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1 Introduction

This thesis deals with the smoothening properties of a second order elliptic opera-
tor L defined by
Lu=Au+bDiu+cu on € (1.1)

where b = (by,...,by), ¢ are prescribed LP-functions and {2 is a bounded open set
in R™ with n > 3. The results will be applied to eigenfunctions of the well-known
Schrédinger operator

H=-A+V on (1.2)

i.e. (weak) solutions to Hiy = E, that describe a quantum particle in a domain
under the influence of a potential V. Our main goal is to single out the singular

and the regular part of the eigenfunction i by means of the splitting

Y =elyp, (1.3)

where F' is given by AF = V and thus contains the main singularities, while ¢
is smoother than the original eigenfunction . This splitting was first introduced
in [HHQO1] where it was applied for the potential V (z) = |#|~! and in a many-body
setup. It was shown that ef” is Lipschitz continuous and ¢ has a locally a-Hélder
continuous first derivative for any « € (0,1). In the present work we shall provide
similar results for a broader class of potentials for a single particle. We shall discuss
first the potential V(z) = |z|=* for s < 2 and then generalize these results to an
P

arbitrary Li, -potential V with p > %n

From the mathematical point of view, the study of existence, uniqueness and reg-
ularity properties of solutions to Lu = f are crucial issues in the field of partial
differential equations. We will discuss powerful techniques such as the Moser iter-
ation and the approach via potential estimates, which are commonly used to prove
regularity results. Notice that the whole analysis will be within the non-classical
theory of elliptic equations where solutions are not classically differentiable and
coefficients are only required to belong to some LP-space. Notice also that LP-
integrability of the potential is the most reasonable assumption from a physical
point of view since it monitors decay and singularity of V' without prescribing its

exact shape and smoothness.

Our main results are Theorem and Theorem where V = |z|7%, s < % and

Vel ,p> %n respectively. The steps towards their proof will be worked out in
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detail in the preceding chapters. We shall start with stating and discussing standard
definitions and recalling some well-known functional analysis theorems in Chap-
ter 2] In Chapter [3] we shall establish crucial estimates on potentials and harmonic
functions. The results will then be applied in Chapter [4 to prove interior Holder
regularity of bounded weak solutions. Chapter {4] will give the main contribution
towards the regularity analysis of eigenfunctions. In practise, we shall distinguish
two different types of elliptic operators. In Section [£:2] we will use Schauder’s ap-
proach to derive properties of the operator L given by with coefficients b, ¢
belonging to L? for p > n and properties of the operator L defined by

Lu = Au +c,

with ¢ € LP for p > 5. In both cases we will be able to derive an explicit Holder
coefficient «(n,p) depending only on the exponent p and the dimension n. In Sec-
tion we shall apply the method of Moser iteration to investigate the operator L
as in under weaker assumptions. Namely, we will only require ¢ € LP and
b e L* for p > 5. Although we are still able to prove a-Holder continuity in
this case, the dependence of « turns out to be much more complicated than before.
Chapter [5| proves the local boundedness of solutions under fairly weak assumptions,
thus providing the main ingredient used in Chapter 4] where the boundedness of

the solution was assumed throughout. This will conclude the first part of the thesis,

that concerns the regularity properties of a general elliptic operator L.

In Chapter[6] we shall turn our attention towards existence and uniqueness questions.
In view of our goal to derive regularity properties of eigenfunctions, we shall restrict
ourselves to the special case of Schrédinger operators H = —A+V on whole R™. The
assumptions will be slightly more general than before by allowing the potential V'
to be in LY for p > 5 with some further restrictions on V. This, together with the
regularity theory from the previous chapters will enable us to state and prove our
results in Chapter [7]

Our presentation and the results can be extended in various ways. First of all
one can exploit different methods. In fact, whereas in the present work we chose
a purely analytic approach, many of the main estimates, like the weak Harnack
inequality, may be as well derived via probabilistic methods by means of Markov
processes and stopping times, see e.g. |Sim82|. Another possible extension is broad-
ening the function classes used. As it turns out, assuming LP-integrability of the
coeflicients is not the most natural class of functions to work with in the context
of Elliptic/Hamilton operators. Broadly speaking, the crucial quantity is the inte-
grability of the potential, rather than the function itself, see e.g. [Sim&82], [LUGS].
It might also be possible to weaken some assumptions on the LP-properties of the
coefficients. For instance, it was shown in |[LUGS| that the assumptions on b in
Section [4.3] can be relaxed to b belonging to L™. Concerning our main results in

Chapter [7] it is possible to lift them suitably from the one-body to the many-body
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setup as in [HH@O01|. Another possible extension is the development of finer reg-
ularity results similar to [FHHS05|, where it was shown that the derivative of the
function ¢ in (1.3)) is not only a-Holder continuous for any a € (0,1) but even

Lipschitz continuous.
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In this chapter we state some preliminary definitions and lemmata as well as some
well known functional analysis theorems. For reference see e.g. [LLO1], [GTO1]
and [Eval(0]. Throughout all integrals are taken w.r.t. the Lebesgue measure d\
and n = 3. For the measure of a set  we will write [Q] := A(R2). All functions are
to be understood in the usual sense of equivalence classes. In particular sup and
inf are to be understood as esssup and essinf and if we consider continuity it will
mean that there exists a continuous representative in its equivalence class. Further
we will use the summation convention, i.e. repeated indices ¢ will be summed up,

and denote all constants by the same letter C.

2.1 Sobolev spaces

Definition 2.1. (LP-space)
Let 1 < p <o and 2 < R™ be open. For a function f : 2 — C we define the norm

pi2 = [ flre) = (L |f|p> .

If

If p = o0 we define
[ flloo:02 Esgg|f(x)| =1inf{a>0: A\({z e Q: |f(z)| > a}) =0}

and infg analogously.

We say
felP(Q) = |f|

piQ < 0.

If the function f = (f1,..., fn): R" — C™ is vector valued we say
Fe L7(Q) i | filpe <

for every component f;, 1 =1,...,n.
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In the case p = 2 we further define a scalarproduct (-, -)
¢ L2(Q) x LX(Q) — C,

(f.9)  — (fg)= j fg.

Remark 2.2. The defined norms are indeed norms and (€, L?(Q2)) is a Banach

space. Moreover the scalar product is well defined and induces the L?-norm.

Definition 2.3. (L (£2)-space)
Let p € [1,00] and Q < R™ be open. We say f:  — C is in L () iff

[fllprx < oo for any K < Q compact.
Further for Q < R™ open and unbounded we say
felP(Q)+ LU(Q) = If1 € LP(Q), fae LU (Q): f = f1 + fo.

Lemma 2.4. (Interpolation inequality)
Let |Q| < o0 and uw e L"(R). Then for any € > 0 we have

lulg < ellully + ™ ullp,

wherep < qg<r andu:(%—%)/(%_%),

Lemma 2.5. (Characterization of the L?-norm,)
Let f e L2() then

| £ll2 = sup{|{f, g0l g € L*(), lgl2 = 1}
= sup{|{f,9)|: g € Cy°(R"), |g[2 = 1}.

Proof. We start with the first equality. Setting g := f/| f|2 gives

[£ll2 < sup{|<f, 9l g € L*(Q), lgl2 = 1}

and by the Cauchy Schwarz inequality

RHS < sup{|fl2lglz2: g € L*(Q), lgl2 =1} = [ fl2. #

The second equality is due to the denseness of C°(Q) in L*(Q) w.r.t. | - ||z. O

Definition 2.6. (Strictly positive functions)
Let Q = R” be open and f € LL (Q). We will say f is strictly positive on 2, denoted

loc

by f > 0 < for any compact K < 2, there existse > 0 s.t. |[{x € K: f(z) <e}| =0.
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Definition 2.7. (Pseudo-LP-norm)
Let © < R™ be bounded, p € R and v > 0 in 2. Then we define the Pseudo-LP-norm

of u in Q by: 1
Fullq == Uﬂ u(z)P dx) ’

If we consider a specific ball ) := B, of radius > 0 we will abbreviate it to:

ful,, = < JB u(z)? dx)é .

Proposition 2.8. (Properties of the pseudo-LP-norm)
Let © < R™ be open, bounded and u > 0 then

i) [-[,.q coincides with | - [0 for p > 1 and otherwise is not even a norm.
ii) Q' < Qthen [ .o <[[,.q and thus for 0 <" <7 we have [[-[ .., <[-[,..-

iii) 0 < p/ <pthen [, <7 7], q

iv) Assume sup; <, |[ullp;0 < o0 then w e L*(Q) and lim, o |u]p0 = supg u.

v) limy oo full,.q = info u.

Proof. 1)-ii) are trivial. Note that the triangle inequality fails to hold for p < 1. It
remains to show iii) to v).
i)

Since 5 > 1 we can apply Holder’s inequality to

’
b—p

mm=fwﬂ1<mwywp = Tl |05

p—p’

Taking the p’-th root gives:
1 _ 1
full,, < [P 7 ul,,.

iv)
In the following we will omit the subscript Q and set C' := sup; <, o [t]p;0. Assume
ué¢ L®, ie.

[u]oo = inf{a > 0: A ({z: |u(z)] > a}) =0} = w0

and thus for all & > 0 we have A ({z € Q: |u(z)| > a}) > 0. We now estimate for
all >0, pe[l,00):

czmu><fw(wlmﬂ > a(A({o Ju(@)| > a})’?
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and thus for fixed a

Tim o (A ({a Ju()] > a))F =a<C<w

which contradicts the arbitrariness of o and thus we conclude ||ulq < o0. #

For the second part we may assume |uf, > 0 and choose 0 < ¢ < |u|,. Then as

above we conclude
ulp = (lule — DA ({2 Ju(@)] > [uo —e})?
and by definition of ||u|4 it is
A Ju(@)] > Jul =<))7 > 0

and thus

liminf |Ju], > |ule —€ Ve>0.
p—00

By letting € — 0 we obtain liminf,_,o |ul, = |ull. On the other hand by fii) we

can estimate |ul|, from above by
1
lulp < 1927 [ufeo — [ue for p— o0
and arrive at the conclusion

limsup |uf, < |Ju|eo < lHminf |uf,. — #
p—00 p—0

v)
Assume ¢ > 0, then we want to show limg e [full_, = infu. By definition of the

norm we have HuH:; = |u~!|, and by assumption for all ¢ > 1

1
" _1
wo= ([ (3)) = 2o <=
0 \u 9

and thus by the previous claim

. -1 _ -1 _ ~1
qlglgo fTul—, = qlglolO J[u™"|q =supu".

Noting that infu = (supu=t)~! gives

infu = (qlirrgo <Ju4);>_l = lim ((Juq);>_l = Jin flul_,,

1

where we used that the z — z7" is continuous away from 0. O
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Definition 2.9. (Weak differentiability)
Let Q < R™ be open and f € L. _(Q). Then f has weak derivative D;f, i =1,...,n
iff there exists g € L1 _(Q) s.t.

loc

LDisﬁf = *ng Ve Oy ().

In this case we denote g by D, f.

Lemma 2.10. (Chain rule)
Let f: R — R be differentiable with f' € L®(R). Then if u is weakly differentiable

i Q we have f ou is weakly differentiable and

D(fou) = f'(u)Du.

We now want to generalize the concept of weak derivatives to a bigger class of

functions and to an arbitrary derivative D®, o € N*.

Definition 2.11. (The space of test functions D(2))
Let Q < R™ be open. We define the space of test functions, denoted by D(Q), as
D(2) = CP () together with the following notion of convergence:

) 3K < Q compact s.t. supp(p, — ¢) € K and
on — @ in D(Q) 1=
¥ o € N¥ multi-indices: D%p,, — D%y uniformly in K.

Remark 2.12. In this case the sequential convergence suffices to characterize the
topology (see e.g. [Rud91]). However we will only work with sequential convergence

in the following.

Definition 2.13. (The space of distributions D’(2))

Let Q < R™ be open and define the space of distributions D’(Q2) := D(Q)* as the
dual space of D(€2). Any element T' € D’(2) will be called distribution on . We
further define sequential convergence on D’(Q)) by

T, —TinD(Q) = T,(p) > T(p) YepeD(Q)

and we define for any multi-index « the derivative D*T € D'(Q) of a distribution T'
by its action on ¢ € D(Q):

(DT)(p) := (1) T(D*p).
Additionally we define the kernel of a distribution T' € D’(Q)) by
Nr:={peD(Q): T(p) =0}

Lemma 2.14. (Linear dependence of distributions)
Let Sy,...,Sn € D'(Q) be distributions and suppose that T € D'(Q) is a distribution
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s.t. T(p) =0 for all g € X, Ns,. Then there exist c1,...,cx € C s.t.

