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1 Introduction

1.1 Background and statement of results

An (L, C) quasi-isometry is a map ® : X — X' between metric spaces such that for
all 21,29 € X we have

(1) L d(zy,19) — C < d(®(z1), ®(9)) < Ld(z1,22) + C
and
(2) d(z', Im(®)) < C

for all 2/ € X’'. Quasi-isometries occur naturally in the study of the geometry of
discrete groups since the length spaces on which a given finitely generated group
acts cocompactly and properly discontinuously by isometries are quasi-isometric to
one another [Gro]. Quasi-isometries also play a crucial role in Mostow’s proof of his
rigidity theorem: the theorem is proved by showing that equivariant quasi-isometries
are within bounded distance of isometries.

This paper is concerned with the structure of quasi-isometries between products
of symmetric spaces and Euclidean buildings. We recall that Euclidean spaces, hyper-
bolic spaces, and complex hyperbolic spaces each admit an abundance of self-quasi-
isometries [Pan]. For example we get quasi-isometries E*> — E? by taking shears
in rectangular (z1,z3) — (21,22 + f(x1)) or polar (r,0) — (r,0 + f(r)/r) coordi-
nates, where f : R — R and g : [0,00) — R are Lipschitz. Any diffeomorphism’
® : OH™ — OH" of the ideal boundary can be extended continuously to a quasi-
isometry ® : H® — H". Likewise any contact diffeomorphism? 0® : JCH" —

tThe first author was supported by NSF and MSRI Postdoctoral Fellowships and the Sonder-
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Any quasi-conformal homeomorphism arises as the boundary homeomorphism of a quasi-
isometry by [Tuk].

2The boundary of CH" can be endowed with an I'som(CH") invariant contact structure by pro-
jecting the contact structure from a unit tangent sphere 512,"_1CH" to OCH™ using the exponential
map.



OCH") can be extended continuously to a quasi-isometry ® : CH" — CH") [Pan].
Quasi-isometries of the remaining rank 1 symmetric spaces of noncompact type, on
the other hand, are very special. They are essentially isometries:

Theorem 1.1.1 ([Pan]) Let X be either a quaternionic hyperbolic space HH", n >
1, or the Cayley hyperbolic plane CaH?. Then any quasi-isometry of X lies within
bounded distance of an isometry.

Note that Pansu’s theorem is a strengthening of Mostow’s rigidity theorem for
these rank one symmetric spaces X, as it applies to all quasi-isometries of X, whereas
Mostow‘s argument only treats those quasi-isometries which are equivariant with
respect to lattice actions. The main results of this paper are the following higher
rank analogs of Pansu’s theorem.

Theorem 1.1.2 (Splitting) For 1 < i < k, 1 < j < k' let each X;, X} be ei-
ther a nonflat irreducible symmetric space of noncompact type or an irreducible thick
Euclidean Tits building with cocompact affine Weyl group (see section 4.1 for the pre-
cise definition). Let X = E" X Hz (X, X' = E" x Hf’ \ Xj be metric products.®
Then for every L,C there are constants L, C and D such that the following holds.
If®: X — X' is an (L,C) quasi-isometry, then n = n', k = k', and after rein-
dezing the factors of X' there are (L,C) quasz 1sometries <I) : Xi — X! so that
d(p' o ®,[[®;0p) < D, wherep : X — HZ (Xiandp' : X' — HZ 1X' are the
projections.

A more general theorem about quasi-isometries of products is proved in [KKL].

Theorem 1.1.3 (Rigidity) Let X and X' be as in Theorem 1.1.2, but assume in
addition that X 1is either a nonflat 1rreducible symmetric space of noncompact type
of rank at least 2, or a thick irreducible Euclidean building of rank at least 2 with
cocompact affine Weyl group and Moufang Tits boundary. Then any (L,C) quasi-
isometry ® : X — X' lies at distance < D from a homothety ®¢ : X — X', where
D depends only on (L,C).

Theorem 1.1.3 settles a conjecture made by Margulis in the late 1970’s, see [Gro, p.
179] and [GrPa, p. 73]. It is shown in [Le| that the Moufang condition on the Tits
boundary of X can be dropped.

As an immediate consequence of Theorems 1.1.2 1.1.3, and [Mos| we have:

Corollary 1.1.4 (Quasi-isometric classification of symmetric spaces) Let X,
X' be symmetric spaces of noncompact type. If X and X' are quasi-isometric, then
they become isometric after the metrics on their de Rham factors are suitably renor-
malized.

Mostow’s work [Mos| implies that two quasi-isometric rank 1 symmetric spaces of
noncompact type are actually isometric (up to a scale factor); and it was known by
[AS] that two quasi-isometric symmetric spaces of noncompact type have the same
rank.

We will discuss other applications of Theorems 1.1.2 and 1.1.3 elsewhere, see
[KlLe2] and [KlLe3|.

3The distance function on the product space is given by the Pythagorean formula.



1.2 Commentary on the proof

Our approach to Theorems 1.1.2 and 1.1.3 is based on the fact that if one scales the
metrics on X and X’ by a factor A, then (L, C') quasi-isometries become (L, AC') quasi-
isometries. Starting with a sequence A; — 0 we apply the ultralimit construction of
[DW, Gro] to take a limit of the sequence ® : \; X — \; X', getting an (L, 0) quasi-
isometry (i.e. a biLipschitz homeomorphism) ®, : X, — X/ between the limit
spaces. The first step is to determine the geometric structure of these limit spaces:

Theorem 1.2.1 X, and X/, are thick (generalized) Euclidean Tits buildings (cf. sec-
tion 4.1).

The second step is to study the topology of the Euclidean buildings X,, X..
We establish rigidity results for homeomorphisms of Euclidean buildings which are
topological analogs of Theorems 1.1.2 and 1.1.3:

Theorem 1.2.2 Let Y;, Y/ be thick irreducible Euclidean buildings with topologically
transitive affine Weyl group (cf. section 4.1.1), and let Y = E" X Hle Y, Y =
E" x Hflzl Y/ IfV:Y —Y'is a homeomorphism, then n = n', k = k', and after
reindexing factors there are homeomorphisms ¥; : Y; = Y/ so that p' oW =[[ ¥, 0p
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wherep:Y — Hle Y, andp : Y — Hle Y. are the projections.

Theorem 1.2.3 Let Y be an irreducible thick Euclidean building with topologically
transitive affine Weyl group and rank > 2. Then any homeomorphism from Y to a
Fuclidean building 1s a homothety.

For comparison we remark that if Y and Y’ are thick irreducible Euclidean buil-
dings with crystallographic (i.e. discrete cocompact) affine Weyl group, then one
can use local homology groups to see that any homeomorphism carries simplices to
simplices. In particular, the homeomorphism induces an incidence preserving bijec-
tion of the simplices of Y with the simplices of Y’, which easily implies that the
homeomorphism coincides with a homothety on the 0O-skeleton. In contrast to this,
homeomorphisms of rank 1 Euclidean buildings with nondiscrete affine Weyl group
(i.e. R-trees) can be quite arbitrary: there are examples of R-trees T for which every
homeomorphism A — A of an apartment A C T can be extended to a homeomor-
phism of 7. However, we always have:

Proposition 1.2.4 If X, X' are Euclidean buildings, then any homeomorphism V¥ :
X — X! carries apartments to apartments.

In the third step, we deduce Theorems 1.1.2 and 1.1.3 from their topological
analogs. By using a scaling argument and Proposition 1.2.4 we show that if X and
X' are as in Theorem 1.1.2, and ® : X — X' is an (L, C) quasi-isometry, then the
image of a maximal flat in X under & lies within uniform Hausdorff distance of a
maximal flat in X’; the Hausdorff distance can be bounded uniformly by (L, C). In
the case of Theorem 1.1.2 we use this to deduce that the quasi-isometry respects the
product structure, and in the case of Theorem 1.1.3 we use it to show that ® induces
a well-defined homeomorphism 0® : 0X — 0X' of the geometric boundaries which
is an isometry of Tits metrics. We conclude using Tits’ work [Til] (as in [Mos]) that
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0 is also induced by an isometry @y : X — X’  and d(®, ®¢) is bounded uniformly
by (L, C).

The reader may wonder about the relation between Theorems 1.1.2 and 1.1.3 and
Mostow’s argument in the higher rank case. An important step in Mostow’s proof
shows that if I acts discretely and cocompactly on symmetric spaces X and X',
then any I'-equivariant quasi-isometry ® : X — X' carries maximal flats in X to
within uniform distance of maximal flats in X’. The proof in [Mos] exploits the dense
collection of maximal flats with cocompact I'-stabilizer!. One can then ask if there is
a “direct” argument showing that maximal flats in X are carried to within uniform
distance of maximal flats in X’ by any quasi-isometry®; for instance, by analogy with
the rank 1 case one may ask whether any r-quasi-flat® in a symmetric space of rank
r must lie within bounded distance of a maximal flat. The answer is no. If X is a
rank 2 symmetric space, then the geodesic cone Ugcsps over any embedded circle S in
the Tits boundary Or;;s X is a 2-quasi-flat. Similar constructions produce nontrivial
r-quasi-flats in symmetric spaces of rank > 2. But in fact this is the only way to
produce quasiflats:

Theorem 1.2.5 (Structure of quasi-flats) Let X be as in Theorem 1.1.2, and let
r = rank(X). Given L,C there are D,D' € N such that every (L,C) r-quasi-flat
Q C X lies within the D-tubular neighborhood Np (UpecrF') of a union of at most D
maximal flats. Moreover, the limit set of Q is the union of at most D' closed Weyl
chambers in the Tits boundary Oris X .

It follows easily that if L is sufficiently close to 1 (in terms of the geometry of the
spherical Coxeter complex (S, W) associated to X) then any (L, C) r-quasi-flat in X
is uniformly close to a maximal flat. In the special case that X is a symmetric space,
Theorem 1.2.5 was proved independently by Eskin and Farb, approximately one year
after we had obtained the main results of this paper for symmetric spaces.

We would like to mention that related rigidity results for quasi-isometries have
been proved in [Sch].

1.3 Organization of the paper

Section 2 contains background material which will be familiar to many readers; we rec-
ommend starting with section 3, and using section 2 as a reference when needed. We
provide the straight-forward generalization of some well-known facts about Hadamard
spaces to the non-locally-compact case. This is needed when we study the limit spaces
X, which are non-locally compact Hadamard spaces.

Sections 3 and 4 give a self-contained exposition of the building theory used else-
where in the paper. This exposition has several aims. First, we hope that it will make
building theory more accessible to geometers since it is presented using the language
of metric geometry, and we do not require any knowledge of algebraic groups. Second,
it introduces a new definition of buildings (spherical and Euclidean) which is based on

4If Z" C T acts cocompactly on a maximal flat F' C X, then Z" will stabilize ®(F) and a flat F"
in X’. One can then get a uniform estimate on the Hausdorff distance between ®(F') and F”.

50bviously this statement is true by Theorems 1.1.2 and 1.1.3.

6An r-quasi-flat is a quasi-isometric embedding ¢ : E" — X; a quasi-isometric embedding is a
map satisfying condition (1), but not necessarily (2).
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metric geometry rather than a combinatorial structure such as a polysimplicial com-
plex. Tits’ original definition of a building was motivated by applications to algebraic
groups, whereas the objectives of this paper are primarily geometric. Here buildings
(spherical and Euclidean) arise as geometric limits of symmetric spaces, and we found
that the geometric definition in sections 3 and 4 could be verified more directly than
the standard one; moreover, the Euclidean buildings that arise as limits are “nondis-
crete”, and do not admit a natural polysimplicial structure. Finally, sections 3 and
4 contain a number of new results, and reformulations of standard results tailored to
our needs.

Section 5 shows that the asymptotic cone of a symmetric space or Euclidean
building is a Euclidean building.

Section 6 discusses the topology of Euclidean buildings, proving Theorems 1.2.2,
1.2.3, 1.2.4.

Section 7 proves that if X, X’ and ® are as in Theorem 1.1.2, then the image of a
maximal flat under @ is uniformly Hausdorff close to a flat (actually the hypotheses
on X and X' can be weakened somewhat, see Corollary 7.1.5). General quasiflats are
also studied in section 7; we prove there Theorem 1.2.5.

Section 8 contains the proofs of Theorems 1.1.2 and 1.1.3, building on section
7. There is considerable overlap in the final step of the argument with [Mos] in the
symmetric space case.

1.4 Suggestions to the reader

Readers who are already familiar with building theory will probably find it useful to
read sections 3.1, 3.2 and 4.1, to normalize definitions and terminology.

The special case of Theorem 1.1.2 when X = X’ = H? x H? already contains most
of the conceptual difficulties of the general case, but one can understand the argument
in this case with a minimum of background. To readers who are unfamiliar with
asymptotic cones, and readers who would like to quickly understand the proof in a
special case, we recommend an abbreviated itinerary, see appendix 9. In general, when
the burden of axioms and geometric minutae seems overwhelming, the reader may
read with the Rank 1x Rank 1 case in mind without losing much of the mathematical
content.
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2 Preliminaries

2.1 Spaces with curvature bounded above

General references for this section are [ABN, Ba, BGS].

2.1.1 Definition

If k € R, let M? be the two dimensional model space with constant curvature x; let

D(k) = Diam(M?). A complete metric space (X, |-|) is a CAT (k) space if

1. Every pair z1, 29 € X with |z129| < D(k) is joined by a geodesic segment.

2. Triangle or Distance Comparison.

Every geodesic triangle in X with perimeter < 2D(k) is at least as thin as the
corresponding triangle in M?2. More precisely: for each geodesic triangle A in



X with sides 01, 09,03 with Perimeter(A) = |o1| + |oa] + |03] < 2D(k) we
construct a comparison triangle A in M? with sides &; satisfying |5;| = |oi].
Each point z on A corresponds to a unique point Z on A which divides the
corresponding side in the same ratio. We require that for all z1, x5 € A we have
|.’L‘1I2| S |5§1.’f2|

Remark 2.1.1 Note that we do not require X to be locally compact. Also, X need
not be path connected when k > 0. This s slightly more general than some other
definitions in the literature.

Example 2.1.2 A complete 1-connected Riemannian manifold with sectional curva-
ture < k < 0 and all its closed conver subsets are is a CAT (k) spaces.

In particular, Hadamard manifolds are CAT(0)-spaces. This is why we will also
call CAT(0)-spaces Hadamard spaces.

Example 2.1.3 (Berestovski) Any simplicial complex admits a piecewise spherical
CAT(1) metric.

Condition 2 implies that any two points x1, e with |z122| < D(k) are connected by
precisely one geodesic; hence we may speak unambiguously of Z175 as the geodesic
segment joining z1 to zo. C AT (k) spaces for k < 0 are contractible geodesic spaces.

To see that upper curvature bounds behave well under limiting operations, it is
convenient to use an equivalent definition of C'AT'(k) spaces which only refers to
finite configurations of points rather than geodesic triangles. If v,z,y,p € X, and
0,7,7,p € M? we say that 0,7, 9, p form a §-comparison quadruple if

1. P lies on %, §.
2. [Joz|=0Z]| <9, |lvy|=1ogl| <9, lley|-[Zg|| <6, [|lzp[—|Zpl| <9, [|lpy[—|pyll <

By a compactness argument, we note that there exists a function d,(P,¢) > 0
such that for every € > 0, and every quadruple of points v, z,y,p in a CAT (k) space
X satisfying |vz| + |zy| + |yv| < P < 2D(k), each 0,(P,¢€)-comparison quadruple
0,%,7,p satisfies |vp| < |0p| + €. We will refer to this condition as the d,-four-
point condition. It is a closed condition on four point metric spaces with respect
to the Hausdorff topology. A complete metric space X is a C AT (k) space if and
only if it satisfies the §,-four-point condition and every pair of points =,y € X with
|zy| < D(k) has approximate midpoints, i.e. for every ¢ > 0 there is a m € X with
lzm|, |my| < |zy|/2 4+ €. To see this, note that in the presence of the §,-four-point
condition approximate midpoints are close to one another, so one may produce a
genuine midpoint by taking limits. By taking successive midpoints, one can produce
a geodesic segment.

2.1.2 Coning

Let ¥ be a metric space with Diam(X) < 7. The metric cone C(X) over X is defined
as follows. The underlying set will be ¥ x [0, 00)/ ~ where ~ collapses ¥ x {0} to a
point. Given vy, v, € 3, we consider embeddings p : {vi,vs} x [0,00) — E? such that
|p(vi, t) = |t| and Zo(p(v1,t1), p(ve,t2)) = |v1ve|, and we equip C(X) with the unique
metric for which these embeddings are isometric. C'(X) is CAT(0) if and only if ¥ is
CAT(1).



2.1.3 Angles and the space of directions of a CAT(k) space

Henceforth we will say that a triple v, z, y defines a triangle A(v, z,y) provided |vz|+
lzy| + [yv| < 2Diam(M?). Z,(z,y) will denote the angle of the comparison triangle
at the vertex 9. If 2/, are interior points on the segments vz, vy, then Z,(2',3y') <
Zy(z,y). From this monotonicity it follows that lim, ., Z,(z',y’) exists, and we
denote it by Z,(z,y). This definition of angle coincides with the notion of the angle
between two segments in the Riemannian case. One checks that one obtains the same

limit if only one of the points z’,y’ approaches v:
(3) Z’U(xa y) = hm Zv(xla y)
' —v
Z, satisfies the triangle inequality. Note that from the definition we have

(4) Zy(x,y) < Zo(z,y).
In the equality case a basic rigidity phenomenon occurs:

Triangle Filling Lemma 2.1.4 Let z,y,v be as before. If Zy(x,y) = Zy(z,y), then
also the other angles of the triangle A(v,z,y) coincide with the corresponding com-
parison angles; moreover the region in M? bounded by the comparison triangle can be
1sometrically embedded into X so that corresponding vertices are identified.

