for all x satisfying |x| > R

= (3.8)

where @ = [ p(dy) denotes the total charge. This is just the potential of Qd(x), i.e.
a point carrying charge ). If p were the mass density of e.g. the Earth, then the
original version of Newton’s theorem would state that from above Earth’s surface, we
cannot distinguish its graviational attraction from the one of a point particle at its center
carrying its entire mass.

We explicitly give an easy consequence which will be our main application of (3.7).

Corollary 3.1.8 (Point charges have maximal potential). Let p be a spherically sym-
metric, positive charge distribution with respect to some xo € R*. Let Q := [ u(dy).
R3

Then
d(x) < ¢

~ x — x|’

vx € R®. (3.9)

2The term ’screening’ was already used in the introduction. It refers to the important fact that
a collection of point charges of different sign has a decreased effective charge (and thus interaction
strength), when viewed from afar. This can be seen from (3.8) by replacing @ with some Q¢ satisfying
|Qerr| < |Q|. The term originates from the effect, which occurs when a point charge is placed in a
dielectric medium. The alignment of the elementary dipoles of the medium then results in an effective
shielding of the point charge from its environment (referring to charges on greater length scales). For
more on screening, see [9], p.68.



CHAPTER 3. ELECTROSTATICS 18

Proof. For xo = 0 this follows immediately from (3.7). The general case follows by
translational invariance. O

Now, we have acquired all necessary results for potentials of charge distributions, par-
ticularly of spherically symmetric ones. It is now time to come back to the Coulomb
energy defined in (3.2). The following theorem fulfills all wishes about D as it turns out
to not only to be well-defined and finite for charge distributions, it is actually positive
definite.® Clearly it is also symmetric and bilinear, i.e. a scalar product.

Theorem 3.1.9 (Positive Semi-Definiteness of the Coulomb Potential). Let i be a charge
distribution. Then
0 < D(p, p) < 0. (3.10)

Moreover, we have a Cauchy-Schwarz type inequality for D, i.e. for any two charge
distributions p, v it holds that

|D(p,v)|> < D(p, 1) D(v,v). (3.11)

Before we prove the theorem, we explicitly give the main statement for this version of
the proof.

Lemma 3.1.10. Let x,y € R3. There exists a constant C > 0 such that

1 1 1
- ol = C/dZ I I (312)
=yl ) x—2Ply -2

Proof. Consider the right hand side of (3.12) as a function g(x,y). The fact that g is trans-
lation and rotation invariant follows directly from the same statement for the Lebesgue
measure and appropriate substitutions. Thus, g depends only on |x — y|. Furthermore,
both sides are homogeneous of degree —1 (or more nicely put: both scale as 1/length),
therefore, they must agree up to a constant factor. ]

Proof of Theorem 3.1.9. We wish to use (3.12) with Fubini. For this purpose, we write
i = piy — p—, where 4 are non-negative by definition. By linearity and symmetry, we

can write
D(p, ) = D(pt, pye) + D(pey =) = 2D (p, pi). (3.13)

The first two terms on the right hand side are finite, because p is a charge distribution.
So, it suffices to consider the third term. Applying (3.12), Fubini’s theorem and the

3In the following theorem, we will only show that D is positive semi-definite, as this is all we need.
For the complete version, see Thm. 9.8 in [14].
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Cauchy-Schwarz inequality gives

Dy i //mﬁx (dy) /w S
P

-¢ / iz (m/ u+<dx>ﬁ (m/ o) =
< g /dz ([R/ M+(dX (R/ p+(d \y 2] [h4 <> p]

(\/21? peps )N 2D (e o

which is (3.11) and shows that each term on the right hand side in (3.13) is finite, i.e.
D(pu, p) is well-defined and |D(u, p)| < oo. If we replace py and p_ by p in the second
line of the above calculation, we can easily see that D(u, ) > 0. O

Remark 3.1.11. There is a more illuminating fashion to show the result, without use of
(3.12). We will not introduce any of the following concepts in this work, but we mention
that the same result can be obtained by using the fact that the Coulomb kernel is the
Green’s function of the Laplacian, namely

NI (3.14)

]

as well as Fourier transform for measures and a representation formula for the regularized
resolvent kernel of the Laplacian (also called the Yukawa potential) in Fourier space,
namely (6.30). The result is

Lnu+,u_>=:§%L/lhaﬁi%§%gy§91, (3.15)

R?)

to which a Cauchy-Schwarz estimate can be readily applied.

Note that d really is a distribution. We will not define precisely what this means (cf.
Chapter 6 of [14]), but rather treat § symbolically, i.e. we say that (3.14) holds in the
distributional sense. Then, it is only meaningful when both sides are integrated with
the derivatives applied to appropriate test functions, namely the C2°-functions (equipped
with a strong notion of convergence). See also the definition of the weak derivative in
section 2.3.3.

The main point of the above remark was to introduce (3.14), which will be used in
Chapters 5 and 9. For this reason?, the elementary proof is given on page 23 of [§]
and the shorter version (using distributions and thus treating § not just symbolically) is
theorem 6.20 in [14].

4Another reason is that the calculation of the Green’s function of the Coulomb kernel essentially solves
the problem to determine the potential from a given charge distribution, which is in some sense the main
point of electrostatics.
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3.2 The Atomic Coulomb Potential

Let us now consider a system at the atomic level with arbitrary, but finite particle num-
bers.

We are given N electrons and M nuclei with position vectors x = (xy,...,xy) € R3V
and R = (Ry, ..., Ry) € R3*M  respectively. The electrons all have the same charge given
by ¢, = —e and the nuclei have a charge vector q. = =eZ with Z = (Zy,...,Zy) € RM
(of course, in nature the nuclear charges would be non-negative multiples of the electron
charge e = 1.6021 - 107 Ampere seconds, so all Z; € Ny). Both, electrons and nuclei,
participate in the two-particle interaction given by the electrostatic force, as they are
represented by the following self-explanatory charge distributions®

0" (x) - =6Zk5Rk

Qnucl(x) - Z Qnucl

el

0; (X) P = _eéxi
709 = Y o)

We then consider the Coulomb energy of the aggregate system, defined as

ZkZl
Vo(x,R) = ) o=l _Xj’ sz mt > R R (3.16)

1<i<j<N =1 k=1 1<k<I<M

=:I(x) + W(x,R) + U(R).

We can understand how (3.16) originates from the charge distributions given above, by
looking at the formal expression

N
€2VC(§7B) — ( ZD Qz 791 ) +D(Q€Z,Qmwl)
=1

M
+ (D(Qnucl7gnucl) . ZD nuclygzucl)> '
k=1

The parentheses suggest to interpret Vi as the sum of the Coulomb energies of all the
possible interactions between our charge distributions — take away the (infinite) self-
interactions of all the particles.

Remark 3.2.1. (i) Recall that e¢*V gives the potential energy of the system, as dis-
cussed in Section 2.2.

(ii) The three terms given in (3.16) represent all possible pairings of the N electrons
and the M nuclei. [ is the electron-electron repulsion, W is the electron-nucleus
attraction (note the negative sign) and U is the nucleus-nucleus repulsion.

5Actually, they are the density of a charge distribution with respect to Lebesgue measure dx, but we
will drop the dx in the considerations above.



CHAPTER 3. ELECTROSTATICS 21

(iii) In the real world my,. = 1.6726 - 107*"kg > 9.1094 - 1073! = my, so for our
problem the nuclei have an effectively infinite mass. Even if they are dynamic,
they will change position so slowly, that the electrons will immediately adapt to the
new charge configuration after each infinitesimal movement of the nuclei. This is
implemented by treating the nucleus positions R as fixed, but arbitrary, parameters
and is called the Born-Oppenheimer approxzimation. Only the electrons will be
represented by a quantum-mechanical wave function. To prove stability results for
all configurations of nuclei, we will have to find R-independent bounds.

In the following, we choose V' = Vi in (2.16) and call the resulting Hy s the non-
relativistic Coulomb (or: atomic) Hamiltonian.

3.3 A note on units

Now that we have introduced all relevant units for our problem, we shall simplify our
formulas considerably by working in ,natural® units, i.e. we set

h=meg=c=1, (3.17)

where, for the sake of completeness, we have included the speed of light ¢ = 2.998-10% 2
In these units, length has units of time or inverse energy or inverse mass. All of this is
meant in the sense that we rescale all arguments carrying a dimension appropriately, be-
fore we compute quantitative results. A more profound explanation is given in Section

2.1.7 of [16].

We remark that in our units, the electron charge considered above is equal to the square
root of the dimensionless fine-structure constant given by
e 1
a=—= .
he  137.04

(3.18)

To conclude, we give the form of our Hamiltonian as given in (2.16) in the new convention

N
1
Hy oy = —3 ZZI A; 4+ VaVe(x,R), (3.19)

where Vi is given by (3.16) and A; denotes the Laplacian acting only on the i-particle®

This finishes our discussion of electrostatics for the moment. We have in fact already
developed the necessary tools to prove the electrostatic inequalities required for the proof
of stability. However, we still need to develop the formalism for many-body quantum
mechanics in order to calculate the expectation values of our Vi and to grasp the stability
issue through an appropriate definition. Also, we would like to clarify the need for the
electrostatic inequalities, before discussing them in Chapter 5.

6This will become more clear in the next Chapter, where we introduce N-particle spaces as the tensor
product of 1-particle spaces. Then the honest notation would be A; =1 ® ... ® A ® ...I, where A stands
at the i-th place and I is the identity on the one-particle space.



Chapter 4

Mathematical Preliminaries

In this chapter, we will begin by proving stability of the first kind for one-particle systems
by using Sobolev’s inequality from the theory of partial differential equations. Then, we
will introduce the two kinds of statistics quantum particles can follow and subsequently
develop the basic tools needed for the analysis of many-body quantum systems, namely
density matrices. In the end, we give the precise definition of stability of the second kind.

4.1 Basic Inequalities and Stability of the First Kind

Recall the definition of the ground state energy Ejy in (2.23). With this we can directly
go on to

Definition 4.1.1 (Stability of the first kind). Let H be a one-particle Hamiltonian. We
say that the system defined by H fulfills the stability of the first kind, iff

We begin the discussion of stability of the first kind, by stressing the obvious fact that
the classical Hamilton function H(x,p) with V' = Z/|x|,Z > 0 is unstable of the first
kind (in the sense that it is not bounded from below, as a function). This is due to the
fact that — classically — nothing prevents us from making x and p simultaneously small.
Thus, the hydrogenic atom is unstable classically as stated in Chapter 1.3.

We have already seen the mechanism which yields the stability result for one-particle
quantum systems. It is the complementary uncertainty in momentum and position that
forbids us to repeat the procedure of the classical case. This is reminiscent of Heisenberg’s
uncertainty principle introduced in (2.12). However, it is only the idea of a general uncer-
tainty principle that is useful, i.e. an inequality which prohibits to localize a particle in
position space without its kinetic energy (which is non-negative) increasing simultanously.
The reason why (2.12) itself is not terribly useful, is that (in the H' sense) one can easily
make Ax arbitrarily large (while leaving Ap almost unchanged) by adding a small con-
tribution to any state ¢ at a point y which is then sent to infinity. We will not give the
details, which can be found on page 26 of [16].

Instead, we go on to an uncertainty principle much better suited for our goals. We give
the theorem without proof, a slightly stronger version is shown in [14], Thm 8.3.

Theorem 4.1.2 (Sobolev’s inequality for H'). Let ¢ € H'(R3). Then we have
IVY[[z = Ssll¥lls. (4.2)

22
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where Sz := 3(47%)*3 is the optimal constant.
Remark 4.1.3. (i) Note that 2T, = ||V¥|[3.

(ii) The fact that the LS-norm is the natural norm on the right hand side of (4.2) follows
immediately from a scaling analysis (i.e. replacing 1 by ¥,(x) := ¥ (Ax) on both
sides and requiring that the dependence on the paramter A\ vanishes).

(iii) The fact that S3 is optimal can be shown through symmetric decreasing rearrange-
ment inequalities, an elementary exposition can be found in [20].

For the sake of completeness, we also give the well-known

Theorem 4.1.4 (Holder’s Inequality). Let p € [1,00] and q such that ]l) + % = 1. Take
f € LP(R?) and g € LY(R?). Then

7l < 1A lgllq- (4.3)

With these two inequalities we can continue to prove stability of the first kind for an
entire class of one-particle potentials.!

Theorem 4.1.5 (Stability for one-particle potentials). Let V € L3¥2(R3)+L>(R?). (This
means that there exist v € L2(R3),w € L™®(R3) such that V(x) = v(x) 4+ w(x). Then
Ey > —o0 and we have the estimate

T, < CEW) + D||Y][3, (4.4)
where the constants C, D depend only on V.

Proof. Without loss of generality, assume |[[¢||]s = 1. Let V(x) = v(x) + w(x) with
v € LP?(R3),w € L=(R?). We first prove that we can find A € R_? such that h(x) :=
—[v(x) — A]- := —min{v(x) — A, 0} has the property

1) l32 < —- (4.5)

To show this, assume without loss of generality that v < 0. Then we have that

[axt-to60 =N =[x ot~ 2

R? (A} >0
< / dxo (),
'CEEIES

where we have used the notation {v > A} := {x||v(x)| > [\[}. Now, the last line can
be made arbitrarily small by picking |A| large enough, because v € L'(R3). This shows

1 An overview on the possible results of this type for arbitrary dimensions and in the relativistic case
can be found on page 273 of [14].

2The reason why all considered objects are negative will become apparent in a moment. It is due to
the fact that we will make an estimate of the form v — A > —[v — A\]_
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(4.5). Next, we use Sobolev’s inequality followed by Hélder’s inequality and (4.5) to get

S S.
T, > 2l = 2 (J
5

>

1/3

x1(x)°|h(x)[*[h(x)] 7
I

d
(, [h]9)

=—hy>0

L)
=
o

With this we can conclude, using v(x) — A > h(x), that
8(’(#) :T¢,+V¢ ZTw+h¢+>\—0—w¢
1
> STt A=l

Since Ty, > 0, this implies Ey > X — ||w|| > —00. The domination of the kinetic energy
follows immediately from the last step. O]

We observe the obvious, but important fact that

1
o L2(R%) + L®(R%). (4.6)
So we have shown in particular, that the ground state energy of the hydrogenic atom with
quadratic form given by
1 1 Za
e =Tv+ (1) =5 [ (Ivvear - woor) (4.7)
|- ¥ 2R3 x|

is stable of the first kind. We remark that this can also be shown directly by calculating

a commutator involving a derivative. This is done e.g. in [20] and even yields Ey = —ZTQ.

The above result, as mentioned in the introduction, was a triumph of early quantum
mechanics.

4.2 Description of Many-Body Systems

We begin by explaining spin, which is not relevant to us in the one particle case, since we
neglect the fine-structure and no external magnetic fields are present. Spin will become
important when we introduce the symmetry classes of quantum particles.

4.2.1 Spin

It is a deep consequence of relativistic quantum field theory,® that a particle has further
internal degrees of freedom. These correspond to an angular momentum. Its absolute

3For electrons, this follows directly from the reducibility of solutions to the Dirac equation, see e.g.
[22].
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value can be characterised by a dimensionless quantity, which is denoted by S and is
quantized to take on only positive half-integer values, i.e.

13
Se{0.5. 15} (4.8)

We call the value of S the spin of the particle. A complete set of spin-observarbles
includes the spin component in a fixed direction, which is taken to be the spin in the
z direction S,. This component is also quantized and assumes values according to

S,e{-5-5S+1,..,S5}

This is the usual physical notation. We will denote by ¢ = 25 + 1 € N the number of
different spin values, the so-called spin-degeneracy of the particle. ¢ is a characteristic of
each particle type, it is ¢ = 2 for electrons. Then o will play the role of S, i.e.

oce{l,...q} (4.9)

To each possible o, there exists one possible eigenstate with exactly this spin value.
Therefore, the particle carries a g-dimensional internal Hilbert space, in addition to its
spatial one. As wave functions are complex-valued, so are their coefficients in linear
combinations, and we see that we really have to consider

H, = L*(R? C?) := L*(R®) ® CY. (4.10)

Remark 4.2.1. (i) For an outlook of tensor products of Hilbert spaces, see Section I1.4
of [23].

(ii) A wave function in H; can be thought of as an L? - function with values in C%.
Therefore, it is often written in vector notation and then called a spinor. In case of
electrons, spin can then be represented through the famous Pauli matrices, which
is particularly useful when considering systems involving a magnetic field.

(iii) Fur the purpose of analyzing stability, one can replace L? with H! in the above
definition. As discussed in 2.3.3, this corresponds to a restriction to states with
finite kinetic energy.