N
T = Z 0151
i=1

Definition 2.15. (Sobolev spaces H! and H{)
Let © < R™ be open and f : 2 — C. Then

fe H (Q):= fe L*(Q) and Df € L*(Q),

where D f is the distributional gradient of f.
Further H'(9) can be equipped with a norm | - |1 defined by

| lae: HY(Q) = RYS fo ([ flz0 + [ Df |20) .

|2;Q)

Moreover we define the space H{(€2) as the closure of C°(Q) w.r.t. |« |g.

Theorem 2.16. (Properties of H* and H})
Let Q < R™ be open. Then the following holds:

1. | - ||lgr is induced by a scalar product
Coog: HYx HY — C,

(f,9) — g = J?9+D7f'Dg-

2. HY(Q) and H}(Q) are Hilbert spaces w.r.t. |- || g .
3. C®(Q) n HY(Q) is dense in HY(Q) w.r.t. ||| g.
4. If Q@ = R"™ even C(Q) n HY(Q) is dense in HY(Q) w.r.t. |- |z .

Theorem 2.17.
Let Q = R™ be open and {fn}nen = HY(Q) with sup; || fillg1 () < ©. Then there
exists a subsequence f,, and f e H'(Q) s.t.

fop — f weakly in H(Q) as k — 0.

Theorem 2.18. (Rellich-Kondrachov)
Let B < R", n = 3 be open, bounded with a reqular boundary and suppose f, — f

in H'(R™). Then for any q with 1 < q < -2 we have

J. |f — ful? = 0 for n — oo.
B

Or in short: HY(B) € LY(B), i.e. HY(B) is compactly imbedded in LI(B).
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Lemma 2.19. (Sobolev inequality for H')
Let Q < R™, n = 3 be open, bounded and v € H*(Q)). Then there exists a constant
C = C(n,|Q|) such that

lul 20, < C(n, [Q])]uf 2.

Further for any domain Q < R™ and u € H{(S)) there exists a universal constant

Cso = Cs,(n) depending only on n such that
Jull 2n, < Csosl Dull2.

Corollary 2.20. (Poincare inequality in H}(Q2))
Suppose that uw € HL(Q)). Then there exists a constant C = C(n, |Q|) such that

Jullz < €| Dul,.
Theorem 2.21. (Hardy-Littlewood-Sobolev inequality)

Letp,p >1,0< A <1 and 1%-!—%4—; = 2. Then for any two functions f € LP(R™)
and h e L (R™) we have

f . f@)|z = y|7 h(y) dx dy| < Clf Al

where C' = C(n, A, p).

2.2 Harmonic functions and potentials

Definition 2.22. (Positive and negative part)

For any function u we define

uy : = max {u,0} the positive part of u,

u_ : = —min {u, 0} the negative part of u.

With this definition we have v = uy — u_ and |u| = uy +u_.

Definition 2.23. (Balls in R")
For any given point zg € R™ and r > 0 we denote the set of points with distance
smaller than r by B, (z¢) < R™. Le.

B (zg) :={x e R": |x — xo| < r}.

Definition 2.24. (The Laplacian and harmonic functions)
Let Q be a domain in R™ and u:  — R. We define the (distributional) Laplacian
of u by

n
Au = Z D;;u = divDu.

i=1

10
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And we call « harmonic in € if it satisfies
Au=0 in Q.

Lemma 2.25. (Properties of harmonic functions)

Let u be harmonic in a domain @ < R™. Then the following holds:

1. Mean-value theorem:
For any ball B = Bg(y) € 2 we have

u(y) = ! fBudx,

wp R™
where wy, denotes the volume of the unit sphere.

2. Mazimum principle:
Assume additionally that Q is bounded and u € C?(Q) n C°(Q) then

infu < wu(z) <supu Ve
o0 o0

3. Differentiability of u:
u s real analytic in Q.
Definition 2.26. (Fundamental solution)

For n > 3 define:

P(z —y) = T(jz —yl) == o =y,

1
n(2 —n)w
where w,, denotes the volume of the unit sphere in R".

Lemma 2.27. (Properties of T')

Gamma is symmetric in x, y and the following estimates hold:

1 —n
|DiT(z —y)| < o —y|' ",
nwy,

n+1
Wn

[DDL(z = y)| < [z —y|™".

Further in the sense of distributions

where 0, is the Dirac delta measure at y.

11
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Proof. The symmetry holds by definition. By explicit computation we have

1

Dil'(z —y) = W(ﬂii —yi)|lr—y|™"
1 o
DyT(z —y) = . (Jo = yl*0i; — n(w; — yi) (@ — ;) lw —y| "2 (2.3)

Estimating |(z; — ;)| < |z — y| leads to (2.1]). Similarly one estimates each term on
the right-hand side of (2.3) by (n + 1)|z — y|™" to arrive at (2.2)).

For the second part see Th. 6.20 in |[LLO1]. O

Definition 2.28. (Newton potential)
Let Q = R™ be open and f € L. _(Q) s.t. the function y +— I'(x —y) f(y) is integrable
over () for a.e. z € (). Then we define for a.e. x € R” the function

w(z) = wy(x) = j I(@ - y)f (y)dy,
Q

called the Newton potential of f.

Lemma 2.29. (Properties of the Newton potential)
Let 2 < R™ be open and wy the Newton potential of a function f on Q. Then
wy e L (Q) and

loc

—Awy = f
in distributional sense in ). Moreover any solution u of Poisson’s equation
—Au=f in D'(Q)

can be written as u = h +wy, where h is harmonic in .

Lemma 2.30. Let Q < R" be open, V € LP(Q), p > § and w = wy the corre-

sponding Newton potential. Then we have

Diwe LV (R"),i=1,...,n

where p' = n”—_pp.

Proof. By (2.1) we can estimate
|Diw(z)| < C(n) L lz —y" "V (y)| dy = C(n) JR o —y[' "V (y) dy,

where V(y) = |V (y)|1a(y) and thus |V |pze = [V]p.0. We now test this equation

against an arbitrary function f € LY(R™) with ¢ given by % =2 — % — "T_l and

12
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apply the HLS-inequality (Theorem [2.21)) to obtain
| @bl e om | [ 1f@le =y V) dy ax
< C(n,p)| flg|V]p < o0

Therefore Dyw(z) € LI(R™)* ~ L¥' (R™) with

Lemma 2.31. Let Q < R"™ be open, V € LP(Q),1 < p < Z and w = wy the

corresponding Newton potential. Then
we LY (R"),

np
n—2p°

where p' =

Proof. The proof is analogous to the previous proof. Only that we now apply the
HLS inequality with A = ”T_z and thus have a different ¢ and p’ given by
1 1 1 n—-2 n-—2p

Z=1--=1-2+-+ = :
p q p n

2.3 Weak solutions

Let Q@ < R", n > 3 be open, bounded with C! boundary. In the following we
consider weak partial differential equations of the form

Au+b;Dyu+cu = f+ D;g; on Q.

The above formulation is to be understood in the following sense:

Definition 2.32. (Weak solutions)
We consider the operator L with Lu = Au + b;D;u + cu and assume that the
functions D;u + b;u + cu, i = 1,...,n are locally integrable. We further define the

corresponding bilinear form £ by

L(u,v) = f DyuD;v — (b;D;u + cu)v. (2.4)
Q

We say u is a weak solution of Lu = 0 1< £(u,v) =0 Vve Ci(Q).

13
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For given functions f, g; € L}OC(Q), i =1,...,n we define the dual element F' on
C5 () by
Fv) = J fv—g;Djv da.
Q

We say u is a weak solution of Lu = f + D;g; 1= £(u,v) = F(v) Vve CLQ).

Remark 2.33. The formulation (2.4)) requires only weak differentiabilty of the
solution u. If we have e.g. u € H'(Q), assuming b € L2 () and ¢ € Lt

guarantees the local integrability of D;u + b;u + cu.
Definition 2.34. (Weak sub-/supersolutions)

A weakly differentiable function u is called weak subsolution of Lu = f if

L(u,v) — F(v) = | DyuDjv— (bDju+ cu— flo <0 (2.5)
Q

for all v e C¢(Q) with v > 0.

A weakly differentiable function w is called weak supersolution of Lu = f if
L(u,v) — F(v) = J D;uD;v — (b;D;u+ cu— f)v =0 (2.6)
Q

for all v e C}(2) with v > 0.
Remark 2.35. Let Q < R™ be open, bounded and V' € LP(2) with p = & then for

fixed u € H*(2) the mapping

S(”? ) H(%(Q) —-R, v— S(U, ’U) = D;uD;v — Vuv
Q

is a bounded linear functional on H{ (£2). And thus the validity of the above relations

for v e C§(Q) with v > 0 imply their validity for v € H}(Q) with v > 0.

Proof. By Hélder’s inequality we have

|[£(u, )| < [Dull2] Dv]l2 + [V, |uvlly,

where ¢ = 5 is the conjugate Hélder exponent of p. Applying the generalized

Holder inequality to the second term gives

1£(u, )| < Julmrolar + [VIplula[vlq,

with ¢; = 2¢ = % Applying Sobolev’s inequality for H! to the second term then

shows

[£(u, v)| < C(n, [Qf, [Vp) |ul o] a1

14
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Therefore the boundedness for H}(2) is readily established by the bounded linear

extension principle. O

Remark 2.36. By the above remark, since also C{°(Q2) = H} () dense w.r.t. || g1,
the concepts of distributional solutions and weak solutions naturally coincide. E.g.
the solution and the subsequent theory is independent of the test function space

used, as long as it is dense in H}(Q).

2.4 Holder spaces

Definition 2.37. (Holder coefficient)

Let f be a function on a domain 2 and 0 < o < 1. Then

o = sup L& =S W

«
z, yeQ |JL‘ - y|
TFY

is called the a-Holder coefficient of f in €2.

We call f uniformly a-Holder-continuous in Q2 < [f]a:q is finite.

We call f locally a-Hdlder-continuous :< [ f]q,x is finite for all K € © compact.
In the case = 1 we will also say that f is Lipschitz continuous.

Definition 2.38. (Holder space)
Let Q2 < R™ be open and k a non-negative integer. Define the Holder space as

Cr(Q) := {f € C*(Q): k-th order partial derivatives are locally a-Hélder continuous}.

For simplicity we will write C%%(Q) =: C%(Q) and C*¥°(Q) =: C*(Q).

Definition 2.39. (Holder norms)
Let us define the following seminorms on C*(Q) and C*(£2) respectively

[U]k70;ﬂ = |Dku|0;9 i= Sup sup |D5u\7
[B]=k €

[ulkas0 = [D*u]an == \Sl|lp [Du]as.
Bl=k

Now we can define the related norms

HUHck(sz) = |u

k
ko = . [ulj00,
=0

lulcre @) = [ulk,a0 = |ulke + [ulkao-

15
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Definition 2.40. (Non-dimensional Holder norms on bounded sets)
If Q < R™ is open and bounded with d = diam 2 we define

k
HUH/ck(Q) = |u|;cQ = Z & [ulj0:0,
j=0

[ulcna iy = lulkan = lulkso + " [ulka0-

16



3 Basic estimates

In this chapter we will provide useful estimates for the subsequent development of

interior Holder regularity.

3.1 Potential estimates

We will start with estimates on the Newton potential. The following estimates
follow the idea of Lemma 4.4 in [GTO01].

3.1.1 Newton potential estimates

Lemma 3.1. Let f € LP(B), p > n, where B = Bg(xo) and w = wy the corre-

sponding Newton potential. Then for a =1 — % we have

[Dw]a;p < C(n, )| /]

»;B

and
|Dwlo;s < C(n, ) R| f|p;,

where C' is a constant depending only on n and a.

Proof. Let us first extend f to R™ by setting f = 0 outside of B. We will start with

proving the second claim. Therefore pick any = € B and estimate
Diw(a)| < [ 1D = )7 w)] dy
B

1 1-n
<7 —
[l = ur iy
B

1 _
— [z |'7"
nw

N

q;B”f

|p;B (3-1)

by inequality (2.1)) and Holder’s inequality, where ¢ =

exponent of p.