The angles of a triangle depend upper-semicontinuously on the vertices:

Lemma 2.1.5 Suppose v,x,y € X define a triangle, v # x,y, and vy, = v, T — T,
yr = y. Then vy, xk, yr define a triangle for almost all k and

lim sup ka (‘/Ek'a yk) < Lv(xa y)

k—o00

In the special case that v, € vz — {v} holds limy_,o0 Lo, (Tk, yx) = Zyv(z,y) and
limy, 00 évk (’U, yk) =T — 2 (.T, y)

Proof.— For 2’ € vz — {v} and y' € vy — {v} we can choose sequences of points
T} € UpTy, Yi € Upyr With 7, — 2" and y; — y'. Then Z,, (w4, yx) < ka (), yp) —
Z,(z',y') and the first assertion follows by letting z',y" — v. If v, € vzg — {v, 74}
then Z,(x, yr) < anglesum(A(v, vk, yx)) — Lo, (v, yx) and 7 — 2, (v, yx) < Ly, (Tk, Yi)
while lim sup anglesum(A(v, vk, yx)) < m. Sending k to infinity, we get Z,(z,y) <
7 — liminf Z,, (v, yx) < liminf Z,, (2, yx) and hence the second assertion. O

The condition that two geodesic segments with initial point v € X have angle
zero at v is an equivalence relation; we denote the set of equivalence classes by X7 .X.
The angle defines a metric on X)X, and we let 3, X be the completion of ¥ X with
respect to this metric. We call elements of ¥, X directions at v (or simply directions),
and vz denotes the direction represented by vz. We define the logarithm map as
the map log, = logy, x : By(D(x)) \ v = ¥, X which carries = to the direction vz
The tangent cone of X at v, denoted C,X, is the metric cone C'(X,X); we have a
logarithm map log, = log¢, x : By(D(k)) — C,X.

Given a basepoint v € X, z € X with d(v,z) < D(k), and A € [0,1], let Az € X
be the point on vz satisfying [v(Az)|/|vz| = A. We define a family of pseudo-metrics
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on B,(D(k)) by d.(x,y) = d(ex,ey)/e. They converge to a limit pseudo-metric dy.
The pseudo-metric space (B,(D(k)), d.) satisfies the d.2.-four-point condition, so the
limit pseudo-metric space (B,(D(k)),dy) satisfies the dp-four-point condition. But
do(z,y) = d(log, z,log, y) where log, : B,(D(k)) — C,X is the logarithm defined
above, so we see that the tangent cone C,X satisfies the dyp-four-point condition
(C(X:X) is dense in C, X, and every four-tuple in C'(X*X) is homothetic to a four-
tuple in log, (B,(D(k))). If zy is the midpoint of the segment (Az)(A\y), then

1
d(log, z,log, y) = lim —d(ez, ey)

2 2
= lim —d(ez, z¢) = lim —d(z, €y)

e—0 € e—0 €
1 1
> max(lim 2d(log, x, — log, z.), lim 2d(log,, z, — log, z)).
e—0 € =0 €

So C,X also has approximate midpoints. Since C,X is complete, it is a CAT(0)
space; consequently ¥, X is a CAT(1) space. This fact is due to Nikolaev [Nik].

2.2 CAT(1)-spaces

CAT(1)-spaces are of special importance to us, because they will turn up as spaces
of directions and Tits boundaries of Hadamard spaces.

2.2.1 Spherical join

Let B; and By be CAT(1)-spaces with diameter Diam(B;) < m. Their spherical join
BjoBs is defined as follows. The underlying set will be By x [0, 7/2] x By/ ~ where “~”
collapses the subsets {b;} x {0} x By and By x {m/2} x {by} to points. Given b;,b; € B;
(i = 1,2), we consider embeddings p : {by, b} x [0,7/2] x {by, b5} — S3. We think
of S as the unit sphere in C? and require that t — p(b1,t,by) and t' — p(b), 1, b})
are unit speed geodesic segments whose initial (resp. end) points lie on the great
circle S* x {0} (resp. {0} x S') and have distance dp, (b1, b}) (resp. dg,(bs,b})). The
distance of the points in B; o By represented by (b1, ¢, bs) and (b}, ', b)) is then defined
as the (spherical) distance of their p-images in S3; it is independent of the choice of
p. To see that B; o By is again a CAT(1)-space and that the spherical join operation
is associative, observe that the metric cone C'(B; o By) is canonically isometric to
C(B:) x C(By) and that the product of CAT(0)-spaces is CAT(0).

The metric suspension of a CAT(1)-space with diameter < 7 is defined as its
spherical join with the CAT(1)-space {south,north} consisting of two points with
distance 7.

Lemma 2.2.1 Let B, and By be CAT(1)-spaces with diameter m and suppose s is
an 1sometrically embedded unit sphere in the spherical join B = By o By. Then there
are isometrically embedded unit spheres s; in B; so that s, o s contains s.

Proof.— We apply lemma 2.3.8 to the metric cone C(B) = C(B;) x C(Bsy). C(s) is
a flat in C(B) and hence contained in the product of flats F; C C(B;). s; := OrisF;
is a unit sphere in B; and s; 0 53 = Orus(F1 X Fy) D OpusC(s) = s. O
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2.2.2 Convex subsets and their poles

We call a subset C' of a CAT(1)-space B convez if and only if for any two points
p,q € C of distance d(p,q) < 7 the unique geodesic segment pg is contained in C.
Closed convex subsets of B are CAT(1)-spaces with respect to the subspace metric
inherited from B. Basic examples of convex subsets are tubular neighborhoods with
radius < 7/2 of convex subsets, e.g. balls of radius < 7/2.

Suppose that C C B is a closed convex subset with radius Rad(C) > =, i.e. for
each p € C exists ¢ € C with d(p,q) > m. We define the set of poles for C' as

Poles(C) := {77 € B:d(n, )|C = g}

If Diam(C) > m then C has no pole. If Diam(C) = Rad(C) = m then Poles(C)
is closed and convex, because it can be written as an intersection Poles(C) =
Necc Bry2(§) of convex balls. The convex hull of C' and Poles(C) is the union of
all segments joining points in C' to points in Poles(C), and is canonically isometric
to C' o Poles(C). This follows, for instance, when one applies the discussion in section
2.3.3 to the parallel sets of C(C) in the metric cone C(B).

Consider the special case that C' consists of two antipodes, i.e. points with distance
7, € and €. Then the convex hull of {£,£} and Poles({€,£}) is exactly the union of
minimizing geodesic segments connecting & ,é and it is canonically isometric to the
metric suspension of Poles({¢,€}).

2.3 Hadamard spaces

We will call CAT(0)-spaces also Hadamard spaces, because they are the synthetic ana-
log of (closed convex subsets in) Hadamard manifolds, i.e. simply connected complete
manifolds of nonpositive curvature, cf. example 2.1.3.

2.3.1 The geometric boundary

Let X be a Hadamard space. Two geodesic rays are asymptotic if they remain at
bounded distance from one another, i.e. if their Hausdorff distance is finite. Asymp-
toticity is an equivalence relation, and we let J,,X be the set of equivalence classes
of asymptotic rays; we sometimes refer to elements of 0,,X as ideal points or ideal
boundary points. For any point x € X and any ideal boundary point £ € 0, X
there exists a unique ray z€ starting at « which represents €. The pointed Hausdorff
topology on rays emanating from = € X induces a topology on d,,X. This topology
does not depend on the base point z and is called the cone topology on OsX. 0seX
with the cone topology is called the geometric boundary. The cone topology naturally
extends to X U 0,,X. If X is locally compact, then 0, X and X := X U 05X are
compact and X is called the geometric compactification of X.

2.3.2 The Tits metric

Earlier we defined the angle between two geodesics vz, vy at v € X by using the
monotonicity of comparison angles Z,(z',y') as 2’ — v, ¥y’ — v. Now we consider a

11



pair of rays v€, 7, and define their Tits angle (or angle at infinity) by

(5) LTits (é-a 77) = hm Zv (-’Ela yl)

' =&,y —n

where 2’ € v€ and 3y € T7. Zrpis defines a metric on Joo X which is independent of
the basepoint v chosen. We call the metric space Orys X = (000X, Lr1its) the Tits
boundary of X and Zpy, the Tits (angle) metric. The estimate

2@y =7 — Ly (v,y) = Zy(v,2")
—_————— ——
<Ly (5: yl) V21
N —
yl—jnézl(ﬁ,ﬁ)
implies, combined with (4):

Z,(&,m) < Z,(a,y) < Lo (&,1)

Consequently, the Tits angle can be expressed as
(6) Lpits (fa 77) = tliglo é'r(t) (fa 77)
for any geodesic ray r : Rt — X asymptotic to £ or 77, and also as:

(7) Zrits(&,m) = sup Z(§, )

zeX

Still another possibility (the last one which we will state) to define the Tits angle is
as follows: If r; : R* — X are geodesic rays asymptotic to & then

8) 25sin 74”“(251’52) _ iy 2t rad)

t—o0 t

The next lemma relates the cone topology on 0, X to the Tits topology. Fix
v € X and consider the comparison angle

Zy 1 (X \{v}) x (X \ {v}) = [0, 7).

By monotonicity, it can be extended to a function

Zy (X N\ {v}) x (X\ {o}) = [0,7].
Note that for £,1 € 0,,X, we have Zv(g, n) = ZLrits(€,m).

Lemma 2.3.1 (Semicontinuity of comparison angle) Zy 1s lower semicontinu-
ous with respect to the cone topology: If Ty, yk,§,n € X —{v} such that & = limy_,00 T,
and 1 = limg_,0 Y then Z,(§,n) < liminfy o Zy(Tk, Yr)-

Proof.— We treat the case £,n € 0,,X, the other cases are similar or easier. Since
the segments (or rays) UZy, Uy are converging to the rays v€,vn respectively, we
may choose xf, € Ty and y, € vy such that |7,v|,|ytv| — oo and d(z},vE) —
0,d(y, o) — 0. Hence by triangle comparison we have

Zv(xka yk) Z Z'U(x;c’ y;c) — LTits(ga 77)

12



Lemma 2.3.2 FEvery pair £, € 00X with Z1y45(§,m) < m has a midpoint.

Proof.— Pick v € X. Take sequences z; € v€,y; € vn with |z;| = |y;| — oco. Let
m; be the midpoint of Z;7;. Since A(v,x;,y;) is isosceles, Zv(xi, m;) = Zv(m,-, yi) <
Zv(aci,yi)/Q, by lemma 2.3.1 it suffices to show that 7m; converges to a ray vp, for
some [t € OpoX.

For i < j, set Aj; := |vx;|/|vz;|. By triangle comparison, we have the following
inequalities:

.
|zi(Ajm;)| < Agjlzymy| = 71|ij3'|

Xy
i (Aigmy)| < Nijlymg| = 7”%‘%‘\

|zi(Aigmy)| + [yi(Agmy)| = @iyl
Since A;; - (|z;y;]/|ziyi|) = 1 as i, j — oo, we have
[z (Aigm;)| i (Aijmy)|

i Qigmy)l
|zim|

—1
|yimi| \ximz‘|

—0

I

and, since Zpis(€,n) < 7, this in turn implies:

[mi(Aijmy)|

— 0.
lumy|

Fixing t > 0, if we set t/|vm;| = R;, then |(R;m;)(R;\;;m;)| — 0 as 7,5 — oo. Since
lv(¥;m;)| = t, this shows that the segments vm; converge in the pointed Hausdorff
topology to a ray v as desired. [

The completeness of X implies that (0,.X, Z7is) is complete. The metric cone
C(0xX, Zr1its) (the Tits cone) is complete and has midpoints. Moreover, since
every quadruple in C(0,X, Zrys) is approximated metrically (up to rescaling) by
quadruples in X, C(0,X, Z1is) satisfies the dp-four-point condition and is therefore
a CAT(0) space. By section 2.1.1 we conclude:

Proposition 2.3.3 The Tits boundary of a Hadamard space is a CAT(1) space.

There is a natural 1-Lipschitz exponential map exp,, : C (OritsX) — X defined as
follows: For [(£,t)] € C(OritsX) = Orus X x [0,00)/ ~ let exp,[(£,)] be the point on
pé at distance t from p. The logarithm map log, : X —{p} — %,X extends contiuously
to the geometric boundary and induces there a 1-Lipschitz map log,, : Opis X — 3, X.
The Triangle Filling Lemma 2.1.4 implies the following rigidity statement:

Flat Sector Lemma 2.3.4 Suppose the restriction of log, : Orits X — LpX to the
subset A C Orys X 1s distance-preserving. Then the restriction of exp, : C(OrisX) —

X to C(A) C C(0rusX) is an isometric embedding.
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2.3.3 Convex subsets and parallel sets

A subset of a Hadamard space is convez if, with any two points, it contains the unique
geodesic segment connecting them. Closed convex subsets of Hadamard spaces are
Hadamard themselves with respect to the subspace metric. Important examples of
convex sets are tubular neighborhoods of convex sets and horoballs. We will denote
by H Bg(x) the horoball centered at the point £ € 0 X and containing z € X in its
boundary.

Let Cy and Cs be closed convex subsets of a Hadamard space X. Then by (4),
the distance function d(-, Cs) |C1 =dg,| ¢, 1 O1 = Ryxq is convex and the nearest point

projection 7, | o C) — (5 is distance-nonincreasing. d¢, |, is constant if and only

|Cl
it me, |C1 is an isometric embedding. In this situation, we have the following rigidity

statement:

Flat Strip Lemma 2.3.5 Let C, and Cy be closed convexr subsets in the Hadamard
space X. If dC2|C1 = d then there exists an isometric embedding v : C; x [0,d] — X

such that ¥(-,0) = ide, and Y(-,d) = 7TCz|cl'

This is easily derived from the Triangle Filling Lemma 2.1.4, respectively from
the following direct consequence of it:

Flat Rectangle Lemma 2.3.6 Let x; € X, i € Z/AZ, be points so that for all i
holds Z4,(xi—1,x;41) > ©/2. Then there exists an embedding of the flat rectangular
region [0, |zoz1|] X [0, |T172]] C E? into X carrying the vertices to the points ;.

We call the closed convex sets C1, Cy C X parallel, Cy||Cy, if and only if d, ‘ & and

de, | ¢, are constant, or equivalently, ¢, |C1 and ¢, |C2 are isometries inverse to each
other. Being parallel is no equivalence relation for arbitrary closed convex subsets.
However, it is an equivalence relation for closed convex sets with extendible geodesics,
because two such subsets are parallel if and only if they have finite Hausdorff distance.
(A Hadamard space is said to have extendible geodesics if each geodesic segment is
contained in a complete geodesic.)

Let Y C X be a closed convex subset with extendible geodesics. Then Rad(drisY)
= 7. The parallel set Py of Y is defined as the union of all convex subsets parallel to
Y. Py is closed, convex and splits canonically as a metric product

(9) Py 2Y x Ny.

Here Ny is a Hadamard space (not necessarily with extendible geodesics) and the
subsets Y x {pt} are the convex subsets parallel to Y. The cross sections of Py
orthogonal to these convex subsets can be constructed as intersections of horoballs:

(10) {y} x Ny =Py (] HBey) VyeY.

€0 its Y

Applying the Flat Sector Lemma 2.3.4 one sees furthermore that Or;;s /Ny is canoni-
cally identified with Poles(OritsY) C Orits X; OriusPy is the convex hull in Op;s X of
OritsY and Poles(OrisY) and we have the canonical decomposition:

(11) Orits Py = OritsY © Poles(OrisY)
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2.3.4 Products

The metric product of Hadamard spaces X; is defined as usual using the Pythagorean
law. It is again Hadamard and its Tits boundary and spaces of directions decompose
canonically:

(12) Orits (X1 X -+ - X Xp) = Opits X1 0+ - 0 Opits X

(13) Z(zl,...,zn)(Xl X oo X Xn) = Ele 0---0 Eann

Proposition 2.3.7 If X is a Hadamard space with extendible geodesics then all join
decompositions of Oriys X are induced by product decompositions of X.

Proof.— Assume that the Tits boundary decomposes as a spherical join 07y X = Bjo
B_; and consider, for z € X and i = %1, the convex subsets C;(z) :=(,cp_, HB¢(z)
obtained from intersecting horoballs. Using extendability of geodesics, i.e. Rad¥>, X =
m, one verifies that 0r;;sC; = B;, C; has extendible geodesics and Cy(z) are orthog-
onal in the sense that ¥,C;(x) = Poles(X,C_;(x)). Furthermore any two sets C;(z)
and C_;(z') intersect in the point 7¢,(5)(2') = 7 ,(x). The assertion follows by
applying the Flat Rectangle Lemma 2.3.6. U

Lemma 2.3.8 Let X; and X, be Hadamard spaces and suppose that F is a flat in
the product space X = X1 X Xy. Then there are flats F; C X; so that F1 x F, D F.

Proof.— Consider unit speed parametrizations ¢, ¢’ : R — F for two parallel geodesics
7,7 in F. Then ¢; := mx,oc and ¢, := 7x, oc are constant speed parametrizations for
geodesics 7;,7: in X;. Since the distance functions d := dx/(c, ') and d; := dx,(c;, c})
are convex, satisfy d? = d? + d2 and d is constant, it follows that the d; are constant,
i.e. 7; and v, are parallel. Since this works for any pair of parallel geodesics contained
in F, it follows that 7x, F' is a flat in F;. ]

2.3.5 Induced isomorphisms of Tits boundaries

We now show that any (1, A)-quasi-isometric embedding of one Hadamard space into
another induces a well-defined topological embedding of geometric boundaries which
preserves the Tits distance.