(iv) Of course, we will mostly be considering electrons with ¢ = 2. However, it is not
only interesting to follow the g-dependence (in particular for the LT inequalities
discussed in Chapter 6), we will also see in a moment that bosons will correspond
to the ¢ = N case. Therefore, we continue to work with an arbitrary value of ¢.

We will not use the spinor notation, but rather write
z=(x,0) (4.11)

which enables us to compactly talk about ¢ (z) € H;. We remark on the fact that the
normalization condition now involves the scalar product on C9.

4.2.2 Many-body Wave Functions
Formalism

The generalization of the concept of a wave function to the many-body case is evident.
The main problem is to find an easy notation. We follow the one in [16], though we refrain
from generalizations unnecessary for our puposes.
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Definition 4.2.2 (Many-body systems). The N-particle Hilbert space? is given by
N
Hy = R H1 = LR C). (4.12)
i=1
The elements of Hy are of the form (abusing the notation for the arguments of )

W(z) = (21, ....,25) = V(X1,01, ..., XN, ON) (4.13)

and are called N-particle wave functions. For an f € H;, we write

/dzzf Z/dxZ X;, 0;). (4.14)

0'7,—1
The normalization condition then becomes

]2 ::/dz|1/1 / /dz1 Az |z, oz )2 = 1. (4.15)

Remark 4.2.3. () The 1) € Hy can be thought of as ¢V functions in L*(R3), labelled

(i) The interpretation of |1|? stays probabilistic: It gives the probability to find particle
1 at position x;, carrying spin oy and particle 2 at position x5, carrying spin oy and
so on. Note however, that |¢|> is now a density function of 2N arguments, thus
we cannot interpret it as a physical particle density at some point x € R3. This is
possible, though, by calculating the marginal distribution of ||* and doing the spin
sum. This is done in the following.

Definition 4.2.4 (One-particle density). We denote

Z/ /dz1 dz;..dzy | (21, ..., (X, 00), .. zy) |2, (4.16)

;=1

where the hat indicates that the corresponding integration is not performed. We note
that gf;b(x) is the probability density to find the ¢-th particle at the point x. We call

0p(x) =) 0}(x) (4.17)

the one-particle density® associated with .

4Note that ® C?2C?", not to C2V.
5Clearly f dxg¢, x) = N, reflecting the fact that the total number of particles is N.
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Indistinguishability: Bosons and Fermions

There is another peculiar fact about the quantum world, which we have not yet men-
tioned, namely:

Quantum particles are fundamentally indistinguishable.

This means, that we have no means to identify an electron with its position in the
argument list of an N-particle wave function. Consequently, an N-particle wave function
must give the same predictions upon exchange of two argument values, i.e. of two identical
particles. As noted in 2.3.3, this implies that

V(eoy Ziy oy 2y o) = XY (e, 2y oy Ziy ), (4.18)

for any i, j € {1,..., N}°. Let us make a heuristical consideration: When we exchange the
i-th and the j-th argument of ¢ twice, we regain the original order of arguments. This
double exchange thus ,,should“ not alter the value of ¢ at all — not even up to a phase
factor. This leads us to suppose that X € {1,—1}. Tt is a fact of Nature, that this is
indeed the case.

Definition 4.2.5 (Bosons and fermions). The behaviour of the N-particle wave function
under the exchange of two arguments is characteristic of the described particles.” Let
i,7 € {1,..., N}. The wave functions satisfying

¢(...,Zi, vy Zj, ) = ¢(...,Zj, ceey gy ), (419)

are called (totally) symmetric. The corresponding identical particles are called bosons.
The ones for which

¢(7 Zi, ..., Zy, ) = —@Z)(, Zj, ..., 2q, ) (420)

holds, are called (totally) antisymmetric wave functions and their corresponding identi-
cal particles are named fermions. One can make the obvious generalizations for wave
functions in which both types of symmetries appear in the arguments.

Remark 4.2.6. (i) Observe that in either case, g, given in (4.17) is (totally) symmetric
in its arguments.

(ii) It is an early consequence of relativistic quantum field theory, that bosons corre-
spond to even spin numbers ¢, while fermions correspond to odd ones. This fact is
called the spin-statistics theorem (see e.g. Section 4 in [27]).

The most important consequence of (4.20) is the famous Pauli exclusion principle (short:
Pauli principle), which says that no two identical fermions can occupy the same state, in
the sense that an antisymmetric wave function which is symmetric in two of its arguments
must vanish. As we already remarked, electrons have ¢ = 2, so they must be fermions by
the spin-statistics theorem.® Thus, they follow the Pauli principle. Nuclei can be either
bosons or fermions, which one is determined by summing the spins of their constituents,
i.e. the nucleons.

At this point, it is natural to consider the operators given by

5The easy modelling of the particle exchange given here is one of the conveniences of our notation.
“In physics, it is called the statistics the particle follows.
8We also now this directly from experiments.
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Definition 4.2.7. Let ¢ € Hy. We define the symmetrization and the antisymmetriza-
tion operator by their respective action® on ¢

S[p(z1, .. 2n)] =Y $(Zr(1), s Za()) (4.21)
TESN

Alp(z1, .o zn)] =Y sgn(m)d(Ze(1), - Za(v)). (4.22)
TESN

We see that S[¢| is bosonic and A[¢] is fermionic (when appropriately normalized). We
denote their respective range by R(S) =S¥, H,=: ’HSS), the symmetric (N-fold) tensor
product; and R(A) = AN, H, = ’H%), the antisymmetric (N-fold) tensor product of H;.

Let us pause to consider two examples of physical wave function, which are widely
used in chemistry and solid-state physics, namely product wave functions. Fix a set of
normalized f; € Hqi,7=1,..., N and define

P(z) = H fi(z4). (4.23)

Surely, S[¢] is bosonic. If we take all the f; to be the same, then S[¢] = N!¢ and \/LN—'gb
is an easy example of a bosonic N-particle wave function. Furthermore, ’

1 1

m'A[(b(Zl: ey ZN))] = \/ﬁ

is a normalized fermionic N-particle wave function called a Slater determinant. It can
be thought of as the closest one can get to a product wave function when considering
fermions.'® There is much more one could add here, but we finish the discussion by
mentioning the fact that the Slater determinants form a basis of the space of antisymmetric
functions. This is a main motivation for their study.

det{ fi(z;)}1— (4.24)

4.2.3 Density Matrices

Before we begin, let us introduce a useful notation from physics.

Definition 4.2.8 (Dirac bra-ket notation). Let 1, ¢ € Hy. We define |¢)(¢| to be an
operator on Hy, which acts on xy € Hy through

) (V](X) = (¥, x)¥ (4.25)

Physical Motivation of density matrices

When we consider the operator [1) (1|, we observe that it can be uniquely identified with
the entire ray [¢], i.e. it is no longer ambiguous up to a phase factor. Therefore, we might
as well consider |¢) (1| as a notion of state.

9The [-] - brackets do not signify the ray corresponding to ¢.

10An application of Slater determinants is the procedure referred to as ,filling the orbitals“ (of an
atom). In that case, the f; are orthonormal eigenstates of a one-particle Hamiltonian. The problem
about A[¢] is that it does not take into account interactions (it has, after all, product structure). We
will come back to this in Section 8.1.
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In 2.3.1 we have stressed the fact that the measurement process in quantum mechanics
is a manifestation of subjective randomness. On the other hand, we normally do not
have access to the precise state of a system. Normally, the best we can hope for is to
make a probabilistic model for the possible states our system could be in. However, we
cannot construct the whole state as a convex combination of all the possible states, e.g.
Y = 2+ %ZZJQ, as this would lead to interference effects between ¢, and 15, which we do

2
not want. On the other hand, when we consider

D= 2ol + g i)l (4.26)

we see that interference is no longer possible and we are dealing with a true statistical
mixture of the states v1,15. This will lead us to call I' a density matriz.'® With this
language, we will call |¢)()| =: I'y a pure density matriz, as it corresponds to a single
quantum state.

" usually describes the whole system we consider, including the environment. Ideally, I"
describes the whole universe. In the atomic case, it describes the simultanuous behaviour
of all the N particles and is still highly complicated. Obviously, we cannot be required
to know (or measure) the precise form of I' — rather, we would like to take its marginal
distribution in order to analyse only the small subsystems (i.e. electron pairs'?) we are
interested in. The corresponding operation will be the partial trace and the created object
will be called a reduced density matriz.

Formalism and Basic Results

Now that the idea has been clarified, we go on to define the corresponding objects. Again,
we restrict ourselves only to those needed for further study and avoid unnecessary gener-
alizations. Most of this section will be somewhat informal, as new concepts will closely
follow one another.

Theorem - Definition 4.2.1 (Trace). Let {¢,}nen be an orthonormal basis of Hy
(which is clearly separable) and A a linear, bounded, self-adjoint and positive'® operator
on Hy. Then the trace of A defined by

o0

Tr(A) == (bn, Ady) (4.27)

n=0
is independent of the particular orthonormal basis chosen.

The proof of the statement is trivial, since all terms involved are positive and thus any
two infinite sums can be interchanged. It can be found on page 207 of [23].

Definition 4.2.9 (Density matrix). A linear operator I' on ‘Hy that satisfies
Tr(T) = 1, (4.28)

(in the sense that I' also fulfills the conditions given above for our definition of the trace,
i.e. I' is positive and self-adjoint) is called an N -particle density matriz. If in addition

r2=T (4.29)

then the projection I' is called a pure state density matriz.

H(Clearly, T is really an operator, not a matrix.

12Recall that the interaction given by V¢ involves a maximum of two particles at once. We will say
more on this later.

13This means Vi € Hy : (1, Ayp) > 0.
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That I'p,.e is a pure state density matrix is equivalent to I'p,. being a rank one operator
with exactly one eigenvalue equal to one. Consequently, there exists ) € Hy (namely the
normalized eigenfunction corresponding to eigenvalue one) such that

Ppure = Pw = W><¢| (43())

We can see that I is a so-called Hilbert-Schmidt operator.** Since H is an L2-space, this
is equivalent with the existence of an L%-integral kernel for T' (which we also denote by
I'). This means that the density matrix acts on wave functions in the following way

(T)(z) = / dz'T'(z,2' ) (2'). (4.31)

Clearly L
Iy(z,2') = ¥(2)¥(2). (4.32)

Even though we shall not treat the spectral theorem explicitly, we now suggest a natural
way to think about density matrices in terms of spectral decomposition. As it stands, the
conditions imposed on a density matrix I' are sufficient to imply the following eigenfunc-
tion expansion in terms of pure state density matrices

P=D> ALy =D Mlva (Wil (4.33)
=1 i=1

where the {1;};en form an orthonormal basis of Hy. Also, the family of real {\;}iey is
the set of eigenvalues of I" and thus satisfies (after appropriate reordering)

A > > >0, (4.34)
> N=Tr(I) = 1. (4.35)
1=1

We gather consequences of (4.33).

(i) When we step back and review our motivation, we see that I is a convex combination
of pure states and can thus be interpreted probabilistically.

(ii) The form of the kernel for general I' follows from (4.33) and an application of
Lebesgue’s dominated convergence theorem (using Bessel’s inequality)

L(z,2) = > Ailz)vi(z). (4.36)

(iii) (4.33) gives a way to answer the question of how to get the energy expectation value
from a density matrix. We write

EM) :=Tr(lCH) = i XNE (W), (4.37)

4The notions given here will not be used much in the rest of the work. We give them here quickly and
refer to [26] for an overview. T is by definition a trace-class operator and therefore also Hilbert-Schmidt.
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which is just formal, unless the sum on the right hand side is well-defined. Because
of the kinetic term, this certainly requires I' to satisfy

SVl < oo, (438)
=1

and such a T' is called an H' density matriz (by analogy). We explicitly note the
immediate consequence of (4.37) (> is trivial), that

Eo = inf {E(T")|T" a density matrix} . (4.39)

(iv) (4.33) allows us to speak of a physical, i.e. bosonic or fermionic, density matrix I,
namely when the corresponding {1;};cn follows the respective statistics. Denote by
Dy the set of all such I'. In the following, we will always assume I" € Dy.

Remark 4.2.10. For considering reduced density matrices, we require to work with the
diagonal part of the kernel, T'(z,z). However, the diagonal set {(z,z)} has Lebesgue
measure zero, so the kernel is undefined there, as seen from (4.31). Therefore, we explicitly
define I'(z,2) := > 7" \i|¢i(2z)[?, as in (4.36).1° This gives the useful formula

Tr(T) = /dgF(g,g). (4.40)

One - Particle Reduced Density Matrices

We restrict ourselves to the simplest non-trivial marginal we can build from a density
matrix.

Definition 4.2.11. Let I" be a physical N-particle density matrix. Then the kernel of its
One - Particle Reduced Density Matriz v is

Y (z,2') := NTr(y_1) = N/dZQ...dZNF(Z,ZQ, 2 7o, . ZN). (4.41)
The corresponding v then acts on ¢ € H; by

(1 6)(z) = / iz (z,2)4(2). (4.42)

Remark 4.2.12. (i) We say that the variables z,, ..., z,, are integrated out and the (here
only formal) operation Tr(y_y is named taking the partial trace. For this definition
we needed to define the diagonal part of the kernel.

(ii) The generalization to a k-particle reduced density matrix v*) for k < N is obvious,
but unneeded in the following. We refer to page 42 of [16] for details. A natural
way how to view such 7(’“) is in terms of a partial trace Tr(y_y), for a discussion see
[21].

(iii) The prefactor N implies Try) = N (i.e. 71 is not normalized to one). It is
a combinatorial factor and stems from the fact that there are N choices, which
variable z not to integrate out in (4.41). As I' is physical, all of these choices give
the same result (because each 1); appears quadratically in (4.33)).

For an explicit derivation of this fact using a sophisticated averaging procedure over infinitesimal
cubes centered on the diagonal, see [3] and [4].
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(iv) Denote
DY = {6 € L(H1)| self-adjoint, § > 0, Tr(5) = N}, (4.43)
where £(H;) denotes the set of all bounded linear operators from H; to H;. It is
not hard to show that v(!) ¢ DE\}). The fact that 7! is positive can be seen by

using (4.36) and rearranging the integrals appropriately by use of Fubini’s theorem
(justified by a direct application of the Cauchy-Schwarz inequality).

(v) The diagonal v(!)(z, z) is now defined through the diagonal of I'. On the other hand,
) also has an eigenfunction expansion. One could define the diagonal of the kernel
of ¥ in a similar fashion as before, this would then lead to the question if these
two definitions agree. The fact that this is true is shown in [7] by a regularization
procedure.

As our coulombic Hamiltonian does not involve a magnetic field, spin is not a quantity
of dynamical interest. Therefore it makes sense to simplify matters in the following sense,
which can again be understood in terms of a partial trace, this time over the C?-part.

Definition 4.2.13 (Spin-summed density matrix). We define the kernel

q
W x) =Y (x,0x,0) (4.44)
o=1

)

and call 7(()1 the spin-summed density matriz corresponding to v,

Clearly, ’y(gl)(x) = py(x), where g, was defined in (4.17). We note an obvious conse-
quence of the above definition. It will constitute the main appearance of the parameter ¢
in all that follows.

Proposition 4.2.14. Let ||yV||o denote the spectral radius (i.e. the largest eigenvalue)
of the density matriz V). Then

1
17 s < @YV loo- (4.45)

Let H = Zf\il h; be a one-particle operator, i.e. h; acts only on the i-th particle (as a
fixed h, which is independent of 7). This was explained after (3.19). Then, the described
particles cannot interact and thus the expectation of H in any state should not depend
on correlations between the particles. The formalism of density matrices provides an
illuminating statement of this fact, which will be an important ingredient in our first
proof of stability.

Proposition 4.2.15 (Expectation of one-particle operators). Let I' € Dy (i.e. T is
fermionic or bosonic) and H = Zf\il h; a one-particle operator with associated quadratic
form €. Then (under abuse of the Tr-notation)

E(T) = Tr(HT) = Tr(hyW) (4.46)
If, additionally, h is independent of spin we get (again abusing the Tr-notation)
Tr(hy™) = Tr(hy$M). (4.47)

Proof. When we consider the definition

Tr(HT) = Z by / dgmz hi;(z),

we see that the first statement for the fermionic case follows from the quadratic appearance
of 1 (the bosonic case is trivial) and rearranging. The second statement is obvious. [
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Admissible One-Particle Density Matrices

Taking the partial trace to get from an N-particle density matrix I' to ) € D%) is
certainly not an injective map. One can ask however, if it is surjective onto DJ(\}). We call
ay € DJ(&) having a pre-image I' (i.e. v = NTrv_nI") admissible. The case k = 1 we
consider is the only k£ < N for which this issue is well-understood. The answer depends
heavily on the statistics of «. In particular, all bosonic v € D](\}) are admissible.!® We
consider only the fermionic case.