17 1s the conjugate Holder

17



3 Basic estimates

To estimate the g-norm, we note that |||z— """ o.25r@e) < Il ' " lg:Ban(0)- An

explicit calculation shows:

1
J‘ [y dy | < Cn,a) (RO
B>r(0)
= C(n,a)R™
and finishes the proof of the second claim.  #

To prove the first claim let =, T € B. Then we have

We now set § = |z — Z| and & = §(z + T). Expanding the difference gives

I I
Dyuw(z) — Diw(z) = j DT — ) (y)dy + j DIz — y)fy)dy
B;(€) B;s(€)
" f (D.T(z —y) - DO —y)) fy)dy.
1\9\35(5)
J

I, and I can be estimated as in (3.1]) by

1] < —[la—"""|

nwn, a:Bs(©) | |p; B

and further as in the proof of the second claim we estimate

(03

[l =" "

|q;Ba(£) < |H q;B%(O) < C(TL, O‘)(s

to conclude
1] < C(n, )| fp;B- (3.2)

It remains to estimate J. The mean-value theorem on a line gives

Jl<le-al [ IPDIG -yl
B\B;(¢)

for some Z between x and .

18



3 Basic estimates

By (2.2) and Holder we obtain

n-+1 R .
” 12 —y|7"f(y)|dy
B\Bs (€)

< Cn)|je —-7"

|J| <o

a:8\Bs ()| fp:- (3.3)
Noting that |£ — y| < 2|# — y| an explicit calculation shows

1 1
q q

f G-yl mdy | < |2 f € — y[ndy
B\B; (&) ly—¢€|=8

By combining (3.3) and (3.4)) we obtain

|7 < C(n, a)d%| f

p;B
and hence together with (3.2) and recalling the definition of § we conclude

|Diw(T) — Diw(z)|

T =zl

< C(n,a)|f|

;B

Taking the supremum over all x, T € B finishes the proof. O

Corollary 3.2. Let f € LP(B), & < p < n, where B = Bgr(xo) and w = wy the
corresponding Newton potential. Then for a = 2 — % we have

[w]a;B < C(n, )| flp5

and
lwlo;p < C(n, ) R*| f

p; By

where C' is a constant depending only on n and «.

Proof. The proof goes analogously to the previous lemma by replacing D;w with w

and adjusting the estimates accordingly. O

3.1.2 Riesz potential estimates

We now turn our attention to estimates on the Riesz potential which can be viewed
as a generalization of the Newton potential. The goal of this section is to prove
Theorem which will be an important step in the development of the ‘General
interior Holder regularity’. We will follow the presentation of Chapter 7 in |[GTO01]

to establish the main steps towards the proof of the theorem.

19



3 Basic estimates

Definition 3.3. (Riesz potential)
Let Q < R™, n > 3 be open, bounded and define for any p € (0, 1] the operator V,,
by:

Vi L) = L), £ = (Vu)@)= [ Jo=al"0 0 () dy.

Lemma 3.4. (Properties of V,,)
The operator V,, is a well defined and the the following L*-bound on V,,f holds:

[Vaflue < p”lwn = Q1| f]

1;Q-

Proof. For the full proof we refer to Lemma 7.12 in [GT01]. We will satisfy ourselves
with a plausibility check by scaling. Although p = 1 is not an allowed value in the
HLS-inequality (Theorem [2.21]) we will apply it here with A = n(1— u) to check the

scaling behavior:

1]

Vi

1;Q ;2

1o = j j @)z —y™ 1 dx dy < Cln )l f

withr1=2-1-—2 =71, O

2 =
Lemma 3.5. Let Q < R™, n > 3 be open, bounded and let n=' < u < 1. Further

assume that f is an integrable function on  s.t. there exists a constant K s.t.
f fl < KR™ (3.5)
Qf\BR

for any ball Br. Then the following pointwise estimate on V, f holds:

-1
V. f(2)] < Khd”’“l a.e. inQ,

where d = diam(S).

Proof. We start with extending f to be zero outside of €2 and for any radius p > 0

we define

oo = [ Il ay.
BP(QJ)
We now set p := |z — y| and obtain
Vof@l < [ 015w .

Transforming the dy integral into a radial integral and an integration by parts gives

d
| oo ay = [ oo ap
Q 0
d

= 0 D(d) + (1 — mf =1y () dp.
0

20



3 Basic estimates

By (3.5) we have v(p) < Kp"~! and can therefore bound the first summand by
Kd™*=1. For the second summand we bound v(p) < Kp"~! for each p and perform

the dp integration. We thus have

-1
V. f(z)| < Kd™ + K- ”“dn# S ey
np—1 np —1

O
The following lemma will exploit both the pointwise and the L'-estimate on V,, to
derive a bound on {, exp(|Vy, f(2)]) dx.

Lemma 3.6. Let Q < R™, n > 3 be open and bounded. Further assume that f is
an integrable function on ) that satisfies the condition (3.5) and set g := Vi, f.

Then there exist constants c1, co depending only on n s.t.
lg]
d ar
L exp <61 i x < ¢
with d = diam(2).

Proof. The idea of the proof is to bound the quantity (g SQ |g|? for any ¢ > 1

by some constant C'(q) that is summable over q. First for any g = 1 let us write
o=yt = o =yl o — gy (G0,

By Hoélder’s inequality we thus obtain

Q=

192)] < (Viing) [F1(2)) T (Vipms /el F1(2)'

By Lemma with 1 = 1/n + 1/(ng) we can bound the second factor pointwise
a.e. by
1
(m/n+1/(nq)|f|)(x) < KQ<n - 1>dq
and by Lemma with = 1/(nq) we can bound the L'-norm of the first factor
by

jﬂ Vi |£1(2) dx < g~ Vam|Qan £,

— 1
< Kqnwpd™ T,

where we used that || < w,d™ and the property (3.5) in the second line. By

combining the two above estimates we thus have

f 9] < K9%wngin(n —1)""d"
Q

NWp,

~x

S (K (0~ 1)) d"
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3 Basic estimates

and therefore

lg|™ nwy, 5 (n—1\" mm
< d" —
f Z m!(ci K)™ dx n—1 mz=:0 c1 m/!
< cod”
if e(n — 1) < ¢1. And finally by letting N — o0 we complete the proof. O

The next lemma will be the second main ingredient towards the proof of Th.

Lemma 3.7. Let Q < R" be open, bounded and convexr. Further assume that
ue HY(Q). Then

dan 1—
u(x) — un é—f x —y| 7" |Du(y)| dy
|u(z) | n|Q|Q| " [ Du(y)]
with ug := Q7' §,u dx and d = diam(S).

Proof. By the denseness of C* n H! in H! it suffices to show the estimate for
u € CH(Q) only. By the fundamental theorem of calculus, on a line between x

and y, we may write for x, y € Q:

u(z) —u(y) = —f D,yu(x +r€) dr

with £ = £==%. After an integration w.r.t. dy we obtain
ly—z|

9(u(o) ~ un) = - | dyjz " Dula + 7€) dr

We now define

|Dyu(z)], re
W(z) =
0, ¢

and thus have

[u(r) — ug| <

1 Q0
| 0

|z—y|<d

where we used that Bg(x) D Q. An explicit calculation in polar coordinates shows

=mJ- o 1W(9c+r§) dédr

N

lu(x) — uq|

_ _ n— 1D'r‘
S | D ) ay.
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3 Basic estimates

With the previous two lemmata we now easily derive the main theorem of this

section.

Theorem 3.8. Let Q = R™ be open, bounded and convex. Further assumeu € H'(Q)
and that there exists K > 0 s.t.

J |Du| dx < KRN™Y  for all balls B < R™.
Qr‘\BR
Then there exist positive constants og and C depending only on n s.t.
J e ( 7 |) dx < Cd"
xp | —|u —u x < ,
0 p K 9)
where d = diam(Q), o = oo|Q|d™" and ug = Q7 §,u dx.

Proof. By Lemma [3.7] we have

n|Q|
dn

() — ug| < L @ — 4| Duly)| dy = VijulDul

and thus by the monotonicity of exp and by Lemma applied with g := V| Dul

we conclude

n|Q| 1 1
o) < —_v,.ID
Lexp( I |u(z) uQ|C1 ) Lexp (01 1nl u|)

< ngn

and therefore the theorem with o := ncy . O

3.2 Estimates on harmonic functions

The proof of the following theorem corresponds to Th. 2.10 in [GT01] and Th. 2.2.7
in [Eval0].

Theorem 3.9. (Bounds on derivatives of harmonic functions)

Let u be harmonic in Q and let Q' € Q. Then for any multi-index  we have

18
sup | DPu| < (n|ﬁ|) sup |ul,
o d Q
where d = dist(, 0Q).

Proof. Let B = Br(y) € Q. Since u is analytic, D*u is well defined for all multi-
indices «. Differentiating Au = 0 shows that also D%®u is harmonic. Hence by the

mean value property and the divergence theorem we obtain

1 1
Diu(y) = J Diju dx = f uy,; ds
B wp R Jop

wp R™
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3 Basic estimates
and after performing the surface integral we have
n
|Diu(y)| < ESUP|U|'
oB

To prove the theorem we now iterate this process. Therefore let @ be any multi-
index with || = k and y € ' with R s.t. Bgr(y) < Q. We now consider the ball
Bpi(y) and estimate D%u(y) as above

Bl

« n aq
[D%u(y)| < R 5P | D% ul,
O0BRr/k(y)

where |ai| = k — 1. Now let y; € dBpr/,(y) and consider another ball Br/,(y1)

about y; to obtain

k 2
Dot < () s Dl
O0BRr/k(y1)

where |as| = k — 2. After k steps we arrive at

k
nk
i< () s
OBRr/k (Yr—1)

and by the choice of R and k it is 0B/, (yx—1) < 2 and thus the claim follows. [
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4 Interior Holder regularity

In this chapter we will exploit the potential estimates to derive regularity properties
of weak solutions. We will start with Poisson’s equation as the specimen of elliptic
equations and then extend the obtained estimates to more general equations. The
proofs and theorems are based on Chapter 6 and 8 in |[GT01] providing more details
than in the book.

4.1 Interior regularity of Possion’s equation

Theorem 4.1. (Interior C*®-regularity of Poisson’s equation in balls)
Let Q < R™ be open, bounded, f € LP(Q), p > n and let u be a distributional solution
of Poisson’s equation

Au = f.

Then for any two concentric balls By := Br(xg) and Bs := Bag(xg) € Q we have

0.8, + R f

|U /1,0¢;Bl < C(n’a> (|U p;BQ) I

where o = 1—%.

Proof. Let x € By and by Lemma write u as
u(z) = w(z) + h(z),

where w is the Newtonian potential of f and h is harmonic. Recalling the definition

of the norm and after a triangle inequality we obtain:
(ult 05, < lulo;s, + RIDwlo;s, + R [Dwla;p, + RIDh[y o5, (4.1)

By Lemma 3.1 we have [Dw]a;, < C|flp;5, and [Dw|o,s, < CR®|f|p;5,. Further
by definition | DAl .5, = [Dhlo;, + R*[Dh]a;p, and by Theoremthe first term
can be estimated by

‘Dh|0;31 < C(n)R71|h|0;B2'
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4 Interior Hélder regularity

Let now z,y € Bi, x # y be arbitrary. The harmonicity and the mean-value

theorem gives

a-1|Dh(x) = Dh(y)| _ |Dh(z) — Dh(y)|

2R <
(2R) FeD T—y

< |D2h|0;B1'

Since the RHS is independent of x and y, taking the supremum leads to
Rail[Dh]a;Bl < 2|D2h|0;31 < C(H)R72|h|o;32,

where in the last step we again used Theorem [3.9] With the above estimates we
can therefore write (4.1]) as

|u|,1,a;Bl < c (‘u|0431 + Rl+a”f|

piB1 T |h|0;Bz) :
Finally by rewriting h = u — w we estimate
|h|0;B2 < |U|O;B2 + |w|0§Bz < |u‘0;B2 + C(naa)R1+a“f“P§Bz7

where we estimated |w|o,p, by Corollary O

Theorem 4.2. Let Q < R™ be open, bounded, f € LP(Q), 5 <p < n and let u be

a distributional solution of Poisson’s equation
Au = f.

