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Chapter 1

Introduction

1.1 General Motivation

According to the current state of our knowlegde, ordinary matter is believed to be composed
of particles interacting on scales ∼ 10−10m. It is a well-established fact that these particles
obey the laws of Quantum Mechanics and can be divided into two categories - bosons and
fermions. This distinction has turned out to be necessary, since their distribution in a system
of macroscopic size obeys different quantum statistics. Identical fermions cannot occupy the
same quantum states, whereas identical bosons can. The two species of particles differ in a
fundamental feature, the spin. While fermions have half-integer spin, boson have integer spin.
Not surprisingly, the different nature of these particles gives rise to a multitude of interesting
physical phenomena.

One of them is the Bose-Einstein condensation. It is defined as a macroscopic occupation
of a single particle state. This remarkable phenomenon involves bosons only. Bose gases
can be roughly divided into two categories, with respect to their mathematical description.
The first one is the non-interacting gas: particles move freely, i.e. without experiencing any
force due to the presence of the other ones or some external source. This is the simplest
approximation and can, therefore, be described mathematically without many complications
as will be shown in a subsequent section. The fact that it can be solved completely makes it
a starting point for the general discussion of the highly non-trivial interacting gas model.

Interactions can occur in different ways. It can be distinguished between inter-particle
interactions and interactions of the particles with an external potential. A physically fun-
damental interaction is the Coloumb interaction which is responsible for the attraction and
repulsion of charged particles. Another important example is an external field, typically a
magnetic or electric one. Such fields shift and split the energy levels the bosons occupy. In
general, the presence of interactions imposes great complications on the solvability of the
mathematical equations.

However, under certain assumptions, one can still rigorously explain the occurrence of
Bose-Einstein condensation in weakly interacting, dilute systems. This shall be formalised
mathematically with a suitable scaling limit that produces interactions that are very strong
on a very short distances. The most natural assumption of them all is to consider only
two-body interactions, representing the simplest possible case in a system of many particles.
Another typical simplification is to neglect energy fluctuations due to finite temperature,
effectively considering zero-temperature gases. One reason for this is that the occurrence of
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the particle condensate is usually observed at temperatures much smaller than one Kelvin.
The verification of such a theory should not present difficulties, since condensates are already
realised experimentally.

Very often the simplifications, considered in the previous paragraph, are not enough to
make rigorous statements. The limit considered in the following also assumes that the gas
is sufficiently dilute, imposing a constraint on its density. Every interaction can be effec-
tively described by a limited number of parameters. Under strong dilution, it turns out that
the only effective parameter entering the theory is the so-called ‘s-wave scattering length’
which, roughly speaking, encodes the effective range of the interaction as well as its strength.
Conversely, for a given specific potential, the value of a can also be calculated. From an
experimental point of view it is much easier to measure the effective length scale of the in-
teractions between particles than the concrete functional dependence of the potential. In the
following, the term dilute shall suggest that the average distance between any two particles is
much larger than the scattering length. Further assumptions, whenever important, shall be
discussed in subsequent chapters.

In this thesis the following topics shall be discussed:

• BEC from historical point of view: development of the main theoretical ideas and their
confirmation through experiment.

• Foundations of Quantum Mechanics - preliminaries and postulates.

• Analysis of the free Bose gas and its condensation. Several peculiar properties are
derived.

• The weakly interacting dilute Bose gas: rigorous upper and lower bounds to the ground
state energy in the dilute limit are derived.

• The Gross-Pitaevskii theory - BEC of weakly interacting particles in a trap: upper and
lower bounds to the ground state energy in the Gross-Pitaevskii limit.
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1.2 Historical Development of Theory and Experiment

The subject of Bose-Einstein condensation first entered the scene of theoretical physics in
1924 when Einstein predicted a phase transition in the most popular spin-one particle system
known at that time - photons. His paper was based on previous ideas by Bose on the statistics
of light quanta. The phenomenon appeared naturally as a consequence of quantum statistical
effects and represented a modification of concepts by Bose about the photon energy occupation
distribution with no fixed total particle number. Einstein translated the paper himself from
English to German and eventually submitted it for publication to leading German science
journals [4]. He also extended and generalised Bose’s notions to fixed particle number - a
feature thought improper of systems of photons until very recently due to absorption by the
walls of the container the photons are put in.

While the phenomenon revealed the power of quantum statistics in its full beauty, its
predictions remained of no practical importance for quite a long time, and have therefore
been treated rather as a ’theoretical or mathematical curiosity’. In 1938, first experimental
significance appeared when London tried to explain superfluidity in liquid He in terms of
Bose-Einstein condensation [19]. Meanwhile, the first quantum theory of hydrodynamics
by Landau appeared to take different approach to the subject, confronting London’s ideas.
Few years later, in 1941 Landau succeeded in publishing the first self-consistent theory of
superfluidity explaining the phenomenon as a spectrum of elementary excitations.

Strange as it may seem, it took science more than 25 years to develop trustful predictions
about interacting Bose gases and their condensation. This came true in 1947 when the
first microscopic theory was published by Bogoliubov [1]. While being intuitively correct,
it has later been found to contain some major gaps and flaws. Subsequently, by 1950, the
inconsistencies were removed due to the work of Landau and Lifschitz [10], Onsager and
Penrose [23, 24], who proposed a physical theory explaining the weakly interacting gas case.
However, it lacked a rigorous mathematical treatment.

In the meanwhile, experimental studies had confirmed Landau’s theory by attempting
to measure BEC indirectly via its momentum distribution, representing the most reliable
method for the time. Noteworthy are also the predictions of quantum vortices in superfluids
by Onsager (1949) [22] and Feynman (1955) [5], for they appeared to be in perfect agreement
with the experiments due to Hall and Vinen from 1956.

The major breakthrough in confirming the already well-stablished theory came along with
the investigation of liquid He which happened to be the first observed BEC. However, the
relatively strong interactions between its molecules lead to a reduction of the ground state
occupancy, providing a significant challenge on the direct observation of the condensate.
Therefore, scientists looked for weakly interacting Bose gases to maximise the fraction of
particles in the lowest energy state, also known as the ground state. The major difficulty
thereby appeared to be the low temperature limit, in which increased intermolecular forces
bind the gas molecules together to form liquids or even solids, violating the assumptions of a
dilute limit.

The experimental studies on dilute Bose gases date to the 1970s when various laser tech-
niques, such as magnetic and optical trapping, have been developed. The cooling procedure
was performed in basically three steps: first, the gas is put in a dilution refrigerator to lower
the temperature of its molecules. This was succeeded by trapping it in an external magnetic
field aligning the probe spins. Evaporative cooling was finally used to lower the gas tem-
perature even further. In the 1980s the major breakthrough in laser technology allowed for
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refinement and improvement of the techniques mentioned above merging the last two steps
in to a single one, called magneto-optical cooling. These experiments revealed the hidden
condensation potential of alkali atoms and their cooling-favouring structure. These were ex-
pected to have well-defined and relatively easy to access optical transitions due to the 1s
orbital being single occupied which, combined with the transition rules dictated by conserva-
tion of angular momentum, opened the door to controlling the internal energy of the system.
Hence, its temperature was achieved to be reduced to several Kelvins.

This successful trend was continued throughout the 1990s when the research groups led
by Ketterle, Boulder, Wieman and Cornell finally reached the critical temperature and den-
sity necessary for BEC to be observed. The first condensates consisted of 87Rb, 23Na, 7Li,
succeeded by spin-polarised H, metastable 4He, 41K atoms, and many others. The successful
cooling procedure turned out to use laser cooling as a pre-cooling only. This already achieves
ultralow temperatures. The gas is then confined in a magneto-optical trap. Evaporative
cooling is used last as a final ingredient to decrease the temperature below the critical one
ultimately enabling a condensation. This major success culminated in the 2001 Nobel Prize
in physics going to Cornell, Ketterle and Wieman ’for the achievement of Bose-Einstein con-
densation in dilute gases of alkali atoms, and for early fundamental studies of the properties
of the condensates’ [9].

To summarise briefly, BEC turned out to have application to various fields of physics
and many different physical systems. Among the most important of them is the theory of
superconductivity which is basically understood as a BEC of pairs of electron, called Cooper
pairs and reveals certain similarities to superfluidity. Pairs of fermions are also thought
to condense under specific circumstances in atomic nuclei where one finds proton-proton,
neutron-neutron and proton-neutron pairs. Last but not least, recent research has shown
various applications to stellar physics, astronomy and particle physics [21].

1.3 Quantum Mechanics Preliminaries

Quantum Mechanics is a theory of physics built upon several assumptions, called postulates.
These have been empirically verified and widely accepted as true. In this section we present the
postulates and discuss the most important examples with respect to the subsequent discussion
on Bose-Einstein condensation. In the following, the Schrödinger picture will be adopted1.

1.3.1 One-Body Quantum Mechanics

Postulate 1.1 (Postulate I). The physical state of a 3-dimensional quantum mechanical
system at any given time t is completely described by a normalised state vector ψt in the
separable Hilbert space L2(R3, dx).

Postulate 1.2 (Postulate II). Every physically measurable property of the system is associated
with a self-adjoint operator Ô, called observable.

The most important operator is the Hamiltonian Ĥ and is given by:

Ĥ = − ~2

2m
∇2 + V̂t(x) (1.1)

1for the conceptually different Heisenberg picture, the reader is referred to the literature.
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where V̂t(x) is the time-dependent potential the particle is confined in and ~ = 1.064×10−34Js
is the reduced Planck constant. Mathematically V̂t is defined as a multiplication operator.
Throughout this thesis, V̂ and hence Ĥ will be taken to be time-independent.

Postulate 1.3 (Postulate III). A measurement of a physical property associated with an
operator Ô in the state ψ always reproduces the expectation 〈ψ, Ôψ〉. If additionally ψ is
an eigenvector of Ô, a measurement gives the eigenvalues of Ô, since ψ is assumed to be
normalised.

By the Spectral Theorem, all self-adjoint operators are uniquely determined by their
spectrum. The points belonging to the point spectrum are called eigenvalues and the corre-
sponding eigenvectors - eigenstates.

Postulate 1.4 (Postulate IV). Measuring a property, described by the operator Ô, in the
state ψ will give with probability

pn =
〈ψ|P̂nψ〉
〈ψ,ψ〉

(1.2)

the value λn. Here P̂n is the projector operator onto the eigenspace determined by the eigen-
value λn of Ô.

Postulate 1.5 (Postulate V: Wave Function Collapse). Whenever a measurement of a phys-
ical property in the state ψ gives the value λn the system is found after the measuring in the
state

ψn =
P̂nψ√
〈ψ|P̂nψ〉

. (1.3)

This is mathematically equivalent to a normalised projection onto the subspace corre-
sponding to λn.

Postulate 1.6 (Postulate VI: Schrödinger’s Equation). The time evolution of a state ψt is
given by the time-dependent Schrödinger equation:

Ĥψt(x) = i~∂tψt(x) (1.4)

with the Hamiltonian (or the total energy operator) Ĥ.

Whenever Ĥ does not depend on t and when we are interested in stationary solutions
to (1.4), i.e. assuming a trivial time dependence ψt(x) = ψ(x)e−iEt/~, we end up with the
time-independent Schrödinger equation:

Ĥψ(x) = Eψ(x), (1.5)

and its solutions are called stationary states.

Postulate 1.7 (Postulate VII: Correspondence Principle). Any observable in classical me-
chanics corresponds to an operator in quantum mechanics by replacing x and p via the opera-
tors x̂ and p̂. If necessary, the observable must be symmetrised. The position and momentum
operators x̂ and p̂ = −i~∇ satisfy the canonical commutator relations

[x̂j , p̂k] = i~δjk
[x̂j , x̂k] = [p̂j , p̂k] = 0. (1.6)

The above postulates describe the quantum mechanics of a single particle. In order to
understand collective phenomena, such as Bose-Einstein condensation, some of the above
statements have to be modified to the many-body case.
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1.3.2 Many-Body Quantum Mechanics

In many-body quantum mechanics one usually considers a system of N particles in three-
dimensional space. In particular the postulates are slightly modified through the introduction
of a density operator ρ̂ that generalises the wave-function concept2.

Postulate 1.8 (Postulate I’). The physical state of a 3-dimensional quantum mechanical
system is completely described by a positive, normalised self-adjoint trace-class operator ρ̂,
trρ̂ = N , on the Hilbert space L2(R3N ), called density operator or density matrix.

This definition allows us to distinguish between to types of states. Pure states are defined
as projections onto the subspace spanned by a single state, whose wave function is given
by a vector ψ ∈ L2(R3N ). Additionally, a many-body system may consist of particles in
different states. In this latter case, the system is called to be in a mixed state, and ρ̂ does not
represent a projection any more. Since every compact self-adjoint operator has a well-defined
spectral decomposition, the eigenvalues of ρ are naturally interpreted as occupation numbers
of particles in the system.