Theorem 4.2.16 (Admissibility condition for fermionic reduced one-particle density ma-
trices). Let v € DE\}). Then

dl' € Dy, I fermionic : v = NTr(y_pnI' <= v < 1. (4.48)

The ,,<=“ - direction is omitted, it will not be needed in the following. The idea of
the proof is to construct I' as a convex combination of Slater determinants by using a
sophisticated re-ordering algorithm for the eigenvalues of 7. The details can be found on
page 47 of [16]. The ,=*“ uses a tool well-known to physicists, which will be defined in
a moment. First, we give an obvious, but very important corollary.

Corollary 4.2.17. For a fermionic ¢ € Hy with associated one-particle density matrix
v it holds that

Ml < 0 (4.49)
Proof. This follows immediately from theorem 4.2.16 and proposition 4.2.14. [

Definition 4.2.18 (Creation and annihilation operators on the fermionic subspace). Let
¢ € Hi = L*(R3;C?). We define the annihilation operator associated to ¢

an HS\J;) — H%)_l
(an o) (21, ...,2N-1) == \/N/dzmﬂ(zl, o ZN)O(2), (4.50)
and the creation operator associated to ¢
al g HY — HY,
(0% @1y oo Zy-1) = X (31, oer 1) A Blz), (4.51)

VN

where we have used the shorthand notation

X(2Z1, ..., ZN_1) AN P(zN) = ﬁfl[x(zl, e ZN-1)0(2ZN)] (4.52)

We remark on the fact that ay g and a}; , can be easily extended to operators on Fock

space given by @r_, H%). The Fock space is the natural physical space for the analysis
of systems with changing particle numbers and it is in fact a Hilbert space. We leave the
Fock space aside, and go on to show some basic properties of ay 4 and ay ;.

I6Tn fact, for N > 2, one can check that they are admissible by a pure state density matrix I'y with
00 N

= J% SV Hl fi(z;), where {(fi, A\i)i}ien are the orthonormal eigenfunction-eigenvalue pairs of ~.
i=1 j=

The case N =1 is trivial.
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Proposition 4.2.19. For any ¥ € Hy,x € Hy_1 we have (with a slight abuse of the
scalar product notation for Hilbert spaces of different particle number):

(an o, an o) = (¢, NTry_1I'yo), (4.53)
<X7 aN,¢¢> = <a7V,¢X7 1/))7 (454)
AN11,60N 11,6 T AN pane = ||][3 1N (4.55)

Remark 4.2.20. The second equation says that the * notation is meaningful. The third
equation is the most important of the canonical anti-commutation rules (ACR) well-
known to physicists.

Proof. We redefine (z1, ..., zy) =: (2, zy) (only for this proof). We begin by noting that we
can freely use Fubini’s theorem, since all integrals are finite (can be seen from a multiple
application of the Cauchy-Schwartz inequality). Thus

{anot, angt) = N / dz ( / dzyi(z,2x)p(zy) / dzy)(z, Z?v)WGv))
= /dZN/dZ/NW/N)(ﬁ(ZN)\Nv/dZFw(Za ZN; 2, Z?v)/

—~
YW (zn,2ly)

= (¢, NTry_1I'y¢).

Next, consider the right hand side of the second property

/dz/dz]\ﬂp Z,ZN)—F———— ( Z A (Z() sgn( )X(zﬂ(l),...,zﬂ(N_l)Z. (4.56)

-~

=(=DN TN x (21, 2 (N) e 1ZN)

since x is antisymmetric. Denote Ny := m(N). Then the summands in the 7-sum differ
only by the value of Ny and each shows a uniform degeneracy of (N — 1)! (the number of
permutations among the sets {1,..., N — 1} and {1, ..., ]/\%, .., N}). By antisymmetry of
Y, we can rewrite the integrand in (4.56) as

\/_ Z N Noy, zl,...,fN\o,...,zN,zNO)(—l)N_Nox(zl,...,Z/]\?O,...,zN)ng(zNO).

No=1

And we see that all N sumands give the same integral when we apply Fubini’s theorem.
So we get a remaining total factor of /N, which agrees with the one on the left hand
side.

When we apply the left hand side of the ACR to some x € H%), it reads

1
ﬁ/dzN—H > sgn(m)X(Za(), -oos Za () (Zr(n41)) D(ZN41)
TFESN+1
] > sgn(o )/diNX(ZU(l)a-'-aZU(N—l)yzN)Qb(ZN)'
oESN

Consider the first summand. Denote M := 7~!(N +1). We split the sum over 7 according
to the two cases M = N 4+ 1 and M # N + 1. In the first case, the degeneracy of the
m-sum is N! since y is already antisymmetric. Thus it yields

<¢7 ¢>X<Z17 ceey ZN)7
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which is all we need. The second case gives

N
Z Z (Zx(n11)) /dZN+1X(Z7r(1)7 ey Zr(N))P(ZN41),

ESN+1 TI'(M) N+1

where we can rewrite

X(Zr(1)s - Zr(N)) = —X(Br(1)s s Zr(M=1) Zr(N)> Zr(M+1)> > Zr(N—1), EN+1)-

Thus, the M-sum collapses and gives an additional factor of N which combines with the
ﬁ. The remaining 7m-sum is the sum over Sy for appropriately redefined indices and after
cancellation the ACR follows. m

Proof of Theorem 4.2.16. Let v = NTry_I". First, we assume the I' = I'y, for some

normalized ) € 7{5{;). To show v < 1, we pick a ¢ € ‘H,. By Proposition 4.2.19 we have
(again abusing the (.,.) - notation)

(9, 70) = (¥, aygane) = (9 O) (¥, V) — (¥, ant1,6aN41,6Y)
= (¢, 0) — <a7v+1,¢¢a a*N+1,¢@/’>
< (¢, 9). O

This concludes our treatment of density matrices. With the developed N-particle for-
malism we return to the main body of this work.

4.2.4 Definition of Stability of the Second Kind

Recall the non-relativistic atomic Hamiltonian
| N
Hy oy = 5 ; A;++aV(x,R), (4.57)

given in (3.19) with V = V!7 as defined in (3.16)

YA
VesB= 2 —xj| sz TR e v I

1<i<j<N i=1 k=1 1<k<I<M

=:1(x) + W(x,R) + U(R).

and o ~ We note that this Hy p is symmetric in the electrons (i.e. in the labels we

ﬁ
assign to them), so we can effortlessly make sense of it for antisymmetric 1) € I N .

Definition 4.2.21 (N-particle ground state energy). The quadratic form Ey p associated
to Hy p is well-defined on

D= H'®Y) N {v e HP Wy < oo} (4.59)

"We always work with the explicit Coulomb potential. Everything generalises to potentials V €&
L3/2(R3) + L>°(R?), which vanish at infinity.
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with # € {f,b}. It is given by

N
(L:N,M(w) = ZTd,,i + an, (460)

i=1
where T} ; is the quadratic form defined in (2.22). The ground state energy of a certain
configuration (R, Z) is defined as

B¢ (R, Z) = inf {Ex(W)|v € D, [[¢]]: = 1}, (4.61)
and the absolute ground state energy is
EY),(2) = inf {E (R, Z)|R e R3N} (4.62)

with # € {f,b}."8

Note that the nuclear positions R are indeed treated as parameters, as proposed by
the Born-Oppenheimer-Approximation discussed in Section 3.2. The understanding of
the absolute ground state energy is that we allow the nuclei to be dynamic — so they
will distribute themselves in such a way as to minimize the energy of the whole system.
Before we go on to the main definition, we recall the argument given in the introduction,
explaining that a linear lower bound to the atomic energy is crucial for the extensivity of
matter we experience around us.

Definition 4.2.22 (Stability of matter). An atomic system!? satisfies the stability of the
first kind if for all given distinct values Ry, ..., R/, it holds that
Evm(R, Z) > —cc. (4.63)

Furthermore, it satisfies stability of the second kind if there exists a real-valued function
= such that
Exm(Z) > —E(max{Zy,.... Zy})(N + M) (4.64)

Clearly, stability of the second kind is a stronger notion than stability of the first kind.
Actually, we are already in a position to see the latter for our case.

Proposition 4.2.23 (Stability of the first kind for non-relativistic Coulomb systems).
Let Hy ar be as in (4.57). Then the system defined by Hy ar is stable of the first kind.

Proof. To see this, we do the crudest possible estimate: we simply omit the positive
repulsive terms in VC, called I and U in (3.16). Then, for fixed R we have to consider

SR YY ey Z( 3% erZ ")

where h; is a one-particle Hamiltonian. For every ¢, the sum of the nuclear Coulomb
potentials is clearly in L2 (R?) + L®(R3). So, by Theorem 4.1.5 each h; is stable of the
first kind. The same then holds for the sum of the h;. O

Physically, it is indeed clear that once we know the stability of the first kind for the
hydrogenic atom (i.e. that one electron cannot fall into a single nucleus), then taking
finitely many nuclei and electrons (which will even repel each other) will not change that
result.

8We will drop the f in the fermionic case from now on.
9This definition applies to general atomic systems with some R-dependence, e.g. to relativistic Hamil-
tonians.
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4.3 Key Ideas to prove Stability of the Second Kind

Let us give a roadmap for what follows to improve to stability of the second kind.

(i)

(iii)

Consider V' = V¢ as given in (4.58). The electron-nucleus interaction W is the
only negative term in our Hamiltonian, so any instability can originate only in W.
Since the electrostatic interaction always involves exactly two particles, all terms
contained in Vi (positive and negative) are quadratic in the number of particles.
Thus, any naive estimate of the O(N M) negative terms is bound to fail. The idea
is that the Coulomb potential will be estimated by a one-particle potential.

The nuclei have to sit at different positions R, because of the presence of the re-
pulsive term U. One could have the feeling that the main problem about Vi is
the Coulomb singularity (,,Coulomb tooth“) of the particular nucleus the electron
will be close to. This is not the case, in fact we have already seen in section 4.1,
that by some uncertainty mechanism, the kinetic energy is sufficient to control the
Coulomb tooth for one electron. Furthermore, we are dealing with fermions, i.e.
antisymmetric wave funtions following the Pauli-principle. Thus, the uncertainty
principle transports to the N-particle case with appropriate dependence on the spin
degeneracy ¢. In this spirit, it is not hard to show stability of the second kind for a
single hydrogenic atom and N electrons. We will not do this, rather we will show
the more general Lieb-Thirring inequalities in chapter 6, which are equivalent to an
uncertainty mechanism, as shown in section 6.5

When we return to Vi, we observe that the more severe problem is that

W can also be very large a slight distance away from the nuclei, because there might
be many of them (M can be large). One somehow has to disentangle the two sources
of instability by removing the Coulomb tooth in an appropriate fashion; this will be
done in the following chapter 5.



Chapter 5

Electrostatic Inequalities

We now return to electrostatics in order to prove the basic inequalities required to control
the Coulomb potential away from the nearest nucleus. First, we will treat the exclusion of
the Coulomb tooth, then we will prove a basic inequality for general charge distributions.
The basic inequality will then be used to prove Baxter’s inequality, which estimates the
Coulomb potential from below with a one-particle potential involving only the Coulomb
teeth of each individual electron. For this chapter, we assume that

Zy=..=Iy= 2, (5.1)

which will not be of importance for the stability issue, as we shall see in section 7.1. In this
case, the interaction with a single electron at the point x € R? is given by the potential

M 1
Wx)=2) ———. (5.2)
; ‘X - Rk|
Recall (3.14), which now gives
M
—AW(x) =472 Y d(x — Ry). (5.3)
k=1

In particular, W is harmonic! on R3\ {Ry, ..., Ry}

5.1 Voronoi cells and the Coulomb tooth

There is only one difficulty about removing the Coulomb tooth, namely that that the
notion of nearest nuclear singularity depends on an electron’s position. From this point
of view, it is natural to consider the following cells around each nucleus.

Definition 5.1.1 (Voronoi cell). Let Ry, ..., Ry € R? be the distinct nuclear positions.
We call
Iji={xeRVi#j:|x—Ry| <|x— Ry} (5.4)

the Voronoi cell corresponding to the j-th nucleus.

Remark 5.1.2. The Voronoi cells will be the main tool to prove the results of this chapter.
We note the following three points.

LA function u is called harmonic, if Au = 0.

38
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’ . ‘ it | . .
(i) Clearly, each I'; is open. Also, it is convex as an intersection of finitely many
half-spaces.

(ii) An instructive picture of two-dimensional Voronoi cells can be found in [16], on page
94.

(iii) OT'; may include the point at inifinity denoted by {oo}.

We introduce some other notation, which will be needed for the statement of the first
result.

Theorem - Definition 5.1.1. (i) We will denote half the nearest neighbour distance
of the j-th nucleus by

1
D; :=dist{R;,0l;} = §min{\Rl-—Rj|‘i7éj}. (5.5)

(ii) We introduce
D(x):=min{|x —R||[1 <i< M}, (5.6)

which is continuous everywhere. Its one-sided derivatives exist at each OI';, but they
do not agree and D(x) has a kink.

(iii) Now, we define the toothless Coulomb potential © by
O(x) :==W(x) — ——. (5.7)

Clearly, © then has the same differentiability properties as D(x) (because all the
Zy, are the same) and is harmonic in each Voronoi cell. We also note

UR) = 23 6(Ry). (5.9

5.2 Basic Electrostatic Inequality

We begin by calculating the charge distribution v, which generates © in the sense of (3.1).
We can reformulate (3.1) by using the notion of a distributional derivative, as discussed
briefly after (3.14). This gives

—AO = 47y, (5.9)

which holds in the distributional sense. Since © is harmonic, v can live only on the
boundaries of the Voronoi cells.

Lemma 5.2.1. The charge distribution generating © is given by the positive’ surface

charge density

Z 1
v(idx)=——n; V——m—mx/ dS(x), 5.10
(9= 5 TR o (5.10

where n; denotes the unit outward normal of I'; and dS(x) the two-dimensional Lebesgue
measure.

2This follows directly from the convexity of the Voronoi cells.
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Proof. We pick an f € C.(00) and compute (using Green’s theorem on each I';, because
Vj:0 e CYary))

/ IxO(x)Af(x) = i / ixO(x)A f(x)

= / 4S(x)0(x)h; - VF(x) = 3 / xVO(x) - V()
7=Lor; =y

Consider the first term: © and f are continuous everywhere, in particular on the boundary
of each Voronoi cell. Furthermore, each boundary integration appears twice (that OI';
might contain the point at infinity is remedied by the fact that f is compactly supported),
but with a reversed sign due to n;. Thus, this term vanishes. For the second term, we
again invoke Green’s theorem. By harmonicity of © we can conclude

/ xOX)Af(x) =~ / 45(x) f(x)h; - VO(x).

R3 =lar,

We then use the definition of ©, (5.7), and see that since W is continuously differentiable
everywhere, the integral over VW vanishes by the same token as above. We get

/dx@(x)Af(x) :ZZ/dS(xmx)ﬁj.vﬁ.

R3 j:18F]‘

Now fix j,k € {1,..., M}, 7 # k such that OI'; N 0T’y # 0. On this intersection, 1/D(x)
shows an upward kink and clearly has one-sided derivatives (a side being either I'; or Iy,
respectively) equal in magnitude but of opposite orientation. This difference in sign is
remedied by the fact that n; = —ny. Thus the integral over OI'; N JI';, gives the same
value whether it was visited as part of the OI'j-integral or the OI';-integral. The upshot
is that

1
xO)AL(x) =22 [ dSeox JIESLTRS J——
( U BFJ-)\{oo} x — Ry
R3 R3 =1
and from dividing the right hand side by 47, we recognize v as claimed. O

The following theorem will give a first estimate for the ,,toothless“ Coulomb energy of
any charge distribution . The lower bound is given by the nearest-neighour interaction
energy of the nuclei and is independent of p.

Theorem 5.2.2 (Basic electrostatic inequality). Let p = py —u_ be a charge distribution
and Ry, ..., Ry € R? distinct points. Then

Die) = [uae)+ Y mEe =S e

3 1<k<I<M

with D; as given in (5.5).



CHAPTER 5. ELECTROSTATIC INEQUALITIES 41

Proof. From lemma 5.2.1, we know that

1
x) = [ vlay) =,

which implies (recall (3.2))
[ ntx)e6 = 2D

R3

Therefore, the left hand side can be written as

ZQ
D(/L—I/,/.L—V)—D(V,I/)—F Z m

1<k<I<M
Z2
>—-D —_ 5.12
1<k<I<M
where we have used the positivity of D (theorem 3.1.9). Next, we consider
D(v,v) = %/V(dx)@(x) = %/V(dX)W(X) - %/V(dx)%.