Proposition 2.3.9 Let X and X, be Hadamard spaces and suppose that ® : X1 —
Xy isa (1, A)-quasi-isometric embedding. Then there is a unique extension ® : X; —
X5 such that

1. (0 X1) C 0s0 Xy,

2. ® is continuous at boundary points.
3.

K

|800X1 18 a topological embedding which preserves the Tits distance.

We let 0, ® el (i)|800X'
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Proof.— We first observe that there is a function ¢(R) (depending on A but not on
the spaces X; and X5) with ¢(R) — 0 as R — oo such that if p,z,y € X; and
d(p,),d(p,y) > R then

(14) Zy(2,y) = Zap)(@(2), 2(y)] < €(R).

Lemma 2.3.10 Suppose that x; is a sequence of points in Xy which converges to a
boundary point & . Then ®(z;) € Xy converges to a boundary point &;.

Proof of Lemma.— Pick a base point p. There are points y; € pz; such that d(p, y;) —
oo and lim; ;0 Zp (vi,yj) = 0. By (14), the points ®(y;) converge to a boundary point
&. Applying (14) again, we conclude that ®(z;) converges to & as well. O
Proof of Proposition continued.— From the previous lemma we see that if z; and z}
are sequences in X; converging to the same point in 0, X7 then the sequences ®(z;)
and ®(x}) converge to the same point in 9, Xs. This allows us to extend ® to a
well-defined map @ : X; — Xo.

We now prove that ® is continuous at every boundary point . Let z; € X;
be a sequence of points converging to & € 0,,X;. By the lemma, we may choose
y; € X1 with y; € pz; so that for every R the Hausdorff distance between ®(p)®(y;) N

Bg(®(p)) and ®(p)®(z;) N Br(®(p)) tends to zero as R — oo. Hence limp o ®(7;) =
limg o0 ®(y;) = ®(€) by the lemma. o
Another consequence of the lemma is that the image ray ®(p¢) diverges sublin-

earily from the ray ®(p)®(£) in the sense that

lim — - du(B(7€ N Be()), S)IBE) N Ba(®(p))) = 0

R—o0

where dg denotes the Hausdorff distance. This implies that 0, ® = <i>| o..x, breserves
the Tits distance and is a homeomorphism onto its image. O

2.4 Ultralimits and Asymptotic cones

The presentation here is a slight modification of [Gro], see also [KaLe].

2.4.1 Ultrafilters and ultralimits

Definition 2.4.1 A nonprincipal ultrafilter is a finitely additive probability measure
w on the subsets of the natural numbers N such that

1. w(S)=0 or1 for every S C N.

2. w(S) =0 for every finite subset S C N.

Given a compact metric space X and a map a : N — X, there is a unique
element w-lima € X such that for every neighborhood U of w-lima, a ' (U) C N has
full measure. In particular, given any bounded sequence a : N — R, w-lima (or a,)
is a limit point selected by w.
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2.4.2 Ultralimits of sequences of pointed metric spaces

Let (X;,d;, *;) be a sequence of metric spaces with basepoints %;. Consider X, =
{z € [Lien Xi|di(xi,*i) is bounded }. Since d;(z;,y;) is a bounded sequence we may
define d,, : Xoo x Xo.o — R by czw(ac, y) = w-limd;(x;, y;). d, is a pseudo-distance.
We define the ultralimit of the sequence (X;,d;, ;) to be the quotient metric space
(Xu,d,). T, € X, denotes the element corresponding to z = (z;) € Xoo. *u 1= (%)
is the basepoint of (X, d,).

Lemma 2.4.2 If (X;,d;, ;) is a sequence of pointed metric spaces, then (X, dy, *,)
18 complete.

Proof.— Let z/ be a Cauchy sequence in X,,, where 2/, = w-lim x{ . Let N; = N.
Inductively, there is an w-full measure subset NV; C N;_; such that i € IV; implies
\d; (2%, 2t) — d,(aF,2)| < 1/27, for 1 < k,l < j. For i € N; — N;_y, define y; = .

Then z/, — y,. O
The concept of ultralimits is an extension of Hausdorff limits.

Lemma 2.4.3 If (X;,d;,*;) form a Hausdorff precompact family of pointed metric
spaces, then (X, d,, *,) is a limit point of the sequence (X;,d;, *;) with respect to the
pointed Hausdorff topology.

Proof.— To see this, pick €, R, and note that there is an N such that we can find
an N element sequence {z }jvzl C X; which is e-dense in X;. The N sequences
for 1 < j < N give us N elements in 2/ € X,. If y, € X,,, yo € B, (R), then
for w-a.e. (that is, w-almost every) 4, d;(y;,*;) < R. Consider d,(y.,z%). Given
€ > 0, |du(yuw, 27) — di(y;, 21)| < € for w-a.e. i, which implies that d,(y.,’,) < € for
some 1 < j < N. Hence we have seen that B, (R) is totally bounded, and for all
€ > 0 there is an e-net in B, (R) which is a Hausdorff limit point of e-nets in the
X;’s. It follows that (X, d;, ;) subconverges to (X, d,,*,) in the pointed Hausdorff
topology. O

In general, the ultralimit X,, is not Hausdorff close to the spaces X; in the “ap-
proximating” sequence. However, the Hausdorff limits of any precompact sequence
of subspaces Y; C X; canonically embed into X,,.

The importance of ultralimits for the study of the large-scale geometry from the
following fact: If for each i, f; : X; — Y is a (L, C)-quasi-isometry with d;(f;(x;), *;)
bounded then the f; induce an (L, C')-quasi-isometry f, : X, — Y.

It follows that if for each 7, and every pair of points a;,b; € X; the distance
d;(a;, b;) is the infimum of lengths of paths joining a; to b; then every pair of points
ay, b, € X, is joined by a geodesic segment.

Lemma 2.4.4 If (X;,d;,*;) is a CAT(k) space for each i, then so is (X, dw,*).
If d,(a,,b,) < D(k), then the geodesic segment a,b, is an ultralimit of geodesic
segments. If k < 0 and each X; has extendible geodesics then each ray (respectively

complete geodesic) in X, is an ultralimit of rays (respectively complete geodesics) in
the X;’s.
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Proof.— If each (X, d;, %;) is a C AT (k) length space, then clearly (X, d,, %) satisfies
the d,-four-point condition since this is a closed condition. Hence (X, d,,*,) is a
C AT (k) length space since it is a geodesic space satisfying the §,-four-point condition.
If a,,b, € X, with |a,b,| < D(k), then there is a unique geodesic segment joining
a, to b,. On the other hand, if a, = w-lima;, b, = w-limb;, then the ultralimit of
the geodesic segments a;b; is such a geodesic segment.
Now suppose a’ . determine a ray, in the sense that d,(a’,a*) = d,(a’,al)+

w’ UJ7 0 w? W w? W

d,(al,ak) for i < j < k Let N; = N. Inductively, there is an w-full measure

N; € Nj_; such that ai l'is within a 1/2/-neighborhood of the segment a%a’ for
i€ N;; 0<1<j. Forie€ Nj —N,_; extend the segment ala! to a ray a%¢; with

initial point a?. Then the ultralimit of the sequence aofz is the ray we started with.
The case of complete geodesics follows from similar reasoning. O

Lemma 2.4.5 Suppose that there is a D > 0 such that for each i, Isom(X;) has an
orbit which is D-dense in X;. If \; > 0 and A\; — 0, then the ultralimit of (X;, Nid;, ;)
15 independent of the choice of basepoints x;, and has a transitive isometry group.

2.4.3 Asymptotic cones

Let X be a metric space and let x, € X be a sequence of basepoints. We define the
asymptotic cone Cone(X) of X with respect to the non-principal ultrafilter w, the
sequence of scale factors A\, with w-lim A\, = oo and basepoints *,, as the ultralimit
of the sequence of rescaled spaces (X, dp, *,) := (X, A1 -d, %,). When the sequence
*n, =  is constant, then Cone(X) does not depend on the basepoint x and has a
canonical basepoint x, which is represented by any sequence (z,) C X satisfying
w-lim, At - d(z,,*) = 0, for instance, by any constant sequence (z).

Proposition 2.4.6 e [f X is a geodesic metric space, then Cone(X) is a geodesic
metric space.

e [f X is a Hadamard space, then Cone(X) is a Hadamard space.
o If X is a CAT(k)-space for some k < 0, then Cone(X) is a metric tree.

o [f the orbits of Isom(X) are at bounded Hausdorff distance from X, then
Cone(X) is a homogeneous metric space.

e A (L,C) quasi-isometry of metric spaces ¢ : X — Y induces a bilipschitz map
Cone(¢) : Cone(X) — Cone(Y) of asymptotic cones.

Assume now that X is a Hadamard space. Let (F},),en be a sequence of k-flats in
X and suppose that w-lim, A, '-d(F;,,*) < co. Then the ultralimit of the embeddings
of pointed metric spaces

1 1
(Fn, /\— . an, WFn(*)) — (X, )\— . d)(,ﬂ'Fn(‘k))
) ;ng ’

is a k-flat

RF < Cone(X)
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in the asymptotic cone. We denote the family of all k-flats in Cone(X) arising in this
way by F(k).

3 Spherical buildings

Our viewpoint on spherical buildings is slightly different from the standard one: for
us a spherical building is a CAT(1) space equipped with an extra structure. This
viewpoint is well adapted to the needs of this paper, because the spherical buildings
which we consider arise as Tits boundaries and spaces of directions of Hadamard
spaces. Apart from the choice of definitions and the viewpoint, this section does not
contain anything new; the same results and many more can be found (often in slightly
different form) in [Til, Ron, Brbk, Brnl, Brn2].

3.1 Spherical Coxeter complexes

Let S be a Euclidean unit sphere. By a reflection on S we mean an involutive isometry
whose fixed point set, its wall, is a subsphere of codimension one. If W C Isom(S) is
a finite subgroup generated by reflections, we call the pair (S, W) a spherical Cozeter
complex and W its Weyl group.

The finite collection of walls belonging to reflections in W divide S into isometric
open convex sets. The closure of any of these sets is called a chamber, and is a
fundamental domain for the action of W. Chambers are convex spherical polyhedra,
i.e. finite intersections of hemispheres. A face of a chamber is an intersection of the
chamber with some walls.

A face (resp. open face) of S is a face (resp. open face) of a chamber of S. Two
faces of S are opposite or antipodal if they are exchanged by the canonical involution
of S; two faces are opposite if and only if they contain a pair of antipodal points in
their interiors. A panel is a codimension 1 face, a singular sphere is an intersection of
walls, a half-apartment or root is a hemisphere bounded by a wall and a reqular point
in S is an interior point of a chamber. The regular points form a dense subset. The
orbit space

Aot i= SJW

with the orbital distance metric is a spherical polyhedron isometric to each chamber.
The quotient map

(15) 0= 95 S — Amod

is 1-Lipschitz and its restriction to each chamber is distance preserving. For 4,4 €
Anod, We set

D(6,¢") .= {ds(z,2")|z,z" € S,0z =6,02' = 4§}
and
D*(4) := D(6,9) \ {0}

Note that DT is continuous on each open face of A,,oq-
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An isomorphism of spherical Coxeter complexes (S, W), (S, W') is an isometry
a:S — S carrying W to W’. We have an exact sequence

1> W — Aut(S, W) = Isom(Apea) — 1.

Lemma 3.1.1 If g € W, then Fiz(g) C S is a singular sphere. If Z C S then the
subgroup of W fixing Z pointwise is generated by the reflections in W which fix Z
pointwise.

Proof.— Every W-orbit intersects each closed chamber precisely once. Therefore the
stabiliser of a face o C S fixes o pointwise. So for all g € W, Fiz(g) is a subsphere
and a subcomplex, i.e. it is a singular sphere.

By the above, without loss of generality we may assume that Z is a singular
sphere. Let W be the group generated by reflections fixing Z pointwise. If o is a
top-dimensional face of the singular sphere Z then each W-chamber containing o is
contained in a unique Wyz-chamber; therefore W acts (simply) transitively on the
W-chambers containing . Since W acts simply (transitively) on W-chambers, it
follows that Fizator(Z) = Fizator(o) = Wj. O

3.2 Definition of spherical buildings

Let (S, W) be a spherical Coxeter complex. A spherical building modelled on (S, W) is
a CAT(1)-space B together with a collection A of isometric embeddings ¢ : S — B,
called charts, which satisfies properties SB1-2 described below and which is closed
under precomposition with isometries in W. An apartment in B is the image of a
chart ¢ : S — B; ¢ is a chart of the apartment ¢(S). A is called the atlas of the
spherical building.

SB1: Plenty of apartments. Any two points in B are contained in a common
apartment.

Let t4,, ta, be charts for apartments A;, Ay, and let C' = A; N Ay, C' = LE; (C)cCS.
The charts ¢4, are W-compatible if 1, o t4,

o 18 the restriction of an isometry in W.
SB2: Compatible apartments. The charts are W-compatible.

It will be a consequence of corollary 3.9.2 below that the atlas A is maximal among
collections of charts satisfying axioms SB1 and SB2.

We define walls, singular spheres, half-apartments, chambers, faces, antipodal
points, antipodal faces, and regular points to be the images of corresponding objects
in the spherical Coxeter complex. The building is called thick if each wall belongs
to at least 3 half-apartments. The axioms yield a well-defined 1-Lipschitz anisotropy

map

(16) Op: B — S/W =: Apod
satisfying the discreteness condition:

(17) dB(Il,.’I)Q) € D(GB(.’I)l),eB(IQ)) VIl,IQ € B

"The motivation for this terminology comes from the role 5 plays in the structure of symmetric
spaces and Euclidean buildings.
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If «: S — S is an automorphism of the spherical Coxeter complex, then we
modify the atlas by precomposing with «; the atlases obtained this way correspond
to symmetries of Ay,04.

If A" is an atlas of charts ¢ : S’ — B giving a (S’, W’) building structure on
B, then this spherical building is equivalent to (B, .A) if there is an isomorphism of
spherical Coxeter complexes « : (S',W') — (S, W) so that A" = {vo |t € A}.

If B and B’ are spherical buildings modelled on a Coxeter complex (S, W), with
atlases A and A’, an isomorphism is an isometry ¢ : B — B’ such that the corre-
spondence ¢ — ¢ o ¢ defines a bijection A — A'.

3.3 Join products and decompositions

Let B;, i =1,...,n, be spherical buildings modelled on spherical Coxeter complexes
(S;, W;) with atlases A; and spherical model polyhedra A? .. Then W := W x - -« x

W, acts canonically as a reflection group on the sphere S = S;0---0.5,. We call
the Coxeter complex (S, W) the spherical join of the Coxeter complexes (.S;, W;) and
write

(18) (57 W) = (SI’WI)O"'O(STL’WTL)
The model polyhedron A,,,q of (S, W) decomposes canonically as

(19) Amod = A}nod o---0Aj

mod*

The CAT(1)-space
(20) B=Bjo---0B,

carries a natural spherical building structure modelled on (S, W). The charts ¢ for its
atlas A are the spherical joins ¢ = ¢; 0 --- 0, of charts ¢; € A;. We call B equipped
with this building structure the spherical (building) join of the buildings B;.

Proposition 3.3.1 Let B be a spherical building modelled on the Coxeter complex
(S, W) with atlas A and assume that there is a decomposition (19) of its model poly-
hedron. Then:

1. There is a decomposition (18) of (S, W) as a join of spherical Cozeter complezes
so that S; = 05" (AL ).

mod

2. There is a decomposition (20) of B as a join of spherical buildings so that
Bi = HEI(A:nod)'

Proof.— 1. We identify A,,,q with a W-chamber in S and define S; to be the minimal
geodesic subsphere containing A% .. Then S; C Poles(S;) for all i # j and hence
S =5 0---08, by dimension reasons. Each wall containing a codimension-one
face of A,,,q is orthogonal to one of the spheres S; and contains the others. Hence
W =W x---x W, where W; is generated by the reflections in W at walls orthogonal
to S;. W; acts as a reflection group on S; and the claim follows.

2. Since any two points in B are contained in an apartment, one sees by applying

the first assertion that the B; are convex subsets and B is canonically isometric to the
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join of CAT(1)-spaces B = By o ---0 B,. The collection of charts "|5-’ L € A, forms
an atlas for a spherical building structure on B; and B is canonicallyl isomorphic to
the spherical building join of the B;. U

We call a spherical polyhedron irreducible if it is a spherical simplex with diameter
< m/2 and dihedral angles < 7/2 or if it is a sphere or a point. Accordingly, we call a
spherical Coxeter complex® or a spherical building irreducible if its model polyhedron
is irreducible. The spherical model polyhedron A,,,; has dihedral angles < 7/2. A
polyhedron of this sort has a unique minimal decomposition as the spherical join (19)
of irreducible spherical simplices (which may be single points) and, if non-empty, the
unique maximal unit sphere contained in A,,,y. By Proposition 3.3.1, (19) corre-
sponds to unique minimal decompositions (18) of the Coxeter complex (S, W) as a
join of Coxeter complexes and (20) of B as a spherical building join. We call these
decompositions the de Rham decompositions of (S, W) and B. The sphere factor in
(19) occurs if and only if the fixed point set of the Weyl group is non-empty. We
call the corresponding factor in the de Rham decomposition the spherical de Rham
factor.

If W acts without fixed point, then A,,,q is a spherical simplex ? and the collection
of chambers in S and B give rise to simplicial complexes.

Lemma 3.3.2 Let (S,W) be an irreducible spherical Cozeter complex with non-
trivial Weyl group W. Then for each chamber o there is a wall which s disjoint
from the closure &.

Proof.— Let 7" be a wall and p € S be a point at maximal distance /2 from 7'. Pick
a chamber o’ containing p in its closure. Then ¢/ N7/ = @, because Diam(o’) < 7/2
due to irreducibility. Since W acts transitively on chambers, the claim follows. [

Proposition 3.3.3 Assume that By and By are CAT(1)-spaces and that their join
B = B; o By admits a spherical building structure. Then the B; inherit natural
spherical building structures from B. In particular, the spherical building B cannot
be thick wrreducible with non-trivial Weyl group.