Then for any two concentric balls By := Br(xg) and By := Bag(xg) € Q we have

‘u|/a;B1 < O(n’ Oé) (|u|0;32 + R" Hf |P;Bz) )

wherea=2—%.

Proof. The proof goes analogously to the previous theorem where some estimates

even simplify and can therefore be skipped. However we state the proof explicitly:

Again let x € By and write u as
u(z) = w(z) + h(x),

where w is the Newtonian potential of f and h is harmonic. Recalling the definition

of the norm and after a triangle inequality we obtain:

|u :x;Bl < |U|O;Bl + Ra[w]a;Bl + Ra[h]a;Bl- (4-2)
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4 Interior Hélder regularity

By Corrollary we have [w]a.B, < C|flpB,- Let now z,y € By, x # y be

arbitrary. The harmonicity and the mean-value theorem gives

a-1]h(x) = h(y)| _ |h(z) = h(y)|
lz—ylo T Jo—yl

(2R) < |Dhlo;p, -
Since the RHS is independent of x and y, taking the supremum leads to

R [h]a;s, < 2|Dhlo;s, < C(n)R™"|hlo;B,,

where in the last step we again used Theorem [3.9] With the above estimates we
can therefore write (4.2]) as

|ulo;, < C(lu

0;B; t RaHf

piBy T \h|0;32).
Finally by rewriting h = u — w we estimate
|h|0;B2 < |U|O;B2 + |w|0;Bz < |u‘0;B2 + C(’n,Oé)RaHpr;BQ,

where the estimate of |w|o.p, is given by Corrollary This concludes the proof.
O

4.2 Interior regularity of weak solutions

In this section we will extend the estimates for Poisson’s equation to more general
elliptic equations. The proof will make use of the following concept of interpolation

of Holder norms.

Definition 4.3. (Interior non-dimensional Hélder norms)
Let z, y € Q < R™ and set d,, := dist(x, Q) and d,,, := min{d,,d,}. For ue C*(Q)

and u € C**(Q) respectively we define the following interior seminorms:

[U]z,o;ﬂ = [UJ:Q ‘= sup d§|D5u(x)\7

e
[Bl=Fk

And the related norms

k
?;Q = Z [U];;Qv

H“sz(g) = |u

[wllEnei) = lulian = lulio + [ulk a0
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4 Interior Hélder regularity

Remark 4.4. If Q is bounded with d = diam(f2) these interior norms are related
to the usual norm by

|u|:,a;ﬂ < max{l, dk+a}|u|k7a§9

and if Q' € Q with § = dist(£/, 0Q) by
min{1, 8"} |ulk,ai0 < [ulf as0-

Lemma 4.5. (Interior Hélder interpolation inequality)
Let Q < R™ be open and bounded. Suppose j + 8 < k + «, where j, k € {0,1} and
0 < B,a <1 and assume u € CH*(Q).

Then for any € > 0 there exists C = C(e, j, k) s.t.

[ul}p:0 < Clulog + efuli a0, (4.3)

ul} g0 < Cluloa + e[ul} a0

Proof. For notational convenience we omit the subscript 2. We will only establish
the estimates for the seminorms. The estimates for the norms follow immediately.

We distinguish several cases:

i)j=0,8=0
This case is trivial with € = 0.
i) j=k=18=0,a>0

Let = € Q be arbitrary and let 0 < p < % be a positive constant. Further

set d := ud, and B := By(z). Denote by ', 2" the endpoints of the segment
of length 2d parallel to the x; axis with its center at z. By the mean-value
theorem we have for some Z on this segment:

|u(a’) — u(z")|

1 1
Diu(z)| = 2 — 7L 2 <=
|Diu(7)] 53 dzlelglu(y)l d\ulo

and

|Diu(z)| < [Dju(z)| + |Diu(r) — Diu(z)|
|Diu(z) — Diu(y)| .

d1+a
|z —y[*

z,y

1
< = uo| + d* supd, },~* sup
d yeB ’ yeB
Now since dyy > dy —d = (1 — p)dy = dy/2 for all y € B it follows that

[lf = sup delDiu(@)] < ulo + 2 [ult, (44)

and thus the claim with 4u® < e and C = p~ L.

i) j=0,k=1>0,a=0
Let z, y € 2 be arbitrary with d, < d, i.e. dyy = d; and pu,d, B defined as
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4 Interior Hélder regularity

before. For y € B and 0 < 8 < 1 we obtain by the mean-value theorem

Jolu@) — uly)|

|-yl S “176dr|Du|0;B < 2N17ﬁ[u]fa

where we used d, > d;/2. However for y ¢ B we have

plulz) — u(y)|

<2[L7BU0.
i |!L‘—y|6 | |

Combining the inequalities we obtain for 0 < 8 < 1

[ul§ s = sup dgyw

3 P S 20" |ufo + 2p' P [u]} (4.5)
z, ye

and thus the claim with 2'~? < e. Note that 3 = 1 is not a valid choice for
the given j and k. But together with ¢) the inequality (4.5)) gives the estimate

of [u]§ ; in terms of [u]f , for a > 0.

iv) j<k;8>0,a>0
If j = 0, k = 1 we first interpolate [u]§ ; < Clulo + e[u]} by and then
[u]¥ < Clulo + e[ulf,, by [4). It remains to show the case j = k and hence
a > (. In the case j = k = 0 with the same notation as above we have for
ye B

1) VW) oo @) — uly)
o fr—yl eyl
and for y ¢ B

Co e —ylP

By combining these inequalities and taking the supremum over x, y € ) with

e =p®# and C = 247 we obtain
[u]5,5 < Clulo + £[ul5,q-

In the case j = k = 1 we have for y € B

JB+1 |Diu(xz) — Diu(y)| < P+t |Diu(x) — Diu(y)|
‘ |z —yl? h ¢ |z —y[*

and for y ¢ B

g1 | Diu(x) — Diu(y)|

d
’ |z —yl?

< P (dy| Dyu(2)| + dy| Diu(y)|)

< 2p P [u]f.

Together with (4.4) we can estimate the RHS to arrive at

1 |Dau(z) = Diu(y)|

D < o o + 8 o
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4 Interior Hélder regularity

Combining the inequalities for y € B and y ¢ B and taking the supremum over

x, y € Q with e = 9u*# completes the proof.

O

We are now ready to approach the two main theorems of this section. The first the-
orem assumes higher LP-regularity of the coefficients and inhomogeneities (p > n)
and shows Holder regularity up to the first derivative of the solution. The sec-
ond theorem assumes less LP-regularity of the coefficients and inhomogeneities
(§ < p <mn) and only shows Hélder regularity of the solution for equations with no

divergence term (b = 0).

Theorem 4.6. (C1*-regularity of weak solutions)

Let Q < R™ be open, bounded and u be a bounded weak solution of
Lu = Au + b;(x)D;u + c(x)u = f, (4.6)

where b, ¢, f € LP(Q), p > n.

Then u e CH(Q) with0 < a <1 — % for any subdomain Q' € Q and further we

have

[uly,asr < Clluloe + |1

1);9)’ (4'7)

where C' = C(n,p, |b 2, 0, @) with § = dist(Q,0Q) and ¢ = diam(Q).

|:0;Q7 HC

Proof. By Remark {4.4/it suffices to show the above estimate for the norm [ul} ..
and by the interpolation inequality it suffices to only estimate [u]ia;g. Thus it

remains to show that

[u]f o0 < Cllulosa + |fllpe)-

Therefore let xg, yo € Q with zg # yo and suppose dy, = dyy,yy = min{dy,, dy, }.
Let further 0 < p < % be a positive constant and define d = udy,. In the following
we will consider a ball B = By(zg) of radius d about xg. Before we start we rewrite

(4.6) in the form
Au=—-bDiu—cu+ f=F

and consider it as an equation in B. If yo € Byj2(wo) we have by Theorem H with

_ d
R=35

< C (Julo;s + (d/2)' | F|

2 |20 — yo|® va):

(d) |Du(z) — Duyo)|

where Du denotes any first derivative. By the definition of d this gives

| Du(xo) — Du(yo)|

d1+a <
To ‘x() _y0|a M1+a

|U|O;B + d;}::aHF“p;B'
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4 Interior Hélder regularity

On the other hand if yo ¢ By/2(x0) we have

1+
dyy

| Du(z) — Du(yo)| 2\
‘1’0 _ y0|a S <'u> (de|Du(x0)| + dy0|Du(y0)|)

< 4Ap”“[ulfq-
By combining the two inequalities we obtain

| Du(z0) — Du(yo)|
|zo — yo|® pltte

dyy [ulo;s + dig | Fllpis + 41" [ul 0. (4.8)
We now want to estimate the RHS in terms of [ulo,0, [ f[p0 and e[ulf .o with a
sufficiently small e so that we can bring the terms containing [u]] . to the LHS.
By the interpolation inequality ([4.3) applied with ¢ = 12%/4 the third summand
can be bounded by

A [ullo < CW)|uloe + 1 [u]f o

) )

For the second term we start with a triangle inequality

[Fllpp < e

lpelulo + [ fllpe + [blpelDulo.s (4.9)

and as in the proof of the interpolation inequality we estimate
|Dulo. g = sup |Du(z)]

zeB

< supd, ' supd,|Du(z)|
zeB zeB

< 2d;01 [u] TQ ’

where in the last line we used d, > d,, —d = (1 — p)ds, = 1/2d,,. After collecting

the constants we obtain

s | Flpis < Cldyy *luloe + dog 1 f Ipss + d5, [ulf.0)

with C = C(n,p,|b]
simplified to

s €l p:) and since dy,, < ¢ = diam(Q) the expression can be

s | Flpsm < C(u)(Juloe + | f

0

|P§B) + Clu‘a [U]T,Q;Sh

where we again made use of the interpolation inequality (4.3) with a sufficiently
small e. Combining these results we can now estimate the LHS of (4.8]) by

| Du(zo) — Du(yo)|

|0 — yol®

dyt® < C(w)(Juloe + [ flpm) + Crpo[ulf -
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4 Interior Hélder regularity

Since the RHS of this inequality is independent of xq, yo taking the supremum over

all g, yo € 2 gives

[u]f 00 < C(p)(Julos + [ f]

pB) + Cpluli 0o

and finally by choosing and fixing p = o such that Cu§ < 1/2 we arrive at the

desired estimate. O

Theorem 4.7. (C*-reqularity of weak solutions)

Let Q@ < R™ be open, bounded and u be a bounded weak solution of
Lu= Au + ¢(x)u = f, (4.10)

where ¢, f e LP(Q), § <p < n.

Then u € C(Q) with 0 < a < 2 — % for any subdomain Q' € Q and further we
have

‘u|a;9’ < C(|“|0;Q + | f

p;Q)a

where C = C(n,p, |c|pa,d, @) with § = dist(,09Q) and ¢ = diam(2).

Proof. Analogously to the previous theorem it suffices to only estimate [u]:;Q With

the same notation as above we consider
Au=—cu+ f=F

as an equation in B. By distinguishing the cases of yo € Bg/a(z0) and yo ¢ Bg/2(wo)
and using Corollary [3.2] instead of Theorem we obtain the analogous estimate

to ([4.8))
| Du(xo) — Du(yo)|

|z — yo|*

o
dg,

C
< E|U|O;B + dgo HF p;B-

However the estimate of the RHS is now straight forward

1Fp:5 < |uloslclps + [ flpe < Clulon + [ flpe)

and after fixing u = po und using d,, < ¢ = diam(§2) we conclude

[u]zﬂ < C(|U|O;Q + Hf|p;ﬂ)-

Remark 4.8. If 3 < p < n the case of
Lu=Au+b;Diu+ cu = f

with 0 # b, ¢, f € LP(2) cannot be proven with the same method since we cannot

interpolate D;u analogously to Theorem |4.6
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4 Interior Hélder regularity

4.3 General interior regularity of weak solutions

In this section we will introduce the method of iteration of p-norms to develop an

estimate similar to Theorem [£.7] for elliptic equations with divergence term.