R3 R3 R3

Since W is the the potential of the nuclei we can rewrite the first term (using Fubini and

(5.8))
—/ dx/dyZ(Sy R,) |X /dyZéy R,;)O(y)

:52m&>
j=1
>y -z
1<k<I<M [Rx — Ry

Recall that V|x| = ﬁ With this, lemma 5.2.1 and another application of Green’s theorem
(this time on ') we get

;[ g /
dx dS
2 ) DG = m—A m—\
R3

M

72 R 1
:—Zﬁ/dS(X)n] V‘X_ e
J ary



CHAPTER 5. ELECTROSTATIC INEQUALITIES 42

We compute

1 x— R 2
A —v (-2 N .
xR, V( \x—Rjr*) xR,

Coming back to (5.12), we see that what remains is to find a lower bound for

7 /dX 1
81 |X—R.j|4.

C
L5

Since a Voronoi cell is an intersection of half-spaces, its complement is the union of com-
plements of half-spaces, which are again half-spaces. Of these, we pick the one separating
R; from its nearest neighbour; it then has a distance D; to ;. By performing a euclidean
motion we can assume that the chosen half-space is parallel to the y-z-plane, while leaving
the Lebesgue measure invariant. We conclude

(e 9]

72 1 72 1
— |dx——>—"— [ d d d
87r/ X|X—Rj\4_87r/ Z/ y/ X(x2+y2+z2)2
re 3 R3 D,
72 T T r
S A —
4 / T/ X(m2+r2)2
0 D
ZQ
- = L]
8D,

5.3 Baxter’s Inequality

There is an inconvenience about the basic electrostatic inequality 5.2.2 we just proved. To
apply it to the Coulomb potential, we have to take y to be the charge distribution of the
electrons, which is delta-like and thus has an infinite self-energy D(pu, ). This renders
theorem 5.2.2 useless for such p. The next theorem frees us of the infinite self-energy
terms, by smearing out the electron charges. The justification for the smearing to lower
the energy is provided by Newton’s theorem and its corollary 3.1.8.

Theorem 5.3.1 (Baxter’s inequality). Let Vo (x, R) be the Coulomb potential as in (4.58).
Then, using the definitions made in 5.1.1, it holds that

N

Vo(x,R) > _(QZH)E;D(;) +%ZD% (5.13)

1=

Remark 5.3.2. Baxter’s inequality has the striking feat of bounding the two-particle Coulomb
potential by a one-particle potential involving only the Coulomb tooth, namely ﬁ, which
is what we hoped for. The main reason why such an enormous simplification is possible
is in fact Newton’s Theorem, which implies that far away charges cancel each other out
(,,screening®). We observe, that the lower bound to the Coulomb energy is clearly mini-
mal, when the nuclei are infinitely far apart. Thus, there are no molecules in the theory
given by our lower bound. This is a first instance of a no-binding result, another one will
appear in chapter 9 on the Thomas-Fermi theory.

A peculiarity that appears in Baxter’s inequality, is that the weight of the Coulomb
tooth has increased to 27 + 1, instead of being Z as it should be because nuclei cannot
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pile up. One can refine the inequality by smearing out the point charges in a more
sophisticated way than in the proof of Baxter’s inequality, i.e. depending on how far
they are from the singularity. This is done in theorem 5.5 of [16], but is only needed for
obtaining the correct sharp bound for the critical value of aZ up to which relativistic
stability occurs.

Proof. We begin by remarking that the original version by Baxter given in [2] did not
have the j-sum on the right hand side and the proof heavily used potential theory. We
smear out the ¢-th electron charge to a charge distribution p; supported on a sphere of
radius D(x;)/2 around x;, while keeping the total charge normalized to one, i.e.

pi(dx) @ = mé(\x —x;| — D(x;)/2)dx,
o) = [ iy =

u(dx) - = Z 11 (dx)

0x): = [ utdy) .

RS

Let 4,5 € {1,...,N},i # j. Then we see from (3.1.8) (p; is positive and spherically
symmetric with respect to x;)

1

\X—Xj|

Dips i) = [ (2,60 < [ i)

R3 R3

1
= P;(x;) <

X - xg

Secondly, since
dist{supp(u;), R1, ..., Ry} = D(x;)/2 > 0,

Newton’s theorem says that the pu; look to all the nuclei as if they were the electronic
point charges at x;. The upshot is that for all £ € {1,..., M}, we know

YA YA
i (d = .
/“ x—R] i —Ri]

RS

Thirdly, we can calculate, using (3.6), the exact value of the self-energy (without loss of
generality set x; = 0)

[ T p— (D<Xi>/2)2/dwl(D(Xi)/2)2/ 1

_ d
0m?D(x,)t  An A “2D(x) /2w — ws
2

~
=min{1,1}=1

52

D(x;)
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By virtue of these three comparisons, we can estimate Vo from below by an expression to
which we can apply theorem 5.2.2, i.e.

N M Z2
Vo(x,R) = Z |Z_XJ| sz Rk|+ Z R, — Ry

1<i<j<N =1 k=1 1<k<I<M
Z2
> 2D (1, (dx) S —
Z (#i, 15) /“ X\X—Rkl+ Z R, — Ry|
1<i<j<N =1 R3 1<k<I<M
N
1 A 72
— D, ) — —/ dx (<1>x——)+ _Z
(1, 1) Z_; 5oy ) M) (269 = 5 1<1c2<l:<M R, R
- 2y <k<I<

i

_Z /m(dX)% %Z (5.14)

Finally, observe that for x € supp(u;) (by definition and triangle inequality)
D(x) > D(x;) — |x; — x| = D(x;)/2,

so that the claim follows from (5.14), since y; is normalized. O]



Chapter 6

Lieb-Thirring Inequalities

6.1 The Variational Principle: Definition of Negative
Eigenvalues

In this section, we will informally sketch some ideas about the variational principle (omit-
ting proofs). The goal is to justify the consideration of the negative eigenvalues of the
coulombic Hamiltonian in the forthcoming sections. All of the the results mentioned here
can be found in chapter 11 of [14].

Recall the definition of Ej as the infimum of the quadratic form £(¢) := T}y 4V, defined
on D

D = {¢ € H(R*)||[¢]|2 = 1,V is well-defined } (6.1)
Eo =inf {E(Y)]y € D} . (6.2)

One hope is to find an explicit minimizer 1)y € D such that
E(tho) = Ey (6.3)

In our case, such a v, always exists. We say that 1y is the eigenfunction corresponding
to Ey.! The proof is typical for the calculus of variations and follows the usual steps. We
give them here, because we will argue in the same fashion when showing the existence of
a minimizer for the Thomas-Fermi functional in chapter 9.

(i) Take a minimizing sequence {¢;};en, i.e.

) Jj—00

E(Yj) — Ey. (6.4)

(ii) Use some coercivity statement (such as T, < CE(¢) + D||¢||3, proved in theorem
4.1.5) to show that {1,};en is a bounded sequence (with respect to an appropriate
norm).

(iii) Apply the Banach-Alaoglou theorem (bounded sequences have weakly convergent?
subsequences) to {1, }jen. This can be done because H' is a Hilbert space and thus
reflexive. Call the subsequence again v; and the weak limit 1.

!See theorem 11.5 in [14]. In fact, there it is also shown that v satisfies the time-independent
Schrodinger equation (—A + V)ig = Egtb (in the weak sense), hence the name eigenfunction.
j—o0

Le. Ipg : L(vj) "— L(to),VL : L is a bounded linear functional. Notation: v; Iz o

45



CHAPTER 6. LIEB-THIRRING INEQUALITIES 46

(IV) Show g € D.

(v) Show the weak lower semicontinuity of the quadratic form, i.e.
¥ 72 o = limint £(4;) > E(o) (6.5)
Jj—o0

From this step and ¢y € D then follows £(¢) = Ej.

Now, we go on to excited, but still bound states, i.e. to energies Fy < E < 0. Again, we
aim for a variational characterisation, which is computationally easier to handle. When
one thinks in terms of spectral subspaces, it is natural to define the higher eigenvalues by
the following recursion.

Definition 6.1.1 (k-th eigenvalue). Let H be the atomic Hamiltonian with quadratic
form given by £(1)). Let Ey denote the ground state energy with corresponding eigen-
function 1y. If we have already defined Ey < E; < ... < Ej_1, with corresponding
eigenfunctions vy, ..., ¥x_1, then we call

Ey, :=inf {EW)|v €D, (¢, ;) = 0Vi € {0,....k — 1}} (6.6)
the k-th eigenvalue of H.

The main result we need is theorem 11.6 in [14]. It says that the recursion given
above goes on until one of the Ej, gives 0. Moreover, the sequence {Fy }r<n, (with Ny €
N U {o0}) can only accumulate at 0. Another important result is that the eigenvalues
are independent of the choices of the eigenfunctions and therefore in themselves well-
defined. This leads us to the min-max principle (theorem 12.1 in [14]), which says that
each individual Ej can be characterized directly through a variational characterization,
ie.

Ej, = min {max {£(¢)|¢ € span(dy, ..., on) } |do, ..., dn } (6.7)

which is also physically appealing. An immediate consequence of (6.7) is that for given
operators H < H (meaning that Vi : £(¢0) < E(v))), we have

E, < Ej, (6.8)

for all negative eigenvalues Ej, Ey, of H, H respectively.

With this knowledge, we can safely go on to consider Riesz means of the negative
eigenvalues, i.e. the object
Z |Ej”y7 (69)

§>0:E,<0

with some parameter v > 0. We will be interested in the case v = 1.

6.2 The Idea of the Semiclassical Approximation

Recall the discussion on the notion of a state in 2.3.1. There it was mentioned that
quantum states can be localized in six-dimensional phase space — in the best case — to
a box of volume h3. The assumption that every quantum state occupies such a volume is
called the semiclassical picture of quantum mechanics. It is clearly only approximative.
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Since we have set 1 = h := h/(2), this volume now becomes 1/(27)3. Rephrased in

terms of densities, this means that the number of (independent) quantum states per phase
space volume is approximately 1/(27)3. Given a subset Q C R® of phase space, we can
assign to it a number

1
N.(Q2) .= ——19Q], 6.10
@) = ral®l (6.10)
where | - | denotes Lebesgue measure. We can now hope that for sufficiently regular sets

(certainly it can be problematic to try to fill sets with very irregular boundaries using
boxes of finite volume) N, will be close to the number of quantum states that fit into €.
This is in fact true, the precise wording can be found in theorem 12.12 of [14]. The proof
uses coherent states, which bridge from the quantum to the classical realm.

Also, according to the semiclassical picture, one could hope to replace the expectation
of the Hamilton operator H = —A + V' (we drop the 1/2 in front of the Laplacian for
the moment) in some state ¢x p, which is localised in the box of volume 1/(27)* around
(x,p) € R, by the value of the classical Hamilton function at (x, p), i.e

p2 + V(x) instead of (¥xp,(—A+V)ixp).

Let us now come back to the Riesz means introduced in the previous section. There, the
eigenvalues were restricted to lie below 0, which by the semiclassical picture corresponds
to a phase space density given by

1
dE := o )3X{P2+V x)<oydxdp. (6.11)

Furthermore, we can view the |E;|” as objects referring to the expectation of (the absolute
value of) the classical Hamilton function to the v-th power. More precisely, we hope for
the approximation

1
Z |Ej|" ~ W//ddeX{p2+V(x)§0}‘p2 + V(x)|” (6.12)

§>0:E;<0 B3 R3

In fact, the dp-integral can easily be performed explicitly. Since p? > 0, we can drop the
positive part® of V. Using Fubini we get

/dx / dp|V._ (x)|"
27r

(X)
R {pl<y/VE(x)}

:W / dx / dp|V_ (x)|¥/2(1 - p?)”

RS {lp[<1}

1ty [V

RS

v
-1

3Recall that any function V(x) = Vi (x) — V_(x), where Vi (x) := max{0,V(x)} and V_(x) :=
max{0, -V (x)}.
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where the non-relativistic classical Lieb-Thirring constant L§l73 is given by

. 1
L,Y{3: @y / dp(1 — p?)? (6.13)
{Ipl<1}

1

= (2;)2 / dr(1 —r)'r!/? (6.14)

0

[(y+1)
T (Am)PT(y+1+3/2) (6.15)

The last equality is an exercise in elementary integration theory. In fact, the integral in
the second line is the Beta function B(3/2,v + 1) and it is shown in theorem 8.20 in [24]

that for x,y > 0
1

B(z,y) = /dt(l — )yt =

0

(6.16)

Thus, one can directly generalize the above calculation to arbitrary dimensions d and

receive the constant
I(y+1)

(4m)42T(y +1+d/2)
We will come back to L¢, in a moment, after we have stated the main result of this
chapter.

L, = (6.17)

6.3 Statement of the LT inequality

As usual, we only treat the non-relativistic case. Because of its importance, we give this
theorem for arbitrary dimension d.

Theorem 6.3.1 (Non-relativistic Lieb-Thirring inequality in d dimensions). Let v > 0.
Let V be such that —A+V is stable of the first kind* and V_ € LY?(R?). Let By < E; < ...
denote the non-positive eigenvalues of —A + V(x), defined in (6.6) by the variational
principle. Let v also satisfy

1
’}/25 ,ford:].,
v>0 ,ford=2, (6.18)
v>0 ,ford>3.

Then there exists a constant L. 4 > 0 such that

S B[ <L / V()2 (6.19)

§>0:E;<0 Rd

4For d > 3, this just requires V € L¥/2(R9) 4+ L>°(R%). For the cases d = 2 and d = 1, confer page 273
of [14].
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holds true. L, q> 0 can be chosen as

727 (d+7)D(v/2)?

L,,= ford>1,vy>0ord=1,v>1 6.20

v,d (47T)d/2 2F<’Y+ 1 +d/2)7 or Y or N ( )
72

L,a= Wﬁ(% —1/4), ford=1,7>1/2. (6.21)

Remark 6.3.2. (i) The idea behind the Lieb-Thirring (LT) inequality is that the right
hand side counts how much negative energy (represented by a number of energy
eigenstates carrying a negative energy) can ,fit“ in the negative part of the po-
tential. Note that in our case of a spin-independent Hamiltonian, the possible
degeneracy of each energy eigenstate is given by the number of spin states q.

(ii) Both sides scale® as length™?, so no other choice of exponents would have been
possible.

(iii) There is no exponent outside the integral of the right hand side. Therefore, our
bounds on the sums of negative eigenvalues are additive for potentials, which are
situated at a distance from one another (e.g. for Vi, V5 with disjoint support).

(iv) The reason why the case differentiation in d occurs, is that in low dimensions one
can fit a negative eigenvalue into any arbitrarily small potential V_. By scaling, the
inequality then fails for v being too small. A very instructive example for d = 1 is

given in [20]. We define
1

f@) = & @) (6.22)
for some a > 0. Then, f satisfies the PDE
—f"(z) — ala+1)—5—f(z) = —a*f(x). (6.23)
cosh”(x)
Assuming the LT inequality with V_(z) = —a(a + 1)Coshl2 @ € L71/2 yields
aV—1/2 1
- <L de————— 6.24
(a+1)+12 =1 / xcoshQVH(x)’ (6.24)
R

which is seen to be false for v < 1/2 by letting o« — 0.

(v) The question about the relation between Lg{d and L, 4 is intricate. There is a
range of results depending heavily on the respective value of v and d. A historical
overview of the results can be found on page 310 of [14]. Generally, it is known that
L,Cyl’d is asymptotically correct for large potentials as seen from analyzing the Weyl
asymptotics of the eigenvalues. This leads to

L
Aygi= Ljﬂ > 1. (6.25)
7,4

Another completely general statement is that the function v — A, ;4 is monotoni-
cally non-increasing for fixed d, as shown in [1].