Postulate 1.9 (Postulate IV’). The expectation value of the operator Ô, in the state ρ̂ is
given by

〈Ô〉 = tr(ρ̂Ô). (1.7)

Postulate 1.10 (Postulate VI’). The time evolution of the density operator is governed by
the von Neumann equation:

i~∂tρ̂(t) = [Ĥ(t), ρ̂(t)]. (1.8)

An N -particle system can be described also by a wave function Ψ in the tensor product
space L2(R3N ). A priori, there is no restriction on its symmetry. However, it has been
experimentally verified that many-body wave functions, describing a collection of fermions or
bosons only, have well-defined symmetry.

Postulate 1.11 (Pauli Exclusion Principle). The joint wave function of a collection of N
bosons is always symmetric under exchange of any two particles. For N fermions it is always
antisymmetric, i.e.

ΨB(x1, ..., y, ..., z, ...xN ) = ΨB(x1, ..., z, ..., y, ...xN )

ΨF (x1, ..., y, ..., z, ...xN ) = −ΨF (x1, ..., z, ..., y, ...xN ). (1.9)

This fact allows us to restrict our attention only to the subspace of the symmetric and anti-
symmetric states. Given N arbitrary one-particle wave functions f1, ..., fN , one can construct
a bosonic or fermionic state as:

ΨF (x1, ..., xN ) = (f1 ∧ ... ∧ fN )(x1, ..., xN ) =
1√
N !

∑
π∈SN

(−1)π
N∏
j=1

fj(xψ(j))

ΨB(x1, ..., xN ) =
1

N !

∑
π∈SN

N∏
j=1

fj(xψ(j)) (1.10)

The symmetry properties make these functions easy to handle in complex calculations.

2density operators also exist in the one-body case and are given by projections ρ̂ = |ψ〉〈ψ|.
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1.4 Analysis of the Free Bose Gas

When describing a large system of N particles, one is often not interested in the behaviour
of the single particles themselves, but in the properties of the system as a whole. The
main concept of thermodynamics is that only a handful of variables, called state variables,
are enough for the full description of a macroscopic system in equilibrium. What connects
the micro to the macrostates is an insight by Boltzmann: since there are very many ways
the particles can be arranged, the macroscopic state would consist of the most probable
microscopic ones that maximise the entropy of the system. According to quantum statistical
mechanics, one defines a density operator to a system via its Hamiltonian. In the following,
we only need the grand canonical ensemble, where one considers a system of fixed volume
V and chemical potential µ, connected to a larger system called reservoir. Among its main
features are the exchange of energy and particles with the reservoir. We proceed, following
[7], by defining the grand canonical partition function as

Zgc = tr(e−β(Ĥ−µN̂)) =
∞∑
n=1

〈n|e−β(Ĥ−µN̂)|n〉 =
∞∑
n=1

e−β(En−µn) (1.11)

where Ĥ is the Hamiltonian with energies En, µ < 0 - the chemical potential, i.e. the amount
of energy needed to take a particle out of the system (and back to the reservoir), and N̂ the
particle number operator, satisfying N̂ |n〉 = n|n〉. The parameter β = 1/kBT has units of
inverse temperature, with kB = 1.380JK−1 being the Boltzmann constant. The partition
function is used as a normalisation constant to the density operator of the system, which
represents a mixed state and is given by

ρ̂ =
1

Zgc
e−β(Ĥ−µN̂). (1.12)

To calculate the expectation value of an observable Ô in the state corresponding to the density
ρ̂, one has to compute

〈Ô〉 = tr(Ôρ̂). (1.13)

This definition incorporates both the quantum mechanical and the statistical expectations.

The relation between micro and macro physics is given by the grand canonical potential
Ω as

Ω = −β log(Zgc). (1.14)

This is the starting point for deriving the thermodynamics of the system, since quantities,
such as the expectation values of particle number N , entropy S, energy E, pressure p, and
volume V are related to the grand potential via the equations of state.

Very often, one considers a system in a finite box of side length L and particle number
N since this problem yields a discrete spectrum for the Hamiltonian and the calculations
become simpler. The thermodynamic limit is then defined as letting N → ∞ and L → ∞
while keeping the density ρ = N/L3 fixed. In the following we shall apply Quantum Statistical
Mechanics to a non-interacting gas of bosons.

We begin by computing the grand partition function. Consider a system of N free bosons
with energies Ei and degeneracies ni, respectively, at a given chemical potential µ. Clearly,
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the total number of particles is given by N =
∑

i ni and the total energy by E =
∑

iEini.
The grand canonical partition function then amounts to:

Zgc = tr(e−β(Ĥ−µN̂)) =
∑
{ni}

exp
(
− β(

N∑
i=1

niEi − µ
N∑
i=1

ni)
)

=
∑
{ni}

exp
(
− β

( N∑
i=1

ni(Ei − µ)
))

=
∑
{ni}

N∏
i=1

e−βni(Ei−µ) (1.15)

Next, we recall that the system is connected to a reservoir and is much smaller than it. Then,
because in the grand canonical ensemble particle exchange is allowed, we can freely assume
N ≈ ∞. Then we can interchange the product with the summation to obtain

Zgc =
∞∏
i=0

∞∑
ni=0

e−βni(Ei−µ) =
∞∏
i=0

(1− ze−βEi)−1, (1.16)

where we made use of the geometric series formula. The quantity z = eβµ is called fugacity.
The grand potential then reads

Ω(T, V, µ) = −β log(Zgc) = β

∞∑
i=0

log(1− ze−βEi). (1.17)

For the thermal expectation value of the particle number distribution 〈ni〉 we have

〈ni〉 = − 1

β

∂ logZgc
∂Ei

= − 1

β

1

1− ze−βEi
zβe−βEi

=
1

z−1eβEi − 1
. (1.18)

The Hamiltonian without a potential consists only of the kinetic energy part:

H = − ~2

2m

N∑
i=1

∇2
i . (1.19)

If we further impose periodic boundary conditions in each coordinate direction, the spectrum
of H is discrete and given by the quadratic dispersion relation

E~l =
~2k2

2m
=

4π2~2|~l|2

2mL2
, where ~l ∈ Z3. (1.20)

For the expectation value of the total particle number in the thermodynamic limit we ap-
proximate the summation by integration over the phase space to obtain:

〈N〉 =
∑
l∈Z3

〈nl〉
L,N→∞−−−−−→
ρ=const

∫
R3

dp

∫
V

dqn(p) =
L3

(2π)3

∫
d3pn(p)

=
V (2m)3/2

4π2~3

∫ ∞
0

dE

√
E

eβEz−1 − 1
=

2V√
π

1

λ3

∫ ∞
0

dx

√
x

exz−1 − 1

=:
V

λ3
g3/2(z), (1.21)
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where λ = h√
2πmβ−1

is the so-called ‘thermal wavelength’ of the system and the special

function g(z) is defined as

gl(z) :=
1

Γ(l)

∫ ∞
0

dx
xl−1

exz−1 − 1
=
∞∑
n=1

zn

nl
. (1.22)

This means that the density in the thermodynamic limit is given by

ρ(µ, T ) =
1

λ3
g3/2(z), (1.23)

with z = eβµ being the fugacity. Because g3/2 is a monotone increasing function in z and thus
in µ, the density seems to be bounded from above, as µ→ 0, by

N

V
=

1

λ3
g3/2(1) =: ρc, (1.24)

called the critical density. Since a bounded density is not physical, there must be a flaw in the
theory. Using the relation β = 1/kBT with kB the Boltzmann constant and the temperature
dependence of the thermal wavelength λ, equation (1.24) defines a critical temperature for
the system given by

Tc =
h2

2πkBm(ζ(3/2) VN )2/3
. (1.25)

But what happens below Tc and how is it related to the boundedness of ρ?

The flaw comes from the approximation of the sum by an integral, for if more and more
particles are going to the ground state as the temperature goes to 0, the density of states
is no longer uniformly distributed among the states and is peaked out about E0. Hence, we
have to separate the ground state before taking the thermodynamic limit. This results in

〈N〉 =
∑
l∈Z3

nl = n0 +
∑

l∈Z3−{0}

nl ≈
1

z−1 − 1
+

1

λ3
g3/2(z). (1.26)

In particular, the number of particles of the ground state is then

n0(T ) = 〈N〉
(

1−
( T
Tc

)3/2)
. (1.27)

Because of the non-analyticity of gl(z) at z = 1, a phase transition occurs at the critical
temperature. We distinguish two phases between the excited fraction of particles ne and
particles in the ground state given by n0 = N − ne. In a similar fashion we can think of
a condensation of a macroscopic number of particles in two or more distinct microscopic
states. This phenomenon of macroscopically occupied microscopic state of a system is called
’Bose-Einstein Condensation’.

The equation of state for the non-interacting Bose gas can be obtained from the grand
potential using the Gibbs-Duhem relation:

−pV = Ω =
1

β
logZgc, (1.28)
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with the pressure p and the inverse temperature β. Therefore, we obtain the equation

βp =
1

V
logZgc, (1.29)

If we now apply the separation of the ground state in the thermodynamic limit, the grand
potential can be computed in a similar manner as the expectation of the total particle number
via a continuous approximation of the sum by an integral over phase space. Using the relation
〈N〉 = −∂Ω

∂µ and integration by parts, the result is the following equation of state:

p

kBT
=

1

V
log

1

1− z
+

1

λ3
g5/2(z) =

1

V
log(n0 + 1) +

1

λ3
g5/2(z) (1.30)

In the thermodynamic limit, denoted by limTD, we have n0 ∼ N and therefore

lim
TD

1

V
log(n0 + 1) = lim

TD

1

V
(log ρ+ log V ) = 0. (1.31)

Thus, we see that the condensate itself does not contribute to the pressure of the system.
Moreover, as more and more particles occupy the ground state, the pressure decreases. This
fact is the physical manifestation of the bosonic features discussed in the introduction and
clearly cannot hold for fermions due to the Pauli exclusion principle.

Using precisely the same machinery, one can obtain the entropy of the system from the
equations of state and show that it vanishes for the condensate. This agrees with the statistical
interpretation of entropy as a measure of the disorder of the system, since all bosons occupy
the same state, which takes the form of a product of single-particle wave functions.

In comparison to the classical ideal gas, we see that, as the temperature approaches the
absolute zero, the quantum nature of particles becomes more pronounced as well. Hence, all
equations of state need to be modified in the corresponding regime, to account for the new
properties such as pressure and entropy decrease. The system responds to external interaction
as one single macroparticle. This reflects true quantum mechanical features in a macroscopic
behaviour, which makes the Bose-Einstein condensate extremely interesting.



Chapter 2

The Interacting Bose Gas: The
Dilute Limit

2.1 Heuristic Analysis

The analysis in the previous chapter considered the rigorous treatment of the non-interacting
Bose gas. The realistic case we want to consider is when a genuine interaction is present. But
how does the system behave when we switch on an interaction potential v? A general state-
ment valid for all physical potentials cannot be made, since the solution to the Schrödinger’s
equation for a system of N particles is out of reach both analytically and numerically, be-
cause of the huge number of particles (typically N ∼ 1011) involved. On the other hand, the
physical intuition, based on assuming a smooth response of the system when decreasing the
potential to 0, suggests that for a certain class of potentials, the (weakly) interacting gas of
bosons exhibits a very similar behaviour to the free gas in a certain limit, to be specified.

A crucial parameter in the analysis of interacting systems is given by the scattering length.
It represents an important characteristic value for the effective length scale of the potential
and encodes the essential information for the study of scattering:

Theorem 2.1. Suppose v ∈ L3/2(R3) is spherically symmetric and has finite range, i.e. v(r) =
v(|x|) = 0 for r > R0 and assume that 1

2v(x) has no negative energy bound states, i.e.∫
R3

µ|∇ψ|2 +
1

2
v|ψ|2 ≥ 0 (2.1)

for all ψ ∈ H1 and µ := ~2

2m . Further, let R > R0 and let BR ⊂ R3 be the ball about the origin
of radius R and SR = ∂BR its boundary. For ψ ∈ H1 set

ER[ψ] =

∫
BR

µ|∇ψ|2 +
1

2
v|ψ|2. (2.2)

Then there exists a unique φ0 ∈ {H1 : φ(x) = 1 ∀x ∈ SR} which is nonnegative and spherically
symmetric, i.e.

φ0(x) = ψ0(|x|) (2.3)

with ψ ≥ 0 on (0, R]. Moreover, it satisfies the equation

−µ∆φ0(x) +
1

2
v(x)φ0(x) = 0 (2.4)
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in the sense of distributions on BR, with boundary condition ψ0(R) = 1, called the zero
energy scattering equation, and

ψ0(r) = ψasymp(r) =
1− a/r
1− a/R

, R0 < r < R. (2.5)

for |x| = r and some constant a, called the scattering length.
The minimum value of ER[ψ] is also given by

E = 2π3/2µa/[Γ(3/2)(1− a/R)]. (2.6)

Proof. The proof of the theorem can be found in Appendix C of [13]. It should be mentioned
that the conditions on v can be weakened as long as it is a finite, spherically symmetric
measure.