Theorem 4.9. (Weak Harnack inequality for supersolutions)

Let Q < R™, n = 3 be open, bounded and v € H'(Q) be a weak supersolution of
Lu=Au+bDiu+cu=g inf,

where b € L?P(Q), ¢, g € LP(Q) with p > n/2. Assume further that u = 0 in a ball
Byr(y) < Q then

Rl < C  nt us B Flalyo )
Br(y)
where C = C(n,p, Mg) with Mp := R* % (Ib]3, + lellp)-

Proof. Let us define
k=k(R)=R"%|g

Q2

and abbreviate Br := Bg(y). We first prove the claim for R = 1 and k > 0. The
final result will be concluded by a coordinate transformation. The case when g =0
will follow from letting £ — 0. If not indicated otherwise, all norms taken are to be

understood over entire €. Let us further define
B:QOxRxR" >R, B(z,v,p):=b;j(x)p; + c(x)v — g(x).
With this notation, u being a weak supersolution reads

J D;vD;u —vB(x,u, Du) dx = 0 for all 0 <wve CH(Q). (4.11)
Q

Roughly the proof will be established in the following way:

We first choose a test function v depending on u. With the help of the PDE we
morally obtain an upper bound on | D (u*ﬁ) |2, 8 > 0, which enables us to exploit
Sobolev’s inequality to obtain estimates on higher LP-norms in terms of lower LP-
norms of ©~#. This result will then be iterated for nested balls and the conclusion
will be made with Proposition

Let us start with the test function v. Therefore let 0 < n € C}(By), 8 € RT and
% = u + k and define

Hereby v defines a proper test function in B4. By definition it clearly vanishes on

the boundary of By (and can be extended by 0 to ). Taking formally the weak
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4 Interior Hélder regularity

derivative of v gives
Dv = 2nDna~" + Bn*a’~*Du.

Since @ > k > 0 is bounded away from zero the first summand is even bounded.
Similarly for the second summand the prefactor of Du is bounded and Du € L?(By)
by assumption. Thus Dv € L?(B,) and by Poincare v € H}(By). This also justifies

the validity of taking the weak derivative above.

Plugging v into (4.11)) gives

- J *u”P7D; uDu+2J na~? DyDiu — J W5 " B(x,u, Du) > 0. (4.12)
Q

For any 0 < & < 1 by Cauchy’s inequality and by writing a=# = va=#+1a—#-1 the

second summand can be bounded (pointwise a.e.) by
In*u? DnDu| < u =102 Du)? + |Dn|2ﬂ_ﬁ+1.
2e
The third summand can be bounded as follows

[n?a=? (b Dyu + cu — g)| < 1@ P+ (|| + k~g|) + n*a~P[b|| Dul
1
<n’u P (el + &~ 1IQI) +n ( “HDu)? + QEﬂ*B“lblz)

< = —7,8 1 2|Du|2 772—*[3+1

[\3

where b := [b|> + |¢| + k~t|g|. This particular form of b guarantees that [b], is
independent of g and will eventually single out the dependence of |gl|, from the
constant C in the claim. Using the above estimates in (4.12) gives

1 2
f n?u~ P~ Dul? < fJ- In?a=" B(x,u, Du)| + fJ |n?a=" DnDul
Q B Ja B la

3e

1 _
< — | n?a P Dul® + *J (bn? + | Dn|?) @+t
28 Jo D eB Jo 1Dl

and then by choosing & = min{1, g} we obtain
| e tipup < 0@ | @+ 1oy, (1.13
Q

where C(8) = 2max{2/3,3/3%}. For notational convenience we introduce the func-

tion w

a~7"  for B # 1, . G~ Du  for B # 1,
log @ for =1, a 'Du for g =1,

and set v:= —0 + 1.
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4 Interior Hélder regularity
With the new notation (4.13) reads

P o (o + (D) w?, - B #1

J InDwl* < _ (4.14)
Q 6§, (bn* + |Dnl?), B=1.
We now apply Sobolev’s inequality to nw to obtain
ol < Coanlr) [ DG < 26w | [nDul? + jwDrf.  (115)
= Q Q

Now by using first Hoélder’s and then the interpolation inequality we obtain for any

e>0

2p—2

L B(nw)? < [l o] 2

n

_ 2
. .
<y (ellmol 2, +< 7 lola) ", o= 57

With the help of the above estimates we can write (4.15)) as

Jimwlas, < Cn, BBl (el

oo, + 7 lula)? + Cn, A1 +2)? | fwDnP
Choosing € = 1/(2C(n, 8)v?|b||,) and thus v2e=7 = v27+2(2C(n, B)|b||,)° leads to
7wl 2, < Cn, B, [Bll) (1 + Y7 (0 + | Dnl)w].

Let us now specify the cutoff n € C?(By) < CL(Q) precisely. Let 1 < Ry < Ry <3
st. n = 11in Bg, and n = 0 in Q\Bg, with |Dn| < 2/(Ry — R1). By setting

X := —25 the previous estimate now reads
n—2

[wl2xir, < O+ YD 7)(n + Dijw|
SCO+ D™ (1 +2/(Ry = Ry)) Jw

2;R2 .
And since 2/(Ry — Ry) > 1 we obtain

CL+ [yt

Ry — Ry HwHQ;R27 C= C(nvﬂ’ HEHP)

HwH2x;R1 <

which will be the key estimate to start the iteration of p-norms. Recalling the

definition of w? = " for v # 0 we obtain

1

f o)< Gt f )
BRl RQ—Rl BR2
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4 Interior Hélder regularity

1

And by raising this equation to the power 2y~ we get
2
_ CL+ )7\ :
WUHX’Y;Rl < (Rg—Rl HUHW;RQ if vy > 0, (416)
2
_ CL+[yPHr\PT, .
HUHW;RQ < (RQ—Rl HUHX’Y;Rl if v < 0. (417)

Our next goal is to use both estimates to prove the following three inequalities that

essentially yield the desired result. Therefore let 0 < pg <1 < x = =5 then

(a) a2 < Clal, s
(b) [[all,y 5 < Clal_,y.5,

(c) [ull_,,.5 < Cluf_..,, = Cinfg, u.

The proof of (b)) will follow from Theorem For (), since x > 1 there exists
M e Ns.t. xMpy > 1 and thus by Proposition

_ oM 1
”U”m < |B2‘1 X b Hu”XMpO;Z‘

We now set vy, := x™po and 7, :=2+ 2", m=1,..., M in (4.16) to obtain

2X—]V1p—1
- - C(l _|_XMpO)1+a o B
”“Wproﬂ < ”u”XNIPO§TAI < ( o—M ”u”XM71p0§TM—1

<. <O [Bllps po, Pl 5

where we also made use of Proposition Since we only used a finite number of
steps the constant C' is clearly finite. Combining the two estimates proves @ #

For we have to investigate the above constant more carefully and extend the
range of Ry slightly to Ry € (1—¢, Ry) for a fixed ¢ << 1. We again set v,,, := x™po
but now 1o =3, rp i=1—e+ 27" m=1,2,... to obtain by (4.17)

~ ~ C 1+’Y 140\ 2% ~ ~
”u”—po;?» = Hu”—"yo;ro < ( 1(+ 1/201— € Hu”—%;n = Oorm”—“mn'

So that for any N € N large enough s.t. 7y < 1 we have by iterating the above
estimate and by Proposition

”ﬁw—po;?ﬁ S CNWEH—’YN;TN < CN”ﬂH—’YN;l' (4.18)

We now would like to take N — oo and therefore have to make sure that the constant

Cy is uniformly bounded w.r.t. N. After the N-th iteration Cy amounts to

N 2yt
C 1 + m 140 Tm
Cx=Co [] (( o) ) .

27m+1
m=1
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4 Interior Hélder regularity

Apart from the first M factors we have ~,, > 1 and thus

N —
Cn < Cy H <2m+ac,y71n+o)2’ym1
m=1

-1 —m —m —1 —m —1 —m -1 —m
<(;1]\/[22;)0 Emx "+ XY x )02p0 Sx p(Q)pO (1+0) X x 2py T (1+0) Y mx )

X

And since the right sum

0
my " < 2 my~ " < o0
1 m=1

ﬁMz

is finite, the constant Cy = C(n, [b||p, po, p) is independent of N. Now by taking
N — oo in (4.18) and by using Proposition we obtain (c). #

To establish (]ED we recall the estimate (4.14) for 5 = 1. Let therefore Bap, < By
and choose 17 € C§(Q) s.t. =0 in Q\Bag, and n = 1 in Bg, with |Dn| < 2R ™.
From Hoélder’s inequality we obtain

[ Dw

2k, = C(n)Ro? | Dw

2;Ro ”D’LU

1R, < |1 2Ry

where C'(n) = \/w,. We now use (4.14)) to estimate

|Dw|2 5, < [nDw|3an, < C L B + | Dnf? dx

_ 4 _ .
< COlolplnl2 2 + Vol(BzRo)RTg < Oolplth 22,0, + Cn)Ro 2

< C([|blp,n)Ro™ (Ro> ¥ + 1).

And since %, Ry < 2 and thus Ro>~ 7 < 4 we obtain together with the previous

estimate

J |Dw| < C(HEthn)R()n_1~
R,

B 0
Hence by Theorem [3.8] applied with € := Bj convex it exists pg > 0 s.t. for
wo := | B3| w13 we have
J, et s < cBlm
B3
and thus by using the simple inequality e® < el®l we obtain

J ePow — 6POWUJ epo(w—’wo) < Cepowo,
Bg BB

f e—PO’w — e—powof e—Po(TU—’LUo) < Ce—powol
B3 B3
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4 Interior Hélder regularity
Multiplying the two inequalities then gives

J epowf e pow < (CePoWwoe—PoWo — (1
Bs Bs

and by recalling the definition of w = log @ we conclude

(LS ) i C (1Bl m) ( Lg )

and thus prove (]ED #

Now by combining (a)), (b)) and () we obtain
J  dx < Cinfa (4.19)
B B
and therefore the result for R =1 and k(1) = |g], > 0
j u dx + vol(B2)k < C’(igfu + k),
Ba 1

after possibly increasing C' = C(|b|,,n,p) s.t. C > vol(Bz). We now specify the

constant by using Jensen’s inequality
by = Ib* + ¢+ k7 ()glp < D3, + lellp + gl gl

and thus have C' = C(n,p,[b[3, + [c|,).

For k(R) = R*"7%|g|,.0 > 0 and generic R, we reduce the proof to the previous

result. Therefore for a given function @ fulfilling

in Byp we define

The equation in the new variable y transforms by the chain rule to
R™2(Au)(y) + bi(x) R~ (Diw)(y) + &(z)uly) = 4(y)
and hence by further defining
bi(y) := Rbi(x), c(y) := R*c(x), g(y) = R*§(x)

we are able to apply the previous result to u, b, ¢, g and after an easy computation
arrive at the desired result. The case k(R) = 0 can be obtained by taking the limit
k — 0 in the above proof. However this particular case will not be of interest in the

following. O
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4 Interior Hélder regularity

Remark 4.10. The ratio between the balls of radii 4R, 2R and R in the assumption
of the previous theorem is due to the choice of the radii r,,, in the iteration procedure
in (a) and (). Thus the same result, with the price of a larger constant, can be
obtained for any two concentric nested balls with decreasing radii inside a given
ball.

In order to prove the main theorem of this section we will need the following:

Lemma 4.11. Fiz 0 <v,7 <1 and let w: (0, Ry] — R be increasing
(i.e. w(z) < w(y) for all z <y) s.t. for all R < Ry we have

w(TR) < yw(R) + o(R), (4.20)
where o : (0, Rg] — R is also increasing. Then for any p € (0,1), R < Ry we have

Ww(R) <C ((R/Ro)o‘w(Ro) + a(R“Ré‘“)) ,

where C = C(v,7), a = (1 — p)82 > 0.

Tog T
Proof. We first fix Ry < Ry. Then for any R < R; we have
w(TR) < yw(R) + o(Ry)
since o is increasing. By iterating this inequality we obtain for any m € N

w(T™Ry) <w(r™” 1R1) +o(Ry)
w(T™2Ry) 4+ 0(Ry)) + o(Ry)
"w(Ry) + o(Ry) ZW

N

v
v

N

<"w(Ro) + (1 —7) "o (Ry).