®The meaning of this was explained after (4.2).
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(vi) In our case v = 1,d = 3, it was already conjectured in the original work [19] that
Lis= ij{3. This is also known as the Lieb-Thirring conjecture. The best currently
known estimate was shown in [10] (2008), namely

7r
Lys < ﬁlff{s- (6.26)

6.4 The Birman-Schwinger Principle
6.4.1 The Birman-Schwinger Formulation of the Schrodinger

Equation

Since we are only interested in bounding the negative eigenvalue sums from below, we can
use (6.8) to drop the positive part V., of the potential and replace V by —V_. As we will
see, the proof of theorem 6 uses a rewritten version of the time-independent Schrodinger
equation (with Hamiltonian H = —A + V_(x)). The result of this section is the following

Theorem - Definition 6.4.1 (Birman-Schwinger formulation). Fix e > 0. There is a
one-to-one correspondence between the two sets of eigenfunctions

S:={v e L’(R%)|(-A+ V_(x))¢(x) = —ety(x)} (6.27)
B:={¢ec HR®|¢=K}, (6.28)

where K, is a Hilbert-Schmidt® operator with kernel given by the Birman-Schwinger-
Kernel (also called K,)

Ke(x,y) : = VVo(x)Ge(x — y) v/ V-(x) (6.29)
1

Ge(x—y): (x—y) (6.30)

:—A—l—e

G. is called the Green’s function for the positive operator —A+e, or the Yukawa potential.
It is translation invariant and explicitly given in terms of the inverse Fourier transform
by
1 )
Ge(x—y) = [ dk——?™k&xY), 6.31
e=y) = [ dle— (6:31)
R3

Furthermore, there is also a one-to-one correspondence between all the respective eigen-
values, in the sense that if we denote

N, := #{eigenvalues of H less than —e},
B, := #{eigenvalues of K, greater than 1},

then it is true that
N, = B.. (6.32)

Remark 6.4.1. The fact that K, is an operator on L?(IR?) is non-trivial and will be worked
out in the proof.

6This notion was defined right after (4.30).
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Proof. For the proof of the explicit form of the Yukawa potential we refer to theorem 6.23
n [14].

Step 1 We first show the correspondence of the eigenfunctions. Let ¢ € S, ie. ¥

satisfies the Schrodinger equation. We can rewrite Hiy = —e1) as

1
—-A+e

P(x) = (V-(x)¥(x)).

If we define
= Vv V_(x)¥(x), (6.33)

then ¢ is seen to satisfy ¢ = K.¢. For the moment, ¢ is just a formal object.

Next, we show that K, is an operator from L?(R?) to L?(R?). This can be shown directly
by the Hardy-Littlewood-Sobolev inequality, we follow [6], though. We write (notice that
—A + e > 0 from the Fourier representation, thus its square root exists)

1
V-A+e

Recall the definition of the H'-norm in (2.21). If we now take f € L*(R?), we see (using
that the Fourier transform is an isometry from H' to a weighted L2-space’)

K. = BB*, where B :=/V_(x)

1B = [ a1+ rio®) | L
= [ac L em for

e+ (27k)?
—_——

<max{1,1/e}

R3

i.e. Bf € H'(R?) by the Plancherel formula. This implies that K, = BB* continuously
maps L*(R?) into itself. Thus, for ¢ defined in (6.33) to be an eigenfunction of K.,
we need to show that ¢ = /V_(x)y(x) € L?*(R3). This follows from an application of
Hélder’s and Sobolev’s inequalities to the L3/2-part V; of V_, together with the fact that
b € H'(RY):

11l = /lev—(X)I@/J(X)I2 < [Valls 2l 19115 + [1Val sl 0115
R3

< Ssl|Villsy2 [[ VI3 +[[Valleo < oo
~——
<24
Clearly ©» = 0 = ¢ = 0 and the other direction follows from the fact that the Lapla-

cian has no eigenfunctions in H'(R?). So, all that remains to produce the one-to-one
correspondence of the eigenfunctions, is to show that given a ¢ € B it holds that

V(x) (VV_(x)p(x)) € L*(R?).

—A+e

"Confer theorem 7.9 in [14]
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From the considerations in the beginning it will then follow that v € S. We notice from
the Fourier representation of GG, that
1 1 1
< - )
(—A+e)? " e(-A+e)

which leads to (using self-adjointness)

111> = (VV_o, (A + €)% /V_¢) <

Step 2 To see N, = B. we have to use the fact from operator theory, that a (self-
adjoint) Hilbert-Schmidt operator is compact and thus — by the spectral theorem — has
a spectral decomposition, in particular there exists a set of eigenvalues {\;}. Since K.
is a positive operator, as seen above, the {)\j} are non-negative. For a good reason, we
wait to show that K. is Hilbert-Schmidt until the proof of the Lieb-Thirring inequality
(but we assume compactness nevertheless). There are two more important facts about

the eigenvalues of K,:

1
- < 00.
e

2
(0. 1.0y = 11

(i) K. is a monotonically decreasing operator in e. This follows from the Fourier rep-
resentation® in (6.30), which implies
- 1 1

e>e=> < .
- —A+e” —A+e

It then follows from the Min-Max-principle (see (6.8)), that the eigenvalues of K;
are smaller than those of K.. So, the eigenvalues of K, go to zero, as e — oo.

(ii) The eigenvalues {A$} are continuous in e. This follows from the fact that that K.
has a finite spectral radius denoted by r.. Thus, for 0 < e < € we can estimate

as follows (using the fact that the operator inequality? e(—A) < é(—A) implies
1 e_ 1
—Atée = E—A+e)

K, < e
(& e

OSKe_KéS

With these two facts we can go on to define the algorithm rendering the conclusion:
Recall that we have fixed e > 0. We now let the parameter é increase from e to co. In
this process, all of the eigenvalues of K. greater than one (there are B, of them) will
continuously go to zero. By the intermediate value theorem, they will cross the value
one at some €y > e. Then, by Step 1, —¢y will be an eigenvalue of H below —e with
the same multiplicitity as the corresponding eigenvalue 1 of K;,. By sending € — oo we
will certainly find all eigenvalues of H below —e and thus B, = N, as claimed. A nice
pictorial representation of the ongoing process can be found on page 78 of [16]. O

6.4.2 Proof of the LT inequality

With the help of the Birman-Schwinger principle, we are now in a position to show the
LT inequality. We will only show the case v = 1,d = 3, so V_ € L?(R?). For the general
proof, the reader is referred to [16] or the original works by Lieb and Thirring: [19], [18].

8This can also be seen directly from the resolvent identity.
9We remark that this only holds since €, e are numbers.
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Proof of theorem 6.3.1.
Step 1 The first step is pedagogical. By naively considering N, we will be led to a

divergent integral. For the second step, we will adjust the potential V_ appropriately and
follow the same argumentation for the modified potential as we present now. We start

from the left side with |E;| =: e;. Since, in the weak sense
d
%Ne = Z d(e —ej),
j>0:E;<0

we can integrate by parts (using N.(—oc) = 0) to get

> ej:/deNe. (6.34)
§>0:E;<0 o

By the Birman-Schwinger principle and definition of B,, we know

Ne=B.< > N <T(K),

§>0:0,>1

wherein the last expression can be calculated explicitly. By Fubini’s theorem, the Cauchy-
Schwarz inequality and Plancherel’s formula, we get

TH(K.) = / / dxdyV_(x)V_(y)Ge(x - y)?

<ﬂ7:yc;e<y>2 / axV_(x)V_(x — y)
< / dyG(y)’ / dxV(x)?
_ R/ dxV_(x)? R/ dkm.

We make a change of variables in the last term to see that

1 B 1 - _321(1/2)
dk————— = 1/2/dk— = e V2432
| e a4 T
R3 R3
When we put this expression back into (6.34), we obtain the integral over e~'/2 on the
positive real axis, which is divergent (even if we would have picked another power of Tr K,

by the way).

Step 2 The way out is to define the new potential

We(x) :=[V(x) +¢/2]- < V_(x),

which is clearly in L%/2(R?), since V_ is. Let N,(V) denote the eigenvalues lower than —e
of the general Hamiltonian —A + V. Then we can write

(—FA-V )W=—-ep = (-A=V_+e/24+€e))=¢/2-1,
——

<—e/2
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and notice that —W, < —V_ 4 ¢/2 by definition. This leads us to conclude
Ne = No(=V_) = Nejo(=V_ +€/2) < Nejo(—We),

which estimates N, in the right direction to justify the following crucial step: We now
repeat the Birman-Schwinger principle and Step 1 with e replaced by e/2 and (more impor-
tantly) —V_ replaced by W,. We collect all the terms from Step 1, notice that W,(x) # 0
implies e < 2V_(x) and get

S 15 :(4@3/2%/@ (§>_1/2/dee(X)

V2 T(1/2) i
=@ 1) / .

After a change of variables, we can apply (6.16) to the de-integral, i.e.

R3
V_(x)
de(V_(x) — e/2)%e~ 12

0

V2V (X)S/Q/dee_l/g(l —e)? = V2V (X)S/Q—F(Il‘éiig)(g)

0

Now we can collect all the terms, use the fact that I'(3) = 2I'(2) and summarize as follows

4 I(1/2)° 52
Y B < A T(72) /de_(x) 2,

§>0:E;<0 R3

which proves the LT inequality with the right L; 3-constant. Notice that we have proved
along the way that Tr(K.)? < oo, i.e. that K, is Hilbert-Schmidt, as promised in the
proof of the Birman-Schwinger principle. O

6.5 A Kinetic Energy Inequality

The next theorem is an equivalent formulation of the LT inequality in terms of the kinetic
energy and without a particular potential. It will not be needed for the first proof of
stability, but for the alternative one in section 8.3 and the one via Thomas-Fermi theory
in chapter 9.

Recall the notation H’y(()l)Hoo, introduced in definition 4.2.13 for the largest eigenvalue
of the spin-summed one-particle density matrix. The particle density g, was defined in
(4.17). We refrain from either giving the general version of the theorem or proving its
equivalence with 6.3.1 and rather refer to the original source [18] and to chapter 4 of [16]
for more on these issues.

Theorem 6.5.1 (Non-relativistic kinetic energy inequality). Let N € N. Then, for all
v € HYR®N), it holds that

K

Tw > W dXQ¢(X)5/3, (635)
7o "lleo

R3

3 3 \23
K=— . .
5 (5L1,3> (6:36)

with constant K given by
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Remark 6.5.2. (i) The constant K can be shown to satisfy K > (%)/*K, ~ 3.065
with a Ky = 2(67%)%/® emerging from Ly, which was given in the first section of
this chapter.

(ii) Both sides scale as length 2 and thus the choice of the exponents is the only possible
one. To see this, consider the rescaled wave function 1, (x) := A (Ax).

(iii) The physical content of this theorem is again an uncertainty principle. It provides a
lower bound to the kinetic energy, which increases with spatial localization measured
by the integral over the particle density. Additionally, upon recalling corollary
4.2.17, we notice that the bound will drop with increasing spin value ¢q. This can
be expected, because a higher spin degeneracy milders the exchange repulsion due
to the spatial localization.

Proof of theorem 6.5.1.

Step 1 This step will be mimicked in our first proof of stability of matter. Let ¢ €
H'(R3M) be normalized (without loss of generality). Denote by v(!) the one-particle
density matrix corresponding to ¥ (i.e. AN = NTr n—1'y). We consider the one-particle
Hamiltonian

H=T+V,

where V' is arbitrary (for the moment), except that V' should not depend on spin and
V_ € L*?(R?). Then we can go on to define the N-particle operator

N
Ky:=> H,
=1

which has the (very special) property of being a sum of one-particle operators, i.e. it does
not describe interactions of any sort. Under abuse of the Tr-notation we can write (using
proposition 4.2.15)

(0, Knt) = Te(HyW) = Te(Hng").

As a first estimate, we can certainly bound the right hand side by

M= min { Tr(HA0) o 2 0, Tr(30) < 00, [ollee < 118"l -

The following fact should be clear from the physical point of view. Its proof however
requires some tools in spectral theory, which we do not want to introduce. We therefore
simply state that M is achieved by filling up all the negative energy eigenstates of H
with the maximum degeneracy ||7(()1 ||s and leaving all the positive energy eigenstates of
H unoccupied. Mathematically speaking, the optimal choice for a v, fulfilling the above
conditions is given by the projection onto the negative spectral subspace of H times the

constant ||y5"||sc.1® The upshot is that
1
W Kn) 2 gl > By

§>0:E;<0

This expression is central in our proof. We can go on to relate the left hand side to the
density g, via

(0 Kt) = T+ [ dxV (x)ou ),

R3

0For more on this, confer e.g. section 11 in [7].
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and on the right hand side we can deploy the LT inequality (theorem 6.3.1) to get

Tyt [ axV00,00 =~ llaLrs [ dxV-(07 (6.37)
R3 R3
We emphasize that we have used nothing but the fact that ¢ is normalized and the

one-particle operator was (up to the necessary conditions for the LT inequality to hold)
completely arbitrary.

Step 2 Now, we choose a 1-dependent potential, namely

V(x) := —Coy(x)*?, (6.38)

which is in L%/2(R?) whenever g, € L>?(R?). The constant C' > 0 will be determined in
a moment. From (6.37), it follows that

T,>C / g}/ (x) = 7] C™ Ly / dxo]*(x),
R3 R3
and we are done in principle. All that remains is to determine the constant. It is clear

that we should maximize!! the right hand side in C. We find the optimal value to be
C = (5/2||7"||sL1.3)%/3, which gives the correct value of K. O

' The method for optimizing is the one from elementary calculus: Setting the C-derivative equal to
zero and solving for C. For two polynomial terms (as above), one can always determine the right order
of the optimal C by setting both terms equal and solving for C.



Chapter 7

A First Proof of Non-Relativistic
Stability

In the previous chapters, we followed the route to stability laid out in section 4.3. We have
shown in Baxter’s inequality that — mainly by the screening property — the Coulomb
interaction can be estimated from below by a one-particle potential. We have also proved
the LT inequality, which implies that the sum of negative eigenvalues can be controlled
by said one-particle potential — times a degeneracy factor. The degeneracy factor can be
controlled for fermions thanks to the result that fermionic one-particle density matrices
are bounded by the identity. Now that we have assembled all the necessary tools, we
are able to prove stability of the second kind for non-relativistic matter governed by the
Coulomb interaction.

7.1 Monotonicity in the Nuclear Charges

Before we go on to stability, we have to remedy the assumption made in chapter 5,
that all the nuclear charges 71, ..., Zx are equal to some Z. In fact, we will show Z =
max{Z1, ..., Zy}. This result will also justify our original definition of stability of the
second kind in section 4.2.4, which we restate here for the reader’s convenience: There
exists a real-valued function = such that

En(2) > —E(max{Zi, ..., Zu})(N + M), (7.1)

where the left hand side was defined by minimizing the quadratic form £ over all wave
functions and nuclear configurations. We go on to show the result of this section.

Theorem 7.1.1 (Monotonicity in the nuclear charges). Let Z := max{Z,..., Zy}. Then
Eym(Z,R) > min {EN,K((Za s Z),EK)}EK C E} ; (7.2)

where EK is a subset of R containing K < M elements. Furthermore, the absolute ground
state energy is monotonically non-increasing in Z, i.e for Z < Z' we have that

Enm(Z) > Exnu(Z'). (7.3)

Proof. The Hamiltonain H = —1/2A + oV is an affine, operator-valued function of each
individual Zj (i.e for all Z;,l # k fixed) as can be seen by inspection of (3.16). The

o7
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definition of Ey (Z,R) involves taking the infimum over (¢, Hiy). For each Zj, it is
thus the infimum of the uncountably many affine functions

Zy = (0, H(Zp)Y),

and therefore concave in Z,. This implies that it attains its infimum over the interval
[0, Z] either at Zy = 0 or Z; = 1, which proves the first claim.

For the second statement, all that remains to show is that the absolute ground state
energy, viewed as a function of Z for a fixed k, cannot be increasing close to zero. If it
were to assume a finite, positive value close to zero, this excitation could be remedied by
moving the k-th nucleus to infinity, thus effectively setting Z; = 0, and energy would be
set free. The movement to infinity, however, can be achieved by putting an infinitesimal
amount of kinetic energy into the nucleus. Then it will move off to infinity since it has
effectively infinite mass on our scales. This is a contradiction to the conservation of energy
and therefore the (concave) function En j(Z;) must be montone non-increasing. O

7.2 Putting it all together

We will now prove the main result of this work. Note that N/3M?3 < N + M, so the
desired linear bound is indeed achieved. The numerical value of this first bound is far
from optimal and will be improved using some of the more sophisticated inequalities in
chapter 8. The bound opbtained for neutral hydrogen (i.e. ¢ =2, N =M and Z = 1) is
7.29 Rydbergs.