Now, consider a system of N bosons of mass m confined in a cubic box Λ of side length
L. Moreover, the particles interact via a spherically symmetric potential v(|xi − xj |). The
Hamiltonian of the system is then given by

HN = −µ
N∑
i=1

∆i +
∑

1≤i<j≤N
v(|xi − xj |), (2.7)

with the factor µ = ~2

2m . We restrict our attention to nonnegative interaction potentials that
decrease faster than 1/r3 at infinity. For computational convenience v often will be assumed of
compact support, i.e. finite range. Some remarks will be made about extending the theorems
to the above case.

Assuming a dilute limit, we are interested in estimating the ground state energy, defined
by

E0(N,L) = inf

〈Ψ, HNΨ〉| Ψ ∈
N⊗

symm

H1(Λ), 〈Ψ,
∑
i<j

v(|xi − xj |)Ψ〉 <∞, ||Ψ||2 = 1

 ,

(2.8)

where H1(Λ) denotes the first Sobolev space over the box Λ ⊂ R3 of side length L. Since we
consider bosons only, the wave function should belong to the symmetric product. The notation
indicates that in general, before taking the TD-limit, N → ∞, L → ∞, ρ = N/L3 = const,
the ground state energy will depend on the parameters N and L and the dependence on the
potential in the thermodynamic limit shall turn out to be implicit, through the scattering
length a. Hence the theorems and proofs below will be valid for a wide range of potentials,
all of them having the same scattering length. The energy per particle in the thermodynamic
limit is then given by

e0(ρ, a) := lim
L→∞

E0(ρL3, L)

ρL3
. (2.9)

The limit above is expected to exist, because of extensivity of the energy.
To define the spectrum of the Hamiltonian HN unambiguously, we need to specify a

boundary condition for the values of Ψ and ∇Ψ on ∂Λ. We have that these conditions are all
equivalent in the limit, since there is no boundary any more. The easiest choice with respect
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to the energy is Dirichlet boundary conditions for the upper bound and Neumann boundary
conditions for the lower bound, as given in [13].

We now consider the low-density asymptotics of e0(ρ, a) for dilute gases. Physically, this
means that the mean distance between two particles, ρ1/3 is much larger than the scattering
length, a, of the potential, i.e. we consider only ρa3 � 1. If we take the ball BR in theorem
(2.1) to be of infinite radius, the asymptotic solution to the zero energy scattering equation
(2.5) is given by

ψ0(x) = 1− a

r
, (2.10)

for all r > R0. Writing ψ0(x) = u0(r)/r, we see that u0 solves:

−2µu′′0(r) + v(r)u0(r) = 0, (2.11)

the radial zero-energy equation, with boundary condition u0(0) = 0.
Our main goal in this chapter will be to establish a rigorous proof of the following relation

for the energy per particle in the thermodynamic limit:

Theorem 2.2 (Low density limit of the ground state). Under the assumptions of theorem
(2.1) on v and in the low-density limit the following relation holds∣∣∣∣e0(ρ, a)

4πµρa
− 1

∣∣∣∣ ρa3→0−−−−→ 0. (2.12)

To understand (2.12) better, we need to look carefully at the limit above. We have
the three natural length scales for the problem: the scattering length a, the inter-particle
density ρ1/3 and ρa. The last one is proportional to the de Broglie wavelength lc ∼ (ρa)−1/2,
sometimes also called ‘healing length’ or ‘uncertainty principle length’. We need to give a
physical meaning to lc. Due to the Heisenberg’s uncertainty principle, we can ssociate with
the length lc a momentum 1/lc =

√
ρa. Physically, using the definition of the kinetic energy,

we have Ekin = p2

2m = h2

2ml2c
∼ ρa. Then, in the dilute limit, we obtain the following relation:

a� ρ−1/3 � lc. (2.13)

The above formula basically relates the inter-particle distance to the de-Broglie wavelength,
which is the scale at which the wave nature of particles emerges. Hence, we see that it is
not possible to localise the particles with respect to each other without changing their kinetic
energy significantly and the condensate shall behave like one whole. Whence, particles lose
their individuality completely in the condensate phase.

Let us now try to give a heuristic motivation for (2.12). The energy of a state that solves
the zero energy scattering equation ψ0 in a ball of radius R is given by

∫
|x|≤R

µ|∇ψ0|2 +
1

2
v|ψ0|2 =

∮
|x|=R

2µψ0∇ψ0 · ~nR2dω +

∫
|x|≤R

(−2µ∆ψ0 + vψ0)︸ ︷︷ ︸
(2.4)
= 0

ψ0

= 8πµa(1− a

R
) −→ 8πµa (2.14)

for R → ∞, where we used integration by parts and the zero order scattering equation. For
positive v, ψ0 minimizes the left-hand side of (2.14) for every R > R0 with boundary condition
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ψ(R) = 1 − a/R. Now let us first consider two particles only and assume that their wave
function is given by

ψ(x,y) = f(x− y,x + y),

for some f ∈ L2(Λ × Λ). Observe that the condition ρa3 → 0 is equivalent to a � L. If
we further assume a ‘soft’ interaction potential, ψ(x,y) is essentially uniform over the box,
since the particles are hardly localised with respect to each other. Therefore, the ground
state energy is mostly potential. The interaction potential depends on the difference |x− y|
only. If we set x − y = η, we have E(2, L) ≈ 1

L3

∫
v(|η|)dη. The prefactor 1

L3 comes from
the normalisation of the nearly uniform ψ(x,y). According to [13], perturbation theory is
applicable and, in the limit a � L,

∫
v(|η|)dη is the first Born approximation to 8πaµ.

Altogether we have E(2, L) ≈ 8πµa/L3. A generalisation follows for N(N − 1)/2 possible
interaction pairs. For each particle the total energy estimates to E0(N,L) ≈ 4πµaN(N −
1)/L3, which reduces to (2.12) in the TD limit. It should be mentioned that perturbation
theory is valid for ‘soft’ potentials only. However, (2.12) holds for ‘hard’ potentials as well.
In fact, going from the ‘hard’ to the ‘soft’ regime will turn out to be crucial for proving the
lower bound.

In the following, we shall prove the theorem rigorously by establishing a lower and an
upper bound on the ground state energy. Both of them are non-trivial and require careful
examination of the system from a physical point of view, in order to be able to guess a suitable
ansatz. The next two subsequent chapters deal with the two bounds.

2.2 The Upper Bound

The upper bound has first been proved by Dyson in 1956 in [3]. Since then, some modifications
have been made. In the following, we stick to the proof given by Lieb, Seiringer, Solovej and
Yngvason in [13].

Theorem 2.3 (Upper Bound). Let ρ1 = (N − 1)/L3 and b = (4πρ1/3)−1/3. Further, let v
be a non-negative potential, v ≥ 0, and b > a. Then, the ground state energy of (2.7) with
periodic boundary conditions satisfies

E0(N,L) ≤ 4πµρ1a
(
1 + const.

a

b

)
. (2.15)

Hence, in the thermodynamic limit (and for all boundary conditions)

e0(ρ, a)

4πµρa
≤ 1 + const.Y 1/3, (2.16)

for all Y = 4πρa3/3 < 1.

Proof. We want to establish an upper bound on (2.8). The ground state energy is defined
as an infimum and thus any symmetric Ψ will give an upper bound. Since we do not want
to restrict ourselves to the symmetric subspace, we make the following observation: HN , as
defined in (2.7), is an elliptic differential operator. Hence, for v ≥ 0, its lowest eigenvector (the
ground state) is a nonnegative function. If we now symmetrise it, it will still have the same
energy, since HN is symmetric under permutations of the particle positions (notice that v
dependes on absolute value of the difference of two positions only and every particle interacts



2.2 The Upper Bound 15

with its nearest neighbour). A general proof of this fact is also given in [3]. So we can use any
reasonable trial function, even if it violates the symmetry condition, as long as it captures
the essential part of the energy. Let us now choose a function of the following form:

Ψ(x1, ...,xN ) = F1(x1) · F2(x1,x2) · · ·FN (x1, ...,xN ), (2.17)

where F1 ≡ 1 and Fi depends on the distance between x1 and its nearest neighbour among
x1, ...,xi−1:

Fi(x1, ...,xi) =: f(ti), ti = min{|xi − xj |, j = 1, ..., i− 1}, (2.18)

with a monotone increasing function f , satisfying

0 ≤ f ≤ 1, f ′ ≥ 0. (2.19)

The physical interpretation of the trial function is the following: particles are put into the
system one at a time, taking into account the previously inserted ones, but without adjusting
the wave function. It clearly does not reflect all the interactions of the ground state, but we
shall see that it is sufficient to capture the main term of the energy in the dilute limit.

We now fix the function f to be:

f(r) =

{
f0(r)/f0(b) for 0 ≤ r ≤ b

1 for r > b
(2.20)

with f0(r) = u0(r)/r the zero energy scattering solution.
Our goal is first to calculate the quadratic form 〈Ψ, HNΨ〉 of the trial function. To that

end, define

εik :=


1 for i = k,
−1 for ti = |xi − xj |,
0 otherwise

(2.21)

and let ni be the unit vector in the direction of xi−xj(i). Here, xj(i) is the nearest neighbour
of xi to the points xi − xj , j = 1, ..., i− 1 and depends not only on i but on the neighbours
themselves as well.

We now establish a useful inequality. Consider the identity:

Ψ−1∇kΨ =
∑
i

F−1
i εiknif

′(ti). (2.22)

To prove it, we first compute

∇xkf(ti) = ∇xkf(|xi − xj(i)|) = f ′(ti)∇xk |xi − xj(i)|. (2.23)

For the second factor in the above equation we need to distinguish three cases:

• i = k: ∇xk |xk − xj(k)| = ∇xk−xj(k)
|xk − xj(k)| = nk

• ti = |xi − xj |: ∇xk |xi − xk| = −∇xi−xk |xi − xk| = −nk

• i 6= k, ti 6= |xi − xj |: ∇xk |xk − xj(k)|︸ ︷︷ ︸
indep. of xk

= 0.
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and we can use the definition of εik to write them in a compact way. Further, we insert in
(2.23) the definition of Ψ to obtain

Ψ−1∇kΨ = Ψ−1∇k
N∏
i=1

f(ti) =
N∑
i=1

F−1
i ∇xkf(ti)

=

N∑
i=1

F−1
i εiknif

′(ti) (2.24)

Squaring the left-hand-side of (2.24) and summing over k, we arrive at

Ψ−2
∑
k

|∇kΨ|2 =
∑
i,k,j

εikεjk ni · nj︸ ︷︷ ︸
≤1

F−1
i F−1

j f ′(ti)f
′(tj)

symm in i, j
≤ 2

∑
i<j; k

|εikεjk|F−1
i F−1

j f ′(ti)f
′(tj) +

∑
i,k

|εik|2︸ ︷︷ ︸
6=0 for i = k or k = j(i)

F−2
i f ′2(ti)

∇kf(ti)=0,for k > i
= 2

∑
k≤i<j

|εikεjk|F−1
i F−1

j f ′(ti)f
′(tj) + 2

∑
i

F−2
i f ′2(ti) (2.25)

Now we are ready to give a first estimate on the expectation of the Hamiltonian:

〈Ψ, HNΨ〉
〈Ψ,Ψ〉

≤ 2µ
N∑
i=1

∫
|Ψ|2F−2

i f ′2(ti)∫
|Ψ|2

+
∑

1≤j<i≤N

∫
|Ψ|2v(|xi − xj)∫

|Ψ|2︸ ︷︷ ︸
=I1

+ 2µ
∑
k≤i<j

∫
|Ψ|2|εikεjk|F−1

i F−1
j f ′(ti)f

′(tj)∫
|Ψ|2︸ ︷︷ ︸

=I2

(2.26)

The next goal is to make the i and j dependence of the three terms easy to compute so
that we can perform the integrals and eventually cancel what is left of the numerators and
the denominators.

Let us now define, for i < p, Fp,i to be the function Fp if we simply omit particle i as a
candidate for a nearest neighbour.

Fp,i(x1, ..., x̂i, ...,xp) := f(t′p), t′p = min{|xi − xj |, j = 1, ..., î, ..., p− 1},

where x̂ stands for omitting the variable x. Hence, Fp,i becomes independent of xi. In the
same manner, define Fp,ij , taking out of consideration xi and xi.

Fp,ij(x1, ..., x̂i, ..., x̂j , ...,xp) := f(t′′p), t′′p = min{|xi − xj |, j = 1, ..., î, ..., ĵ, ..., p− 1}.

Notice again that Fp,ij depends neither on xi, nor on xj . Since Fi occurs in the numerator
and in the denominator we need estimates from both above and below.

By definition, f is monotone increasing and we have

Fp = min{Fp,ij , f(|xp − xj |), f(|xp − xi|)}. (2.27)
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Further, using 0 ≤ f ≤ 1 we arrive at

F 2
p,jf(|xp − xj |) ≤ F 2

p ≤ F 2
p,j

F 2
p,ijf

2(|xp − xi|)f2(|xp − xj |) ≤ F 2
p ≤ F 2

p,ij (2.28)

Observe that the two groups of inequalities above are essentially the same, so we can focus
on the second line. The first inequality sign is trivial, since one of the three terms necessarily
is equal to the minimum Fp by definition of f and Fp,ij and the other two are less or equal
to 1. The second inequality sign follows from the fact that omitting the ith and jth particle
the minimum in (2.18) is taken over a smaller set, and can therefore only raise.