Now for any given R < R; we choose m s.t. 7™ < R < 7™ 'R; and thus obtain

1
W(R) <w(t™ 'Ry < me(Ro) +

Further since 7 < R% we have m > log (%) (log7)~! and therefore

log v
1 R Tog O'(Rl)
wR) < — | =— w(Rpy) + .
®) W<R1> (Fo) L—vy

Now specifying Ry = R(l)_” RF gives the desired result

(1—p) 1222 1—p
1 (R Ry RH
w(R) < = <RO> w(Ry) + T TR
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4 Interior Hélder regularity

Definition 4.12. (Oscillation)

Let 2 < R™ and define the oscillation of a given function u in by

oscu := sup u — inf u.
Q Q Q

Theorem 4.13. (C*-reqularity of weak solutions)
Let Q = R™ be open, bounded and u € H () be a weak solution of

Lu=Au+b;Diu+cu=g inf,

where b € L?P(Q), ¢, g € LP(Q) with p > n/2. Then u is locally Hélder continuous
in Q and for any ball By = Bry,) < !, R < Ry we have

osc u < CR*(Ry“sup|ul + [9]p0) (4.21)
By

Br(y)

o_n
where C' = C(n, |blap. [¢]p, p, Ro) and & = a(n, p, Mg,), MR, := Ry * (|bl3, + [c],)

are strictly positive constants. Further for any subdomain Q' € 2 we have

|u|0;a;9’ < C(|U|O;Q + H9|p;ﬂ)a

with C and « as above and Ry := dist(Q', 092).

Proof. The proof of the first part will be performed by choosing two different func-
tions u in the weak Harnack inequality (Theorem to obtain an equation of the
form (4.20) from the previous lemma. We will omit the subscript (2.

Let us set My := supp, |u| and by Remark we may assume that R < e
Further we define the following four quantities

My :=supu, my := inf u, My := supu, my := inf u.
Bur Byr Br Br

Then the functions My — v and u — my4 are both positive in Byg and fulfill

L(My —u) = Myc — g,

L(u—my4) = —myc+ g.
By viewing the right-hand sides as the inhomogeneities g in Theorem we obtain

R™™| My —u

v < C (1nf(Ms =) + B (gl + Ml
R
< C(My— M +k(R)),
R = malsan < C (igtu = ma) + 1275 (gl + malcl)

< C(my —my +k(R)),
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4 Interior Hélder regularity

where k(R) := R*" 7 (|g], + Mo|c|,). Now by adding the two inequalities we arrive
at
Rinvol(BgR)(M4 — m4) <C (M4 —my +mqy — M + E(R)) . (422)

Hence by setting w(R) := oscp, u we obtain

w(4R) < C (w(4R) — w(R) + k(R))

and we note that w(R) and k(R) are increasing w.r.t R.

In the case C' < 1 the above estimate holds in particular for C = 1 and we have

Br

oscu = w(R) < k(R) = RB*77 (gl + [l Sup |ul)
0

and thus the claim of the first part with a = 2 — %. We note that this « coincides

with the a-value from Theorem for equations with no divergence term.
If C > 1 we rewrite (4.22) to

w(R)

N
=
!
9
T
™
=3
+
gy
=3

and apply Lemma with o(R) = k(R), 7 = i, y=1- % to obtain

W(R) < C ((50) T R + k(r”Ré‘”)) .

Now by choosing p s.t. (2 —2)pu = (1 —p) %‘;gz =: a we conclude

1-p)(2—2
oscu < RRy* Mo + R*RS ™% (Il + Mole],)

Br

R <Roa sup u] + |g|p)
Bo

with € = C(n, [blap, [clp, p, Ro).  #

The second part of the thereom will follow by setting Ry := dist()',092) in the

above estimate. For any z, y € Q' we will distinguish two cases:

If 1|z — y| > Ry we estimate

[ulz) — uly)|

ooy - o e
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4 Interior Hélder regularity

and if R := |z —y| < Ry we set z := 1(z + y) and by the choice of Ry it is
Bpr,(z) < Q. Applying (4.21) then gives

lu(x) —u(y)| <R osc u
|z —yl® Br(z)

< C(R;® sup |ul+ |g]

BR(J z

< C(Ry “|ulo. + [l9]p:0)

p;Q)

and thus for any z, y €

ju(e) ~uly)| _
z -yl

(|U|O;Q + g p;Q)

with C' = C(n, |bll2p, |c/lp, p, dist (', 62)) uniformly in 2 and y. Taking the supre-
mum over all z # y in Q’ yields the desired result. # O
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5 Boundedness of solutions

In this chapter we will establish assumptions under which the weak solution of an
elliptic equation is locally bounded. The first theorem, based on Th. 11.7 in |[LLO1|,
will show the local boundedness under very general assumptions without providing
an explicit bound. The second theorem, based on Chapter 8 in [GT01], will give an

explicit bound in terms of the L?-norm under stricter assumptions.

Theorem 5.1. (Local boundedness of weak solutions)
Let By be a ball in R®, n > 3 and u € H'(By) be a weak solution of

—Au+Vu=0 in B,
where V- € LP(By),p > %. Then u € C(By) is locally Hélder continuous for
a=2— % and in particular u is locally bounded in B.

Proof. We will show that the conclusion holds for any arbitrary ball B < B; with
strictly smaller radius and therefore in particular for any compact set in By. The
proof will be performed inductively. At first we show that u is locally bounded
and then conclude that Vu € LP(B) and apply Corollary By Lemma any

solution u to Poisson’s equation Au = f can be represented by
u(@) = wy(z) + h(z),

where wy(z) is the Newton potential of f and h harmonic. Since any harmonic func-
tion is continuous and therefore locally bounded, we will assume w.l.o.g. h = 0. By
assumption u € H'(Bp) and thus by Sobolev’s inequality u € L%(Bl). Applying

the general Holder inequality in By shows

Vil < Vs lul 225,

for an s; > 1 given by Holder’s inequality. Then
u(z) = w(x) = J Iz —y)V(y)u(y) dy for x € By & By.
B,

To avoid I'(x — y) being singular on the boundary, we restrict ourselves to interior

points of By, i.e. to x € By concentric with B; and with a strictly smaller radius.
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5 Boundedness of solutions

Now we apply Lemma to obtain

nsy

e L'(B t < .
“ (Bz), n—2s;

Further by assumption V' € LP(B;), § < p <n and thus we can write

1 2
-=——¢g, 0O<e<
P n

3=

Applying the general Holder inequality once more in By yields

Hvuﬂsz;Bz < HV|

p; B2 “u”81;32

with

z——c+—— =

1 1 2 1 2 1—es
+ = - - -
t S1 n 81

—

and thus in particular s, < s1/(1 — €). By iterating the above estimates we arrive

after finitely many steps at

Vue L°*(By) with s > %,

where By is a series of nested balls inside B; but arbitrarily close. We are now in
the situation to apply Corollary and conclude that u is Holder continuous in By.
Thus u is bounded on any compact set inside By, in particular for B > B = Bg(yo)

with a strictly smaller radius. Therefore
Vue LP(B).
We now apply Corrollary once more to obtain

[w]a;s < C(n, a)|u

08|V

lpiB
with o = 2 — % and thus the desired result. O
Lemma 5.2. (Boundedness from above of weak subsolutions)
Let Q = R™, n = 3 be open, bounded and v € H'(Q) be a weak subsolution of
Lu=Au+Vu=f,
where V, f € LP(Q2) for some p > 5. Then if u <0 on 0Q we have
supw < C|usfl2 + [ £lp),

where C' = C(n, |V, |Q|,p).

Proof. By a special choice of the test function v in (2.5)) we want to bound a higher

LP' norm of u4 by a lower LP? norm and then conclude the result by induction. To
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5 Boundedness of solutions

define this test function we set k := || f||, and consider for any § > 1 and N >k a
function H € C([k, o)) that grows with power 3 up to N and is cut-off linearly
after:
P z € [k, N],
H(z):= (5.1)

BNP=lz+(1-B)NP —K# 2= N.

We now set w := uy + k > k and define G(w) := §; |[H'(s)|?ds and take v := G(w)
as a test function in (2.5). The above choice of H guarantees that v is indeed a

proper test function:

Since uy = 0 on 0f) we also have v = S;::k ... =0 on 09 and clearly v > 0. Further
by the chain rule (Lemma [2.10)) we have Dv = G'(w)Dw and therefore

|Dv]l2 = |G'(w)Dw|z = |[(H' (w))*Dw|z < F2N*"2|Dw|> < O(N, )| Dul-.

Now by Poincares inequality it follows that v € HE ().

Plugging v into (2.5)) leads to
f DyvDu dx = J G'(w)D;wD;w dx < f G(w)(|[V]ug + | f]) dx,
Q Q Q

where we used that supp G(w) < supp u, and D;w = D;u for v = G(w) > 0. Since
G(s) < sG'(s) we have

| @Dl ax< | @ uViw+ 1) dx
< | v+ ax
By the definition of v this can be written as
L |DH (w)]? dx < JQ (V] + & f]) (H (w)w)? dx. (5.2)

Now since w|,, = 0 and H € C'[k,0) we have H(w) € H*(Q2) and can therefore
apply Sobolev’s inequality to H(w)

1
2

C W) 2, < ( [ 1D ax)

Together with (5.2) and Hélder’s inequality we obtain

1
2

(0] 2, = € ([ (V1 D ) i)

1/2

<CW) (IVlp+ 5 Slp) ™ 1H (w)w] 2, -

Remark : If £ =0, i.e. f =0 the above estimates continues to hold.
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5 Boundedness of solutions
With the chosen k£ we thus have
[ ()] 2, < ClwH'(w)] 22 .

where C = C(n, |V|,). This estimate holds for all N in the definition of H. Thus
letting N — oo and recalling that w > k gives

[P 22 < CBIwP| 2 + k7O < CBJw?| 2,
n— p— p—

where C = C(n,||[V]|p,|€?]). This shows that w € LB%(Q) implies the stronger

2p 2n n(p—1)

inclusion w € LB%(Q). Setting p* := =& > =% and p := pn—z) > L we further

p—1 n—2
have

[wlgpps < (CB)Y? Jw] gpx-

By induction we conclude w € (J; <, LP(§2) and by setting 8 := p™ > 1 for m € N

we obtain

]| pms1p < (Cp™) " W] yom e
Ind m —k
< L@yl
k=0
< C7pT |wlpx (5.3)

with o =Y, jp ¥ <owand 7 =3, kp ¥ < o0. Since (5.3) is independent of m

we can take the limit m — oo to arrive at
supw < Cllwlys,
Q

where C' = C(n, ||V, 2], p). Finally we use the interpolation inequality (Lemmal2.4)
with \ = i, p =2 and ¢ := p* to obtain

[wlpx < ellw]r + e |w]2

< EC’Hpr* + e Hw|2

and by choosing ¢ = 216‘ we conclude

supw < C’|\w||p* < Clwl2
Q

with C' = C(n, |V, |€|,p). The result now follows with the definition w := uy +k
and [l < Jus > + KR, o

Corollary 5.3. (Boundedness from below of weak supersolutions)

Let Q < R™, n = 3 be open, bounded and u € H(Q) be a weak supersolution of

Lu=Au+Vu=f
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5 Boundedness of solutions
where V, f € LP(Q) for some p > 5. Then if u>=0 on 02 we have
Sup < Cllu—l2 + [ £llp),

where C' = C(n, |V, |Q|,p).

Proof. By replacing v with —u in the preceding proof. O
Remark 5.4. If f=01in Lemma C =C(n,|V|p,p) is independent of |©|.

Theorem 5.5. (Boundedness of weak solutions)
Let Q < R™, n = 3 be open, bounded and u € H*(Q) be a weak solution of

Lu=Au+Vu=f

where V, [ € LP(Q) for some p > 5. Then if |u| <1 on 0S2 for some constant [ >0
we have
sup [ul < C(fullz + [ fllp + 1),

where C' = C(n, |V, |Q|,p).