Theorem 7.2.1 (Stability of non-relativistic matter I). Let Z := max{Zi, ..., Zy} and
(NS 7{5\’;) be normalized. Let q denote the number of spin states of 1. Then

(1, Hip) > —1.073¢*3a>(2Z + 1)>M*3 N3, (7.4)

Proof. By theorem 7.1.1, we may assume that all the nuclear charges are equal to Z. We
apply Baxter’s inequality (theorem 5.3.1) and drop the positive term on the right hand
side to get

vaﬁﬂaz—ez+n§jpéﬁ

Now, we have reduced the problem to bounding the ground state energy of the Hamilto-
nian

=2
=2

=1 =1 =1

D

from below. We would like to apply the LT inequality, but we see that 1/D(x) =
1/min {|x — Ry||k € {1,..., M}} is not in L**(R?) as required. But we can rewrite

1/D(x) using some b > 0 as
1
(59—
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where the positive part! of the first expression will be now seen to lie in L*2(R3). The
second term just becomes a —(2Z + 1)abN, i.e. linear in N. By positivity,

5/2 52
1 1
[mm {Ix—Ril[k € {1,...M}} b] - e { [m B bL [k e {1, -‘-,M}}

+

which is finite. Since we are interested in the exact constant, we calculate its value (using
polar coordinates and formula (6.16)) to be

5/2 L ,
) 0

Vb Vb 16

B 52 M
4

B13(0

b2

We can thus apply the LT inequality.? In fact, we can argue the same way as in step 1 in
the proof of theorem 6.5.1, and use corollary 4.2.17 to get

(, H) = (v, Kntp)

1 1 5/2
> |15 e Lry (2022 + 1)) / dx [W - b} —a(2Z +1)bN
R3 +
2
M
> —qLy3 57:/2_19 (a(2Z +1))* — a(2Z + 1)bN.

We can now optimize this over b. We skip this elementary calculation and insert the

optimal value

b— O‘<2Z2+ 1) (L1,37r2q)2/3M2/3N*2/3

directly into the last expression to get
3
(0, H) > =2 (57°L1s) ¢ (a(2Z + 1)) M*PN2.

After inserting all the constants, we see that this yields the claim. O]

IThe positive part appears because of the minus sign in front of the i-sum.
2Note that the LT inequality was stated without the factor 1/2 in front of the Laplacian.



Chapter 8

Inequalities for
Exchange-Correlation Energies

Baxter’s inequality, as shown in chapter 5, estimated the Coulomb potential Vo (x, R) by
smearing out the electronic charges using only the tools of electrostatics. An intermediate
step in the proof was to show that Vo (x,R) could be bounded from below by a classical
charge distribution coming from the smeared out electron charges. Then, we used it in
the proof of stability, where the expectation value Vi, = (¢, Vo)) could be bounded from
below in the same manner, since 1) was normalized. Clearly, we have ignored all quantum
mechanical peculiarities situated within the wave-function ¢, i.e. two-particle correlations
which could have influenced the electron-electron interaction /(x) substantially.

The goal to estimate V, from below in terms of a classical charge density remains —
it is then truly within the realm of electrostatics and can be estimated accordingly. This
idea is crucial for the alternative proof of stability via Thomas-Fermi theory in chapter
9. In fact, Thomas-Fermi theory is also the starting point for much more sophisticated
density-functional theories which are widely used in computations of quantum chemists
(for an introduction, see [11]). In this chapter, we will prove an inequality which controls
the intrinsically quantum-mechanical (i.e. the complicated) part of V in terms of a
one-particle charge density. We will not assume any particular statistics.

8.1 Exchange and Correlation

Let us begin with a definition, which is reminiscient of similar ones made in section 4.2.
It can be viewed as a partial trace over spin space.

Definition 8.1.1 (N-particle density). Let ¢ € Hy be normalized with ¢ spin states.
We call

N ¢

PN (X1, oy XN) :zzzw(xl,al,...,xN,aN) (8.1)

i=1 o;=1

the (normalized) N-particle density corresponding to .

Remark 8.1.2. Recall the one-particle density pr of the ¢-th particle, as defined in defini-
tion 4.2.4. 1t is

gfb(x) = / dxl...d/;i...depN(xl, ey XN ). (8.2)

R3(IN-1)

60
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Now, we assume that all the particles described by py carry an individual charge,
denoted by e; for the i-th particle. The charges are assumed to have the same sign. We
will henceforth assume that they are all positive, but the results also hold in the negative
case (because the charges always appear as products e;e; > 0). In particular, all results
hold for electrons.

Definition 8.1.3 (Coulomb self-energy). Given an N-particle density py, we call

pN<X1, ey XN)
i — x|

L= ) dxi.dxyee; (8.3)

1<i<j<N
the Coulomb self-energy of the N-particle system given by py.

Remark 8.1.4. 1, is a very complicated object. It contains all kinds of correlations between
the N particles, as each particle ,,sees all other ones via the Coulomb interaction. It is
practically incalculable and normally treated computationally by self-consistent methods.
A special group of correlations is treated linguistically different, namely those arising from
the statistics of ¢, which are inherited by py. For obvious reasons, these give rise to the
so-called the exchange energy Ex. Any other energy originating in many-particle effects
is part of the correlation energy Ec. Taken together, they form the exchange-correlation
energy, which we will denote by Ex¢ and define precisely below.! It is our goal to find a
lower bound on Ex¢.

Since all the correlations can be stored in Ex¢, what remains of I, can only depend on
the one-particle densities, multiplied by the respective charges. The interaction energy of
such distributions is a very accessible object.

Definition 8.1.5 (Exchange-correlation energy). Let ¢» € Hy, with charges ey, ...,ey
given as above. Then we define the charge density of the i-th particle to be

Qi(x) := 61’02,(3()- (8.4)

Correspondingly, the one-particle charge density is given by

Q(x) := ZQi(x). (8.5)

We then define the exzchange-correlation energy of py as
Exc:=1,-D(Q,Q), (8.6)
with D(Q, Q) being the classical Coulomb energy of @) as defined in (3.2).

We remark on the fact that D(Q, Q) is always well-defined, because all the e; have the
same sign. Exc may not be well-defined, but one can show (page 112 of [16]) that

Q € L*3(R®) = D(Q, Q) < oo, (8.7)

which implies that Ex¢ is well-defined. The condition Q € L*3 will become clear in a
moment, since it is necessary for the following theorem to be non-trivial.

LA classic source of approximative results is Hartree-Fock theory. It approximates the real world
by self-consistently choosing Slater determinants as the wave functions of an atomic system. Slater
determinants are uncorrelated up to exchange effects, the underlying structure is a product. An explicit
calculation of Ex¢ for a Slater determinant can be found on page 108 of [16].
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8.2 The Lieb-Oxford Inequality

8.2.1 Statement

The main result of this chapter is the following exchange estimate, which we state with
the constant 1.68 obtained in [15]. A reasoning on the appearence of the exponent 4/3
and an explanation why there is no spin-dependency can be found in section 6.2 of [16].

Theorem 8.2.1 (Lieb-Oxford inequality). Let py be a normalized N -particle density and
e1, ..., en the corresponding charges (having the same sign). Then there exists a C < 1.68,
such that

a3\ 1/2 1/2
N
Exc > —C (m/ dx (Z eiQi(x)> (m/ dx|Q(x)| /3 (8.8)
3 i=1 3
holds. In the special case of e; = ... = ex =: e, we have that
Bxo = ~Cle’* [ dxiQo) (8.9)
R3

Remark 8.2.2. (i) One reason why we do not assume that all charges are equal is that
this will not simplify proof.

(ii) Exc is unbounded from above, even for smooth (). An example is easily constructed
by assuring the falloff at infinity and counting the order of the relevant Coulomb
singularities determining integrability. This leads to e.g.

2,2
e X17%X2

,02(X1,X2) = CO (810)

%1 — Xo*’
for which I, = oo and @ is finite.

(iii)) We will prove the theorem with constant C' < 3.17. The proof of the improved
bound relies on a more sophisticated treatment replacing the estimates we make in
the third step, using the fundamental theorem of calculus and an adapted charge
density p. It can be found in [15].

8.2.2 Omnsager’s Lemma and Proof of the LO-inequality

We begin with the crucial estimate, which bounds I(x) by Coulomb energies of (for the
moment arbitrary) charge densities. The Coulomb energies do not depend on diagonal
terms, i.e. on any sort of correlation between the particles. Interestingly, the fact that
this is possible relies essentially on the positivity of the Coulomb energy (theorem 3.1.9).

Lemma 8.2.3 (Onsager’s lemma). Let the positive charges ey, ...,en be located at the
distinct point x1,...,xy € R3. For each i € {1,...,N}, take pyx, € L™(R?) to be a non-
negative, normalized function, which is spherically symmetric with respect to X;. Let o be
any non-negative function in L'(R3). Then it is true that

N

N
€;€;

1<i<j<N i=1 i=1

where we have slightly abused notation by using D for densities of measures, i.e. functions.
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Proof. That uy, € L®(R3) implies that the last two terms on the right hand side are
finite, i.e. the right hand side is well-defined. To see this for D(ux,, itx,), take x; = 0
without loss of generality, apply Newton’s theorem and use that pg is normalized and
non-negative to get

Dy o) / ix / dymind . wobnon(y) =[x [ iyl

1
< / “O”_Huouoo [ dyi<
ly| lyl

ly|<|x] Bix|(0)

The term D(p, uix,) is similar. Without loss of generality, we assume D(p, 9) < co. By
positivity of D, we know that

N N
D (@ — > eipix, 0 — Zemm) >0
=1 =1

Since D is bilinear, we can rewrite this as

N

N
2 Z eiejD<,U’Xi7,uj) Z _D(Q7 Q) + QZezD(Qa ,uxz) - ZG?D(/’[’Xm/’LXi)?
=1

1<i<j<N i=1

and apply corollary 3.1.8 to the left hand side (p, is spherically symmetric and positive,
with total charge equal to one), which gives

1 JR—
x—x;] 2

D(pux,, p1j) < ;/dxuxl( )

R3
This proves the claim. O

Proof of theorem 8.2.1. Step 1 We use Onsager’s lemma to bound Ex¢ by two terms,
which we will treat separately in steps two and three. The p, being a non-negative L!-
function, is sufficiently general for us to choose o = ). To create I, from Onsager’s
Lemma, we multiply both sides by py(X1,...,xx) and integrate. In the terms where we
can integrate out all variables but x;, we produce Q;(x;). For the other terms we recall

that py is normalized, so we get
N N
~D(Q.Q)+2% / dx:D(Q, 11x,) Qu(xi) = 3 / A% D, 11x,)Qi(x:). (8.12)
=1 R3 i=1 R3

When we allow ourselves to also use the D-notation with one argument being a function
and the other being a measure, we can rewrite (by Fubini, since all the charges are positive)

D(Q.Q) i/dYQi(Y)/dXR[dZW

- Z / 0x:Q: (x:) D(Q. 6,
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where a suggestive integration variable x; has been used. Let us remark that this ex-
pression is also physically appealing, as the self-energy of the charge distribution @) is
rewritten as the interaction energy of the i-th particle, situated at point x; and weighted
with @Q;(x;), with the whole charge distribution  — summed up over all points and all
particles. Thus, subtracting D(Q, @) from both sides of (8.12) yields

N N
EXC 2 -2 Z/dX1D<Q7 (Sxi - ﬂx1>Qz(Xz) - Z/dxzD<sza ILLXZ)Q'L(XZ)
i=1 =1
R3 R3
= _Fl - F27

where F} is positive by corollary 3.1.8 to Newton’s theorem and F3 is obviously positive.
In the following, we will thus look for upper bounds on F; and F5.

For this purpose, we specify i, further. From Fj, it is suggested that we should pick it
to be an approximate delta function living on some adjustable length scale. This length
scale has to include Q(x;), since we are looking for a bound in which Q% appears. With
this in mind, we fix a bounded, non-negative and normalised p : R3 — R, which is
spherically symmetric with respect to the origin and has support in the unit ball. Then
we define

1, (y) = NQ(x)"Pu(AQ(x:) ' (x; — ),

with some parameter A > 0. Clearly, yix, is non-negative and bounded. By performing the
obvious change of variables ¢(y) := AQ(x;)"/3(x; — y) (i.e. a shift followed by rescaling),
one can see that jiy, is spherically symmetric about x; and supported in the ball of radius

1
AQ(x;)1/3

about x;. This means that small charges are spread out and large ones are concentrated.
In particular, puy, satisfies the conditions of Onsager’s lemma.

R =

Step 2 We first estimate F5. One can immediately see that

Dl ) = XQx)? [ [ sty 0@ s~ x)u3Q) 05, - ¥)
= AQ(x:)*D(p, 1),

which gives (using Holder’s inequality with p = 4)

Fy = AD(p, 1) /dXQ(X)1/3 (Z €iQi(X))

1/4 N 4/3
< AD(u, ) (R/ dXQ(X)4/3 (‘R/ dx (Z ez’Qi(X))

This is of the desired form.

3/4
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Step 3 We now turn to estimate F;. By a direct calculation, we see that

¢¢(|X|):—/dyrly|uxi(w /dy| — i(x._x)w@
R AQ 1 3 1

= \Q(x:) 2o (AQ(x,) 3 x; — x]),

where ¢(|x|) := ®(x) is the potential corresponding to p. The natural object to consider
is the difference of the potentials corresponding to dx, and p,. For this reason, we define
the function

Ry(a,r) := ; — axa'Pp(Nar),

which allows us to rewrite

F - / / dxdyQ(y) Br(Q(x), |x — y]).

R3 R3

At this point, we make a crude estimate of Ry(a,r). The improved constant is achieved
by a different estimate, as mentioned above.

As before, corollary 3.1.8 implies that ¢(r) < v !, ie. that Ry(a,r) is non-negative.
Also, Newton’s Theorem directly implies that Ry(a,r) vanishes outside the support of
lix,, i.e. whenever |x —y| > R. Since R)(a,r) is non-negative, we can drop the second
term on the inside of the ball Br, which gives us

P < / dxdy ——Q(x)Q(). (8.13)

x —y]
Ix—y|<(A~1Q(x))~1/3

We now use the so-called Layer-cake representation (theorem 1.13 in [14]) for the (non-
negative) function Q). Denote x, := x{@Q > o}, then

/ darya(x
0

We put this into the right hand side of (8.13) and invoke Fubini’s theorem (all objects
are non-negative) to write

o o 1
<faafas | dxdy T~ (<)) (8.14)
0 0 |x—y|<A—la—1/3

We can now split the a and [ integrals into integrals over the two sets {0 < a < 8} and
{0 < 8 < a}. When we are in the former set, we can estimate x,(x) by 1 from above
and calculate the innermost integral to be (by Fubini and an elementary calculation)

1 27

/d}’Xﬁ / dxm = 22 / dyxs(y),
R3 |x\§/\710171/3 R3

and where 0 < 8 < « holds, we drop the x3 and argue in the same fashion to get

2
W/dXXQ(X)

R3
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for the innermost integral. We place these two results back into (8.14) and obtain (by
noticing that the second term is just a third of the first term)

2w
<5 /dﬁ/da/dyxﬁ “23 4 /da/dﬁ/dxx

Q(x)

/daozl/?’/dxxa = /dx / doa!?
3 0
/Q 4/3

This finishes the third step. We can now use our estimates on F}, F5 obtained in the last
two steps to bound

4/3\ 3/4
Exc > —— de( )2 —=AD(u, ) (R/dXQ )1® (‘R/dx €iQi( ))
=1
From differentlatlon, the optimal value of the constant \ is seen to be
1/4
190 \1/3 ngdx@(x)‘m
)\opt = ( )
D(u,u)) N 43
J ax (L o)
R3 i=1
yielding
1/2

What remains ist to optimise this result over all p satsifying the above conditions. In
particular, we can apply Newton’s theorem and see that

D(p, ) /dx / dyu(x mm{ } (8.15)
x| |y]
Bi(0)  Bi(0 ——
>1

is clearly minimized by setting the min equal to one, while respecting normalization and
spherical symmetry. This gives

() = 00|~ 1),

i.e. the charge distributes uniformly over the sphere of radius one. Physically, this cor-
responds to a spherical conductor carrying some charge. It is then well-known that the
energy is minimized when the charge is distributed only on the surface (and it will be
uniform by rotational symmetry). Clearly, (8.15) now produces the value 1/2 and the
claim follows with a constant given by

34/3:1/3

~ 3.17. [l
2
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8.3 Alternative Proof of Stability using the LO-ine-
quality

We are now in a position to prove stability with an improved bound, since the correlation
energy is now better understood. The numerical value for the bound on neutral hydrogen
(ie. ¢=2, N =M and Z = 1) is 7.29 Rydbergs. In the following proof the LT inequality
will be replaced by the (equivalent) kinetic energy inequality (theorem 6.5.1). For these
reasons, we will estimate the energy from below by a one-particle density functional, which
is the same idea as in Thomas-Fermi theory. In fact, we will reproduce a slightly more
complicated density functional along the way, namely the Thomas-Fermi-Dirac functional.
We note that the bound is again linear due to the fact that N3 M?3 < N + M.