Consequently, for j < i, we obtain the upper bound

F 2
j+1 · · ·F 2

i−1F
2
i+1 · · ·F 2

N ≤ F 2
j+1,j · · ·F 2

i−1,jF
2
i+1,ij · · ·F 2

N,ij . (2.29)

To see this, we restrain our attention to the right pair of inequalities in (2.28) and use the
first one for p = j + 1, ..., i− 1 and the second one for p = i+ 1, ..., N . Since F is positive, we
can just multiply the inequalities. The result yields (2.29).

The lower bound is somehow more tricky, for it involves one more inequality. We follow
the same philosophy as above patching together the left pair of inequalities this time. The
key ingredient appears to be the Weierstrass product inequality, which holds for 0 ≤ fi ≤ 1
and reads:

N∏
i=1

fi ≥
(

1−
N∑
i=1

(1− fi)
)
. (2.30)

It is trivially valid also for f2
i since it satisfies the only condition 0 ≤ f2

i ≤ 1 as well:

F 2
j · · ·F 2

N ≥ F 2
i F

2
j F

2
j+1,jf

2(|xj+1 − xj |) · · ·F 2
i−1,jf

2(|xi−1 − xj)

× F 2
i+1,ijf

2(|xi+1 − xj |)f2(|xi+1 − xi|) · · ·F 2
N,ij

× f2(|xN − xj |)f2(|xN − xi|)

=
F 2
i

f2(|x1 − xi|) · · · f2(|xi−1 − xi|)
F 2
j

f2(|x1 − xj |) · · · f2(|xj−1 − xj |)
× F 2

j+1,j · · ·F 2
i−1,jF

2
i+1,j · · ·F 2

N,j

× f2(|x1 − xj |) · · · f2(|xj−1 − xj |)f2(|xj+1 − xj |) · · · f2(|xi−1 − xj |)
× f2(|xi+1 − xj |) · · · f2(|xN − xj |)× f2(|x1 − xi|) · · ·
× f2(|xi−1 − xi|)f2(|xi+1 − xi|) · · · f2(|xN − xi|)

≥ F 2
j+1,j · · ·F 2

i−1,jF
2
i+1,j · · ·F 2

N,j

N∏
k=1;k 6=i

f2(|xi − xk|)
N∏

k=1;k 6=i,j
f2(|xj − xk|)

≥ F 2
j+1,j · · ·F 2

i−1,jF
2
i+1,j · · ·F 2

N,j

×
(

1−
N∑

k=1;k 6=i
(1− f2(|xi − xk|))︸ ︷︷ ︸

=:A

)(
1−

N∑
k=1;k 6=i,j

(1− f2(|xj − xk|))︸ ︷︷ ︸
=:B

)
.

(2.31)

Several factors have artificially been added to the product. To estimate the Fj and Fi fractions,
notice that the numerators, defined as minimum, are always taken by one of the factors on
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the denominators, respectively, so they will be cancelled and what is left in the denominators
is less than 1 by properties of f . Hence, both fractions are greater or equal to 1.

We continue developing our machinery by noticing the following estimate on the derivative
f ′:

f ′2(ti) ≤
i−1∑
j=1

f ′2(xi − xj), (2.32)

which follows immediately from f ′ ≥ 0 and the definition of ti.

We shall also need an estimate on the integral below, which follows from the positivity of
the integrand:

∫
Λ
µ(f ′(r))2 +

1

2
v(r)f2(r)dx ≤ 1

2

∫
r≤b

2µf ′2(r) + v(r)f2(r)
(2.14)

= 4πaµ
(
1− a

b

)
f−2

0 (b) (2.33)

By a property of the asymptotic solution to the zero order scattering equation, proved in
Appendix C of [13], we have f0(b) ≥ 1− a/b. Hence, we obtain

∫
Λ2

2µf ′2(xi − xj) + v(|xi − xj |)f2(xi − xj)dxidxj ≤ 8πaµL3(1− a/b)−1 (2.34)

The last inequality we need before estimating (2.26) further is

A =

∫
Λ

1−
N∑

k=1;k 6=i
(1− f2(|xi − xk|))

dxi ≥ L3 −
N∑

k=1;k 6=i

∫
R3

(1− f2(|xi − xk|))

≥ L3 − (N − 1)I (2.35)

where A is defined in (2.31) and I is given by I =
∫
R3(1− f2(r))dx. Here we made use of the

fact that the integrand is nonnegative and thus, enlarging the integration domain can only
make the integral bigger, and hence the total expression smaller. Exactly the same argument
applies to show that

B ≥ L3 − (N − 2)I ≥ L3 − (N − 1)I, (2.36)

with B defined in (2.31) as well.

Now, we are equipped with everything we need to estimate the integrals I1 and I2. Let us
not concern with the denominators for the moment. We begin by considering I1 and plugging
in the definition for Ψ in the numerators. In the kinetic energy term of I1 a factor F 2

i will
cancel the present F−2

i and we can estimate from above F 2
j ≤ 1. In the potential term, we

single out F 2
i = f2(ti) and again sacrifice F 2

j ≤ 1. Monotonicity yields f2(ti) ≤ f2(|xi− xj |),
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since j < i. Now, using (2.32), we can combine both terms to obtain

I1 ≤
N∑
i=1

∫ {
F 2

1 · · ·F 2
j−1F

2
j+1 · · ·F 2

i−1F
2
i+1 · · ·F 2

N∫ {
F 2

1 · · ·F 2
j−1(∑i−1

k=1 2µf ′2(|xi − xk|) + v(|xi − xk)f
2(|xi − xk|)

)}
F 2
j · · ·F 2

N

}
(2.29),(2.31)

≤
N∑
i=1

∫ {
F 2

1 · · ·F 2
j−1F

2
j+1,j · · ·F 2

i−1,jF
2
i+1,ij · · ·F 2

N,ij∫ {
F 2

1 · · ·F 2
j−1(∑i−1

k=1 2µf ′2(|xi − xk|) + v(|xi − xk)f
2(|xi − xk|)

)}
F 2
j+1,j · · ·F 2

i−1,jF
2
i+1,j · · ·F 2

N,jAB
}

(2.34),(2.35)

≤
N∑
i=1

∫
F 2

1 · · ·F 2
j−1F

2
j+1,j · · ·F 2

i−1,jF
2
i+1,ij · · ·F 2

N,ij

(∑i−1
j=k 8πaµL3(1− a/b)−1

)∫
F 2

1 · · ·F 2
j−1F

2
j+1,j · · ·F 2

i−1,jF
2
i+1,j · · ·F 2

N,j [L
3 − (N − 1)I]2

=

N∑
i=1

i−1∑
j=k

8πaµL3(1− a/b)−1

[L3 − (N − 1)I]2
=
N(N − 1)

2L3

8πaµ

(1− a/b)
1

[1− N−1
L3 I]2

=
4πaµρ1N

(1− a/b)(1− ρ1I)2
(2.37)

The crucial step has been done in the second inequality, noticing that the xi and the xj
integration can be carried out independently both in the denominator and the numerator due
to the definition of Fp,ij and irrespectively of the functions F . To complete our estimate on
I1, we need an upper bound on I itself:

I =

∫
R3

[
1− f2(r)

]
dx

f=1, for r > b
= 4π

∫ b

0
(1− f2(r))r2dr

≤ 4π

∫ b

0
(1− f2

0 (r)/f2
0 (b))r2dr

f0(r)≥
[
1−a/r

]
+

≤ 4π

∫ b

0
drr2 − (r − a)2

(b− a)2
b2

=
4π

3

[
b3 − b2

(b− a)2
((b− a)3 + a3)

]
≤ 4π

3
ab2 (2.38)

Altogether, using b3 = (4πρ1/3)−1, we obtain the following bound:

I1 ≤ N4πρ1µa(1 +O(b/a)). (2.39)

The integral I2 is estimated in a similar fashion:

I2 = 2µ

N∑
k≤i<j

∫
F 2

1 · · ·F 2
j−1F

2
j+1 · · ·F 2

i−1F
2
i+1 · · ·F 2

N |εikεjk|F
−1
i F−1

j f ′(ti)f
′(tj)∫

F 2
1 · · ·F 2

j−1F
2
j · · ·F 2

N

(2.29),(2.31)

≤ 2µ
N∑
i<j

∫
F 2

1 · · ·F 2
j−1F

2
j+1,j · · ·F 2

i−1,jF
2
i+1,ij · · ·F 2

N,ij

∑
k≤i K̃k∫

F 2
1 · · ·F 2

j−1F
2
j+1,j · · ·F 2

i−1,jF
2
i+1,j · · ·F 2

N,jAB
(2.40)
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where

K̃k =

∫
dxidxj |εik|Fif ′(ti)|εjk|Fjf ′(tj) (2.41)

We now perform the integration over xj first. The factor εjk = 0, unless j = k or tj = |xj−xk|.
The first is, however, excluded by the restriction on the summation. But then we have∑

k≤i
K̃k =

∑
k≤i

∫
dxi|εik|Fif ′(ti)

∫
dxjf(|xj − xk|)f ′(|xj − xk|)︸ ︷︷ ︸

:=K

= K
∑
k≤i

∫
dxi|εik|Fif ′(ti) = 2K

∫
dxif(ti)f

′(ti)

(2.32)

≤
i−1∑
n=1

∫
dxif(|xi − xn|)f ′(|xi − xn|)

= 2(i− 1)K2, (2.42)

since εik 6= 0 only for two values of k. Then I2, after inserting the estimates on A and B and
cancelling the remaining terms in the numerator and the denominator, reduces to

I2 ≤
2µK2

∑N
i≤j 2(i− 1)

[L3 − (N − 1)I]2
≤ 1

3
N(N − 1)(N − 2)

2µK2

[L3 − (N − 1)I]2
(2.43)

Next, we calculate K, using the specific form of f given in equation (2.20):

K =

∫
R3

f(r)f ′(r)dx
f ′=0, for r > b

= 4π

∫
r≤b

f(r)︸︷︷︸
≤1

f ′(r)dx

f ′= a
r2
f−1
0 (b)

≤ 4π

∫ b

0
drr2 a

1− a/b
1

r2
= 4π

ab

1− a/b
(2.44)

Altogether, recalling the definition b3 = (4πρ1/3)−1 once again, this yields

I2 ≤ const.ρ1µa
a

b
(2.45)

Combining the bounds on I1 and I2 finally proves the upper bound.

2.3 The Lower Bound

The lower bound for the energy functional is highly non-trivial and contains some very im-
portant insights. One particular reason for this is the presence of three different length scales
that play a significant role throughout the proof:

• The scattering length a.

• The mean particle distance ρ−1/3.

• The ’uncertainty’ principle length lc, defined in the introduction.
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The following theorem can be found in [13].

Theorem 2.4. (Lower bound in the TD limit) Let v be a positive potential of finite

range. Then for Y = 4πρa3

3
e0(ρ, a)

4πµρa
≥ (1− CY 1/17) (2.46)

with C some constant.

For potentials v of no compact support but decreasing faster than 1/r3 at infinity there
is a similar statement for the ground state energy with CY 1/17 replaced by o(1) as Y → 0.
Moreover, the error term in (2.46) is considered to have no physical meaning. The constant
C can be taken to be 8.9 [29]
The next theorem (also from [13]) considers a dilute Bose gas in a box of side length L and
fixed number of particles N . Its importance is revealed in application to inhomogeneous dilute
systems as discussed in the next chapter.

Theorem 2.5. (Lower bound in a finite box) For any v ≥ 0 of finite range there exists a
δ > 0 such that the ground state energy of (2.7) with Neumann boundary conditions satisfies

E0(N,L)/N ≥ 4πµρa(1− CY 1/17) (2.47)

for all N and L with Y < δ and L/a > C ′Y −6/17 and some positive constants C and C ′,
independent of N and L.

As previously remarked, a similar bound also holds if v does not have finite range but
decays sufficiently fast at infinity.

The proof of the above theorem begins with a generalisation of a lemma by Dyson. The
idea is to increase the effective range of the potential which leads to decrease in the kinetic
energy of the system. To do this, it suffices to reduce the L∞ norm of v without changing
the total energy much.