Proof.— Applying lemma 2.2.1 to apartments in B, we see that there exist di,dy € N
so that every apartment A C B splits as A = A;0 A where A; is a d;-dimensional unit
sphere in B;. Fix a chart ¢y in the atlas A for the given spherical building structure
on B. Denote by S, the dy-sphere ;' B, in the model Coxeter complex (S, W) and
by Si := Poles(S3) the complementary d;-sphere. The subgroup W; C W generated
by reflections at walls containing S5 acts as a reflection group on S;. Consider all
charts « € A with L| g = L0| Sy- The collection A; of their restrictions L‘ g, forms an
atlas for a spherical building structure on B; with model Coxeter complex (S, Wy).

If B is thick, then its chambers are precisely the (closures of the) connected
components of the subset of manifold points. Hence the joins o7 o 09 of chambers
0; C B; are contained in chambers of B. So the chambers of B have diameter > /2
and B cannot be irreducible with non-trivial Weyl group. U

8This definition is slightly different form the usual one, which corresponds to irreducibility of
linear representations.

9By [GrBe][theorem 4.2.4], A,0q is a simplex if W acts fixed point freely. Observe that having
distance less than 7/2 is an equivalence relation on the vertices. This implies the decomposition
(19).
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3.4 Polyhedral structure

Let A’ be a face of A,,,q and let 0 : A’ — B be the chart for a face in B, i.e. an
isometric embedding so that 0 o 0 = id|ar.

Sublemma 3.4.1 o(IntA’) is an open subset of 05" (A").

Proof.— Let z be a point in o(IntA’) and assume that there exists a sequence (z,)
in 65 (A’ \ o(Int(A’)) which converges to z. There are points x! € Im(o) with
0p(z),) = 0p(z,) Since fp has Lipschitz constant 1 and o is distance-preserving, we
have

dp(Tn, T) 2 da,,,.(08(2n), 05 (2)) = dp(zy, 2)
and by the triangle inequality

2-dp(xn, ) > dp(zl,x,) > DT (0p(x,,)).
——

—0

Since D™ is continuous on IntA’, the right-hand side has a positive limit:

lim D*(05(zn)) = D* (05(z)) > 0,

n—oo

a contradiction. O

Lemma 3.4.2 Any two faces of with a common interior point coincide. Conse-
quently, the intersection of faces in B s a face in B.

Proof.— To verify the first assertion, consider two face charts 01,0, : A’ — B of the
same type. By Sublemma 3.4.1, {§ € A’|01(6) = 0(8)} N IntA’ is an open subset of
IntA’. It is also closed, and hence empty or all of IntA’ if A’ is connected. If A’ is
disconnected, it must be the maximal sphere factor of A,,,q and all apartment charts
agree on A’. Hence o1|a = 09|as also in this case.

The intersections of two faces is a union of faces by the above; since it is convex,
it is a face. 1

As a consequence, the collection of finite unions of faces of B is a lattice under the
binary operations of union and intersection; we will denote this lattice by CB. In the
case that the Weyl group acts without fixed point, the chambers of B are simplices,
and ICB is the lattice of finite subcomplexes of a simplicial complex. In general the
polyhedron of this simplicial complex is not homeomorphic to B since it has the weak
topology.

3.5 Recognizing spherical buildings

The following proposition gives an easily verified criterion for the existence of a sphe-
rical building structure on a CAT(1)-space.
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Proposition 3.5.1 Let (S, W) be a spherical Cozeter complex, and let B be a CAT(1)-
space of diameter  equipped with a 1-Lipschitz anisotropy map 0 as in (16) satisfying
the discreteness condition (17). Suppose moreover that each point and each pair of
antipodal reqular points is contained in a subset isometric to S. Then there s a unique
atlas A of charts + : S — B forming a spherical building structure on B modelled
on (S, W), with associated anisotropy map Op.

Proof.— The discreteness condition (17) implies that, for any face A’ of A4, the
restriction of 6 to 65" (IntA’) is locally distance preserving and distance preserving
on minimizing geodesic segments contained in #3'(IntA’). Therefore, if A C B is a
subset isometric to S, the restriction of A5 to A™9 := A N OZ' (IntAeq) is locally
isometric and the components of A" are open convex polyhedra which project via 6z
isometrically onto IntA,,,4. (17) implies moreover that A™9 is dense in A. Hence A
is tesselated by isometric copies of A,,,q and there is an isometry 14 with fgoiy = 05
which is unique up to precomposition with elements in W. If A; and A, are subsets
isometric to S, and t4,,t4, : S — B are isometries as above then A; N A, is convex,
and we see that ¢4, and t4, are W-compatible. We now refer to the isometries
ta : S — B as charts and to their images as apartments. The collection A of all
charts will be the atlas for our spherical building structure.

Since any point lies in some apartment, it lies in particular in a face, i.e. in
the image of an isometric embedding o : A’ — B of a face A’ C A,,,q satisfying
0p o 0 = id|n. Lemma 3.4.2 applies and the faces fit together to form a polyhedral
structure on B. The apartments are subcomplexes.

It remains to verify that any two points with distance less than 7 lie in a common
apartment. It suffices to check this for any regular points x1, x5, since any point lies in
a chamber and an apartment containing an interior point of a chamber contains the
whole chamber (lemma 3.4.2). There is an apartment A; containing z;. Consider a
minimizing geodesic ¢ joining z; and x3. By sublemma 3.4.1, A; is a neighborhood of
x1. Hence near its endpoint z;, ¢ is a geodesic in the sphere A;. Since B is a CAT(1)-
space, we can extend ¢ beyond z; inside A; to a minimizing geodesic ¢ of length =
joining x5 through z; to a point Zy € A;. By our assumption, the points zo, Zo are
contained in an apartment A;. A, contains all minimizing geodesics connecting z,
and I, because z, is regular. In particular ¢ and therefore both points x, x5 lie in
A,. O

From the proof of Proposition 3.5.1 we have:

Corollary 3.5.2 Let B be a spherical building of dimension d, and let T C B be a
subset 1sometric to the Fuclidean unit sphere of dimension d. Then T is an apartment
in B.

3.6 Local conicality, projectivity classes and spherical buil-
ding structure on the spaces of directions

Suppose that the spherical building B has dimension at least 1.

Lemma 3.6.1 Let (B,0g) be a spherical building modelled on Ao, and let p,p € B
be antipodal points, i.e. d(p,p) = m. Then the union of the geodesic segments of
length  from p to p is a metric suspension which contains a neighborhood of {p, p}.
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Proof.— By the discussion in section 2.2.1, the union of the geodesic segment of
length 7 from p to p is a metric suspension. By (17) we can choose p > 0 such that
{a € B2p(0)|05(a) = 05(p)} = {p}. {a € Bu,()|05(a) = 05(p)} = {B}. If q € B,(p),
then any extension of pg to a segment pgr of length « will satisfy 6(r) = 6(p), forcing
r = p by the choice of p. Likewise, if we extend pg to a segment of length 7, where
q € B,(p), then it will terminate at p. Hence the lemma. O

As a consequence, for sufficiently small positive €, the ball B(p) is canonically
isometric to a truncated spherical cone of height € over ¥,B, the isometry given by
the “logarithm map” at p. In particular, 3’B = 3, B. Any face intersecting B:(p)
contains p and the face o, spanned by p.

The lemma implies furthermore that for any pair of antipodes p,p € B there is a
canonical isometry

(21) persppp - LB — X;B

determined by the property that all geodesics ¢ of length 7 joining p and p satisfy
perspy 5(E,yc) = Lsc.

Two points in B are antipodal if and only if they have distance 7. Two faces o,
and o, are antipodal or opposite if there are antipodal points &; and &; so that &; lies
in the interior of o;; in this case each point in o; has a unique antipode in o,.

Definition 3.6.2 The relation of being antipodal generates an equivalence relation
and we call the equivalence classes projectivity classes.

Lemma 3.6.3 Suppose that the spherical building B is thick. Then every projectivity
class intersects every chamber.

Proof.— Let C; and C5 be adjacent chambers, i.e. 7 = C; N Cy is a panel. It suffices
to show that for each point in C;, Cs contains a point in the same projectivity class.
To see this, pick an apartment A O C; U Cs and let 7 be the panel in A opposite to
7 (7 = 7 is possible). Since B is thick there is a chamber C' with CN A = 7. C is
opposite to both C; and Cy and our claim follows. Il

Pick py € S so that 0s(py) = 0p(p). Now consider the collection of all apart-
ment charts 14 : S — B where 14(py) = p. These induce isometric embeddings
Ypota t Lp,S — X,B. Let W, C Isom(X,,S) be the finite group generated by the
reflections in walls passing through py.

Proposition 3.6.4 X,B together with the collection of embeddings Xp,ta : Xy S —
Y,B as above is a spherical building modelled on (X,,S,W,). If p € B is an an-
tipode of B, then we have a 1-1 correspondence between apartments (respectively half-
apartments) in B containing {p, p} and apartments (respectively half-apartments) in
YpB. ¥,B is thick provided B is thick.

Proof.— Any two points p?}l, pf]}E Y, B lie in an apartment; namely choose g1, g; close
to p, then any apartment A containing ¢;, g2 will contain p and p_q>i€ ¥,A. So SB1
holds. 3, B satisfies SB2 since we are only using charts 14 : S — B with t4(pg) = p
and B itself satisfies SB2. The remaining assertions follow immediately from the
definition of the spherical building structure on X, B. U

25



3.7 Reducing to a thick building structure

A reduction of the spherical building structure on B consists of a reflection subgroup
W' Cc W and a subset A" C A which defines a spherical building structure modelled
on (S,W'). The A,,.4-direction map fp can then be factored as m o 63 where

0y : B— W\S =: Al

mod

is the A  ,-direction map for the building modelled on (S,W’), and 7 : W/\S =
Al i — Apmoa = W\S is the canonical surjection.

Proposition 3.7.1 Let B be a spherical building modelled on the spherical Coxeter
complex (S, W), with anisotropy polyhedron Ap,q = W\S. Then there exists a reduc-
tion (W, A") which is a thick building structure on B. W' is unique up to conjugacy
in W; A’ is determined by W'. In particular, the thick reduction is unique up to
equivalence, so the polyhedral structure is defined by the C AT (1) space itself.

The proof will occupy the remainder of this paper.

We set d = dim(B), Rg = {p € B|%,B is isometric to a standard S* '}, and
Sgp =B\ Rp. If p€ B and p > 0 is small enough that B,(p) is a (spherical) conical
neighborhood of p, then Sp N B,(p) \ {p} corresponds to the cone over Sy, p. It
then follows by induction on dim(B) that Sp N A is a union of A,,,4-walls for each
apartment A C B.

Consider an apartment A C B, and a pair of walls Hy, Hy C A contained in Sg.

Lemma 3.7.2 If H) is the image of Hs under reflection in the wall H, (inside the
apartment A), then HY is contained in Sp.

Proof.— To see this, consider an interior point p of a codimension 2 face o of H; N Hs.
Y,B decomposes as a metric join X,0 o B, where B, is a 1-dimensional spherical
building, and the walls H;, H,, and H; correspond to walls H;, H,, and Hj in B,;
A corresponds to an apartment A in B,. The wall H, is just a pair of points in By,
and this pair of points is joined by at least three differents semi-circles of length =.
These three semi-circles can be glued in pairs to form three different apartments in
B,. Using the fact that an antipode of a point in Sg, also lies in Sg,, it is clear that
the image of H, under reflection in H; is also in Sp,. Hence the wall Y,H, C ¥,B
is contained in three half-apartments, and proposition 3.6.4 then implies that HJ lies
in three half-apartments. O

The reflections in the walls in A N Sp generate a group G4, and by [Hum, p.
24] the only reflections in G4 are reflections in walls in A N Sp; also, the closures of
connected components of A\ Sg are fundamental domains for the action of G4 on A.

Sublemma 3.7.3 Let U C B be a connected component of B\ Sg, and suppose
UNA#0D for some apartment A. Then U C A.

Proof.— U N A is an open and closed subset of U, so UN A =U. U
We claim that the isomorphism class of G 4 is independent of A. To show this, it
suffices to show that the isometry type of a chamber A% . is independent of A. For
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1= 1,2 let A; be an apartment, and let Afn"od be a chamber for G4,. If A3 C B is
an apartment containing an interior point from each A% then the sublemma gives
A:jjod C As. But then the Af;’od are both chambers for G 4,, so they are isometric.
Hence each pair (A, G 4) is isomorphic to a fixed spherical Coxeter complex (S, W)
for some reflection subgroup W* C W. We denote the quotient map and model
polyhedron by

o . S — S/Wh = At
We call the closure of components of B\ Sg, A" chambers. We can identify the
At _chambers with A" . in a consistent way by the following construction: Let
Ay € B be an apartment and py € Ay N Rp be a smooth point. We define the
retraction p : B — Ay by assigning to each point p in the open ball B;(py) the
unique point p(p) € Ag so for which the segments pop and pop(p) have same length

—

and direction pgp:pop(p) at po. p extends continuously to the discrete set B\ B (po)
which maps to the antipode of py in Ay. If A is an apartment passing through p, then
AN Ay contains the Af,’,fod—chamber spanned by py and p|4 : A — Ay is an isometry
which preserves the tesselations by chambers. Composing p with the quotient map
Ay — Ay/Ga, we obtain a 1-Lipschitz map

(22) ot B — A
which restricts to an isometry on each chamber. Applying proposition 3.5.1 we see
that B is a spherical building modelled on (S, W'™). B is a thick building since we
already verified in lemma 3.7.2 above that if H C Sg is a wall, then it lies in at least
three half-apartments.

Corollary 3.7.4 Fori=1,2 let B; be a thick spherical building modelled on (S;, W;)
with atlas A;. If ¢ : By — By is an isometry then we may identify the spherical
Cozeter complezes by an isometry a : (S1,W1) — (S9, Wa) so that ¢ becomes an
1somorphism of spherical buildings.

3.8 Combinatorial and geometric equivalences

We recall (section 3.4) that for any building B, KB is the lattice of finite unions of
faces of B.

Proposition 3.8.1 Let By, By be spherical buildings of equal dimension. Then any
lattice isomorphism KBy — KBy is induced by an isometry By — By of CAT(1)
spaces. This 1sometry is unique if the buildings B; do not have a spherical deRham
factor.

Proof.— First recall that lattice isomorphisms preserve the partial ordering by inclu-
sion since C; C Cy <— C; U Cy = (.

We first assume that the buildings B; have no deRham factor and hence the
K B; come from simplicial complexes. In this case the lattice isomorphism KB; —
KB, carries k-dimensional faces of B; to k-dimensional faces of B;. To see this,
note that vertices of B; are the minimal elements of the lattice KB; and k-simplices
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are characterized (inductively) as precisely those subcomplexes which contain & + 1
vertices and are not contained in the union of lower dimensional simplices.

Consider a codimension-2 face o of a chamber C' in B;. For an interior point
s € o0, ¥;B; is isometric to the metric join ;0 o BY where B is a 1-dimensional
spherical building. The dihedral angle of C' along o equals the length of a chamber
in the 1-dimensional building BY.

Sublemma 3.8.2 The chamber length of a 1-dimensional spherical building is de-
termined combinatorially as 2w/l where | is the combinatorial length of a minimal
circuit.

Proof.— Combinatorial paths in a 1-dimensional spherical building determine geodesics.
Closed geodesics in a CAT(1) space have length at least 27 since points at distance
<  are joined by a unique geodesic segment. The closed paths of length 27 are the
apartments. Ul
Proof of Proposition 3.8.1 continued.— As a consequence of the sublemma, the lat-
tice isomorphism KB; — KBs induces a correspondence between chambers which
preserves dihedral angles. Since the dihedral angles determine the isometry type of
a spherical simplex [GrBe][theorem 5.1.2], there is a unique map of CAT(1)-spaces
By — Bs which is isometric on chambers and induces the given combinatorial isomor-
phism. Since the metric on each B; is characterized as the largest metric for which
the chamber inclusions are 1-Lipschitz maps, we conclude that our map B; — B,
is an isometry. In the general case, the buildings B; may have a spherical deRham
factor S; and split as B; = S; o B]. The lattices KB; and KB, are isomorphic: to a
subcomplex C; of ICB] corresponds the subcomplex S; o C! of KB;. The lattice iso-
morphism KB] & KB, — KBy & KB} is induced by a unique isometry B} — B} by
the discussion above. It follows that DimB] = DimB/, and DimS; = DimS,. Any
isometry S; — S, gives rise to an isometry B; — By which induces the isomorphism
K:Bl — ]CBQ O

3.9 Geodesics, spheres, convex spherical subsets

We call a subset of a CAT(1)-space convez if with every pair of points with distance
less than 7 it contains the minimal geodesic segment joining them. The following
generalises corollary 3.5.2.

Proposition 3.9.1 Let C C B a convex subset which is isometric to a conver subset
of a unit sphere. Then C' s contained in an apartment.

Proof.— We proceed by induction on the dimension of B. The claim is trivial if
dim(B) = 0. We assume therefore that dim(B) > 0 and that our claim holds for
buildings of smaller dimension than B.

Let A be an apartment so that the number of open faces in A which have non-
empty intersection with C' is maximal. Suppose C Z A. Letpe CNAandge C\ A
be points with ﬁég Y,A. Denote by V' the union of all minimizing geodesics in A
which connect p to its antipode p and intersect C'— {p, p}. V is a convex subset of A
and canonically isometric to the suspension of ¥,(CNA) = X£,CNE,A. By induction
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assumption, there is an apartment A’ through p such that ¥,C C ¥,A". A’ can be
chosen to contain p. Then CNA CV C A’ and ﬁc}e Y,A’. Hence the number of open
sectors in A’ intersecting C' is strictly bigger than the number of such sectors in A, a
contradiction. Therefore C' C A. O

Corollary 3.9.2 Any minimizing geodesic in a spherical building B 1s contained in
an apartment. Any isometrically embedded unit sphere K C B s contained in an
apartment. In particular dim(K) < rank(B) — 1.