Proof. Since u is a weak solution it is in particular a weak subsolution. We now

consider &4 = u — [ which is a weak subsolution of
Lu=Lu—Ll=f—-1IV

with @ < 0 on 0. Therefore we can apply Lemma [5.2] with v — w — [ and
k— k+1|V], to obtain

sup(u —1) < C([(u =D ll2 + [l + V)
and since ||(u — 1) 4|2 < |ug|l2 < |ul2 we have

supu < C(|ul2 + k + 1),
Q

where C' = C(n, |V, |9],p). Also u is a supersolution and @ := u + [ is a weak

supersolution of
Li:= f+1V

with & > 0 on Q2. Thus we can apply Corollarywith u— u+land k — k+I|V|,
and obtain
sup —u < C(|luf2 + &k +1)
Q
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6 Eigenfunctions

In this chapter we study properties of eigenfunctions of the operator
H=-A+V on R", (6.1)

where V is a real L}

loc

(R™) potential and A the usual Laplace operator on R™. This
chapter relies on Chapter 11 in |[LLO1] providing more detailed proofs and relaxing

the assumption on V being locally bounded from above in |[LLO1] Th. 11.8.

6.1 Existence of eigenfunctions

Lemma 6.1. (Boundedness from below of the kinetic energy)
Assume V_ € L3 (R") + L®(R"), n = 3. Define the energy functional £ by

£ H'E®) R v [ IDUP+ [Viep
Then there exists C' = C(n,V_) s.t.
E(w) = =Cly|*.
In particular the ground state energy Eqy is bounded from below

FEy:= inf & > —0
0:= ot E)

and there exists D = D(n,V_) s.t.

1Dz < 28(4h) + D2

Proof. By assumption we can write V_ = Vl + ‘72 where Vl € L* and Vg e Lz. For
any large M we split

Vo =Valyg, oy + Valyg, oy
and define Vi = V; + Vg]l{%sM} € L*® and Vp = ‘7211{‘72>M} e Lz. Thus Va2

can be made as small as we please for large M. By the above splitting and using
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6 Eigenfunctions

first Holder’s and then Sobolev’s inequality we estimate

j VLI < Vil 6] + j Valop[?
< Villo 01 + 1Vallg 22,

< [Villoll9]? + C2, V2| 2 | Dy

and thus
EW) = JIDW - JV—IW > | DY)? = [Valloo|)? — C2, V2| 2 [ Dy |?.

Now choosing M large enough s.t. C?

o

IVl < 1 gives

1
EW) = SI1DVI* = Vil ]

and concludes the proof of the lemma. O

Theorem 6.2. (Existence of the ground state)

Assume V e L3 (R") + L®(R™), n > 3 with V wvanishing at infinity, i.e. the set
{z € R™: |V(x)| > a} is bounded for all a > 0. Let the energy functional £ be
defined as before

ew) = [ 1ok [ vive,

Further assume that

Eop:= inf & < 0.
0:= jnf EO)

Then there exists an energy minimizer ¢ € HY(R™), [[¢]o = 1 s.t. E(¢Y) = Ep.

Moreover 1 is a weak solution of
— Ay + Vi = Egy. (6.2)

Proof. If not indicated otherwise all integrals will be over R™ and | - | will denote
the L2-norm on R™. We first proof the second part (6.2)) of the theorem. Therefore
let p € CP(R™), |e| << 1, 9. := ¢ + ep and define

_ ()

RO =Ty

Since 1) = 1y minimizes the energy we have

dR(e)

=0
de |._,
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6 Eigenfunctions

and by explicit calculation

AR(E)|  dE(.) 1 dlg? 1
0= = — &
el i e P R D R T
() . ?
- = s:o_EO e | (6.3)

Computing these terms we obtain

_4d
O_da

d& (1)
de

f|Dw +eDp* + V| + ep?
e=0

= 2Re f DyDy + Vi

E=

= 2Re f —VAp + Vipp
and

dllype?
de

= 2Re J P.
e=0
Thus along with (6.3)) we conclude
ReJ@Z_)(ngowLVgaongo) =0 Ve CP(R™).
Replacing ¢ — ¢ gives

ImJ@(—Ag@—i—Vgp—Eogo) =0 Ve CP(R")

and finishes the proof of (6.2)).

We now turn back to the first part of the theorem. Let {¢,}nen, |¥n] = 1 be a
minimizing sequence with £(v,) — Ey as n — 0. By Lemma we know that
there exists C = C(V) s.t.

f Dbl < 26 () + Clln.

Thus we have v, € H'(R") and sup,,cy |¢n[ z1(gn) < %0 and by Theorem we

can select a | - || g1-weakly convergent subsequence
Yn, =1 in H'(R™).

After renaming v; := v, we now claim the following:

50



6 Eigenfunctions

() [IDuf <tmint [ |Dus
J—0
(i) [VIeP = im [ ViesP,
J—0
(i) [yl = 1.
Assuming (i) — (i7) we obtain
j—a0
But by (4i7) we have ||t = 1 and moreover for any

E(W) = Ey = E()

inf
[4]2=1
and thus £(v) = Ey. This completes the proof of the theorem.
It remains to show the validity of (¢) — (#i7):

Proof of (i)
Assume (¢) and (i7), then by (6.4) and by passing to another subsequence we have

and since Ey < 0 we obtain ||| = 1. On the other hand |¢| < liminfy_,o |5, ]| = 1
and therefore || = 1. #

Proof of (%)
By (2.5) we have

ID¥| = supl KD, )] g € CER™), i = 1,....,m: gl = 1}.
By weak convergence of ¢; in H'(R™) we obtain
|DY]| = sup{ lim [KDv;, gl g' € CPRM), ... ;|gl =1}
Interchanging sup and liminf gives
DY) < liint sup{[<Dws, )] ' € CEF (™), ... 5 gl = 1} = linninf | D |

and proves (7). #

Proof of (i)
We first define a cut-off function Vis(z) := V(2)1(z:|v(2))<amy and write

V=Vy+ V-V
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6 Eigenfunctions

For sufficiently large M we then have (V — Vi) € L= (R™) with V — Vi, M2P0n
L% (R™). With this splitting we obtain

tim [Vis = [VieR = tim [V = vilwsP - [ = v o)
+ Jim [ Varlusl = [ VarluP (6.6

By Hoélder’s and Sobolev’s inequality we can estimate (6.5)) by

||2 n_

IEERGE

M—o0

<|[|V- VMH”HDd)JHZ — 0 unif. in j,

since |D;||2 < oo uniformly in j. Likewise we estimate the minuend in
It remains to estimate . We therefore show that for any fixed M we have

lim JVM\%\Q = JVMWJF-
j—o0

Now for M fixed choose € > 0 and define A, as the ball containing the set
{z : [V(2)] = e} s.t. |Ae] < o (by assumption {z : |V (z)| = €} < ) to obtain
another splitting

ijw =L vM|wj|2+j Vel
£ Rn £

where the second summand can be bounded by &[|1;|? = € uniformly in j. Thus it

remains to show that for any fixed € > 0 and M

im [ Vil - JA Va2,

—00
J e

Let us therefore consider the difference

U VM|¢j|2—f Vi
Ac A,

2| Mf 4512 — 101?]

Mj — ] ([85] + [])

M <L 2 1/"2); (f 2 (juy° + W))é |

where we first used the triangle- and then Cauchy-Schwarz’s inequality. The second
factor can be bounded by /2(|[¢;| + ||vo])¥/? < 2 uniformly in j. Since A. is a
bounded set and t,, — 1 in H'(R") it follows by Rellich Kondrachov (Theo-

rem [2.18]) that
v — 2 =3 0.
[, -

N
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6 Eigenfunctions

Since this estimate holds independently of € and M, by letting ¢ — 0 and M — o

in the previous equations we conclude (7). O

Definition 6.3. (Excited states)

Let H = —A+V with V € L% (R") + L®(R") vanishing at infinity. Further define
E() as before and denote the ground state by 1y and the ground state energy by
Ey. Now define higher energy eigenfunctions v, (“excited states”) successively for

k=1,2,... as follows:

Assume we already defined ¢; and Ej for j = 0,1,...,k—1, then the k-th eigenvalue
E. is defined as

Ey = inf{E(y): g e H'(R"), |9 =1, (95 = 0,5 = 0,1,k =1} (6.7)
and v, as the corresponding minimizer (if it exists).

Theorem 6.4. (Existence of excited states)
Under the assumptions of Theorem[6.4 assume that 1y, ..., Yp_1 exist and Ej, < 0.
Then also the k-th eigenfunction vy € HY(R™) exists as a minimizer and is a weak

solution of
(—A+ V) = Exthi (6.8)

Proof. We start with the proof of . The proof is similar to the previous proof,
where now 1y, plays the role of ¢. As before let p € CF(R"), |e| << 1, ¥ = ¢ +ep
and define

_ (.

el

But now ¢ is not an arbitrary perturbation but also has to satisfy

R(e)

<(p?¢j>=07 ,7:0,,]{]—1
The very same calculation as before then shows that
J%(—Aw + Vo —Exp) =0 (6.9)

for all ¢ € CP(R") s.t. {p,9j» =0,7 =1,...,k — 1. The claim would follow if
we can show for all p € C°(R™) by the definition of weak solutions. In other
words defining T := (—=A + V — Ey)¢y, € D'(R") as a distribution we know that

T(p) =0 VeoeCy(R") st (o) =0,j=1,....k—1

and we want to show that T'= 0. By Lemma there exist cg,...,cx—1 € C s.t.

k—1
T =) cithi
=0
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6 Eigenfunctions

and thus it remains to show that ¢; = 0 for ¢ = 0,...,k — 1. The proof relies on
testing T against 1;, ¢ < k first and then testing the weak equation for v; against 1y.
Although v;, ¢ are not valid test functions, we will outline this idea first and then

make it rigorous.
Formally

By orthogonality of the 1;’s we have T'(1;) = ¢; and thus
ci = J%(*A +V = Ep)y = JTMDW + JVEZ/% — Ej - 0.
On the otherhand by assumption 1, fulfills (—A + V — E;); weakly and therefore
0= [ B84V = B = [ DBDvs + [ Vs - B0

and after taking a complex conjugate we conclude ¢; = 0. #
Rigorously

The proof is obtained as before, but now in place of the two equations above we
approximate 1; by a sequence 1/11(") € CP(R™) with le(n)H = 1 and show that for
all € > 0 there exists N € N s.t. for alln > N

Ty — il < e and |T@™) <& for i=0,....k—1

and thus the claim for € — 0.

For the first part, by writing wl(n) = + (wi(n) — ;) and using Cauchy-Schwarz’s

inequality we have
. k-1
7@ =il =1 Y e, o) — e
j=0
k—1
= lei + Z (™ — i) — il
j=0
(n)
< ; ),
b max_ lallgl19” - il <<

for N large enough.

For the second part we approximate 1 by w,(cn) e CP(R™) s.t. H@[J](C") | =1 and

obtain

1@ = [ - G Ca TV - B,
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6 Eigenfunctions

where we used that v; is a weak solution of (—A + V — E;)p = 0. Therefore
—(n) —(n) n -

@) - ] |78V = Bou - a4V - B,

* ‘ [V (@70 - 05.)

s UWEH)D% — Dy Dy,

(1)

(1)
+ | Bk | ¥ " — Ei | ¥y 0

(I11)

Rewriting the first summand (I) and using the Cauchy-Schwarz inequality we obtain

1] = U(Dz/}f-") — Dy,) Dy — (0" — D) DY,

< [0 = @l |l + 105 = el [ e

For the second summand (I7) we use the same method as in claim (i) of the previous
theorem. Thus we split V' = Vi + (V — Var), where Vi () := V(2) Lizv 2)<m}
and for M large enough we have V —Vy; € L (R") with V —Vj; 2= 0in L% (R™).

Therefore we can estimate

1)< | [V = vl + | [ V@ - Ty
< Mg — gl + (i k)

| = a0 (17 = i 1)+ 6

where (i « k) stands for the same expression with ¢ and k interchanged. By

Sobolev’s inequality the second summand can be bounded by

[ = van) (1) = i + 1) | < IV = Vil DU = D + 1D

<C|V —-Vu

n
2

where C' is a fixed finite constant depending on ||t |g: and |¢;] g:. Now for any
given ¢ > 0 we choose M large enough s.t. C[V — Vy/|» < & and then N large
enough s.t. M|y — ¢ <e for all n > N.