Lemma 2.6 (Dyson). Let v(r) ≥ 0 have finite range R0 and let U(r) ≥ 0 be any function
satisfying

∫
U(r)r2dr ≤ 1 and U(0) = 0 for r < R0. Let also B ⊂ R3 be star-shaped with

respect to 0. Then for all differentiable functions ψ∫
B

(µ|∇ψ|2 +
1

2
v|ψ|2) ≥ µa

∫
B
U |ψ|2. (2.48)

Proof. It suffices to prove (2.48) for µ|∇ψ|2 replaced by µ|∂ψ∂r |
2 along the lines of constant

angular variables. Then ψ(x) = u(r)/r with u(0) = 0 follows from the solution of the zero
energy scattering equation. Consider first the special case

U(r) =
1

R2
δ(r −R) (2.49)

for some R ≥ R0. Along any radial line (2.48) reduces to:∫ R1

0
{µ[u′(r)− (u(r)/r)]2 +

1

2
v(r)|u(r)|2}dr ≥

{
0 if R1 < R

µa|u(R)|2/R2 if R ≤ R1
(2.50)

with R1 the length of the radial line segment in B. For R1 < R the positivity of v yields
µ|∂ψ∂r |

2 + 1
2v|ψ|

2 ≥ 0, establishing the first case. For R ≤ R1 we minimise the functional with
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respect to u under the boundary condition u(0) = 0. By homogeneity, we can normalize u so
that u(R) = R− a. Using the Euler-Lagrange equations, one gets 2µ[u′′ − u/r2] + v(r)u = 0
which is precisely the zero energy scattering equation. By assumption, v ≥ 0 and thus the
solution is a true minimum.

Since v = 0 for r > R0, the solution u0 satisfies u0(r) = r − a for r > R0. Then

∫ R

0
{µ[u′(r)−

(
u(r)/r

)
]2 +

1

2
v(r)|u(r)|2} =

∫ R

0

[
µ∂r

u0

r
r2∂r

u0

r
+

1

2
v|u0|2

]
= µ

u0

r
r2∂r

(u0

r

)∣∣∣∣R
0

−
∫ R

0
µ
u0

r
∂r r

2∂r
u0

r︸ ︷︷ ︸
=ru′0−u0︸ ︷︷ ︸
=u′′0 r

+
1

2
v|u0|2 = µ

|R− a|
R

R2 a

R2
−
∫ R

0
[µu′′0 −

1

2
vu0]︸ ︷︷ ︸

=0

u0

= µa
|R− a|
R

≥ µa
(R− a)2

R2
(2.51)

where integration by parts has been used. But the RHS of the above equation is exactly what
is needed, taking into account the normalisation condition.

The general case then follows from the fact that any U(r) may be written as a superposition
U(r) =

∫
R−2δ(r − R)U(R)R2dr of δ-functions and

∫
U(R)R2 ≤ 1, thereby concluding the

proof of the Lemma.

The following corollary arises in a natural way, we dividing the big box Λ for given
x1, ...,xN into Voronoi cells Bi:

Corollary 2.7. For any U as in Lemma 2.6

HN ≥ µaWR (2.52)

as operators, with W being the multiplication operator

WR(x1, ...,xN ) :=
N∑
i=1

U(ti), (2.53)

where ti is the distance of xi to its nearest neighbour among the xj’s, j = 1, ..., N ,i.e.

ti(x1, ...,xN ) = min
j,j 6=i
|xi − xj | (2.54)

In the following we use a specific form of the potential U which turns out to be sufficient
for the upcoming estimates:

U(r) =

{
3(R3 −R3

0) for R0 < r < R
0 otherwise

(2.55)

We now use the Lemma 2.6 to go to the ’soft potential regime’ sacrificing a part of the
kinetic energy. We remark that it is crucial not to sacrifice all of it.(cf. [13], p. 20 for a more
detailed discussion). Thus, for ε > 0

HN = εHN + (1− ε)HN ≥ εTN + (1− ε)HN , (2.56)
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since v ≥ 0, where TN = −µ
∑

i ∆i. Now we use Corollary 2.7 only for the second part above,
obtaining:

HN ≥ εTN + (1− ε)µaWR. (2.57)

We want to consider the second operator on the right-hand-side, denoted by V , as a small
perturbation to H0 = εTN . The normalized ground state of H0 in a box of length L is given
by Ψ0(x1, ...,xN ) = L−3/2 and let us denote the expectation value in this state by 〈·〉0. A
straightforward calculation (cf. [16]) gives:

4πρ(1− 1/N) ≥ a
〈WR〉0
N

≥ 4πρ
(

1− 1

N

)(
1− 2R

L

)3(
1 + 4πρ

(R3 −R3
0)

3

)−1
. (2.58)

The factors have the following interpretation: (1− 1
N ) represents the number of pairs which

amounts to N(N−1)/2; (1− 2R
L )3 is due to the fact that the interaction beyond the boundary

of Λ is disregarded, while the last factor gives the probability of finding a particle within the
interaction range of UR.

Our next goal shall be to establish rigorous error terms, possibly depending on ε, R and
L. To this end we recall Temple’s inequality for the expectations of an operator H = H0 +V :

Lemma 2.8. (Temple’s Inequality) Let E0, E1 be the two lowest eigenvalues of the self-
adjoint operator H and assume that E0 < E1 and E1 − 〈H〉0 > 0. Then

E0 ≥ 〈H〉0 −
〈H2〉0 − 〈H〉20
E1 − 〈H〉0

. (2.59)

Proof. Consider the inequality (H − E0)(H − E1) ≥ 0 of operators. To prove it, notice first
that the operators (H − E0) and (H − E1) are self-adjoint. (H − E0)(H − E1) projects
out the two eigenstates corresponding to the two lowest eigenvalues E0 and E1 of H and it
is sufficient to prove the above inequality for the subspace span{Ψ0, Ψ1}⊥ ⊂ span{Ψ0}⊥.
Here Ψi represents the eigenvector of H corresponding to the eigenvalue Ei. Since (H − E0)
commutes with (H − E1) and (H − E0) is positive we can take the square root to arrive at

〈Ψ, (H − E0)(H − E1)Ψ〉 = 〈Ψ,
√

(H − E0)(H − E1)
√

(H − E0)Ψ〉
= 〈

√
(H − E0)

∗
Ψ, (H − E1)

√
(H − E0)Ψ〉

= 〈
√

(H − E0)Ψ, (H − E1)
√

(H − E0)Ψ〉
= 〈Φ, (H − E1)Φ〉 ≥ 0. (2.60)

Notice that the above inequality is valid for all Φ in the range of
√

(H − E0), since (H −E1)
is positive on ran

√
(H − E0) (the only subspace where (H − E1) is negative is the one

corresponding to E0 but it is projected out by
√

(H − E0)).
Let us now return to the proof of Temple’s inequality. In particular, it follows for Ψ = Ψ0:

〈Ψ0, (E0 −H)(E1 −H)Ψ0〉 = 〈(E0 −H)Ψ0, (E1 −H)Ψ0〉
= 〈E0Ψ0, (E1 −H)Ψ0〉 − 〈HΨ0, (E1 −H)Ψ0〉
= E0E1〈Ψ0,Ψ0〉 − E0〈H〉0 − E1〈H〉0 + 〈H2〉0
= E0(E1 − 〈H〉0)−E1〈H〉0 + 〈H〉20︸ ︷︷ ︸

−〈H〉0(E1−〈H〉0)

+(〈H2〉0 − 〈H〉20)

≥ 0. (2.61)
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But then, using the two assumptions, we simply rearrange terms to finish the proof of the
Lemma:

(E0 − 〈H〉0)(E1 − 〈H〉0) ≥ −(〈H2〉0 − 〈H〉20)

(E0 − 〈H〉0) ≥ −〈H
2〉0 − 〈H〉20
E1 − 〈H〉0

E0 ≥ 〈H〉0 −
〈H2〉0 − 〈H〉20
E1 − 〈H〉0

. (2.62)

Moreover, since for V ≥ 0 we have E1 ≥ E0
1 , the second eigenvalue of H0, we can also

replace E1 by E0
1 . Now, recalling the definitions of H0 and V , we have for H = H0 + V :

〈H〉0 = (1− ε)µa〈WR〉0 (2.63)

〈H〉20 = (1− ε)2µ2a2〈WR〉20 (2.64)

〈H2〉0 = 〈H2
0 + V 2 +H0V + V H0〉0 = 〈V 2〉0 = (1− ε)2µ2a2〈W 2

R〉0 (2.65)

where we several times made use of the fact that H0Ψ0 = 0, since Ψ0 is constant. Now, we
plug in these relations into the estimate (2.58) to obtain

E0 ≥ (1− ε)µa〈WR〉0 −
(1− ε)2µ2a2(〈W 2

R〉0 − 〈WR〉20)

E0
1 − (1− ε)µa〈WR〉0

(2.66)

Next, we take a prefactor in front of the brackets and divide the whole expression by N to
arrive at:

E0

N
≥ (1− ε)µa〈WR〉0

N

(
1−

(1− ε)µa(〈W 2
R〉0 − 〈WR〉20)

〈WR〉0(E0
1 − (1− ε)µa〈WR〉0)

)
(2.67)

Since 〈W 2
R〉0 − 〈WR〉20 = (〈H − 〈H〉0〉0)2 ≥ 0, taking into account ε < 1, we can drop the ε

from both the numerator and the denominator of the right term in the brackets:

E0

N
≥ (1− ε)µa〈WR〉0

N

(
1−

µa(〈W 2
R〉0 − 〈WR〉20)

〈WR〉0(E0
1 − µa〈WR〉0)

)
. (2.68)

Now, let us set for simplicity

1− E(ρ, L,R, ε) = (1− ε)〈WR〉0
N

(
1−

µa(〈W 2
R〉0 − 〈WR〉20)

〈WR〉0(E0
1 − µa〈WR〉0)

)
(2.69)

and work further with the relation:

E0

N
≥ 4πµaρ(1− E(ρ, L,R, ε)). (2.70)

The next proposition gives an upper bound on the expectation value of the square of the
effective potential 〈W 2

R〉0 and will be used later on in the proof:

Proposition 2.9.

〈W 2
R〉0 ≤

3N

R3 −R3
0

〈WR〉0. (2.71)
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Proof. Since WR =
∑N

i=1 UR(ti), it follows that W 2
R =

∑N
i,j=1 UR(ti)UR(tj). But then, using

that any multiplication operator can be put on either side of the scalar product, we have:

〈W 2
R〉0 = 〈Ψ0,W

2
RΨ0〉

=
N∑

i,j=1

〈U(ti)Ψ0, U(tj)Ψ0〉
Schwarz
≤ N

N∑
i=1

||Ψ0UR(ti)||2

= N〈Ψ0,
∑
i

U2
R(ti)Ψ0〉 ≤

3N

R3 −R3
0

〈Ψ0,
∑
i

Ψ0〉

=
3N

R3 −R3
0

〈WR〉0. (2.72)

If we take a closer look at the error term in (2.70), we see that it is here not possible
to take the limit L → ∞ with ρ held fixed, since for the energy of the first excited state
of the unperturbed one-particle Hamiltonian in a box we have E0

1 = επ2µ/L2. Thus, the
factor E0

1 − µa〈WR〉0) in the denominator of the second term in (2.69) is proportional to
(εL−2 − aρ2L3) and for L large, the denominator could become negative, whence Temple’s
inequality could be violated.

The rescue comes from an idea by Lieb and Yngvason [18] called ’the cell method’: we
divide the big box Λ into cubic cells of side length l that is eventually kept fixed as L→∞.
This means that the number of small boxes L3/l3 will grow with L. On each small box we
impose Neumann boundary conditions, to keep the energy as low as possible. The particles
themselves will be randomly distributed among the cells. However, interaction of particles in
contiguous cells will be neglected - which can only lower the ground state energy of the gas
due to the non-negativity of the potential. In the end, we have to minimise over all possible
distributions of particles, keeping the total particle number N fixed.

Mathematically the cell method is equivalent to the estimate

E0(N,L)/N ≥ (ρl)−1 inf
{cn≥0}

∑
n≥0

cnE0(n, l) (2.73)

under the constraints ∑
n≥0

cn = 1
∑
n≥0

ncn = ρl3. (2.74)

Observe that the ground state energy E0(n, l) is superadditive, i.e.

E0(n+ n′, l) ≥ E0(n, l) + E0(n′, l). (2.75)

This is easily seen by dropping the interactions between the n and the n′ particles (again
using the positivity of v). Furthermore, it follows from the above property that for any n,
p ∈ N with n ≥ p

E0(n, l) ≥ [n/p]E0(p, l) ≥ n

2p
E0(p, l) (2.76)

since the largest integer [n/p] smaller than n/p is always ≥ n/(2p). Now let us go back to
the lower bound (2.70) and replace L by l, N by n and ρ by n/l3. Then, for fixed R and ε
we have

E0(n, l) ≥ 4πµa

l3
n(n− 1)K(n, l) (2.77)
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for a function K(n, l) defined by

K(n, l) = l3(1− E(ρ, L,R, ε)).