3.10 Convex sets and subbuildings

A subbuilding is a subset B’ C B so that {¢ € A[(S) C B’} forms an atlas for a
spherical building structure; in particular B’ is closed and convex.

Lemma 3.10.1 Let s C B be a subset isometric to a standard sphere. Then the
union B(s) of the apartments containing s is a subbuilding. There is a canonical
reduction (W', A") of the spherical building structure on B(s); its walls are precisely
the W-walls of B(s) which contain s. When equipped with this building structure, B(s)
decomposes as a join of s and another spherical building which we call Link(s). If
p € s then log, maps Link(s) isometrically to the join complement of ¥,s in X,B(s).
Furthermore, if p € s lies in a W-face o of maximal possible dimension, then there is
a bijective correspondence between W -chambers containing o, W'-chambers of B(s),
chambers of Link(s), and W,-chambers in ¥,B.

Proof.— Let & and é be interior points of faces in s with maximal dimension. Then
B(s) is the union of all geodesic segments of length « from & to £. Proposition 3.6.4
implies that every pair of points in B(s) is containined in an apartment A C B(s).

Pick 1y € A with s C 19(S5), and set A" = {1 € A|L‘SO = LO‘SO}. Let W' C W be the
subgroup generated by reflections fixing sy pointwise. According to lemma 3.1.1, the
coordinate changes for the charts in A’ are restrictions of elements of W’. Therefore
A’ is an atlas for a spherical building structure on B(s) modelled on (S, W’).

Since sp C S is a join factor of the spherical Coxeter complex (S, W'), B(s)
decomposes as a join of spherical buildings B(s) = s o Link(s) by section 3.3. Any
two points in Link(s) lie in an apartment s C A C B(s), so log, maps Link(s)
isometrically to the join complement of ¥,s in ¥,B(s). The remaining statements
follow. O

The building B(s) splits as a spherical join of the singular sphere s and a spherical
building which we denote by Link(s):

B(s) = s o Link(s)

Lemma 3.10.2 If§ € B and n lies in the apartment A C B, then there is a fe A
with m = d(€,€) = d(&,n) +d(n,§). If d(&,n) > w/2 then £ has an antipode in every
top-dimensional hemisphere H C A.

Proof.— When DimB = 0 the lemma is immediate. If d(§,n) < 7 then by induction
— N
n€€ Xy B has an antipode in Y,A. Therefore we may extend £n to a geodesic segment

gné with 775 C A of length w. The second statement follows by letting 1 be the pole
of the hemisphere. Il
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Proposition 3.10.3 Let C be a conver subset in the spherical building B. If C
contains an apartment then C' 1s a subbuilding of full rank.

Proof.— By the lemma, any point £ € C has an antipode f in C'. By lemma 3.6.1,
the union C. ; of all minimizing geodesics from € to € which intersect C' — {¢, f} is a
neighborhood of £ in C. In particular, for sufficiently small € > 0, C'N B(€) is a cone
over Y¢C. Since f can be chosen to lie in an apartment Ay C C' by our assumption,
and since the apartment Eng in EgC corresponds to an apartment in Cé,é, we see
that C is a union of apartments. It remains to check that any two points £,n € C
153 in an apartment contained in C'. Choose an apartment A with n € A C C. For

née X, C there exists an antipodal direction in ¥, A and we can extend &ninto A to
a geodesic fng of length 7. To the apartment EEA in EEC' corresponds an apartment

A’ C C; ¢ containing % a

3.11 Building morphisms

We call a map ¢ : B — B’ between buildings of equal dimension a building morphism
if it is isometric on chambers. Later, when looking at Euclidean buildings, we will
encounter natural examples of building morphisms, namely the canonical maps from
the Tits boundary to the spaces of directions.

A building morphism ¢ has Lipschitz constant 1. ¢ maps sufficiently short seg-
ments emanating from a point p isometrically to geodesic segments. Therefore it
induces well-defined maps

(23) Yp¢ 1 3,B — E¢(p)BI

Since the chambers in B containing p correspond to the chambers in ¥,B (with
respect to its natural induced building structure, cf. Proposition 3.6.4), and similarly
for B’, the maps (23) are building morphisms, as well. We call the morphism ¢
spreading if there is an apartment Ay C B so that ¢| 4, 18 an isometry.

Lemma 3.11.1 Let ¢ : B — B’ be a spreading building morphism. Then, if £&,& €
B are points with ¢(&1) = ¢(&) =: &, the images of X¢, ¢ and Xe,¢ in L B' coincide.

Proof.— If ¢ is spreadlng then each pomt ¢ € ¢(B) has an antipode = #(B).
Any points £ € ¢~'(¢') and £ € ¢ (5’) are antipodes and minimizing geodesics
connecting ¢ and é are mapped isometrically to geodesics connecting &' and é’ , i.e.
¢|B(gé : B(€,€) — B'(€,€) is the spherical suspension of the morphism Y¢p. There

are canonical isometries persp, ¢ : LeB — X¢B and perspy g : YeB' — E@B’ , cf.
3.6.1, and we have:

(24) Eégb e} peT‘Sps’é = perspg,’é, e} Eg(b
The assertion follows. ]

Lemma 3.11.2 Let ¢ : B — B’ be a spreading building morphism. Suppose & € B,
&l € B' and set & = ¢&;.

Then there is an apartment A C B containing & such that ¢|A 1S an 1sometry
and the apartment A" .= ¢A C B' contains &.
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Proof.— Let us first assume that &, € A, = ¢ A, where A, is an apartment in B such

that q5| 4, 18 an isometry. Then there is a geodesic segment g{ggé{ of length 7 such

that 5;5{ C Aj (lemma 3.10.2). Let € € A, be the lift of é{ By proposition 3.6.4,
the subbuilding B(&;,£1) contains an apartment A with 3z A = 3 As. ¢|A is an

isometry, because it is an isometry near & . By construction, & € pA.
The above argument implies that, since ¢ is spreading by assumption, that each
point & € B lies in an apartment A; so that qz5| 4, is an isometry. Therefore the

assumption in the beginning of the proof is always satisfied and the proof is complete.
O

Corollary 3.11.3 Let ¢ be as in lemma 3.11.2. Then:
1. ¢(B) is a subbuilding in B'.
2. The induced morphisms Y¢¢ are spreading.

3. Forall &, € B, & € ¢(B) exists & € ¢71E, such that
(25) dp(&1, &) = dp (661, &)-

4. If & satisfies (25) then there exists an apartment A C B containing &, &y such
that ¢|A 1S an tsometry.

Proof.— 'The first three assertions follow immediately from the lemma. We prove the
fourth assertion:

By 1. we find a geodesic segment ﬂféé{ of length 7 contained in ¢(B). By 3. there
exists a lift & of éﬂ such that dB(fg,gl) =dp (gg,é{) Applying the previous lemma
to the morphism X ¢, which is spreading by2., we find an apartment A C B(&, 51)

containing the geodesic segment 515251 and so that E£1¢|2§ 4» and therefore also ¢| 4
1
is an isometry. U

Proposition 3.11.4 Let B and B’ be spherical buildings modelled on A,,.q, and let
¢ : B — B’ be a surjective morphism of spherical buildings so that g = 0p o ¢.
Suppose T is a face of B and o' is a face of B' contained in ¢(B) so that ¢7 C o'.
Then there ezists a face o of B with 7 C o and ¢o = o',

Proof.— Let £ be an interior point of 7 and let o; be a face of B with ¢o; = ¢'. oy
contains (in its boundary) a point &; with ¢&; = ¢, and by lemma 3.11.1 there exists
a face o containing ¢ (and therefore 7) with ¢o = ¢poy = o', O

Corollary 3.11.5 Let B, B' and ¢ be as in proposition 3.11.4. If h' C B’ is a half-
apartment with wall m', and m C B lifts m', then there is a half-apartment h C B
containing m which lifts h'.

Proof.— Let 7 C h' be a chamber with a panel ¢/ C m/, and let ¢ C m be the
lift of ¢’ in m. Applying proposition 3.11.4 we get a chamber 7 C B so that the
half-apartment A spanned by 7 U m lifts A'. a
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3.12 Root groups and Moufang spherical buildings

A good reference for the material in this section is [Ron]

Definition 3.12.1 ([Ron, p. 66]) Let (B, Apoa) be a spherical building, and let a C
B be a root. The root group U, of a is defined as the subgroup of Aut(B,Anoq)
consisting of all automorphisms g which fix every chamber C C B with the property
that C N a contains a panel m ¢ Oa.

We let Gp C Aut(B, Ap0q) be the subgroup generated by all the root groups of B.

Proposition 3.12.2 (Properties of root groups) Let B be a thick spherical buil-
ding.

1. If U, acts transitively on the apartments containing a for every root a contained
in some apartment Ag, then the group generated by these root groups acts tran-
sitively on pairs (C, A) where C is a chamber in an apartment A C B.

2. Suppose (B, Apmoq) 18 irreducible and has dimension at least 1. Then the only
root group element g € U, which fixes an apartment containing a is the identity.

Lemma 3.12.3 Let A and A’ be apartments in the spherical building B. Then there
exist apartments Ay = A, Aq,..., Ay = A’ so that A;_1 N A; is a half-apartment
containing AN A’ for all .

Proof.— Suppose that A and A’ are apartments which do not satisfy the conclusion
of the lemma and so that the complex A N A’ has the maximal possible number of
faces. We derive a contradiction by constructing an apartment A” whose intersection
with A respectively A’ strictly contains A N A'.

If An A" is empty, we choose A” to be any apartment which has non-empty
intersection with both A and A’. If AN A’ is contained in a singular sphere s of
dimension dim(A N A’) < dim(B) we pick a chambers ¢ C A and ¢/ C A" with
dim(o N s) = dim(o' N's) = dims. The subbuilding B(s) contains an apartment A”
with sUoUo’ C A” and A” has the desired property. It remains to consider the case
that A N A’ contains chambers and is strictly contained in a half-apartment. Then
there is a half-apartment h C A containing AN A" and so that dh N AN A’ contains
a panel m. Let ¢’ C A’ be a chamber with ' " AN A" = w. The convex hull A” of
h U o' is an apartment with the desired property. O
Proof of Proposition.— 1. Let G4 be the group generated by the root groups U,
where a runs through all roots contained in an apartment A C B. If g € U, then
G4 = Gga because Ugy = gU,g~! for all roots a C A. By lemma 3.12.3, given any
apartment A’ there is a sequence Aqg, ..., Ay = A’ such that A;_;NA; is aroot. Hence
Ga, = Ga, = ... = Gy and it follows that Gg = G 4 for all apartments A'.

Let o1 and o9 be chambers in B which share a panel 7 = 01N 0o5. Since B is thick,
there is a third chamber o with o N o; = w. Pick apartments A; containing o U o;.
Applying lemma 3.12.3 again, we see that there is a ¢ € Gp so that g(A;) = As, and
g fixes 03. Hence go; = 05 and we conclude by induction that G acts transitively
on chambers.
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Let A;, As be apartments and o1, o9 be chambers such that o; C A;. By the above
argument, there exists g € G with go; = 02. By lemma 3.12.3 there is a ¢’ € Gp
with ¢'(gA;) = Ay and g'os = 03. Hence Gp acts transitively on pairs C C A as
claimed.

2. Since B is irreducible, there is a chamber ¢ contained in the interior of a (see
lemma 3.3.2). Since the convex set B’ = Fiz(g) contains the apartment A it is a
subbuilding by proposition 3.10.3. Moreover, B’ contains an open neighborhood of
o by the definition of U,. Note that if 7 and #n’ are opposite panels in B’, then
B’ contains every chamber containing 7 if and only if it contains every chamber
containing 7’ (lemma 3.6.1). Since for each panel 7 there is a panel m C Jo in the
same projectivity class (see definition 3.6.2 and lemma 3.6.3) we see that B’ contains
every chamber in B with a panel in B'. When Dim(B) = Dim(B') = 1 this implies
that B’ is open in B, forcing B’ = B; in general we show by induction that Vp € B’ we
have ¥,B' = ¥,B, which implies that B’ C B is open and consequently B’ = B. [

Definition 3.12.4 A spherical building (B, Apmoeq) s Moufang if for each root a C B
the root group U, acts transitively on the apartments containing the root a. When B
15 irreducible and has rank at least 2, then by 2 above, U, acts simply transitively on
apartments containing a.

The spherical building associated with a reductive algebraic group ([Til, chapter
5] is Moufang. In particular, irreducible spherical buildings of dimension at least 2
are Moufang.

4 Euclidean buildings

There are many different ways to axiomatize Euclidean buildings. For us, the key
geometric ingredient is an assignment of A,,,q-directions to geodesics segments in
a Hadamard space. Just as with symmetric spaces, A,,.4-directions capture the
anisotropy of the space, and they behave nicely with respect to geometric limiting
operations such as ultralimits, Tits boundaries, and spaces of directions.

4.1 Definition of Euclidean buildings
4.1.1 Euclidean Coxeter complexes

Let F be a finite-dimensional Euclidean space. Its Tits boundary is a round sphere
and there is a canonical homomorphism

(26) p: Isom(E) — Isom(0rys E)

which assigns to each affine isometry its rotational part. We call a subgroup W,ss C
Isom(FE) an affine Weyl group if it is generated by reflections and if the reflection
group W = p(Wess) C Isom(OrusE) is finite. The pair (E, Wyss) is said to be a
Fuclidean Cozxeter complex and

(27) aTz‘ts(E, Waff) = (aTitsEa W)
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is called its spherical Cozeter compler at infinity. Its anisotropy polyhedron is the
spherical polyhedron

Amod = (8thsE)/W

An oriented geodesic segment 7y in a E determines a point in Or;;s F and we call
its projection to A,q the Ay,.q-direction of xy.

A wall is a hyperplane which occurs as the fixed point set of a reflection in Wy
and singular subspaces are defined as intersections of walls. A half-space bounded by
a wall is called singular or a half-apartment. An intersection of half-apartments is a
Weyl-polyhedron. Weyl cones with tip at a point p are complete cones with tip at p
for which the boundary at infinity is a single face in O, F.

Fix a point p € E. By W(p), we denote the subgroup of W,;; which is generated
by reflections in the walls passing through p. W (p) embeds via p as a subgroup of W.
A Weyl sector with tip at p is a Weyl polyhedron for the Euclidean Coxeter complex
(E,W(p)); note that a Weyl sector need not be a Weyl cone, and a Weyl cone need
not be a Weyl sector. A subsector of a sector o is a sector o’ C o with 00" = Orits0;
o lies in a finite tubular neighborhood of o’. A Weyl chamber is a Weyl polyhedron
for which the boundary at infinity is a A,y chamber; Weyl chambers are necessarily
Weyl cones. The Coxeter group W (p) acts on ¥,E, so we have a Coxeter complex

Xp(E, Wagy) = (5, W (p))
with anisotropy map by
b, : S, F — S, E/W(p) =: Apoa(p).

The faces in (X,E, W(p)) correspond to the Weyl sectors of E with tip at p.

We call the Coxeter complex (E,W,ss) irreducible if and only if its anisotropy
polyhedron, or equivalently, its spherical Coxeter complex at infinity is irreducible.
In this case, the action of W on the translation subgroup 7'<W, forces T' to be trivial,
a lattice, or a dense subgroup. In the latter case we say that Wy is topologically
transitive.

4.1.2 The Euclidean building axioms

Let (E,W,s¢) be a Euclidean Coxeter complex. A Fuclidean building modelled on
(E,Wa,sy) is a Hadamard space X endowed with the structure described in the fol-
lowing axioms.

EB1: Directions. To each nontrivial oriented segment Ty C X is assigned a Apmoq-
direction 8(TY) € Apoa- The difference in Apoq-directions of two segments emanating
from the same point is less than their comparison angle, i.e.

(28) d(0(xy),0(z7)) < Zo(y,2)

Recall that given 61,02 € Apa, D(01,02) is the finite set of possible distances
between points in the Weyl group orbits 8! . (é1) and 65 (ds).

EB2: Angle rigidity. The angle between two geodesic segments Ty and Tz lies in
the finite set D(0(zy),0(TZ)).
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We assume that there is given a collection A of isometric embeddings ¢ : £ — X
which preserve A,,,4-directions and which is closed under precomposition with isome-
tries in W,ss. These isometric embeddings are called charts, their images apartments,
and A is called the atlas of the Euclidean building.

EB3: Plenty of apartments. Each segment, ray and geodesic is contained in an
apartment.

The Euclidean coordinate chart ¢4 for an apartment A is well-defined up to pre-
composition with an isometry a € p~'(W). Two charts ¢4, , 14, for apartments A;, Ay
are said to be compatible if LZ} O Ly, is the restriction of an isometry in Wess. This
holds automatically when W,z = p~H(W).

EB4: Compatibility of apartments. The Euclidean coordinate charts for the
apartments in X are compatible.

It will be a consequence of Corollary 4.6.2 below that the atlas A is maximal among
collections of charts satisfying axioms EB3 and EB4.

We define walls, singular flats, half-apartments, Weyl cones, Weyl sectors, and
Weyl polyhedra in the Euclidean building to be the images of the corresponding
objects in the Euclidean Coxeter complex under charts. The set of Weyl cones with
tip at a point x will be denoted by W,. The rank of the Euclidean building X is
defined to be the dimension of its apartments. X is thick if each wall bounds at least
3 half-apartments with disjoint interiors. We call X a Fuclidean ruin if its underlying
set or the atlas A is empty.