For the third summand (I1]) we estimate

ITT| = | Ex(p™ — by + i, > — Eiti, 0 — g, + )|
< |EW™ — iy ibry — By, o™ — )|
<S|ER0™ = dillln] + Bl [0 — ]l < e

for N large enough. Finally letting ¢ — 0 completes the proof of . #
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6 Eigenfunctions

For the first part of the theorem we apply the same method as in the existence of
the ground state, where now ;. plays the role of ¢). However we now have to choose
our energy minimizing sequence from the proper space, i.e. we choose a minimizing
sequence ¢\ € HY(R™) with (| = 1 and (¥, ¢;> = 0 for i = 0,...,k —1 s.t.
5(¢,En)) — FEj as n — o0. The properties of this sequence are as in the previous
theorem and we can select a weakly convergent subsequence. Thereby we note that

the condition (¥}, ;) = 0 survives the weak limit, i.e.

U = ) =0 = (i) = 0.

The proof proceeds analogously and shows the existence of ¥, as a minimizer with
P Ly, ..., p—1 by the above note. # 0

6.2 Uniqueness of eigenfunctions/eigenspaces

Lemma 6.5. (Convezity inequality for gradients)
Assume f € HY(R™) then also |f| € HY(R™) and further

| ipisie < [ 105 (6.10)

and if |f| > 0, equality holds iff there exists A € C* s.t. f = A|f].

Theorem 6.6. (Uniqueness of the ground state)
Under the assumptions of Theorem let g € HY(R™) be the ground state. Assume
further that V. € L} (R™) for p > §. Then the ground state is unique up to a

constant phase and can be chosen strictly positive.

Proof. Recalling the definition of the energy functional £ we have by the previous

lemma

&) = [ 1DWIF + | VIeE <)

for all ¢p € H'(R™). Thus if ¥, p € H'(R") are two linear independent ground

states, then |¢)| = 0 and |¢| = 0 are also ground states. We may assume w.l.o.g.
Lo

We now claim that even [¢|, || > 0. This along with the uniqueness shows that

the ground state can be chosen strictly positive. Given the claim we use the case of

equality in (6.10) to conclude
= AvYl, ¢ =pl|p|l forsome A\ p#0

and thus
o:<w,w>:ﬁso:mf\wuso|¢o,
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6 Eigenfunctions

which is a contradiction and shows the uniqueness of the ground state up to a phase.

Proof of the claim

We want to apply the weak Harnack inequality (Theorem to the eigenfunction
equation to receive a lower bound on inf |¢)|. Since u := [¢)| minimizes the energy
it fulfills the eigenfunction equation weakly, i.e.
JDvDu + J(m —V_ —Ey)uw =0 VYveC}R"),
the proof is as in . In particular for any compact subset {2 €@ R™ we have
JDvDu + J(V+ —V_—Eg)uww=0 forall0<veCH)
and since u := |9| = 0 in particular
JDvDu + J(V+ — Ep)uv =0 forall 0 <ve Cj(Q).
Thus u is a supersolution of Lu := —Au+cu = 0 with ¢ =V, — Ey € LP(Q), p > &

by assumption. Since [¢)| # 0 we can find a point yo € R™ and a ball Bag(yg) < R”
s.t. [%]1;Byn(ye) > 0 and thus by Theorem

> 0.

1:BaR(y)

1
inf > —
st W= Gy

We now choose a second point y; € 0Bag(yo) and a ball Bag(y;) < R™. Since it
contains Br(yo) also [¢[1;8,,(y,) > 0. Iterating this process shows [t)| > 0 in the
sense of Definition 2.6 O

Remark 6.7. Eigenfunctions with the same eigenvalue E form a linear subspace.
Further the above recursion stops only when Ej, = 0 and thus eigenvalues may only

accumulate at 0 and each eigenvalue Ej < 0 has finite multiplicity.

Proof. The first part follows immediately from the linearity of H = —A + V. For
the second part let us assume the contrary, i.e. that there exists E}, < 0 with infinite

multiplicity. Then we can find a L?-orthonormal sequence ¥y, Wi41, ... with
(—A+V)Y; =Exp; Vj=k.

By Lemmawe infer sup, . |19 1 < 0 and thus by Theorem we can select

a weakly convergent subsequence

Yj, = ¢ in H', ¢, — ¢ in L?
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and thus ¢ = 0, since it is the weak limit of an orthonormal sequence. Further by
claim (ii) of Theorem [6.2] we have {V|¢|? = limy_.o { V|4);,|* and therefore

E, = lim 5(¢]l) = lim J|D¢jl|2 + JVW)]'L‘Z =0,
l—00 l—0

which contradicts our assumption Ej < 0. O
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7 Regularity of eigenfunctions

In this chapter we develop a splitting of eigenfunctions into a more regular and a
singular part. The idea of this splitting is obtained from [HHQO01], where it was

performed for the potential V(x) = |z|~! and in a many-body setup.

Theorem 7.1. (Hélder continuity of weak solutions)
Let Q be a bounded domain in R™", n >3, Q' € Q a subdomain and let u € H(Q)
be a weak solution of

Au+b;Diu+cu=g in Q.
Then the following holds:
(a) If b, ¢, ge L*(Q) then ue CH* () for all a € (0,1) and we have

|ul1,0500 < Clu

0 + |9]0:0),

where C' = C(n,p, M, dist (', 00)) with max{1,||b|w:q, |c/w.a} < M.

(b) If p>mn and b, ¢, g€ LP(Q) then u e CH*(Q) with a = 1 — % and we have

|ul1,0560 < C(Ju

0;Q + Hgllp;n),

where C' = C(n,p, M, dist(8', 00)) with max{1, ||b|

;2 HCHP;Q} < M.

(¢c) Ifn=p> % and c, g€ LP(Q), b e L?(Q) then u e C**(QY) and

[ulo,a:00 < C([ulo + [9lp0),

with
i. forb=0: a=2-2andC = C(n,p, M, dist(Y', 0Q)) withmax{1, c[po} < M.

i. forb#0: a=a(n,p, M, dist(Q',00)) > 0 and C = C(n,p, M, dist(Y', 0Q2))
|p;ﬂ} < M.

with max{1, |b|2p:q., |c

(d) If b, g, ce C%*(Q) then u e C**(Q) and we have
ul2,a;00 < Clulo;e + [glo,a:0),

where C' = C(n,p, M, dist(€Y', 0Q)) with max{1, |bllo.a:0,llcfo,a:0} < M.

59



7 Regularity of eigenfunctions

Proof. By Theorem we may assume that u is locally bounded. The proofs of
(]ED and i. are given in Theorem and Theorem respectively. The proof of

ii. is given in Theorem m #

Proof of @
Choose any 0 < o < 1 and set p := ;™. Since {2 is bounded we have b, ¢, g € LP(£2),

where the norms can be controlled explicitly by their corresponding | - |o.o-norms.
Thus we can apply to arrive at the desired result. #

Proof of @
By rewriting the PDE to
Au=g—b;Dju—cu

we infer that u € C**(') since by part (a)) the RHS is in C*(€'). The explicit
bound is a consequence of Th. 6.2 in [GT01], where we estimate [ul3 ., from below
and | g|((f()l;Q from above according to Remark # O

Theorem 7.2. (Hélder continuity of eigenfunctions)
Let i € HY(R™), n > 3 be a weak solution of the eigenfunction equation

1
A= v = By, B <0 (7.1)
Define
F:R" >R, z+— —C(s,n)|z|**.

Then 1) can be represented as
b =elp
with
(a) If0<s<1: @eCE*R") and ¢ € CL*(R™) for all ave (0,1 — s).
(b) If s = 1: e CLYR™) for all o€ (0,1) and ¢ € COH(R™).
(¢) If1 <s<3/2: e CLYR") for all o€ (0,3 —25) and ¢ € Co:>"5(R™).

(d) If3/2< s <2:  @eCo*(R") for an a(n,s,Q) =2 — s depending on Q € R™
and further we have ¢ € Co:®>”%(R™).

loc

Proof. We set C(s,n) = m and V(z) := —|z|~*. Therefore V € L (R™)

2 and by a simple computation

for all p <

N2 29— (2= s)sla TRl
AFfizZlaziFf E s =V

Proof of (a)
Since % > n we can apply Theorem and obtain F e C1® with a < 1—s and
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7 Regularity of eigenfunctions

thus D;F € C®. By substituting 9y = e’y and using the eigenfunction equation

we have
Vi — Ep = Ap = AFY) + el |DF|*¢ + 2" D;F Do + " Ap.
After using AF = V and multiplying by e’ we obtain a PDE for ¢
Ap +2D;FD;p + (|DF|* — E) ¢ = 0. (7.2)
Applying Theorem now shows that ¢ € C2% for all @ < 1 —s. Finally

¥ € CL follows from Theorem (]ED withe=V, b=0. #

Proof of (¢)

Again we substitute 1) = e’ and then we want to apply Theorem |7.1{{b) to (7.2).
Le. we have to find the maximal ¢ s.t. D;F € Ll _(R") and |DF|? € L (R").
Therefore let 0 € 2 € R™. Then

| pirpr = @ s [ faiprial 2 ax
Q Q
< C’J |2[290=9) dx
Q

n
< < —.
T A5G

Thus, since s < % and therefore ¢ > n we conclude by Theorem 1) that
p € CI%)’CQ(R”) with

a=1-"<1-9(s-1)=3-2s.
q

Expanding e¥’ = 1+ O(|z|2~%) shows that ¥ and therefore also ¢ € CL2 7% (R™). #

Proof of (b)
The proof is analogous to (c¢), where we now apply Theorem [7.1ffa]) in place of
Theorem [7.1{(b)). #

Proof of (d)
The proof goes analogously to (¢), except that now we apply Theorem [7.1{{d) ii. to
(7.2). The estimate for ) is as above. O

Remark 7.3. The previous theorem is only of interest for a neighborhood of zy = 0,

since away from zero the potential and thus the eigenfunction is even real analytic.

Proof. Away from xy = 0 the potential is certainly a C%®-function for any o > 0.
Thus by Theorem we have v € C2% and by iterating this procedure we can
eventually conclude u € C. For the full details we refer to e.g. Ch. 10 in
or Th. 6.3.3 in [Eval0). O
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7 Regularity of eigenfunctions

p

loc*

We now want to generalize the preceding theorem to an arbitrary potential V € L

Theorem 7.4. (General Holder continuity of eigenfunctions)

Let 1 € HY(R™), n = 3 be a weak solution of the eigenfunction equation
—AY+Viy=FEyp, FE<DO, (7.3)
where V € LY (R™). Let F be the distributional solution of
AF =V.

Then 1) can be represented as

with

(a) Ifp>n: e CL*R™) and i € CL*(R™) for all e (0,1 — 21

) Ifp=n: @eCL*R") and ¢ € CO(R™) for all a € (0,1).

(c) Ifin<p<n: ¢ec CL*(R™) for all a € (0,3 — 2n/p] and ¢ € C’ZOOLQ_%(R”).

() If 2 <p<i2n: g€ CYU*(R™) for an an, s, |V |pa) = 2 — s depending on
local properties of V on Q € R™ and further we have 1 € 02227; (R™).

Proof. The proof proceeds mostly analogously to the proof of Theorem

Proof of @

Since F' is the solution of AF = V we know by Theorem that F e O«
with a = 1 — % and thus D;F € C®. By substituting ¥ = ef'¢ and using the
eigenfunction equation we obtain

Vi — Ep = Ap = AFY) + ' |DF|?¢ + 2" D;FD;p + " Ap.
After using AF = V and multiplying by e we obtain a PDE for ¢
A +2D;FD;po + (|[DF|* — E) ¢ = 0. (7.4)

Applying Theorem @ now shows that ¢ € C2% for all a = 1 — Finally

n
loc p*

P e CL” follows from Thereom (]ED with c=V, b= 0. #

Proof of
Again we substitute ¢ = ef'¢ and by Lemma we have |D;F|? € Lﬁlc/Q(R”)
with %/ = %% > n. Thus we can apply Theorem (]ED to (7.4) and obtain

a =1-=2n/p = 3 —2n/p. Further from Theorem [7.1{|c)) i. we conclude that
0,2—2

Y e Co. 7(RM). i
The proof of is analogous.
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7 Regularity of eigenfunctions

Proof of @
The proof goes analogously to , except that we now apply Theorem |7.1)(c|) 7. to
(7.4). The estimate for 1 is as above. O

Remark 7.5. According to Theorem the assumptions of Theorem [7.4] can be
fulfilled by assuming V € L (R") + L*(R™) vanishing at infinity.
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