It will soon be shown that K is a monotone decreasing function of n, so for any p ∈ N with
n ≤ p we obtain

E0(n, l) ≥ 4πµa

l3
n(n− 1)K(p, l). (2.78)

Let us now consider the sum under the infimum in (2.73) and divide it in two. For n < p we
use (2.78), for n ≥ p (2.76), and again (2.78) for n = p. The goal is to minimise the expression∑

n<p

cnn(n− 1) +
1

2

∑
n≥p

cnn(p− 1) (2.79)

subject to the constraints (2.74). Substituting k := ρl3 and t :=
∑

n<p cnn ≤ k we have∑
n≥p cnn = k − t and k :=

∑
n≥0 cnn Convexity of n(n− 1) in n yields:∑

n<p

cnn(n− 1) ≥
∑
n<p

cnn
(∑
n<p

cnn− 1
)

= t(t− 1). (2.80)

Thus, we have just obtained that (2.79)≥ t(t− 1) + 1
2(k− t)(p− 1). Minimising for 1 ≤ t ≤ k,

we find the minimum at t = k for p ≥ 4k to take the value k(k − 1). Putting everything
together yields:

E0(N,L)

N

K mon. decr.
≥ 4πµaρ

(
1− 1

ρl3

)
K(4ρl3, l). (2.81)

Now, let us inspect K(4ρl3, l) more carefully. It depends on the parameters ε, R and l
which need to be chosen in an optimal way. From (2.69), dropping the second expectation
value in the numerator of the second term in the brackets, and from Proposition 2.9, cancelling
the 〈WR〉0 from both the new numerator and the denominator, we obtain

K(n, l) ≥ A

1−
3nµa
R3−R3

0

επ2µ
l2
− µa〈WR〉0

 = A

(
1− 3na

(R3 −R3
0)(επ2l−2 − a〈WR〉0)

)
(2.82)

for a prefactor A given by

A = (1− ε)
(

1− 2R

l

)3(
1 +

4π

3
(R3 −R3

0)

)−1

.

Next, we need the upper bound 〈WR〉0 ≤ n4πρ(1 − 1/n) = 4πn
l3

(n − 1), obtained in (2.58).
Finally, we arrive at

K(n, l) ≥ (1− ε)
(

1− 1

N

)(
1− 2R

L

)3(
1 + 4πρ

(R3 −R3
0)

3

)−1

×
(

1− 3

π

na

(R3 −R3
0)(επl−2 − 4al−3n(n− 1)

)
. (2.83)

We remark that estimate (2.83) is correct if the denominator in the last factor is positive. We
can take 0 as a trivial lower bound whenever (2.78) becomes negative. More importantly, we
see that K(n, l) is indeed monotone decreasing in n.
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Inserting n = 4ρl3, setting Y := 4πρa3/3 and taking into account the prefactor of (2.81):
1− 1/(ρl3) = 1− (const.)Y −1(a/l)3, we finally arrive at

E0(N,L)

N
≥ 4πµaρ

(
1− (const.)Y −1(a/l)3

)
×

(
1− l3

(R3 −R3
0)

const.Y

ε(a/l)2 − const.Y 2(l/a)3

)
. (2.84)

We are ultimately ready to make the ansatz

ε ∼ Y α a/l ∼ Y β (R3 −R3
0)/l3 ∼ Y γ . (2.85)

The conditions on α, β, γ are:

• ε(a/l)2 − const.Y 2(l/a)3 > 0: holds for Y small enough, whenever α+ 5β < 2.

• α > 0, in order ε→ 0 for Y → 0.

• 3β − 1 > 0 in order that Y −1(l/a)3 → 0 for Y → 0.

• 1− 3β + γ > 0 in order that Y (l/a)3(R3 −R3
0)/l3 → 0 for Y → 0.

• 1− α− 2β − γ > 0 to control the last factor in (2.84).

These are all met by taking α = 1/17, β = 6/17 and γ = 3/17 as is shown in [13]. Moreover,
2R/l ∼ Y γ/3 = Y 1/17 up to higher order. The physical meaning of the exponents can be
interpreted as the following relations:

a� R� ρ−1/3 � l� (ρa)−1/2 (2.86)

Thus, we can finally take the thermodynamic limit and hence the proof of theorems (2.4)
and (2.5) has been completed.

An extension to a case, where the potential v does not have a finite range, but still
has finite scattering length, is obtained by approximation by finite-range (i.e. compactly
supported) potentials and controlling the change of the scattering length as R0 →∞.
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Chapter 3

Bose-Einstein Condensation and
the Gross-Pitaevskii Theory

3.1 Trapped Bosons

The picture of a homogeneous dilute Bose gas, as discussed in chapter 2 is, however, not
directly applicable to modern experiments, since the density of the gas at low temperatures
is essentially taken to be uniform. Hence, our previous analysis does not reflect the true
state of affairs in the laboratory. As a matter of fact, recent experiments use an additional
trapping potential to confine the bosons breaking down the homogeneity of the density. Here,
we model the trap by a slowly varying external potential, V (x), which has the property that
for large distances, |x| → ∞, V (x)→∞. The new Hamiltonian of the system then reads:

H =
N∑
i=1

{−µ∆i + V (xi)}+
∑

1≤i<j≤N
v(|xi − xj |) (3.1)

We can always take for granted (by shifting the energy scale) that its ground state energy
is 0, since energy, as a specific number, does not make any sense, but only energy difference
does. Thus, we assume V ≥ 0.

Very often in experiments the trapping potential is assumed to be harmonic. Then the
natural energy scale for the problem is determined by the ground state and hence the relevant

length scale turns out to be
√

~
mω =

√
2µ
~ω := Losc, ω being the frequency, and is interpreted

as a measure for the trap dimensions. For simplicity, one could normalise Losc = 1 and use it
as a unit length in this problem. Then the typical energy scale reads ~ω = 2µL−2

osc = 2µ.
Throughout this section we shall be dealing with a rigorous proof of the ground state

energy for the above Hamiltonian in a scaling limit, called the Gross-Pitaevskii limit. We
shall, of course, make use of our results for the energy of a dilute Bose gas in a finite box,
obtained in chapter 2.

The limit we are interested in is a → 0 while N → ∞ with Na = const. This means
that the interactions take place on a very small scale compared to the mean particle density.
We therefore write the interaction potential as v(|x|) = a−2v1(|x|/a). This allows us to vary
a, while v1 is a potential of unit scattering length. This relation is motivated by scaling
of the zero energy scattering equation (2.4) by x → ax, which together with (2.5) yields
a unit scattering length for v1. The reason we need to rescale the potential energy can be
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understood as follows: letting N →∞ in (3.1), one can easily convince oneself that the kinetic
energy scales like N , while the potential energy goes like N2. Hence, the interaction term
would dominate over the kinetic one, violating the conditions of any experiment. Because
of extensivity of the energy, both terms have to scale like N . The above rescaling of the
interaction potential can be understood mathematically as increasing the strength of the
interaction, but simultaneously decreasing its effective lengthscale. Therefore, in the limit
N →∞, Na = const., the interaction becomes effectively of the type 1

N δ(x), when seen from
a distributional point of view, and the 1/N correction suffices to restore the balance between
the kinetic and potential terms. If we consider V and v1 to be fixed, the ground state energy
becomes a function of a and N , denoted as E0(a,N). It happens to posses a very specific
scaling property discussed below.

The quantum mechanical ground state of (3.1) is the infimum of a functional, called the
Gross-Pitaevskii (GP) functional. It arises physically in the following way: if we assume that
the Bose gas is sufficiently dilute (i.e. for a very small), we write the corresponding wave
function of the system, using a Hartree-Fock ansatz, as a product of a single-particle wave
functions. It is well-known that this cannot be the general case, but this approximation turns
out to be sufficient for our purposes.

Ψ(x1, ...,xN ) =
N∏
i=1

φ(xi) (3.2)

If we further idealise by taking the interacting potential to be of δ-function type, given by
a−2v1(|xi−xj |/a) = 8πµa−2δ(|xi−xj |/a), and consider only radial trapping potentials, then
the energy of the system is given by:

EGP [Ψ] =
N∑
i=1

∫
R3N

{µ|∇iΨ|2 + V (|xi|)|Ψ|2 +
1

2
8πµ

N∑
j=1, j 6=i

a−2δ(|xi − xj |/a)|Ψ|2}

=

∫
R3

Nµ|∇φ|2 +NV (|x|)|φ|2 + 4πµaN(N − 1)|φ|4 (3.3)

where we used the symmetry of the bosonic wave function as well as its normatisation∫
|Ψ|2 = 1. In the 3D case of a single particle, normalised according to

∫
|φ|2 = N , we

therefore have:

EGP [φ] =

∫
R3

µ|∇φ|2 + V |φ|2 + 4πµa|φ|4 (3.4)

The ground state energy is attained by the minimiser of the above functional, denoted φGP 1,
depending on N and a , and has the following properties:

Lemma 3.1. The GP functional has a unique (up to a phase factor) minimiser, satisfying:

• φGP is at least once continuously differentiable and if V ∈ C∞, then also φGP ∈ C∞.

• The irrelevant phase factor can be chosen such that φGP > 0.

• The ground state energy EGP (N, a) is continuously differentiable in a, and (by the
scaling relation discussed below) also in N .

1whenever this dependence is important we shall denote it by φGPa,N
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• The minimiser φGP solves the GP-equation

−∆φ+ V φ+ 8πa|φ|2φ = µφ (3.5)

where µ = dEGP (a,N)/dN = EGP (a,N)/N + (4πµa/N)
∫
|φGP |4 is the chemical po-

tential.

• If V is spherically symmetric and monotone increasing, then φGP is spherically sym-
metric and monotone decreasing.

• If V is convex, then φGP is log-concave, i.e. φGP (x)λφGP (y)1−λ ≤ φGP (λx + (1−λ)y)
for all x,y ∈ R3 and λ ∈ (−1, 1)

• For all t > 0 there exists a constant Mt, such that φGP ≤ Mte
−t|x|. In particular,

φGP ∈ L∞ decreases faster than exponentially at infinity.

Proof. The proof of the Lemma can be found in Appendix A of [14].

Thus, for the ground state energy in the GP limit we have:

EGP (N, a) = EGP [φGP ]. (3.6)

The GP theory has the following scaling properties:

EGP (N, a) = NEGP (1, aN) (3.7)

φGPa,N = N1/2φGP1,aN , (3.8)

whence we infer that the important parameter will be the product Na. They are easily
obtained from the definition of the ground state energy.

We also see that, for V (x) = 0 inside a large box of side length L, and ∞ otherwise,
φGP ≈

√
N/L3 and we obtain the well-established relation EGP = 4πµaN2/L3 for the

homogeneous dilute Bose gas.
However, here we are interested in a limit, where all three terms in the Hamiltonian (3.1)

make a contribution. Fixing Na as N →∞ will be referred to as the ‘GP limit’. In this case
we shall prove that

E0 ≈ EGP and ρQM (x) ≈ |φGP (x)|2 := ρGP (x), (3.9)

with the quantum mechanical particle density in the ground state defined as

ρQM (x) := N

∫
|Ψ(x,x2, ...,xN )|dx2...dxN . (3.10)

In order to make use of the results established in the previous chapter we consider a low
density regime, defined as ρ̄a3 � 1, where

ρ̄ =
1

N

∫
|ρGP (x)|2dx (3.11)

is the mean particle density. Consequently, fixing Na actually means that the GP limit is a
dilute limit, because ρ̄N,a = Nρ̄1,Na and thus ρ̄ ∼ N and ρ̄a3 ∼ N−2. The following theorem
makes out of our analysis a rigorous statement:
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Theorem 3.2. (GP limit of the QM ground state energy and density). In the GP
limit, i.e. for N →∞ with Na held fixed, we have

lim
N→∞

EQM0 (N, a)

EGP (N, a)
= 1, (3.12)

and

lim
N→∞

1

N
ρQMN,a (x) = |φGP1,Na(x)|2 (3.13)

in the weak L1-sense.

Given the convergence of the energies (3.12), the convergence of the densities (3.13) is
proved by variation of the external potential. Define the variation of V as

V (x) −→ V (x) + δZ(x) (3.14)

for some positive Z ∈ C∞0 . Following exactly the same procedure as given below, one could
prove the upper and lower bounds for the new potential. Differentiation with respect to δ
and evaluating at δ = 0 finally yields

lim
N→∞

1

N
ρQMN,a (x) = |φGP1,Na(x)|2 (3.15)

in the sense of distributions (notice that 〈Ψ, ZΨ〉 =
∫
ρQMZ for any Z ∈ C∞0 ). Since

φGP1,Na(x) decreases faster than exponentially at infinity, while ρQMN,a (x) has finite L1-norm

(wave functions are elements of L2), we infer L1-weak convergence by a standard approxima-
tion argument.

The proof of the statement (3.12) is worked out in the subsequent two sections.

3.2 Upper Bound

An upper bound on the ground state energy can be obtained in the very same way as for the
dilute case of uniform density in a finite box. However, a slight modification of the trial wave
function is needed, to take into account the external trapping potential. For simplicity, we
set µ = 1.