4.1.3 Some immediate consequences of the axioms

Axiom EBI implies the following compatibility properties for the A,,,4-directions of
geodesic segments.

Lemma 4.1.1 Let z,y, z be points in X.
1. Ify lies on Tz, then 0(Zz) = 0(Ty) = 0(yz).
2. If :E_i/,fv_),ze Y. X coincide, then 0(zy) = 0(7Z).
3. Asymptotic geodesic rays in X have the same A,,,q-direction.

We call a segment, ray or geodesic in X regular if its A, ,4-direction is an interior
point of A,,.4.

Lemma 4.1.2 1. If p € X and z; € X — p, then the px; initially span a flat
triangle if Z,(z1,22) > 0, and they initially coincide if Z,(z1,22) = 0.

2. If p; € X and & € Orys X, then the rays p;&; are asymptotic to the edges of a
flat sector

Proof.— 1. After extending the segments pzx; to rays if necessary, we may assume with-
out loss of generality that z; € Orys X. If 2z € pzy, then 0(Z7;) = 0(z;) so Z,(z1,x9) €
D(6(x,),0(z2)) which is a finite set. But Z,(x1,22) — Z,(z1,22) monotonically as
z — p, which implies that Z,(z1,z2) = Z,(21,22), Z,(p, x2) = m — Z,(x1, x2) when z
is sufficiently close to p. Therefore A(p, z,z5) is a flat triangle (with a vertex at oo)
when z is sufficiently close to p.

2. follows from similar reasoning and the property (6) of the Tits distance. O
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4.2 Associated spherical building structures
4.2.1 The Tits boundary

The Tits boundary Op;s X is a CAT(1)-space, see 2.3.2. Lemma 4.1.1 implies that
there is a well-defined A,,,q-direction map

(29) QBTitsX . aTits)( — Amod
which is 1-Lipschitz by (28).

Proposition 4.2.1 0r;;s X carries a spherical building structure modelled on the
spherical Coxeter complex (OpysE, W) with Apq-direction map (29).

Proof.— We verify that the assumptions of proposition 3.5.1 are satisfied. Axiom
EB2 implies that (29) satisfies the discreteness condition (17). If A is a Euclidean
apartment in X then Op;;;A is a standard sphere in 07y, X. Clearly, any point & €
Orits X lies in a standard sphere. It remains to check that any two points & and & in
Oris X with Tits distance 7 are ideal endpoints of a geodesic in X. To see this, pick
p € X and note that the angle Z,(&;,&;) increases monotonically as z moves along
the ray p€; towards &,. But by EB2 Z,(£1,&,) assumes only finitely many values, so
when z is sufficiently far out we have Z,(&1,&) = Zrus(&1,&) = 7, and the rays z&;
fit together to form a geodesic with ideal endpoints & and &;. O

4.2.2 The space of directions

The space of directions ¥, X is a CAT(1)-space (see section 2.1.3). Lemma 4.1.1 im-
plies that there is a well-defined 1-Lipschitz map from the space of germs of segments
in a point x € X:

(30) O, x : 25X — Apod

In this section we check that this map induces a spherical building structure on ¥, X.
By axiom EB2, 6§ = fy,_x satisfies the discreteness condition (17).

Lemma 4.2.2 ¥* X s complete, so X7 X = ¥, X.

Proof.— Let (z) be a sequence in X — {z} such that (zz) is Cauchy in ¥ X. Then
9(3:?5),6) is Cauchy in A,,,q and we denote its limit by 4. If Ay C X is an apartment
containing T then T11E T, A5 C ¥*X and ¥, A, contains a spherical polyhedron
o such that x:_v)ke o and 0|,,; 0x — Apeq is an isometry. There is a unique & € oy,
with (&) = 0 and we have d(&, 22%) = da__,(6, (zzy)) — 0. Hence (&) is Cauchy
with (&) = 6 and lim z24= lim & in 3, X. The discreteness condition (17) implies
that (&) is eventually constant and therefore (z2;) has a limit in £1.X. O

We now apply proposition 3.5.1 to verify that >, X carries a natural structure as
a spherical building modelled on (Or;;sE,W). The only condition which remains to
be checked is that antipodal points 3:21 and x?gg in ¥, X lie in a subset isometric to
S = OrasE. But Z,(x1,25) = 7 implies that 775 = T2; UZZ3 and if A C X is an
apartr_r)lent containing Tz then X, A C X, X is a spherical apartment containing affl
and xzs.
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Lemma 4.2.3 All standard spheres in X, X are of the form X, A where A is an
apartment in X passing through x.

Proof.— By corollary 3.9.2, standard spheres are A,,,4-apartments, so we can find
antipodal regular points &;,& € a. Then there is a segment z7x; through x with
TT= &. If A C X is an apartment containing Tz then ¥, ANa 2O {&,&} and
the spherical apartments a and ;A coincide because they share a pair of regular
antipodes (lemma 3.6.1). O

There are two natural reductions of the Weyl group which we shall consider. First,
according to section 3.7 there is a thick spherical building structure with atlas Ath (z)
and anisotropy map
(31) Q;h 3, X — Af,’,fod(m);

This structure is unique up to equivalence. The second reduction is analogous to the
structure constructed in proposition 3.6.4. We postpone discussion of this structure

until 4.4.1 because we do not have an analog of lemma 3.1.1 in the case of nondiscrete
Euclidean Coxeter complexes.

4.3 Product(-decomposition)s

Let X;,i=1,...,n, be Euclidean buildings modelled on Coxeter complexes (FE;, W f f)
with atlases A; and anisotropy polyhedra A? Then Wy = Walff X oo X Wiks

mod*
acts canonically as a reflection group on F := F; x --- X E,. We call the Coxeter

complex (E,W,sr) the product of the Coxeter complexes (E;, W;ff) and write

(32) (B, Ways) = (El’Wlff) X -+ X (Ey, a”ff)'

a

There are corresponding join decompositions
(33) (aTitsE: W) = (aTitsEla Wl) ©---0 (aTitsEn: Wn)
of the spherical Coxeter complex at infinity and

(34) Amod = A717wd o---0A7

mod

of the anisotropy polyhedron. The Hadamard space
(35) X=X x---xX,

carries a natural Euclidean building struture modelled on (E, Wosf). The charts for
its atlas A are the products ¢ = 11 X - -+ X ¢, of charts ¢; € A;. We call X equipped
with this building structure the Fuclidean building product of the buildings X;.

Proposition 4.3.1 Let X be a Euclidean building modelled on the Cozeter complex
(E,Wayp) with atlas A and assume that there is a join decomposition (34) of its
anisotropy polyhedron. Then
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1. There is a decomposition (32) of (E,W,ys) as a product of Euclidean Cozeter
complezes so that a segment Ty C E s parallel to the factor E; if and only if
its Amog-direction 0(Ty) lies in A

mod*

2. There is a decomposition (35) of X as a product of Euclidean buildings so that
a segment Ty C E s parallel to the factor E; if and only if its A,,.q-direction
0(zy) lies in A!

mod*

Proof.— 1. Proposition 3.3.1 implies that the spherical Coxeter complex at infinity
decomposes as a join

(36) (Orits E, W) = (S1,W1) o0 (S, Wp)

of spherical Coxeter complexes. By proposition 2.3.7, this decomposition is induced
by a metric product decomposition £ = E; X --- X E, so that Op;;, F; is canonically
identified with S; and, hence, a segment 7y C E is parallel to the factor FE; if and
only if 8(zy) € A!, .. (36) implies that W,s; decomposes as the product W,s; =
Walf p X x W, of reflection groups Wi 7 acting on E;, thus establishing the desired
decomposition (32).

2. Arguing as in the proof of the first part, we obtain a metric decomposition (35)
as a product of Hadamard spaces so that zy C X is parallel to the factor X; if and
only if §(zy) € A! ;. Furthermore, the Ory;X; carry spherical building structures
modelled on (OrisEi, W;) so that the spherical building Or;sX decomposes as the
spherical building join of the Or;;s X;. Each chart «: F — X, 1 € A, decomposes as a

product of A? -direction preserving isometric embeddings ¢; : F; — X;. The collec-

mod
tion A; of all ¢; arising in this way forms an atlas for a Euclidean building structure
on X; and (35) becomes a decomposition as a product of Euclidean buildings. O

We call a Euclidean building ¢rreducible if its anisotropy polyhedron is irreducible,
compare section 3.3. According to the previous proposition, the unique minimal
join decomposition of the anisotropy polyhedron A,,,q into irreducible factors corre-
sponds to unique minimal product decompositions of the Euclidean Coxeter complex
(E,Wgys) and the Euclidean building X into irreducible factors. We call these de-
compositions the de Rham decompositions and the maximal Euclidean factors with
trivial affine Weyl group the Euclidean de Rham factors.

4.4 The local behavior of Weyl-cones

In this section we study the set W, of Weyl cones with tip at p. The main result
(corollary 4.4.3) is that in a sufficiently small neighborhood of p, a finite union of
these cones is isometric to the metric cone over the corresponding finite union of
Apoq faces in ¥, X. This proposition plays an important role in section 6.

Let W, and W5 be Weyl cones in X with tip at p. The Weyl cone W; determines
a face X,; in the spherical building (X,X, Ay,04)-

Sublemma 4.4.1 Suppose that ¥,W, = X,W5 in ¥,X. Then W1 N Wy is a neigh-
borhood of p in W1 and Ws.
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Proof.— According to lemma 4.1.2 each point in the face X,W; = X,W, is the
direction of a segment in W; N W5 which starts at p. We can pick finitely many
points in X,W; = X, W, whose convex hull is the whole face. The convex hull of the
corresponding segments is contained in the convex set W; MW, and is a neighborhood
of p in Wy and W5. U

Locally the intersection of Weyl cones with tip at a point p is given by their
infinitesimal intersection in the space of directions ,X:

Lemma 4.4.2 If W1, W, € W, then there is a Weyl cone W € W, with ¥, =
YpWh N X, Wy. For every such W there is an € > 0 so that:

Wi N Wy N B(p) = W N B(p)

Hence the intersection of Weyl cones with tip at the same point is locally a Weyl cone.

Proof.— By lemma 3.4.2 the intersection X, W1 NYX, W5 is a A,,,4-face and hence there
is a W € W, such that X,W =X, W; N X, W,. By the previous sublemma, there are
W! e W, with W] C W, and a positive € so that

Wi N Be(p) = W5 N Be(p) =W N Be(p)

for any such W. If z is a point in W; N W, different from p then ﬁ;e X, W, so
px C Wi N W,. Therefore

Wi NW, N Be(p) = Wi N W30 Be(p) = W N Be(p).
O

Corollary 4.4.3 IfW,...,W; € W,, then there is an € > 0 such that (U;W;) N B, (¢)
maps isometrically to (U;C,W;) N B(e) C Cp X via log,.

Proof.— Let C denote the finite subcomplex of ¥, X detemined by U;3,W;. Pick
01,02 € C. By lemma 4.2.3 these lie in an apartment ¥,A4, ,, C X,X for some
apartment A, ,, C X passing through p. If 0, is a face of ¥,WW; and o, is a face of
2,W;, then by the sublemma above we may assume without loss of generality that
(W7TUW) N By(e) € Agyo, where W' (resp. W)?) is the subcone of W; (resp.
W;) with X,W/* = oy (resp. ¥,W7” = 03). Since there are only finitely many such
pairs o1, 09 € C, for sufficiently small € > 0, every pair of segments px1, pxs C U;W;
bounds a flat triangle provided |pz;| < e. O

4.4.1 Another building structure on ¥,X, and the local behavior of Weyl
sectors.

Let o C ¥,X be a Apq-apartment. By lemma 4.2.3 there is an apartment A C X
with ¥,X = «a, and by corollary 4.4.3 any two such apartments coincide near p.
Hence the walls in A which pass through p define a reflection group W, C Isom(a).

Lemma 4.4.4 The reflection group W, contains the reflection group W coming
from the thick spherical building structure on 3,X.
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Proof.— Let m C « be a wall for the A (p) structure. There are apartments
A; C X through p, ¢ = 1,2,3, so that ¥,A4; = « and the ¥,A; intersect in half-
apartments with boundary wall m. By corollary 4.4.3 the pairwise intersections of
the A; are half-spaces near p. Choose charts t4,,t4,,t4, € A and let ¢;; € Wyyss be
the unique isometry inducing L;h_l o14;. Then @130 ¢o3 0 @3 is a reflection at a wall w

passing through z = ¢! (p) and satisfying Z,ta,w = m. O

Fixing one apartment o C X, X, we take a chart + : S — « from the atlas
A (p), and enlarge A™(p) by precomposing each chart ./ € A% (p) with elements
of 171 (W,) C Isom(S). Clearly this defines an atlas A(p) for a spherical building

structure modelled on A,04(p) ) a/W,.

Let A, A; C X be apartments so that 3,4 = «a, ¥,4; = a3, and aNoy contains a
chamber C' C a. If 14,14, : E — X are charts from the atlas A, then since AN A4, is
a cone near p by lemma 4.4.3, it follows that X,(14, 013') : S,A = a — oy = 3,4,
carries W, faces in a to W, faces in oy, while at the same time it carries A,;,q4(p)
faces of & to Ana(p) faces of aq. So every A,,u(p) face 0 C XX is a Wy face
for every apartment o/ containing o. Since the W,’s are all isomorphic, this clearly
implies that X, is a A,4(p) face for every Weyl sector with tip at p. So we have
shown:

Proposition 4.4.5 There is a spherical building structure (3,X, A(p)) modelled on
(S, Amoa(p)) so that Apmea(p)-faces in ¥,X correspond bijectively to the spaces of
directions of Weyl sectors with tip at p. In particular, if A C X 1is any apartment
passing through p, then there is a 1-1 correspondence between walls m C A passing
through p and Apeq(p)-walls in the apartment ¥,A, given by m — X,m. When X is
a thick building, then A(p) coincides with A™(p) for everyp € X.

Corollary 4.4.6 Corollary 4.4.3 holds when the W; are Weyl sectors with tip at p.
If A and Ay be apartments in X then A; N Ay is either empty or a Weyl polyhedron.
In particular, if Ay N Ay contains a complete reqular geodesic then A; = As.

Proof.— Each Weyl sector with tip at p is a finite union of Weyl cones with tip at p.
Hence a finite union of Weyl sectors with tip at p is a finite union of Weyl cones with
tip at p, and the first statement follows.

If A1, Ay C X are apartments and p € A; N Ay, then £,Q1 NX,A, is a convex
Apmod(p) subcomplex of ¥, A;. Hence there are Ap,4(p) half apartments hq, ..., by C
Yp A1 so that M;h; = £,A4, NX,As. By proposition 4.4.5, for each 7 there is a half-
apartment H; C A with ¥,H; = h;. Therefore A1 NA;NB,(e) = (NH;) N B,(e) and so
A;N A, is a Weyl polyhedron near p. Consequently A; N A, is a Weyl polyhedron. [

4.5 Discrete Euclidean buildings

We call the Euclidean building X discrete if the affine Weyl group W,y is discrete or,
equivalently, if the collection of walls in the Euclidean Coxeter complex E is locally
finite.

If p is a point in E then o, denotes the intersection of all closed half-apartments
containing p, i.e. the smallest Weyl polyhedron containing p. By corollary 4.4.6, each
affine coordinate chart 14 : £ — X maps o, to the minimal Weyl polyhedron in X
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which contains ¢4 (p). Hence for any point = € X there is a minimal Weyl polyhedron
o, containing it. We say that x spans o,. o, is the intersection of all half-apartments
containing x and, if X is thick, the intersection of all such apartments. The lattice
of Weyl polyhedra o, with = € o, is isomorphic to the polyhedral complex KX, X.

Proposition 4.5.1 In a discrete Euclidean building X each point x has a neighbor-
hood B.(z) which is canonically isometric to the truncated Euclidean cone of height €
over 2, X.

Proof.— Let 14 : E — X be a chart with z = 14(p) and choose € > 0 so that any
wall intersecting B.(p) contains p. Then for any point y € B.(p), the polyhedron o,
contains z and any apartment intersecting B.(p) passes through z. Hence any two
segments 7y and zz of length < € lie in a common apartment and it follows that
B(p) is isometric to a truncated cone. O

Assume now that W, is discrete and cocompact. Then the walls partition £ into
polysimplices which are fundamental domains for the action of W,ss. This induces
on X a structure as a polysimplicial complex. The polysimplices are spanned by
their interior points. If X is moreover irreducible, then this complex is a simplicial
complex.

4.6 Flats and apartments

Proposition 4.6.1 Any flat F' in X is contained in an apartment. In particular, the
dimension of a flat is less or equal to the rank of X.

Proof.— Among the faces in Or;;s X which intersect the sphere Oy F' we pick a face
o of maximal dimension. Then o N O F' is open in Oy F'. Let ¢ be a geodesic in F'
with ¢(oco) € Int(o) and let A be an apartment containing c. Then Or;sA contains o
and ¢(—o0) and convexity implies dryusF C Oris A. Since F N A # 0, it follows that
F' is contained in the apartment A. ]

As a consequence, we obtain the following geometric characterization of apart-
ments in Euclidean buildings:

Corollary 4.6.2 The r-flats in X are precisely the apartments.

The next lemma says that a regular ray which stays at finite Hausdorff distance
from an apartment approaches this apartment at a certain minimal rate given by the
extent of its regularity.