Theorem 8.3.1 (Stability of non-relativistic matter II). Let Z = max{Zy,..., Zy}. Let
(UNS 7{%) be normalized with q spin states. Then

1/3\ 2
(1, HY) > —0.231a*N¢*/? (1 +2.167 (%) ) : (8.16)

Proof. To begin with, we assume that Z; = ... = Z); = Z, which is sensible because the
ground state energy is monotone in the nuclear charges (theorem 7.1.1). We recall the
notation

(W, HY) = Hy = Ty + oI, + Wy(R) + U(R)). (8.17)

By the kinetic energy inequality, we can estimate 7, in terms of a particle density
functional and use corollary 4.2.17 on the spectral radius of the spin-summed fermionic
one-particle density matrix 7(()1) to get

1 K
T, = Sivul > &
>q2/3

Clearly, I, = I,, since the Coulomb interaction is spin-independent. So, we can apply
the LO-inequality (theorem 8.2.1 in the version of equal charges, these are all stored in
a = e? outside V) to receive

Iy, > D(oy, 04) — 1.68/dxg¢(x)4/3.
R3

We notice that the second term can easily be controlled by an e-part of the kinetic energy
(1 > € > 0). This can be seen from Hoélder’s and the modified Young’s inequality with
some a > 0, i.e.

1/2 1/2
/dxg(x)5/69(>()1/2 < /dxgw(x)w?’ ([R/ dxpy(x)
3
VN

R3 3

N

a
<% [ 53 1 2
_2/ X0y (X) +5,
R3
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Now, if we just consider the first two terms in (8.17), we get

K N
Ty + aly(R) > (2 25 — 1.68a5 )/dxgw(x)w?’%.

R3

So, by choosing

—2/3 Ke
1.68a’

we really have controlled the 4/3-term (up to the linear additive term) with an arbitrarily
small amount of kinetic energy. We also note that

=q

Putting all of these together, we are provided with the estimate

K
Hy, >(1- E)W /dxg¢(x)5/3

RS

N
+a | D(oy, 0y) Z/dxg¢ Rkl +UR) — 5 |- (8.18)

Since we have used the LO inequality to estimate the correlative parts of the Coulomb
energy, Baxter’s inequality is no longer of use. However, we can pull the Coulomb tooth
of Wy (i.e. W(x) = O(x) — Z/D(x)) and then apply the basic electrostatic inequality
given in theorem 5.2.2, in which we drop the positive term on the right hand side. This
yields

D(0s. 00) Z / e, (X) =g +U(R) > — [ so,()

— fy dseW ()2 ()
With this, (8.18) becomes

Hy,>(1- 6)2;;3 /dxgw(x)w3 - Za/dxﬁgw(x) - %. (8.19)

R3 R3

As in the first proof of stability, we write

1 1
= —b b
55~ (56 ~¢)
with b > 0. The contribution of the b term becomes again aZbN and is linear. Next, we

sketch the minimization in g,. We take a ¢ € C°(R?) and § > 0. Then t — oy+t0X{o,>6)
is still a non-negative function for all t € {s € R||s| < §(max¢)~"'}. For all such ¢, we can
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then consider the right hand side of (8.19) as a function ¢(¢). This ¢ attains its minimum
at t = 0 for a particular p,, namely the one for which ¢’(0) vanishes, i.e.

K 5 1
0= (1 — 6)@5 /dXSp(X) <‘Qq2/3(x>x{g¢>5} — Zo (W - b) X{@w>5}) .
R3

Since p € C°(R3) was arbitrary, we can use the fundamental lemma of variational calculus
to conclude that the term in the outer parentheses vanishes. This implies 1/D(x) —b > ¢’
(with some ¢’ depending on §) and so the minimizing p,, fulfills

() 6 Za 1 3/2
X) = e N
# “\5 K(1—¢)D(x)—b X{1/D(x)—-b>6"}

With this and the explicit value of a, (8.19) becomes

2 6 A, 1 5/2
ioz =3 (=g) @0 [ax(5g 1) e G20
R3

The integral can be bound by that over [1/D(x) — b]i/ ? which also appeared in the first

version of the proof. By taking ¢’ — 0 and the dominated convergence theorem, we obtain
the bound ,
/dx Ly <M
D(x) N 4
R3

We can put this back into (8.20) and optimize over the parameters b > 0 and 1 > € > 0.
We omit these elementary calculations and just give the resulting bound, namely

2
2 97r4/3 M\ V3
Hy> —a®Ng? (084 + ) —— 7 ==
v 2 @ N 084+ o= 2 |

We recall that K > 3.065, as remarked after theorem 6.5.1, and see that the numerical
values are as claimed. O




Chapter 9

Stability through Thomas-Fermi
theory

Thomas-Fermi (TF) theory was one of the first equations designed to approximate Schro-
dinger’s equation. It was developed independently by Thomas and Fermi in 1927.

The TF theory is the classic route to stability and is extensively studied in [17]. Tt
was in fact for the purpose of proving stability, that the Lieb-Thirring inequalities were
invented ([19], [18]). TF theory is a rich subject, but we will restrict ourselves to the
results we need to prove stability. In particular, we will not discuss the fact that it can
be viewed as a realistic physical theory in the Z — oo limit. A review of rigorous results
known about TF theory and similar theories evolving from it can be found in [12].

9.1 The TF Functional and the TF Energy

9.1.1 Definition and Relation to Quantum-Mechanical Energy

We shall first give the TF energy functional and then discuss some of its properties. From
here on, let

Vi)=Y Zkﬁ. (9.1)

Definition 9.1.1 (The TF functional). Given an atomic system with an arbitrary number
of electrons and M nuclei at positions R, carrying charges Z. For all p in the set

C:={p:R*=>R|p>0,pe L'(R* N LR}, (9.2)
we define the Thomas-Fermi (energy) functional to be

3 1

() = E(Z.Ba) = 3157 | A0+ [ dxV(0p(x)+ Dip.p) + UR). (93

where 7y 1= (672)%/3.

Remark 9.1.2. (i) The number of electrons is given by ||p||1, which makes sense because
p is non-negative.

70
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(ii) The function p represents a one-particle density associated to some wave function,
an object which was denoted by g, in the previous chapters. This clarifies the ap-
pellation of TF theory as a (simple) density functional theory, in which the quantum
particles are described as a classical gas. It involves no correlation effects between
the particles.

(iii) We remark that the TF theory yields good approximate results for bulk matter, but
it is not able to predict any chemical effects, e.g. it cannot see e.g. the oscillations
of the binding energy with varying nuclear charge.

(iv) From the analysis of the LO inequality, we know how all terms but the first one
stem from the quantum coulomb interaction. The LT inequality suggests to view
the first term as an approximation to the kinetic energy. The original arguments of
Thomas and Fermi were based on the semiclassical picture and we will now give a
sketch of how the p°/3-term arises from their ideas.!

We consider to have N non-interacting fermions, situated within the spatial volume
V. We assume them to be in the ground state, i.e. to have minimal kinetic energy.
Thus, the volume of the particles in momentum space Vi is given (independently
of x, since there are no interactions) by the volume inside the , Fermi sphere® of
radius R := |pr|, where pr denotes the maximal momentum, namely

4
Vp = %R?’. (9.4)
In the semiclassical picture (with A = 1), the phase space density is given by
N q
7 9.5
VeV o (27)3 (9:5)
which can be rewritten (using p := N/V) as
6 a2\ 1/3
R= (l> /3, (9.6)
q

The kinetic energy at the point x is then calculated by averaging the classical kinetic
energy over the Fermi sphere, i.e

3 3
1) = o [ dpp?/2= (0.7

Ip|<R

and the agregate kinetic energy is obtained from integrating 7'(x) over configuration
space, with weight given by the particle density

3 (672\*°

T = [ dxT =— | — . 9.8

[ axtpt = 3 () (9.8
R3

This gives the correct value of v. The factor of 27! thus arises from the 1/2 in front

of the Laplacian.

IThe true starting point for such a heuristic argument would be to divide space into small boxes
and consider the eigenfunctions of the Laplacian on these boxes. These are plane waves with periodic
boundary conditions on the wave number k. Then one determines the volume of the Fermi sphere of
each box and calculates the kinetic energy by approximating the sum over all discrete k with an integral
(corresponds to making the size of each box small). The result is the same (up to the factor of 1/2 which
arises here because we considered —(1/2)A by setting m = 1 in our units.)
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(v) We set a = 1 for notational simplicity. This can also be handled by defining
v :=v/a and £ = £/a. In theorem 9.4.1on the scaling behaviour, it will be seen
that the TF energy depends on 4’ thorough 7!, i.e. on o? and we can restore the
original value for computations.

Proposition 9.1.3. & is well-defined on C.

Proof. The kinetic term is clearly finite, since p € L°3. For the second term, write
V =Vi + Vo with V; € L? and V, € L™, split the integral and use Holder’s inequality
with p = 5/3 on the first part to get

/dX|p(X)V(X)| < [Villssallplls/s + [[Vallooll ol < o0, (9.9)
R3

The Coulomb kernel can be split in the same way as V into Wy € L%2 and W, € L.
One can then use Holder’s inequality with p = 1 on the outer integral and apply Young’s
inequality on the appearing || - ||oc norm of convolutions? (see theorem 4.2 in [14]) to get

D(p,p) = lpllL [lp* Wi+ p*x Wal|
< ol ([IWalls2llpl]5/3 + [[Wallsllpl]1) < oo O

We have already remarked the similarity of the terms in the TF functional and the
lower bounds in the LO and LT inequalities. In fact, in the proof of stability we have
already shown that the TF energy functional (for a fixed particle number) indeed bounds
the quantum mechanical Hamiltonian from below.®> We formulate this result as a new
theorem, because this clarifies that our task has been reduced to proving stability of the
second kind for the TF functional. After each step we take on the Thomas-Fermi side,
we will briefly mention how our lower bound improved accordingly.

Theorem 9.1.4 (TF functional gives lower bound to quantum mechanical energy).
Let ¢ € ’H%) and a > 0. Then, it holds that

N

) (00) = 168 . (9.10)

(0,10 > € (Z R0 2 - 5P

Proof. The proof was carried out when we showed the alternative way to achieve stability
(see section 8.3). We will later optimize the paramter a > 0. O

It will turn out that the properties of the TF functional depend heavily on the particle
number. Thus, we make the dependence on it explicit. We introduce a space on which
the particle number is fixed and a space on which it is bounded from above.

Definition 9.1.5 (Domains with constrained particle numbers, TF energy). Let A > 0.
We denote

Cy:= pEC}/pr(X)S)\
R3

Cor =4 p €C| /dxp(x) =A
R3

2The convolution of f, g is formally defined by (f * g)(x) := [ dyf(x —y)g(y)
R3

3This actually dictates our particular choice of 7.



CHAPTER 9. STABILITY THROUGH THOMAS-FERMI THEORY 73

Moreover, we call

Erp = Erp(\) == Erp(X\, Z,R, %) == inf {E(Z, R, %) (¥)|¢ € Cr} (9.11)

the TF ground state energy.

9.2 The TF minimizer

9.2.1 Basic Properties of the TF Functional and the TF energy

We hope to find a lower bound to Erp, in fact we are looking for a minimizer (ground
state) p such that Erp = E(p). We follow the presentation in [12] and begin by considering
the TF functional.

Proposition 9.2.1 (Convexity of the TF Functional). The functional p — E(p) is strictly
convezx, i.e. for pi, pa € Cx, p1 7 p2 it holds that

E(tpr+ (1 —t)pe) <t&E(p1) + (1 —t)E(pa), (9.12)
forall0 <t < 1.

Proof. We note that C, is a convex set, so the left hand side makes sense for py, ps € C,.
The kinetic energy term is strictly convex, because the function p — p? is strictly convex
for all p > 1. The second term is linear in p and therefore convex. The strict convexity
of D(p, p) follows directly from its symmetry and positivity (theorem 3.1.9):

D(tpr + (1 —=t)pa, tpr + (1 —t)p2)
=t*D(p1,p1) + (1 = 1)*D(pa, p2) +  2t(1 =) D(p1, p2)
<U1L-6)(D(p1,01)+D(p2,2))
<tD(p1,p1) + (1 = t)D(p2, p2) 0

Corollary 9.2.2 (Uniqueness of Minimizers). Suppose p, p' were two minimizers of € on
Cy. Then

p=r, (9-13)

in the L'-sense.

Proof. Suppose p; # pa. Then, by strict convexity, we have that
E &
€ (,01 + ,02) < (p1) +E(p2) _E

2 2 TF(A)v

which is a contradiction. OJ

Now, we turn to the TF energy Err as a function of the particle number A\. From the
physical standpoint, it is clear that if we overload the system with electrons, most of them
will move to infinity to minimize the total energy. This idea leads to the following facts
about the electronic TF energy.

Theorem 9.2.3. (i) It holds that

inf {€(Z,R,7)(¥)|¢ € Corn} = Err(N). (9.14)

which directly implies that A — Epp()\) is a monotonically non-increasing function.
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(ii) Erp(X) is a convex function, which is bounded from below.

Proof. The first statement corresponds to the fact that unneeded electrons can be de-
posited at infinity. Since C%° is dense in L' N L3, we may restrict ourselves to p €
C>(R3) N Cy on the right hand side. Let such a p be given, we claim to find a sequence
{pn}tnen C Coy such that

lim E(p,) = E(p),

which (due to denseness) implies the ,< “ -direction. The other direction is trivial. To
any n € N, we can find a point x,, € R? such that

dist{|x,|, supp(p)} > n.

We then define

3
pu(x) 1= p+ 00 = p+ (A = lplh) X5, (x5 € Con

and see that
n—oo

E(pn) —E(p) — 0,
since 6, is very flat (for large n) and its support is disjoint from supp(p), i.e. Newton’s
theorem applies.

The convexity statement follows directly from the strict convexity of E(p) in p, by
considering two minimizing sequences. The fact that E()) is bounded from below uses
some electrostatic tools such as Newton’s theorem and the pulling of the Coulomb tooth.
We refrain from presenting the proof and instead refer to theorem 24 in [20]. [

Corollary 9.2.4. For 1y € ’H%), we can now write

1.68 N
Hy > Erp (N, Z,R,6(r/2)"" — 5q2/33—> (04) — 1685 (9.15)
a a

Since we know that E()) is non-increasing and bounded below, it makes sense to define
the critical particle number A, by

A = inf {A|E(\) = E(c0)}, (9.16)

which might be plus infinity.

9.2.2 Existence of TF Minimizer

From the physical argument above, that in the case of many electrons the energy mini-
mization implies shifting some of them to infinity, it follows that for such high particle
numbers A\, no ground state will exist. This is the main reason why we have defined Erp
by minimizing over the set C, and not over Csy. On C, the TF functional will have a
(unique) minimizer. The following theorem is central in TF theory.

Theorem 9.2.5 (Existence of a minimizer on Cy). Let A > 0. Then there exists p € Cy
such that
E(p) = Err()). (9.17)

By corollary 9.2.2, p is then unique.
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Proof. We follow the order noted in section 6.1 on the variational principle.

Step 1 First we take a minimizing sequence {p, }n,en C Cy, i.e.

n—oo

Vn: E(pn) < Ey. For any p € Cy, we can then drop the positive Coulomb term, use the
estimate for the well-definedness (9.9) and the fact that ||p|[s < A to get

3 5/3
[ ngnllsfs — [Villspallpll = [IVllooA-

The facts that we can estimate the left hand side uniformly in n and that the right hand
side diveges to plus infinity as ||p||s/3 — oo, implies the existence of a C' > 0 such that

VneN: ||plls;3 < C.

Step 3 Since L°/3 is a Hilbert space, it is reflexive and we can therefore apply the
Banach-Alaoglou theorem (theorem IV.21 in [23]) to {p,}nen. This provides us with a
subsequence (which we also denote by {p, }nen) that converges weakly to some py € L*/3.
It is well-known that the dual of L3 is L%/2 (since (5/3)7'+(5/2)~! = 1, see e.g. theorem

2.14 in [14]), so we have

Vi e D) s [ a0 =l [ dep (1)

The weak limit pg is the candidate for a minimizer.

Step 4 We check that py € Cy and note that py € L3 is obvious. To see py > 0, pick

any non-negative ¢ € C%° C L2 and note that

/dxpo(x)gp(x) = lim [ dxp,(x)¢(x) > 0.

n—00
R3 R3

Since ¢ > 0 was arbitrary, we can conclude from the fundamental lemma of variational
calculus that py > 0. Finally, suppose ||pg||1 > A, then there exists a set A C R? of finite
measure such that ||poxalli > A. Since x4 € L%? we can use weak convergence to see

A< /dxXA(x)po(x) = lim [ pu(x) <A,
n—oo
R3 A

i.e. a contradiction.