Theorem 3.3 (Upper Bound). For aρ̄1/3 small enough the following upper bound on the
quantum mechanical ground state energy in the GP limit holds:

EQM0 (N, a) ≤ EGP (N, a)(1 +O(aρ̄1/3). (3.16)

Proof. Since the bosonic ground state energy, i.e. the infimum of the quadratic form taken
over all symmetric wave functions, is the same as the absolute ground state energy, i.e. the
infimum taken over the whole tensor product space L2(R3N ), it suffices to construct a trial
state neglecting the symmetry condition, provided it catches the essence of the bosonic inter-
particle interaction. Given the minimiser φGP , we set

Ψ(x1, ...,xN ) = F (x1, ...,xN )G(x1, ...,xN ), (3.17)
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where

F (x1, ...,xN ) =
N∏
i=1

Fi(x1, ...,xN ) (3.18)

are defined precisely the same way as in Senction 2.2 and

G(x1, ...,xN ) =
N∏
i=1

φGP (xi)

||φGP ||∞
. (3.19)

Let us in the following denote

g(x) =
φGP (x)

||φGP ||∞
. (3.20)

The idea behind this particular choice is similar to the one used in Section 2.2. Particles
are being inserted into the system one by one, without adjusting their wave functions to the
ones of the already present particles. The modification g(x) should capture the additional
Gross-Pitaevskii terms allowing for an upper bound of the current theorem. It should be
mentioned here that this type of trial function is not believed to represent the true state of
affairs, since it does not account for inter-particle correlations.
In the following, we aim at estimating the normalised ground state energy 〈Ψ|HΨ〉/〈Ψ|Ψ〉
from above. The kinetic term can be recast as∫

R3N

Ψ∇2
kΨ =

∫
R3N

(G∇2
kG)F 2 −

∫
R3N

G2|∇kF |2 (3.21)

where the subindex k denotes the derivative with respect to the kth variable. Using definitions
(3.18) and (3.19), we obtain in a very similar fashion as in (2.22)

G∇kF =
N∑
i=1

ΨF−1
i εiknif

′(ti). (3.22)

Next, we sum up over k to obtain

|Ψ|−2
∑
k

G2|∇kΨ|2 =
∑
i,k,j

εikεjkni · njF−1
i F−1

j f ′(ti)f
′(tj)

≤ 2
∑
k≤i<j

|εikεjk|F−1
i F−1

j f ′(ti)f
′(tj) + 2

∑
i

F−2
i f ′2(ti). (3.23)

Notice that all the contribution from G is cancelled by the prefactor |Ψ|−2. Let us now
consider the normalised quadratic form of the energy functional:

〈Ψ, HNΨ〉
〈Ψ,Ψ〉

≤ 2

N∑
i=1

∫
|Ψ|2F−2

i f ′2(ti)∫
|Ψ|2

+
∑

1≤j<i≤N

∫
|Ψ|2v(|xi − xj)∫

|Ψ|2︸ ︷︷ ︸
=J1

+ 2
∑
k≤i<j

∫
|Ψ|2|εikεjk|F−1

i F−1
j f ′(ti)f

′(tj)∫
|Ψ|2︸ ︷︷ ︸

=J2

+

N∑
i=1

∫
|Ψ|2{−g(xi)

−1∇2
i g(xi) + V (xi)}∫

|Ψ|2︸ ︷︷ ︸
=J3

(3.24)
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Recall the definition of Fp,i and Fp,ij from Section 2.2 as well as inequalities (2.29), (2.31)
and (2.32). The way they will be used in the current proof is exactly the same as in Section
2.2. Our goal shall again be to estimate the xi and xj integrals in the numerators and the
denominators. The only difference this time comes from the presence of g. To this end, define
the following transformation:

η := xi − xj

χ :=
xi + xj

2
(3.25)

Then we obtain∫
{2f ′2(|xi − xj |) + v(|xi − xj |)f2(|xi − xj |)}g(xi)

2g(xj)
2dxidxj

=

∫
{2f ′2(|η|) + v(|η|)f2(|η|)}g(χ+

1

2
η)2g(χ− 1

2
η)2dηdχ. (3.26)

By the Schwarz inequality one gets∫
g(χ+

1

2
η)2g(χ− 1

2
η)2dχ ≤

∫
g(χ)4dχ (3.27)

and hence ∫
{2f ′2(|xi − xj |) + v(|xi − xj |)f2(|xi − xj |)}g(xi)

2g(xj)
2dxidxj

≤
∫
g(χ)4dχ

∫
2f ′2(|η|) + v(|η|)f2(|η|)dη (2.33)

= 8πa(1− a/b)−1

∫
g(χ)4dχ. (3.28)

The analogue of (2.35) then clearly reads

∫ 1−
N∑

k=1;k 6=i
{(1− f2(|xi − xk|))}g(xi)

2

dxi ≥∫
g(x)2dx− (N − 1)

∫
(1− f2(|xi − xk|)) ≥

∫
g(x)2dx−NI (3.29)

where I is defined in (2.35).

Inserting the above results into (3.24) and following the same strategy as in Section 2.2
we see that the first and the second terms (i.e. the expression denoted by J1) are bounded
from above by

N∑
i=1

(i− 1)
8πa(1− a/b)−1

∫
g(χ)4dχ( ∫

g(x)2dx−NI
)2 ≤ N2 4πa(1− a/b)−1

∫
g(χ)4dχ( ∫

g(x)2dx−NI
)2 . (3.30)

In the third term in (3.24), J3, we note that the summation is effectively taken over two
distinct values of k only. Moreover, k = i will definitely be non-zero by definition of εik and
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hence the two equal contributions come from k = i and k < i. Then, we can estimate

i∑
k=1

∫
|εikεjk|f(ti)f(tj)f

′(ti)f
′(tj)g(xi)

2g(xj)
2dxidxj

≤ 2
i−1∑
k=1

f(|xi − xk|)f(xj − xk|)f ′(|xi − xk|)f ′(|xj − xk|)g(xi)
2g(xj)

2dxidxj

g≤1
≤ 2

i−1∑
k=1

f(|xi|)f(xj |)f ′(|xi|)f ′(|xj |)dxidxj

= 2(i− 1)
(∫

f(|x|)f ′(|x|)dx
)2

= 2(i− 1)K2 (3.31)

where K is defined via (2.42). Exactly as before, summing over i and j yields a factor of
1
6N(N − 1)(N − 2). Taking into account the contribution from the denominator, we finally
obtain the following bound for J2:

2

3

N3K2∫
g(x)2dx−NI

. (3.32)

Now, consider the last and most important term J3. Notice that it’s appearance is exclu-
sively due to the GP minimizer present via g and, therefore, does not occur in our previous
discussion in Section 2.2. Define a number ẽ ∈ R by∫

−g(x)∇2g(x) + V (x)g(x)2dx =: ẽ

∫
g(x)2dx (3.33)

Then, using that F ≤ 1 and writing out the factor |Ψ|2, we obtain

N∑
i=1

∫
R3N |Ψ|2{−g(xi)

−1∇2
i g(xi) + V (xi)}∫

R3N |Ψ|2

=
N∑
i=1

∫
R3N

∏N
m=1 g(x2

m)F 2
m{−g(xi)

−1∇2
i g(xi) + V (xi)}∫

R3N |Ψ|2

Fi≤1
≤

N∑
i=1

∫
R |∇g(x)|2 + V (x)g(x)2∫

R g(x)2dx−NI
≤

Nẽ
∫
g(x)2dx∫

g(x)2dx−NI
. (3.34)

Altogether, this yields

〈Ψ|HΨ〉
〈Ψ|Ψ〉

≤ N
ẽ
∫
g(x)2dx∫

g(x)2dx−NI
+N2 4πa(1− a/b)−1

∫
g(x)4dx( ∫

g(x)2dx−NI
)2

+
2

3
N3 K2( ∫

g(x)2dx−NI
)2 . (3.35)

In Section 2.2 the following bounds on K and I have been proved:

I ≤ 4π

3
ab2

K ≤ 4πab
(
1 +O(a/b)

)
(3.36)
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with the corresponding definitions of a and b.

We now have to estimate the g-integrals further. Recall the definition of the mean density
ρ̄:

ρ̄ =
1

N

∫
(ρGP )2 = N

∫
g4( ∫
g2
)2 (3.37)

where the last equality is owing to
∫
ρGP = N . Consequently, we can choose the free param-

eter b by

4π

3
ρ̄b3 =

∫
g4∫
g2

=
ρ̄

||ρGP ||∞
=: c. (3.38)

Then the denominator occurring ubiquitously in (3.35), using the relations we have just
obtained, is bounded from below by∫
g2 −NI =

∫
g2
(
1− NI∫

g2

)
=

∫
g2
(
1− 3NI

4πNb3
)
≥
∫
g2
(
1− 3× 4πab2

4π3b3
)

= (1− a/b)
∫
g2.

(3.39)
We remark that c ≤ 1, and a < b holds provided

a3

b3
=

4π

3
a3||ρGP ||∞ < 1. (3.40)

Let us now complete the estimates on the three integrals in (3.35). For the first one we have

N
ẽ
∫
g(x)2dx∫

g(x)2dx−NI
≤ N

ẽ
∫
g2

(1− a/b)
∫
g2

= Nẽ(1 +O(a/b))

= N

∫
|∇g|2 + V g2∫

g2
(1 +O(a/b))

=
N

||φGP ||22
||φGP ||2∞

∫
|∇φGP |2 + V |φGP |2

||φGP ||2∞
(1 +O(a/b))

=

∫
|∇φGP |2 + V |φGP |2(1 +O(a/b)). (3.41)

Similarly, the second one is estimated from above by

N2 4πa(1− a/b)−1
∫
g(x)4dx( ∫

g(x)2dx−NI
)2 ≤ N2 4πa

(1− a/b)3

∫
g4

(
∫
g2)2

= 4πa
N2

(
∫
|φGP |2)2

∫
|φGP |4(1 +O(a/b))

= 4πa
||φGP ||4∞

(
∫
|φGP |2)2

∫
|ρGP |2(1 +O(a/b))

= 4πa

∫
|ρGP |2(1 +O(a/b)).

(3.42)
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For the last integral, we obtain

2

3
N3 K2( ∫

g(x)2dx−NI
)2 ≤ 2

3

N2K2

(1− a/b)2(
∫
g2)2

≤ 2

3

N24π4πa2b2

(
∫
g2)2

(1 +O(a/b))

= 4πa
2a

b

4πb3

3
N3 ||φGP ||4∞

(
∫
|φGP |2)2

(1 +O(a/b))

N=
∫
|ρGP |2
ρ̄

= 4πa
2a

b

4πb3

3

∫
|ρGP |2

ρ̄
||φGP ||4∞(1 +O(a/b))

4π
3
b3=1/||ρGP ||∞

= 4πa
2a

b

||φGP ||2∞
ρ̄

||φGP ||2∞
||ρGP ||∞

∫
|ρGP |2(1 +O(a/b))

||φGP ||2∞/ρ̄=1/c
= 4πa

2

c

∫
|ρGP |2O(a/b). (3.43)

Putting these estimates together finally proves the theorem.

3.3 Lower Bound

The lower bound is more complicated to obtain and will be given in full detail. We make
use of the ’cell method’ again dividing the space into boxes of finite size. The goal shall be
to apply the well-established bound (2.84) to these cells with Neumann boundary conditions,
keeping the energy as low as possible. Neglecting the interaction between neighbouring boxes
can only decrease the energy of the system (notice again that v is positive, so we can just drop
the relevant terms where appropriate). Finally, we minimise over all possible distributions of
particles to arrive at the final estimate.

Theorem 3.4. The ground state energy of a trapped dilute bose gas, for Na held fixed is
bouded from below as follows:

lim inf
N→∞

EQM0 (N, a)

EGP (N, a)
≥ 1. (3.44)

Proof. We begin by factoring out the GP wave function from the total one. Since φGP is
strictly positive, equation (3.17) determines F . Notice that Ψ is not necessarily normalised.
We proceed further by computing the expectation value of the Hamiltonian (3.1) in this state:

〈Ψ, HΨ〉 =

N∑
i=1

∫
|Ψ|2φGP (xi)

−1[−∇2
i + V (xi)]φ

GP (xi) +

+
N∏
k=1

φGP (xk)|∇iF |2 +
1

2

N∑
j=1 j 6=i

|Ψ|2v(|xi − xj |), (3.45)

where we made use of the fact that

∇iΨ = ∇i
(
F
∏
k

φk

)
= (∇iF )

∏
k

φk + F
∏
k

φk
∇i
(
F
∏
k φk

)
∏
k φk

= Ψ
∇iφi
φi

. (3.46)
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Inserting the GP equation,

〈Ψ, HΨ〉 =
N∑
i=1

∫ N∏
k=1

ρGP (xk)
[
|∇iF |2 + (µ− 8πaρGP +

1

2

N∑
j=1 j 6=i

v(|xi − xj |))|F |2
]
, (3.47)

and the definition of µ we arrive at

E0(N, a)− EGP (N, a) ≥ 4πa

∫
|ρGP |2 +Q(F ), (3.48)

where the quadratic form Q(F ) is given by:

Q(F ) := inf∫
|Ψ|2=1

N∑
i=1

∫ ∏N
k=1 ρ

GP (xk)
[
|∇iF |2 − 8πaρGP (xi) + 1

2

∑N
j=1 j 6=i v(|xi − xj |)|F |2

]
∫ ∏N

k=1 ρ
GP (xk)|F |2

.

(3.49)
Clearly, we have to minimise Q in a suitable way. Comparison to the energy of Ψ yields:

V (x) −→ −8πaρGP (x) and
N∏
k=1

dxk −→
N∏
k=1

ρGP (xk)dxk (3.50)

which implies a correct measure for this problem.