Lemma 4.6.3 Suppose § € Orys X 15 reqular and that the ray pé remains at bounded
distance from an apartment F'. Then every point x € p& with

d(p, F)
d(z,p) > sin(da, (08, 0Amoq))

lies in F'.
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Proof.— Let y be a point on the ray m4(p)&, and let z € py be the point where the seg-
ment py enters A (we may have z = y). By lemma 4.1.2 Z,(p, A) > 0, and by lemma
3.4.1 we have Z,(p,A) > da, ,(0(PZ),0Amea). The comparison triangle A(a,b,c)
in the Euclidean plane for the triangle A(p,m4(p), z) satisfies Z,(a,c) > m/2 and
Ze(a,b) > da,,,,(0(PZ), 0An0a). Hence d(p, A) > d(p,z)sin(da,,,(0(DZ), 0Amed))-
Since 8(pz) = 0(py) — O(p€) as y € p€ tends to oo, the claim follows. O

Corollary 4.6.4 FEach complete reqular geodesic which lies in a tubular neighborhood
of an apartment A must be contained in A. If Ay and Ay are apartments in X and
Ay lies in a tubular neighborhood of Ay, then A, = A,.

Another implication of the previous lemma is the following analogue of lemma
4.4.2 at infinity.

Lemma 4.6.5 If C,Cy C X are Weyl chambers with Or;;sC1 = OryusCo, then there
18 a chamber C C C; N Ch,.

Proof.— 1t is enough to consider the case that the building X is irreducible. The
claim is trivial if the affine Weyl group is finite and we can hence assume that Wo/
is cocompact. If p is a regular geodesic ray in ' then, by the previous lemma, it
enters Cy in some point p and C; N Cy contains the metric cone K centered at p with
ideal boundary Oris K = OrisC;. Since W,y is cocompact, K clearly contains a Weyl
chamber. O

Proposition 4.6.6 There is a bijective correspondence between apartments in X and
Orits X given by:

A C X ¢ Opigs A C Opirs X

Proof.— We have to show that every apartment K in Or;; X is the boundary of a
unique apartment in X. Since K contains a pair of regular antipodal points, there is
a regular geodesic ¢ whose ideal endpoints lie in K. c is contained in an apartment A.
Since the apartments 0p;sA and K have antipodal regular points in common, they
coincide as a consequence of lemma 3.6.1. A is unique by corollary 4.6.4. U

Lemma 4.6.7 Let A be an apartment in X. If ¢ is a geodesic arriving at p € A, it
can be extended into A.

Proof.— 1f n is the direction of ¢ at p then, by lemma 3.10.2, » has an antipode in
the spherical apartment ¥,A. Hence c has an extension into A. ]

Corollary 4.6.8 For any point x and any apartment A in X the geodesic cone over
A at x lies in the cone over OpysA. In particular, it is contained in a finite union of
apartments passing through x.

Sublemma 4.6.9 Let Y be a Fuclidean building with associated admaissible spherical
polyhedron Apnoq. Then for each direction § € int(Anoq) the subset 671(5) in the
geometric boundary 05 Y is totally disconnected with respect to the cone topology.
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Proof.— Suppose that y,y', 3" € Y so that 8(yy’) = 0(yy”) = 6. Define the point
z by yy' Nyy" = yz. If z # 5/, y" then the angle rigidity axiom EB2 implies that
2,y y") > ap = 2cdotdn,,, (5, 0Amea) and by triangle comparison we obtain:

ly'z| <

A
sna. AW y)
As a consequence, for each z € Y the closed subset {£ € 0,Y|0(€) = 4§ and z € y&}
of §71(6) is also open and we see that each point in #7'(§) has a neighborhood basis
consisting of open and closed sets. U

4.7 Subbuildings

A subbuilding X' C X is by definition a metric subspace which admits a Euclidean
building structure. This implies that X' is closed and convex and that Op;, X' is a
spherical subbuilding of Or;;s X which is closed with respect to the cone topology. We
consider a partial converse:

Proposition 4.7.1 Let X be a Fuclidean building and B C Orys X a subbuilding of
full rank. Then the union X' of all apartments A with OrysA C B has the following
properties:

e If X' is closed then it 18 a subbuilding of full rank and the subbuilding Orits X' C
Orits X 15 the closure B of B with respect to the cone topology. Furthermore, X'
18 the unique subbuilding with Or;;s X' = B.

e If X is discrete or locally compact then X' is closed.

Proof.— Observe that
X' U {A apartment|d7;;, A C B} = U{A apartment|0ry,A C B}.

We first show that X' is a convex subset. Consider points z1,2zo, € X'. There are
apartments A; with z; € A; C X'. By lemma 3.10.2, there exist & € OrusA; with
Ly, (x3-4,&) = m. The canonical map 9 : ;s X — ¥, X is a building morphism and
satisfies the assumption of proposition 3.11.2. Thus, since Z,, (&1, &2) = 7, there is an
apartment OrysA C X’ which contains &, €, and projects isometrically to ¥, X via
1. This means that x; € A. Consequently 7773 C A and X' is convex. Similarly,
one shows that any ray and geodesic in X’ lies in an apartment A which is limit of
apartments A, with Opi, A, C B, i.e. OpiysA C B and A C X'. The building axioms
are inherited from X and if X' is a closed subset then it is complete and a Hadamard
space. This proves assertion (i).

(ii) Assume that X is discrete and z € X’. Any point 2’ € X’ lies in an apartment
A C X', and if 2’ is sufficiently close to x then A contains z. Hence X’ is close in
this case.

Assume now that X is locally compact and that (z,) C X' is Cauchy with limit
x € X. Let p € X' be some base point. Any segment px, lies in some apartment
A, C X" and we can pick rays pz! &, in A, so that limz!, = = and 6¢,, = 6pz. After
passing to a subsequence, we may assume that (&,) converges to a point £ € B. Since
¢, = A€, lemma 4.1.2 implies that the segments p&, N pé C X' N p€ converge to pé.
Hence pé contains z lies in X', U
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4.8 Families of parallel flats

Let X be a Euclidean building and F C X a flat. If another flat F’ has finite
Hausdorff distance from F' then F' and F’ bound a flat strip, i.e. an isometrically
embedded subset of the form F' x I with a compact interval I C R. In this case, the
flats F' and F' are called parallel. Consider the union Pr of all flats parallel to F'. Pg
is a closed convex subset of X and splits isometrically as

Pr=F xY.

Proposition 4.8.1 Pr is a subbuilding of X and Y admits a Fuclidean building
structure.

Proof.— By proposition 4.6.1, Pr is the union of all apartments which contain F
in a tubular neighborhood, and Op;;sPr is the union of all apartments in Op;; X
which contain the sphere OrysF'. The subset Oris Pr C Oriss X is convex by lemma
4.1.2 and a subbuilding by proposition 3.10.3. Proposition 4.7.1 implies that P is
a subbuilding of X. As a consequence, the Hadamard space Y inherits a Euclidean
building structure. U

If dim(F) = rank(X) — 1, then Y is a building of rank one, i.e. a metric tree.
Since Y,Y is in this case a zero-dimensional spherical building, any two rays yn; and
yn2 in Y either initially coincide or their union is a geodesic. This implies:

Lemma 4.8.2 (i) Let H, and Hy be two flat half-spaces of dimension rank(X) whose
intersection Hy N Hy coincides with their boundary flats. Then Hy U Hy is an apart-
ment.

(11) If Ay, Az, As C X are apartments, and for each i # j the intersection A; N A;
s a half-apartment, then Ay N Ay N Az is a wall in X.

Lemma 4.8.3 Let C1,Cy, Cs C Orys X be distinct adjacent chambers, with m = C7 N
CyNC3 their common panel. Then there is a p € X so that if Cone(p,7) = U{p_§|f €
7}, then logy (C;) C Ly X are distinct chambers for every p' € Cone(p,n) and any
apartment A C X such that OrgsA contains two of the C; must intersect Cone(p, ).

Proof.— Let m C OrysX be a wall containing the panel 7. Then each chamber C;
lies in a unique half-apartment A; bounded by m, and pairs of these half-apartments
form apartments. Let A;; be the apartment in X with OpysA;; = h; U h;. By lemma
4.8.2, NA;j is a wall M C X, and we clearly have OrysM = m. If p € M, then the
half-apartments log, h; C ¥, X are bounded by log, m = X, M, so they are distinct;
otherwise NA;; # M. Hence the chambers log, C; C log, h; are distinct chambers.

If A C X is an apartment with C; U C; C OrusA, i # j, then there are chambers
C’i,é’j C AN A, with OrissCi = C;, 8Tz‘tsCA’j = (. The Tits boundary of the Weyl
polyhedron P = A;; N A contains C; U C}, so it intersects Cone(p, 7). O

4.9 Reducing to a thick Euclidean building structure

This subsection is the Euclidean analog of section 3.7.
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Definition 4.9.1 Let X be a Fuclidean building modelled on the Fuclidean Cozxeter
complex (E, Wosr), with atlas A'. The affine Weyl group may be reduced to a reflec-
tion subgroup W, C Wayy if there is a W, compatible subset A" C A forming an
atlas for a Euclidean building modelled on (E, W,/).

In constrast to the spherical building case, the affine Weyl group of a Euclidean
building does not necessarily have a canonical reduction with respect to which it
becomes thick. For example, a metric tree with variable edge lengths does not admit
a thick Euclidean building structure. However, there is always a canonical minimal
reduction, and this is thick when it has no tree factors.

Proposition 4.9.2 Let X be a Euclidean building modelled on (E, W,sf). Then there
is a unique minimal reduction Wy, C Woyg so that (X, E,W,;;) splits as a product
[ X: where each X; is either a thick irreducible Euclidean building or a 1-dimensional
Fuclidean building. The thick irreducible factors are either metric cones over their
Tits boundary (when the affine Weyl group has a fized point) or their affine Weyl
group 1s cocompact.

Proof.— We first treat the case when (OrisX, Amod) is a thick irreducible spherical
building of dimension at least 1.

Step 1.— FEach apartment A C X has a canonical affine Weyl group G4. If A C X is
an apartment, a wall M C A is strongly singular if there is an apartment A’ C X so
that AN A’ is a half apartment bounded by M. Since 07X is thick and irreducible,
for every wall m C Oy A there is a strongly singular wall M C A with Opys M = m.

Sublemma 4.9.3 The collection M 4 of strongly singular walls in A is invariant
under reflection in any strongly singular wall in A.

Proof.— Note that a wall M C A is strongly singular if and only if ¥,M C ¥,X is
a wall with respect to the thick building structure (3,X, A (p)); this is because
any half-apartment h C ¥, X with boundary ¥,M can be lifted to a half-apartment
H C X with boundary M, ¥,H = h by applying proposition 3.11.4 to the surjective
spherical building morphism log,, : Op;;s X — ¥, X.

If My, My C A are strongly singular walls intersecting at p € A, then ¥, M; is a
Ath (p) wall in $,4 C ¥, X, and so if we reflect 3, M, in 3, M, (inside the apartment
¥,A), we get another A (p) wall which is then the space of directions of the desired
strongly singular wall Mj.

Now suppose that My, My € M, are parallel. A,,,q is irreducible so there is a
strongly singular wall M3 intersecting both M; at an acute angle. Reflect M; in Mj
to get My, reflect M3 in M; to get My, and M, in M; to get Mg, and finally reflect
Mg in M5 to get a wall which is the image of M, under reflection in M;. The walls
M; are all in M 4, so we are done. O

Proof of Proposition 4.9.2 continued.— Hence for every apartment A C X the collec-
tion of strongly singular walls in A gives us a group G4 C Isom(A) which is generated
by reflections.

Step 2.— The group G4 is independent of A. Since OprysGa C Isom(OpysA) is an
irreducible Coxeter group, it follows that (G4 is either a discrete group of isometries
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or it has a dense orbit. When G4 is discrete, it is generated by the reflections in the
strongly singular walls which intersect a given G 4-chamber in codimension 1 faces.
When G 4 has a dense orbit, it is generated by all the reflections in strongly singular
walls passing through any open set. If two apartments A; and A, intersect in an open
set, it follows that G 4, is isomorphic to G 4,; therefore G4 is independent of A. So
there is a well-defined Coxeter complex (E, W, ;) attached to X.

Step 8.— Finding (E,W, ;) apartment charts. If Z is a convex domain in an apart-
ment A C X and ¢ : U — Z is an isometry of an open set U C E onto an open set
in Z, then there is a unique extension of ¢ to an isometry of a convex set Z C E onto
Z.

Pick an apartment Ay C X and an isometry ¢ : E — Ay which carries W, C

Isom(E) to Ga,. Then restrict to a W;,, chamber Cy C E and its image C, wf

Lo(é()) C Ap. Given any chamber C' C X, there is an apartment A; containing
subchambers of C' and Cy. There is a unique isometry ¢; : F — A; so that Ll_l and
Lgl agree on the subchambers CyN Ay C Ay, and a unique isometry (o : E D C—C
so that Lal and 1,1_1 agree on the subchamber C'N A;. If A, is another apartment with
O0ritsCo, OritsC C Orips Ao, we get another isometry 1o : E — As; but the convex set
A; N A, contains subchambers of Cy and C, so (7' and ;' agree on a subchamber of
C. Therefore ¢ is independent of the choice of apartment asymptotic to Cy U C.

Sublemma 4.9.4 Let A C X be an apartment, and let C1,Cy C OrisA be adjacent
Amod-chambers (Cy N Cy is a panel). For i = 1,2 we let 1c,(A) : E — A be the
unique isometric extension of g, where C; C A is a Wéff—chamber with OrysC; = C;.

Then i, (A) o tc, (A) € Wi

Proof.— For i = 1,2 let A;; C X be an apartment with Cy, U C; C OrisA;. If Cy
is contained in the convex hull of Cy U Cy (or Cy C ConvexHull(Cy U Ch)) then
C1UCy C Oris(AN Asg), so the sublemma follows from the fact that Lail (A) restricted
to AN A, coincides with ¢ 1| And,- S0 we may assume that there is a chamber
C3 C Oris A1 N OrigsAs which meets C; and Cs in the panel 1 = C; N Cy,. By
lemma 4.8.3 (applied to the original Euclidean building (X, E, W,;y)), there is a point
p € A1 N Ay so that Cone(p, ) C A1 N Ay and log,(C;) C ¥, X are distinct chambers
for i = 1,2,3. Therefore ;;' and 1,' agree on Cone(p,n). Hence the isometries
tor(A), 1) agree on Cone(p, ), which means that 1) (A) 0o, (A) : E — E is a
reflection. But since X,(Cone(p, 7)) = log,(C1) N log,(Cs) N log,(Cs), Cone(p, )
spans a strongly singular wall in A and so the reflection ¢y} (A) o ¢, (4) € W T

Proof of Proposition 4.9.2 continued.— By sublemma 4.9.4, we see that for each
apartment A C X, there is a canonical collection of isometries « : F — A which are
mutally Wéf s compatible, and which are compatible with the ¢ : C —s C for every
chamber C' C A. We refer to such isometries as W, s-charts, and to the collection of
W, ;s-charts (for all apartments) as the (£, W, ;) atlas A'.

Sublemma 4.9.5 Let A1, Ay C X be apartments with d-dimensional intersection
P = A NAs Ifp € P is an interior point of the Weyl polyhedron P, then there
1s an apartment A3 C X so that Az contains a neighborhood of p € P, and Az N A;
contains a Weyl chamber.
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Proof.— We have ¥,A; N ¥,Ay = ¥,P by lemma 4.4.3. Let 0y C ¥,P be a d — 1-
dimensional face of ¥,P, and let oy be the opposite face in X,P. If m C ¥,4, is a
chamber containing oy, then we may find an opposite chamber 7, C X,A4,. But then
To contains a face opposite o1, and this must be o, since each face in an apartment
has a unique opposite face in that apartment. Let C; C Or;;,A; be the chamber such
that log, C; = 7;. Then there is a unique apartment A3 C X with C; U Cy C Origs As-
Y,P C ¥,As, so Az has the properties claimed. O

Proof of Proposition 4.9.2 continued.— If A, A, C X are apartments with A; N A, #
0, then any Wy, charts ¢; : E — A; are W, compatible since by sublemma 4.9.5
we have a third apartment A; C X so that ¢; and iy are both W;f 7 compatible with
13 : B — Az on an open set U C A; N A;. Hence A’ gives X the structure of a
Euclidean building modelled on (£, W, ;). From the construction of W, it is clear
that (X, .A’) is thick.

Step 4.— The case when X is a 1-dimensional Euclidean building, i.e. a metric tree.
Let Ap C X be an apartment, OrysAg = {n1,m2}. For each p € X let ma,(p) € Ay
be the nearest point in Ay, and pa, € Ay be a point (there are at most two) with
d(pag,Ta,(p)) = d(p, Ap). Let M C Aq be the set of points ps, where p € X is a
branch point: |X,X| > 3; let G C Isom(Ap) be the group generated by reflections at
points in M. For each £ € Or;s X \n there is a unique isometry ¢¢ from the apartment
Ay = 7175 to the apartment 7;& which is the identity on the half-apartment 777z N7; €.
If & # &, then we have two isometries ¢, 1 : Ag — &€ where L ! agrees with Lg;
on 171§ N &&,. By inspection 4, 01, € G. Hence for each apartment A C X we have
a well-defined set of isometries Ag — A. As in step 3 it follows that these isometries
are G-compatible, so they define an atlas A’ for a Euclidean building structure on X.