Step 5 The last step is to show lower semicontinuity, i.e. that
E(po) < liminf{&(pn)}.
n—o0

We treat each term separately. The first term is lower semicontinuous, because the norm
cannot increase along weak limits (see theorem 2.11 in [14]). For the third term, we show
that for any p € L3N L' it holds that

D(pn, p) = D(po, p)- (9.18)
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The claim then follows, because py € L3 N L' and we can use the Cauchy-Schwarz
inequality proved in theorem 3.1.9 to write

D(po, po) = Tim. D(pn, po) < ligggolf VD (pn; pu) v/ D(po, po)

and dividing both sides by /D(po, po). To see (9.18), one splits the Coulomb potential
of p into vy + ve, with

vl = [ dy ()

p
x -yl
Ix—y
Young’s inequality together with the fact that p € L' N L3 directly implies that v; €
L'N L>®. For any 1 < s < 0o, the estimate

llorlls < Hloall vl (9.19)

shows that v; € L®. Again by Young’s inequality and p € L!, it follows that v, € L*, for
all s > 3 and thus
V3<s<oo: v +uvy€ L5(RY).

We return to consider the sequence {p, }nen. Fix an s > 3, then its dual index s’ satisfies
1 < s’ < 3/2. Since p, > 0, we can estimate

pn(X)S, < pn(X)S/S + pn(X),

and from integration we have the same statement for the corresponding norms, in which
the right hand side is uniformly bounded in n (by C'+ \). This tells us that the sequence
pn is also uniformly bounded in L* and we can apply Banach-Alaoglou to select a sub-
subsequence (again denoted by p,) that converges weakly in L* to py (uniqueness of limit
follows from fundamental lemma of variational calculus). When we recall that vy, vy € L*,
we see that (9.18) holds. The term including V' works through a similar argument as the
Coulomb energy. For details, see page 61 of [20]. ]

Now that we have access to a minimizer on each set Cy, we return to the question when
this minimizer is actually in the set Cyy. The intuition formulated above, why no unique
ground state can exist for high particle numbers, is shown to be true.

Theorem 9.2.6 (No minimizer exists for A > \.). (i) For 0 < X\ < X, the function
Erp is strictly convex. In particular, the (unique) minimizer p on Cy is an element

Of C@)\C .

(ii) If Ao < oo, then for all A > X, the (unique) minimizer on the set Cy is also an
element of Cyy, .

Proof. For the first statement, fix A < A\. and denote the unique minimizer on the set C,
by px. Observe that if

/dxp,\(x) =N <\,
R3

then clearly
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Now, if we take 0 < a < 1 and A = a\; + (1 — a)Ag with A, Ay < A. and Ay # Ay, then
strict convexity follows directly from the above observation and consideration of the trial
function

p:=ap1 + (1 —a)ps.
For the second statement, take any A > A. and assume there was a minimizer p) € Cyy.
Then we can choose the trial function

;. Pr. TP
P = 9
which satisfies
Ae+ A
2
Thus, strict convexity (together with the observation from the beginning) implies

E(pa.) +E(py)
2

<A

Ae < lP'lh =

E(p') <

= E(\),

which is a contradiction. O

Remark 9.2.7. An illustration of the behaviour of A — E()) can be found on page 606 of
[12].
Our next aim is to identify A.. As explained before, it is a physical intuition (related

to the fact that no doubly charged negative ions occur in Nature), that A. should not be
much greater than

M
Zoot =Y _ T (9.20)
k=1

This is true and we actually aim for the following, stronger result.

Theorem 9.2.8 (Neutral case is critical). It holds that
)\C = Ztot- (921)

The proof of this result will require some work, since it makes use of the TF potential
¢ which originates from the FEuler-Lagrange-Equation of the minimization problem. We
will find ¢ in the following section and this result will be shown afterwards. We note an
immediate consequence of the last two theorems.

Corollary 9.2.9. For ¢ € H%), we can now write

1.68 N
Hy, > Erp (Zwt,g, R, 6(x2/2)1/? — 5q2/3—> (04) — 1.68—

. 9.22
3a 2a ( )

9.2.3 The TF equation

The TF equation is the Euler-Lagrange equation associated to the variational problem of
minimizing the TF energy. It is of physical interest, e.g. the introduction of a Lagrange
parameter p for fixing the particle number leads to the interpretation of p as the chemical
potential of the electronic system, since p turns out to be the derivative of the TF energy
with respect to A. This issue — among many others — was extensively studied in [17].
For our purposes, the TF equation just serves as a means to introduce the TF potential
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and we will thus occasionally just sketch a technical step. We refer to [17] and to [20] for
further details. To save writing, we define

1
Y0 =750 (9.23)

Theorem 9.2.10 (TF equation). Assume that A < A\.. Let py denote the unique mini-
mizer in the set Cy. Then there exists a constant p > 0 such that the TF-equation

sl = |6 = () 00 - ] ) (924

holds true. Furthermore, ;=0 for A = A..

Proof. The proof is a standard argument in the calculus of variations. We have already
seen an example in section 8.3. One has to be aware of the additional necessity to vary
px only within the set of non-negative functions, however.

Fix A > 0. We know that py € Cgy, which is clearly a convex set. Hence it makes sense
to define (for some fixed p € Cyy and for all 0 <t < 1)

F(t) == E(tp + (1 = t)pa),

which assumes its minimum at ¢ = 0. This implies that the one side derivative F’(0+) is
non-negative. By a short calculation, one finds that

0< P08 =[x (0 00+ Ve + (o) @) (-p 029

We now make a choice for p. We fix some § > 0 and choose ¢ > 0 small enough, such that

P =prtefX{p>6y = 0,
where f is some function satisfying
dxf(x) = 0. (9.26)
{pr>6}

In particular, we have p’ > 0 and when we put p’ into (9.25), we get

[ axreo (3 00+ Ve + (H0m ) ) )

{pr>d}

and since this holds for any f satisfying (9.26), the integrand (excluding f) must be equal
to a constant we call —u, wherever py < 6. So we have

2/3X X L*A X)=—
06" 4V + (70 n) () = - (9.27)

on {p) > 0}. Note that the left hand side in (9.27) does not depend on §, which implies
that p is independent of § as well and we may take 6 —. One can now pick

po = pr+ef,



CHAPTER 9. STABILITY THROUGH THOMAS-FERMI THEORY 79

with f > 0 wherever p, = 0 and

[ ixrx) =0

By putting po into (9.25) and using (9.27), one arrives at

~V(x) — (ﬁ * p/\) (x) —p <0,

on the set {py = 0}. When we put the two results back together and let § — 0, we get

(9.24), namely
2/3 1
0l = |-V = (o) -]
+

The fact that 4 = 0 in the critical case is obvious, because p is really a Lagrange multiplier
ensuring that ||p||1 = A, which is unnecessary for A = A.. The fact that p > 0 follows
from the fact that all the other terms in (9.24) vanish at infinity, so by taking the limit
|x| — 00, we get

ie. pu>0. [l

Theorem - Definition 9.2.1 (Positivity of the TF potential). For A < A, and A < oo,
we define the TF potential by
1
p(x) = -V (x) — (m * p)\> (x). (9.28)

Moreover, ¢ is non-negative.

Proof. By (3.14), where we discussed the Green’s function of the Laplacian, we know that

M
Ap = Am (P,\(X) Y Zd(x — Rk)) ,
k=1
So, when we are not situated in a nucleus, we can use (9.24) to get

A=y [p(x) — ], - (9.29)

We note that ¢ is continuous on R3\{Ry, ..., Rys}. This follows from splitting the Coulomb
kernel, with one summand containing the tooth, and using py € L' N L%/3, ¢f. page 65 in
[20]. We define the set

S:={x e R%¢(x) < 0}.

Because ¢ diverges to infinity at the nuclear positions, S does not contain them. Thus,
(9.29) holds and due to the definition of S and p > 0, we know that

A¢ =0

on S, i.e. ¢ is harmonic on S. Since both terms defining ¢ vanish at infinity, ¢ does so,
too. From this we can conclude that

¢ =0 on dS U {oco}.

By the maximum principle, the restriction of ¢ to S attains its minimum on 95 U {oo}.
Sop=0o0nS,ie. S=0. O
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Proof of theorem 9.2.8. There are two cases. First, assume that A. > Z. Then, we can
find Z < X\ < \.. Since ¢ > 0, we can take the spherical average of ¢ over a ball of radius
r > max{Ry, ..., R,,} to and get (using Newton’s theorem and dropping a positive term)

1 Z 11
< = — — i I —
- 47TT2/dw¢(rw) r /dymln{r7 |y|}p/\(Y)
R3

0

This implies
Vr > max{R4, ..., R} : dypr(y) < Z,

which is clearly false for r — oo, since A > Z.
Now, we assume that A\, < Z. We take again the spherical average, but now of p,._.
Using Jensen’s inequality (theorem 2.2 in [14]), the TF equation with u = 0, we obtain

2/3
0 Y0 2/3
9 > Y
pp /dprC(rw) > 47/‘1“’/)% (rw)
2 Sa
1 Z 1 Z — A
- / dwie(rw) = ——— / dypx.(y) .

So R3

From here, we see immediately that the spherical average of p,, is (for large enough
r) proportional to 7~3/2, i.e. it is not integrable, which is a contradiction to p,, being
accessible. [

9.3 The No-binding Theorem (or: Teller’s Theorem)

This section is devoted to one of the main properties of TF theory, namely that molecules
do not exist in TF theory, i.e. atoms cannot bind together. We will refrain from presenting
the proof, and refer to the version of Baxter [2] (also discussed in [12]). Before we give
the result, we fix notation for grouping the atomic system into two subsets A, B.

Definition 9.3.1 (Grouping of nuclei). Let {1,...,M} = AU B, with AN B = 0. We
denote the respective charge distributions of A and B by

my =Y Zis(x—Ry), #€{A B} (9.30)
ke#

and the corresponding potentials are obtained from

1
Vi(x) == — (m * m#> (x). (9.31)
The TF functional €4 of the system # = A, B is the TF functional of the whole system,
with V' replaced by Vi and U(R) replaced by the self-interaction of nuclei among the
#-group. The TF energies are defined correspondigly.
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Theorem 9.3.2 (No-binding theorem). Let A < Z = S0 . Then it holds that

E(\) > inf {E4(\1) + Ep(A2) |\ + A = A} (9.32)
Corollary 9.3.3. For 1y € H%), we can now write

2/31.68 N

M
Hy 2 win{ Y Bre (22, 2 Rao 612" = 5500 ) (@)} = 1085 (039)
k=1

We also note that Erp(Z,Z,R,~) = Erp(Z,Z,0,7).

Proof. The no-binding theorem implies that moving all nucle: infinitely far apart lowers
the energy. The second statement follows by translational invariance. O

9.4 Scaling of the TF-Energy

We have almost completed our task to prove stability via TF theory. The last step will
be to elicit the Z-dependence of the TF energy of a single atom and will be achieved from
scaling £ appropriately.

Theorem 9.4.1 (Scaling of single-atom TF energy). Let Z > 0. It holds that
7/3

Z
Erp(Z,7,0,1) = =—FErp(1,1,0,1). (9.34)
fy

Proof. We note that in the single-atom case U(R) = 0 and V(x) = Z/|x|. Let p € Cy be
the unique minimizer with energy E7p(1,1,0,7). We define the corresponding rescaled

density
p2(x) i= Z%(2"/*%),

for which the particle number is given by

[ ixozx) =2 [ axox) = 2

R3 R3
Moreover, its TF energy can be calculated to be

3210/3

5(27077)(102) = 5

A
yo/dxp5/3(Zl/3x)+Z2/dxmp(21/3x)
E R3

R3
Z4 1 Z!
~— [dx | d Z713
=5 [ [yt 2 )aty)
R3 R3

= Z7/3ETF(17 07 /y)(p)a

and it is seen that pz € Cyz. The scaling behaviour in v can be found in [17]. O
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9.4.1 Stability for non-relativistic matter

Throughout our development of TF theory, we have regularly applied our new results to
bound the quantum mechanical ground state energy from further below. This was last
done in corollary 9.3.3 of the no-binding theorem. We will now the above scaling result
to the right hand side of that corollary and obtain stability. We note that a numerical
analysis shows that

Erp = —17.35602, (9.35)

where we have restored a as remarked in the beginning of our analysis of TF theory. The
resulting bound for neutral hydrogen is now given by 5.60 Rydbergs, which is a slight
improvement.

Theorem 9.4.2 (Stability via TF theory). Let ¢ € ’HE\J;) with q spin states. Then it holds
that

Hy geq —0.231¢*2a*N [ 1+ 1.77

1 M
7/3
~ >z (9.36)
k=1

Proof. Recall the result of corollary 9.3.3 for all ¢ € ’H%):

M
1.68 N
Hy > min{) _ Erp (Zk, Zy,0,6(x/2)"/? — 56.1”@) (04)} — 1.68- (9.37)

k=1

The scaling law now implies, that we can estimate the k-th term in the above sum as
follows

1.68 1.68\
Erp (le Zr,0,6(m%/2)"/% — 5q2/3¥) = (6(7T2/2)1/3 - 5q2/3¥> Z{*Brr(1,1,0,1)

1.68\ "
> —7.3562,3/3042 (6(712/2)1/3 _ 5q2/3¥> .

This estimate shows that the first term in (9.37) is at most linear in M. By optimising
over the parameter a > 0, the numerical values of the claim are obtained. O



Chapter 10

Conclusions: A comparison of the
three Approaches to Stability

In this work, we have presented a total of three proofs of stability of non-relativistic
matter. The first one uses the essential ideas put forward in section 4.3, namely

e to pull the Coulomb tooth in order to control the potentially large Coulomb energy
originating from a large number of nuclei at a certain distance. This is done by use
of electrostatic inequalities,

e to control the Coulomb tooth by use of an wuncertainty principle (LT inequality)
for a fixed number of non-interacting particles (electrons), which originates in their
fermionic character.

This first proof is the quickest way to show stability. The main problem about it is, that
it does not account for quantum-mechanical influences on the Coulomb energy. The de-
velopment of the relevant inequalities, provided us with the possibility of proving stability
anew. The second proof uses (among pulling the Coulomb tooth)

e the LO inequality, yielding a lower bound on the exchange-correlation effects in
terms of the charge density,

e the kinetic energy inequality, i.e. an uncertainty principle, to bound the quantum
mechanical kinetic energy by the L>/3-norm (to the 5/3-power) of the density.

The second proof involves estimating a density functional from below, however it does
not make this density functional the main object of analysis. That is the idea behind the
third proof, namely estimating the TF energy from below in a linear fashion. Some basic
properties of TF theory are used in the proof of stability, namely

e the fact that the critical particle number, from which on the TF energy stays con-
stant, is given by the total nuclear charge,

e the no-binding theorem, which allows to separate the TF energies of all nuclei,

e the elementary scaling property, reflecting the phyisical behaviour of TF theory on
the Z~'/3_length scale.

83



CHAPTER 10. CONCLUSIONS: A COMPARISON OF THE THREE APPROACHES TO STABILIT

When we compare the three results, we notice several differences and similarities.
Firstly, all proofs use the LT inequality (or its equivalent formulation, the kinetic energy
inequality) to control the fermionic system. The first two proofs are designed exclusively
to show stability of matter and nothing else and are therefore comparatively short. The
third proof via TF theory develops an entire theory and therefore introduces a variety of
objects along the way, which are only needed for the subsequent result. Then, the proof
essentially relies on a collection of the previously presented properties of TF theory.

Also, we note that the second and the third proof have in common, that they are both
occupied with a one-particle-density approximation to quantum theory. This is a natural
possibility to simplify the problem immensely and if the asymptotics are suitable, such a
theory can also be used in chemistry for approximative results. This is also reflected in
the fact, that the LO inequality is not used in the first proof.

We also remark on the fact that all proofs estimate the quantum mechanical energy
from below, by an expression which prohibited binding, in the sense that binding can
never minimize the energy. This was stated very explicitly for TF theory, but is clearly
also true for the lower bounds on the Coulomb interaction, which is minimized when the
Voronoi cells are maximised. Thus, the nuclei tend to stay infinitely far apart in such a
theory.

As to numerical results (for the special case of neutral hydrogen), we note that the first
proof gives the worst results. The values given by the TF bound are only slightly better
than the one provided in the second proof.

As an outlook, we mention the fact that TF theory has already been generalised to
give stability results for other potentials, such as the Yukawa potential (introduced by its
Fourier representation in (6.31)). This was done in [13]. Tt is likely that the other route
to stability will work also in the Yukawa case.
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