Next, we divide space into cells, as mentioned above, labelled by α. By Qα we denote the
quadratic form with integration restricted to the box α containing nα particles. By doing so,
we obtain the natural constraint

∑
α nα = N and clearly

inf
F
Q(F ) ≥ inf

{nα}

∑
α

inf
Fα
Qα(Fα) (3.51)

takes this into account as well.

We proceed by fixing a number M > 0 (cf. the properties of the GP minimiser), and focus
our attention on the cells inside a big box ΛM of side length M . Dropping the interaction
between contiguous cells, as discussed at the beginning of the proof, lowers the energy. The
contribution of (3.49) outside ΛM is estimated as follows: consider the quadratic form, with
integration restricted outside ΛM this time. Dropping the v and ∇i terms goes further in the
good direction. But then we can estimate ρGP by its supremum, take it out of the integral,
cancelling the numerator and the denominator. Summing up over the free index i picks up a
factor of N which, taken back under the supremum and using the scaling relation (3.8) and
the definition of ρGP (x), (3.9), gives the lower bound −8πa supx/∈ΛM |φ

GP
1,Na(x)|2. Recalling

that the minimiser decreases faster than exponentially at infinity shows that the contribution
of Q(F ) outside the big box tends to 0 as M →∞.

Inside each cell α the idea is now to approximate the density by constants from both below
and above, for optimal control. Let us therefore denote by ρα,max and ρα,min its maximal
and minimal value, respectively. Notice that since the minimiser is continuous and the cells
compact sets, both of these values exist. Define

Ψα(x1, ...,xnα) := Fα(x1, ...,xnα)

nα∏
k=1

φGP (xk), (3.52)
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and

Ψi
α(x1, ...,xnα) := Fα(x1, ...,xnα)

nα∏
k=1, k 6=i

φGP (xk). (3.53)

Then, for all 1 ≤ i ≤ nα:

∫ nα∏
k=1

ρGP (xk)

|∇iFα|2 +
1

2

N∑
j=1, j 6=i

v(|xi − xj |)|Fα|2


≥ ρα,min
∫ |∇iΨi

α|2 +
1

2

N∑
j=1, j 6=i

v(|xi − xj |)|Ψi
α|2
 (3.54)

where we use the above definitions and the fact that the product can be taken inside |∇i · |,
whenever the index i is omitted and the integrand is positive.

Next, use Lemma 2.6 to trade kinetic for potential energy, resulting in

(3.54) ≥ ρα,min
∫

(ε|∇iΨi
α|2 + (1− ε)U(ti)|Ψi

α|2) (3.55)

with ti the distance to the nearest neighbour of xi and U the potential in (2.55).

Lemma 3.5. For EUε (nα, L), the ground state energy of

H̃n =

nα∑
i=1

(−1

2
ε∆i + (1− ε)aU(ti)), (3.56)

and CM given by

CM =
1

N
sup

x∈ΛM

|∇iφGP (xi)|2 = sup
x∈ΛM

|∇iφGP1,Na(xi)|2 (3.57)

we have

Qα(Fα) ≥ ρα,min
ρα,max

EUε (nα, L)− 8πaρα,maxnα − εCMnα. (3.58)

Proof. Using the relation Ψα = φGP (xi)Ψ
i
α, we get

|∇iΨα|2 = |∇iφGP (xi)Ψ
i
α|2

= |(∇iφGP (xi))Ψ
i
α + φGP (xi)∇iΨi

α|2

≤ 2(| (∇iφGP (xi))︸ ︷︷ ︸
≤supx∈ΛM

|∇iφGP (xi)|

Ψi
α|2 + |φGP (xi)︸ ︷︷ ︸

≤ρα,max

∇iΨi
α|2)

≤ 2CMN |Ψi
α|2 + 2ρα,max|∇iΨi

α|2. (3.59)

independent of N in the GP limit. Next, we rewrite (3.59):

|∇iΨi
α|2 ≥

|∇iΨα|2

2ρα,max
− CMN |Ψi

α|2

ρα,max
, (3.60)
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plug it in (3.55) and sum over i up to nα, obtaining

nα∑
i=1

ρα,min

∫
ΛM

ε

2ρα,max
|∇iΨα|2 − ε

CMN |Ψi
α|2

ρα,max
+ a(1− ε) U(ti)

ρGP (xi)
|Ψi

α|2ρGP (xi)︸ ︷︷ ︸
=|Ψα|2

. (3.61)

Then, using ρGP (xi) ≤ ρα,max in the second term of the numerator of (3.49), after performing
the summation and cancelling the remnants in the numerator and the denominator, we pick
up a factor −8πaρα,maxnα. We also have

nα∑
i=1

ρα,min

∫
ΛM

CMN |Ψi
α|2

ρα,max
≤ NCMnα

∫
ΛM

|Ψi
α|2 (3.62)

In the denominator of (3.49), we use once again Ψα = φGP (xi)Ψ
i
α, together with the normal-

ization condition
∫
ρGP = N , to cancel the N . The remaining integrals in the numerator and

the denominator also cancel. Therefore, we obtain for the normalized quadratic form Q

Qα(Fα) ≥ ρα,min
ρα,max

EUε (nα, L)− 8πaρα,maxnα − εCMnα (3.63)

completing the proof of the Proposition.

The goal is now to minimise the resulting expression under the constraint
∑

α nα = N . If
we drop it, we enlarge the set the infimum is taken over, which lowers it once again. In the
subsequent discussion the term εCMnα shall not play any role, and will therefore be left out
of consideration.

We now use our knowledge about a lower bound to the ground state energy of the operator
(3.56), obtained in section 2.3:

EUε (nα, L) ≥ (1− ε)4πan2
α

L3
(1− CY 1/17

α ) (3.64)

with Yα = a3nα/L
3, provided Yα is small enough, ε ≥ Y 1/17

α and nα ≥ const.Y −1/17
α . Choosing

ε = Y 1/17 satisfies the second condition. The next thing to show is that the minimising nα is
large enough for the third condition still to be fulfilled.

Suppose the minimum in the RHS of (3.63) is taken for some n̄α. Then, clearly

ρα,min
ρα,max

(EUε (n̄α + 1, L)− EUε (n̄α, L)) ≥ 8πaρα,max. (3.65)

Conversely, the following Lemma holds:

Lemma 3.6. For any m

EUε (m+ 1, L)− EUε (m,L) ≤ 8πa
m

L3
(3.66)

Proof. Let the operator H̃m (n replaced by m) have the ground state Ψ̃m normalised in Λm.
Let further t′i denote the distance from xi to the nearest of its neighbours among the points
x1, ...,xm+1 without xi, and ti the corresponding distance excluding xm+1. It can easily be
seen that

U(t′i) ≤ U(ti) + U(|xi − xm+1|) (3.67)
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and

U(t′m+1) ≤
m∑
i=1

U(|xi − xm+1|). (3.68)

Hence, for small ε we obtain the estimate

H̃m+1 ≤ H̃m −
1

2
ε∆m+1 + 2a

m∑
i=1

U(|xi − xm+1|). (3.69)

If we now insert in the above inequality the trial state Ψ̃m/L
3/2, normalised in Λm+1, noticing

that EUε (m + 1, L) ≤ 〈Ψ̃m/L
3/2, Hm+1Ψ̃m/L

3/2〉 and that ∆m+1Ψ̃m/L
3/2 = 0, since ∆m+1

acts on the xm+1 which is absent in Ψ̃m, we obtain

EUε (m+ 1, L)− EUε (m,L) ≤ 2a

L3

∫
dx1 · · · dxm+1

m∑
i=1

U(|xi − xm+1|)|Ψ̃m|2. (3.70)

To finish the proof of the Lemma, we first do the xm+1 integration in spherical coordinates.
This yields a factor of 4π, since the potential U = 1

3(R3−R3
0)

is non-zero only for R0 ≤ r ≤ R,

thereby concluding the proof of the Lemma.

The upper and lower bounds on EUε (n̄α, L) require that n̄α ∼ ρα,maxL
3. Choosing L ∼

N−10 we find ρα,max ∼ N , whence n̄α ∼ N7/10 and Yα ∼ N−2, thus fulfilling all the three
conditions.

Now we are ready to do the decisive step, minimising Qα further. To this end, consider
the expression

4πa
( ρα,min
ρα,max

(1− CY 1/17)− 2nαρα,max

)
(3.71)

which is a lower bound to Qα and follows directly from (3.63) and (3.64). Dropping the
requirement that nα be integer and minimising it as a function of nα we find

nα =
ρ2
α,max

ρα,min

L3

(1− CY 1/17)
. (3.72)

By equation (3.49), together with the term for the contribution outside ΛM and including the
small error εCMnα we obtain

E0(N, a)− EGP (N, a) ≥ 4πa

∫
|ρGP |2 − 4πa

∑
α⊂ΛM

ρ2
α,minL

3
( ρ3

α,max

ρα,min3

1

(1− CY 1/17)

)
−

− Y 1/17NCM − 4πaN sup
x/∈ΛM

ρGP . (3.73)

We remind that ρGP > 0. Since all the cells are contained in the cube ΛM , there exist
constants C ′ <∞ and C ′′ > 0, such that

ρ3
α,max − ρ3

α,min ≤ NC ′L and ρ3
α,min ≥ NC ′′. (3.74)
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Then for L ∼ N−10, N ≥ 1 and Y ∼ N−17/10, we have, using the above relations, for N large
enough

ρ3
α,max

ρ3
α,min

1

(1− CY 1/17)
≤
(NC ′L
ρ3
α,min

+ 1
) 1

(1− CN−1/10)

≤
(

1 +
C ′

C ′′
N−1/10

)
(1 +O(N−1/10)) ≤ 1 + const.N−1/10. (3.75)

Also,

4πa
∑
α⊂ΛM

ρ2
α,minL

3 ≤ 4πa

∫
|ρGP |2 ≤ EGP (N, a). (3.76)

Putting this in (3.73), recalling the scaling properties of the GP theory and dividing by
EGP (N, a) yields:

EQM0 (N, a)

EGP (N, a)
≥ 1− const.(1 + CM )N−10 − const. sup

x/∈ΛM

ρGP1,Na, (3.77)

where the constants depend on the fixed parameter Na only. It remains to take the N and
M limits, but we have to do it in the right order. First, take N → ∞ and then M → ∞ to
kill the supremum term. Thus, we get

lim inf
N→∞

EQM0 (N, a)

EGP (N, a)
≥ 1. (3.78)
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Conclusions

In this thesis we proved that the ground state energy of a weakly interacting Bose gas in
the GP scaling limit is captured by the Gross-Pitaevskii non-linear theory. To this end, we
discussed separately a lower and an upper bound to the ground state energy. We conclude
our analysis by remarking that a the GP theory actually captures also the true asymptotics
of the reduced density matrix, as shown in [13]:

Theorem 4.1. Let Na be fixed, and let γ(x,x′) denote the one-particle reduced density matrix
given by

γ(x,x′) = N

∫
Ψ∗0(x,X)Ψ0(x′,X)dX, (4.1)

with Ψ0 denoting the ground state of (3.1). Then the following limit in the trace-class norm
holds

tr

∣∣∣∣ 1

N
γ(x,x′)− |φGP 〉〈φGP |

∣∣∣∣ N→∞−−−−→ 0. (4.2)

where φGP is defined in Lemma 3.1.

This proves the emergence of condensation in the limit N → ∞ analogously to the non-
interacting case, due to the fact that the one-particle reduced density matrix converges in the
above sense to the projection onto the GP ground state.

The development of rigorous results in the theory of BEC has been drastically triggered
by experimental results in the past decade. The reason why the mathematical description
turned out to be so useful lies in the precise error estimates provided by the proofs, which can
be experimentally confirmed to extremely high accuracy. During the last ten years, rigorous
proofs have been established for the cases of one, two and three-dimensional systems with
error estimates extended even up to second order in N . Furthermore, the Bose gas has been
investigated also in systems under fast rotation, cigar-shaped and disc-shaped systems, just
to name a few. There has been a multitude of results about the charged Bose gas as well.
The longer this area of mathematical physics remains active, the better our understanding of
this most peculiar phase transition will be, so that hopefully one day this knowledge can be
used for the development of modern technology, present in our everyday life.
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Appendix A

Notations

The following is a short list of notations used throughout the thesis. They shall make sense,
whenever the objects used below are well-defined.

• x = (x1, x2, x3) ∈ R3: coordinates of a fixed particle

• L2 = L2(R3,dx) := {f : R3 → C, s.t.
∫
R3 |f(x)|2dxdx <∞}: the second Lebesgue space

on R3 over the complex numbers C with respect to the Lebesgue measure dx.

• H1 = H1(R3, dx) := {f : R3 → C, s.t.
∫
R3 |f(x)|2 + |f ′(x)|2dx < ∞}: the first Sobolev

space on R3 over the complex numbers C.

• [A,B] = AB −BA: the commutator of two operators A,B.

• limTD := limN,L→∞,N/L3=const.: the thermodynamic limit
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