Step 5.— X is an arbitrary Euclidean building modelled on (E,Wesf). Let W wf

OritsWayy, and let W' C W C Isom(OrissE) be the canonical reduced Weyl group
of Oris X given by section 3.7. Let W,ss C Isom(E) be the inverse image of W’

under the canonical homomorphism Isom(E) — Isom(OpisF). Let 0 : Opjps X —

s /W' be the Al ,-anisotropy map. We may define A! ,-directions for rays

“mod —

z€ C X by the formula ¢'(z€) = ¢'(¢) € Al ;. We define the A/ . -direction of
a geodesic segment 7y C X by setting ¢'(zy) = 6'(x&,) for any ray z&; extending
77; if 2&, is another ray extending Zy then & € Orys X and & € Oy, X are both
antipodes of n € Ori1s X where y7 is a ray extending yz, so 6'(7y) is well-defined. The
remaining Euclidean building axioms follow easily from the fact that any two segments
PT, py initially lie in an apartment A C X (corollary 4.4.3) and for our compatible
(E,W,;) apartment charts we may take all isometric embeddings i : E — X for
which Oritst : Orits E — Orits X is an apartment chart for (O X, AL, 4)-

We may now apply proposition 4.3.1 to see that (X,E,Waff) splits as a prod-
uct of Euclidean buildings (X, E, Waff) = ([1X:, [T Ei, [IW;;;) so that each 7, X;
is irreducible. Let (Wg,;)" C W, A; be the canonical subgroup and atlas con-
structed in steps 1-4, and set Wy, = [[(Wys;)" C Isom(E), A" = [[Ai. Then
(Xi, By, (Wsy;)', Ai) has the properties claimed in the proposition. Fix an apartment
Ay C X and a chart 14, € A. If Ag,... , Ar = Ap is a sequence of apartments so that
A;_1NA; is a half-apartment for each 7, then there is a unique isometry g; : A;_1 — A;
so that g; is the identity on A; 1 N A;. Axiom EB4 implies that g;o0...0gj 014, € A

for each 4, so in particular ¢ = g0 ...0 g1 € tag«(Wayss). From the construction
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of (W},;)' it is clear that the group of all such isometries g : A9 — Ao contains
Uy (Wayss) C Isom(Ap) where iy € A'. So W,;; C Wysy is a minimal reduction of
Ways- O

4.10 Euclidean buildings with Moufang boundary

This is a continuation of section 3.12.

Proposition 4.10.1 (More properties of root groups) Let B be a thick irredu-
cible spherical building of dimension at least 1, and let X be a Euclidean building with
Tits boundary B.

1. For every root group U, C Aut(B,An.q) and every g € U, there is a unique
automorphism gx : X — X so that Orysgx = g. In other words, if G is the
group generated by the root groups, then the action of G on Orys X “extends”
to an action on X by building automorphisms. Henceforth we will use the same
notation to denote this extended action.

2. Suppose g € U, 1s nontrivial. If A C X is an apartment such that OrysA D a,
then g(A) N A is a half-apartment; moreover Fiz(g) N A = g(A) N A.

Proof.— See [Ron, Affine buildings II, esp. prop. 10.8], or [Ti2, p. 168].

For the remainder of this section X will be a thick, nonflat irreducible Euclidean
building of rank > 2. Therefore A,,,q is a spherical simplex with diameter < 7/2 and
the faces of Ory;, X define a simplicial complex.

Lemma 4.10.2 Let A C X be an apartment, py € X, p € A the nearest point in A,
and a C 0A a root. Then the stabilizer of py in the root group U, fizes p.

Proof.— Using lemma 3.10.2 extend the geodesic segment Pyp to a geodesic ray poé =
Pop U p€ so that the ray p§ lies in the half apartment Cone(p,a) C A. If g € U, fixes
po, then it fixes the ray po&, and hence the half-apartment Cone(p, a). U

We now assume that the spherical building (O7is X, Amed) is Moufang. Pick p €
X, and let (X,X,A!" .(p)) denote the thick spherical building defined by the space
of directions ¥,X with its reduced Weyl group (see section 3.7). Suppose H; C X
is a half-apartment whose boundary wall passes through p, h = YpH, C XpX is
a A (p) root, and let a, = OrysHy C Orus X. If U, . is the root group associated
to ay, and V,, C U,, is the subgroup fixing p, then we have a homomorphism
Yy Vo, — Aut(3,X, Af,’:od( ).

Lemma 4.10.3 The image of V,, s the root group Uy, associated with h, and this
acts transitively on apartments in X,X containing hy. In particular, (,X, A (p))
15 a thick Moufang spherical building.

Proof— By corollary 3.11.5, if h. C %,X is a A" (p) root with 0h = Oh, =

Y,(0H,), then there is a half-apartment H_ C X so that H_ and H, have the
same boundary and X,H_ = h_. Given two such A,,(p) roots hl, A% C L,X
so that h® U h, forms an apartment in 2, X, we get two half apartments H! so
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that H® U H, forms an apartment in X. Since (OrisX, Amog) is Moufang, the root
group U,, C Aut(0OrisX, Amoq) contains an element which carries H! to H?. By
3.12.2, g “extends” uniquely to an isometry g : X — X which carries the apartment
H' U H, to the apartment H? U H,, fixing H, (see 4.10.1). It remains only to
show that the isometry X,g : ¥, X — 3,X is contained in the root group U, C
Aut(X,X, At (p)). Clearly ¥,g fixes h,. Let C C ¥,X be a A" .(p) chamber such
that C'Nh, contains a panel m with m ¢ dh,.. Using pr0p081t10n 3.11.4 we may lift C
to a (subcomplex) C C 874, X so that CN da. maps isometrically to C'N dh, under
logy : Ories X — XX . g fixes an interior point of C, so ¥,g fixes an interior point

of C, which implies that Y,pg fixes C as desired. Il

Definition 4.10.4 A point s € X is a spot if either
1. The affine Weyl group W,ss has a dense orbit or

2. Wayys is discrete and s corresponds to a 0-simplex in the complex associated with
X.

If AC X, then Spot(A) is the set of spots in A.

Lemma 4.10.5 If A C X is an apartment, py € A is a spot, then for every p # po
there 1s a root a C Orys A and a g € U, so that g fizes py but not p.

Proof.— For each A™ .(py) root hy C ¥,, X we have a singular half-apartment H, C
A with ¥, H, = h,, and this gives us a root a; = OrisHy C Oris X, the root group
Ui+, and the subgroup V, C U,, fixing py. By lemma 4.10.3, the image of V,, in
Aut(Ep, X, At (po)) is the root group Uy, . Since (Z,,X, A (py)) is Moufang, the
group Gp, generated by the Vj ’s as h, runs over all Ath (po) roots in X,A acts
(po) chambers in ¥, X (see 3.12.2). If p € X — py is fixed by

mod
transitively on Aﬁzod
every V,,, then PopE ¥, X is fixed by G, which means that it lies in every A™ . (py)
chamber of X, X, forcing pgpe Yy A. Hence the point ¢ € A nearest p is different
from pgy, so we may find a singular half-apartment H, C A containing py but not ¢
(because pg is a spot), and use the root group Us,,,,n, to move ¢ while fixing H,.

This contradicts the assumption that p is fixed by every V,, . U

Proposition 4.10.6 Let X be a thick, nonflat Euclidean building of rank at least
two, and suppose OrysX 1s an trreducible Moufang spherical building. Let G C
Aut(Orits X, Amoa) be the subgroup genmerated by the root groups of OrysX, and con-
sider the isometric action of G on X.

1. The fized point set of a mazximal bounded subgroup M C G is a spot, and the
stabilizer of a spot is a maximal bounded subgroup.

2. A spotp € X lies in the apartment A C X if and only if p is the unique spot in
X which is fixed by the stabilizer of p in U, for every root a C OrjysA

3. If A C X 1s an apartment, and a C OrysA is a root, then as g runs through all
non-trivial elements of U,, we obtain all singular half-apartments H C A with
Orits H = a as subsets AN Fix(g).
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Proof.— Let M C G be a maximal bounded subgroup. By the Bruhat-Tits fixed point
theorem [BT], M has a nonempty fixed-point set Fiz(M). Fix(M) contains a spot
since when W,y is discrete the fixed point set of a group of building automorphisms
is a subcomplex. By lemma 4.10.5, we see that if py € Fiz(M), then maximality of
M forces Fiz(M) = {po}. Conversely, if py € X is a spot, then the stabilizer of py has
fixed point set {py} by lemma 4.10.5, and by the Bruhat-Tits fixed point theorem,
the stabilizer is a maximal bounded subgroup.

For every p € X and every apartment A C X, let G(p, A) be the group generated
by the stabilizers of p in the root groups U,, where a C OrysAisaroot. f pe A C X
is a spot, then by lemma 4.10.5 we have Fiz(G(p,A)) = {p}. If p ¢ A C X, then
the nearest point pg € A to p is contained in Fiz(G(p, A)) by lemma 4.10.2; hence
Fiz(G(p, A)) contains a spot other than py.

Claim 3 follows from property 2 of proposition 4.10.1, the fact that Opy,X is
Moufang, and the fact that every singular half-apartment is the intersection of two
apartments.

H

Definition 4.10.7 If A C X is an apartment, then the half-apartment topology

on Spot(A) is the topology generated by open singular half-apartments contained in
A.

With the half-apartment topology, Spot(A) is discrete when W,y is discrete and
coincides with the metric topology when W, has dense orbit.

5 Asymptotic cones of symmetric spaces and Eu-
clidean buildings

In this section we arrive at the heart of the geometric part in the proof of our main
results. We show that asymptotic cones of symmetric spaces and ultralimits of se-
quences of Euclidean buildings (of bounded rank) are Euclidean buildings.

Our main motivation for choosing the Euclidean building axiomatisation EB1-4
is that these axioms behave well with respect to ultralimits. Indeed, the Euclidean
building axioms EB1, EB3 and EB4 which are also satisfied by symmetric spaces,
i.e. the existence of A,,.¢-directions and an apartment atlas, pass directly to ultra-
limits. However, unlike Euclidean buildings, symmetric spaces do not satisfy the
angle rigidity axiom EB2. The verification of EB2 for ultralimits of symmetric spaces
(lemma 5.2.2) is the only technical point and, as opposed to the building case (lemma
5.1.2), non-trivial. Symmetric spaces satisfy angle rigidity merely at infinity; their
Tits boundaries are spherical buildings. Intuitively speaking, the rescaling process in-
volved in forming ultralimits pulls the spherical building structure (the missing angle
rigidity property) from infinity to the spaces of directions.

5.1 Ultralimits of Euclidean buildings are Euclidean buil-
dings

Theorem 5.1.1 Let X,,, n € N, be Fuclidean buildings with the same anisotropy
polyhedron Apnoq. Then, for any sequence of basepoints %, € X,, the ultralimit
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(X, *w) = w-lim(Xp, *,) admits a Buclidean building structure with anisotropy poly-
hedron A ,o4-

Proof.— X, is a Hadamard space (lemma 2.4.4). A Euclidean building structure on
X, consists of an assignment of A,,,4-directions for segments (axioms EB1+EB2)
and of an atlas of compatible charts for apartments (axioms EB3+EB4), cf. section
4.1.2. We assume that X has no Euclidean deRham factor. The general case allowing
a Euclidean deRham factor is a trivial consequence.

EB1: We can assign a A,,.4-direction to an oriented geodesic segment in X, as
follows. A segment Ty, arises as ultralimit of a sequence of segments 7,7, in X,
and we define the direction as:

(37) 0(Tolw) = w-lim0(ZT,Yn) € Amod

The ultralimit (37) exists because A,,q is compact. Inequality (28) in EBI1 passes to
the ultralimit:

da, (w-lim 0(Ttn), w-lim 0(Znzn)) < Za, (Y, 20)-
This implies that the left-hand side of (37) is well-defined and

dAmod (0($wyw)a 9($wzw)) < Zzw (ywa Zw)-

Thus axiom EB1 holds. EB1 implies lemma 4.1.1. Therefore, segments which contain
a given segment have the same A, 4-direction and we can assign A,,,4-directions to
geodesic rays.

EB2: Since geodesics are extendible in X, it suffices to show:

Lemma 5.1.2 If z, € X, and &,,n, € Oris X, then 2, (€,,1n,) i contained in
D := D(0(z,&.),0(TuTw))-

Proof.— The rays z,€,, and T, are ultralimits of sequences of rays z,&, and T,7, in
X,, and we can choose &,,7, € Oris X, so that 0(&,) = 0(x,&,) and 0(n,) = 0(T7s)-
Let p, : [0,00) — X, be a unit speed parametrisation for the geodesic ray ,&,.
The angle Z,, 1) (&n, 7n) is non-decreasing and continuous from the right in ¢ (lemma
2.1.5) and, since X, satisfies EB2, takes values in the finite set D. For d € D set
to(d) == min{t > 0 : 2, (&, ) > d} € [0,00] and t,(d) := w-lim?,(d). Then
there exist dy € D and T > 0 with ¢,(dy) = 0 and 27T < ¢,(d) for all d > dy. The
points z! = p,(t,(do)) and z! := p,(T) satisfy for w-all n: 2/, := w-limz!, = z,,
2! = w-limz! # z, and the ideal triangle A(z!,z” n,) has angle sum 7. By a
version of the Triangle Filling Lemma 2.1.4 for ideal triangles in Hadamard spaces,
Azl ,zl ' n,) can be filled in by a semi-infinite flat strip S,,. The ultralimit w-lim S,
is a semi-infinite flat strip filling in the ideal triangle A(z,,x!,n,) and therefore
gy (Ews Nw) = w-lim 2y (§,,mn) = do € D, as desired.

EB3 and EBJ: After enlarging the affine Weyl groups of the model Coxeter com-
plexes of the buildings X,,, we may assume that the X, are modelled on the same
Euclidean Coxeter complex (E,W,;s) whose affine Weyl group Wy contains the

full translation subgroup of Isom(E), i.e. p~*(W) = W,s; where p : Isom(E) —
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Isom(OrisE) is the canonical homomorphism (26) associating to an affine isometry
its rotational part. (Here we use that the X, do not have Euclidean factors.)

The atlases A,, for the building structures on X, give rise to an atlas for a building
structure on X, as follows: If +, € A, are charts for apartments in X,, so that
w-limd(iy(e),*,) < oo for (one and hence) each point e € E, then the ultralimit
ly = w-lim¢, : E — X, is an isometric embedding which parametrises a flat in X,,.
The collection A, of all such embeddings ¢, satisfies axiom EB3 in view of lemma
2.4.4. Axiom EB4 holds trivially, because coordinate changes ¢! o i/, between charts
Ly L, € A, are Ap,g-direction preserving isometries between convex subsets of £ and
such isometries are induced by isometries in p~' (W) = Wys;. Hence A, is an atlas
for a Euclidean building struture on X,, with model Coxeter complex (E, Wys¢), and
the proof of the theorem is complete. O

Corollary 5.1.3 Let X be a Fuclidean building modelled on the Coxeter complex
(E,Wasr) and denote by Waff the subgroup of Isom(E) generated by W,s; and all
translations which preserve the de Rham decomposition of (E,W,sr) and act trivially
on the Fuclidean de Rham factor. Then any asymptotic cone X, inherits a FEuclidean
building structure modelled on (E, Waff). The building X, is thick if X s thick and
the affine Weyl group Wesy is cocompact.

Proof.— X, = w-lim(X,,, x,) where the A, are scale factors with w-lim A, = 0, X, is
the rescaled building A, X, and %, € X,, are base points. X, inherits the Euclidean
building structure modelled on (E, Waff) which was constructed in the proof of the
previous theorem.

Suppose now in addition that X is thick and W,z is cocompact. Then any wall
w, C X, branches, i.e. there are half-apartments H,; C X,, i = 1,2, 3, so that the
intersection of any two of them equals w, and the union of any two of them is an
apartment (lemma 4.8.2). If a sequence of walls w, satisfies w-limd(wy,,*,) < oo,
it follows that the ultralimit of the sequence (wj) is a branching wall in X,,. Since
Ways is cocompact by assumption, there is a positive number d so that any flat in
X, whose ideal boundary is a wall in 07X, lies within distance at most d from a
branching wall in X. In view of w-lim A,, = 0, this implies that any flat in X, whose
ideal boundary is a wall in Orys X, is a branching wall. Thus, the Euclidean building
structure on X, is thick. O

5.2 Asymptotic cones of symmetric spaces are Euclidean buil-
dings

We start by recalling some well-known facts from the geometry of symmetric spaces
which will be needed later; as references for this material may serve [BGS, Eb].

Let X be a symmetric space of noncompact type. In particular, X is a Hadamard
manifold, i.e. a complete simply-connected Riemannian manifold of nonpositive sec-
tional curvature. To simplify language, we assume that X has no Euclidean factor.
The identity component GG of the isometry group of X is a semisimple Lie group and
acts transitively on X. A k-flat in X is a totally geodesic submanifold isometric to
Euclidean k-space. We recall that G acts transitively on the family of maximal flats.
In particular, any two maximal flats in X have the same dimension r; it is called
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the rank of X. We will call the maximal flats also apartments. Pick an apartment E
in X and let W,z be the quotient of the set-wise stabiliser Stabg(E) by the point-
wise stabiliser Fizg(E). Then W,s, can be identified with a subgroup of I'som(E).
This subgroup is generated by reflections at hyperplanes and contains the full trans-
lation group. We call (E, W,ys) the Euclidean Coxeter complex associated to X. Its
isomorphism type does not depend on the choice of E, because G acts transitively
on apartments. Consider the collection of all isometric embeddings ¢ : E — X so
that W,y is identified with Stabg(«(E))/Norme(L(E)). Walls, singular flats, Weyl
chambers et cetera are defined as images of corresponding objects in F via the maps
t. Note that the singular flats are precisely the intersections of apartments. The
induced isometric embeddings Oriist @ Orits B — Orits X form an atlas for a thick
spherical building structure on dr;sX modelled on the spherical Coxeter complex
(OritsE, W) = Opits(E, Wyyp). W is isomorphic to the Weyl group of the symmetric
space X. Composing the anisotropy map 0s,,,.x : Orits X — Ajeq With the map
SX — OritsX which assigns to every unit vector v the ideal endpoint of the geodesic
ray t — exp(tv) one obtains a natural map

(38) f:SX — Amod

from the unit sphere bundle of X to the anisotropy polyhedron A,,,s. We will call
O(v) the Aypq-direction of v € SX; Appa-directions of oriented segments, rays and
geodesics are defined as the A,,,4-direction of the velocity vectors for a unit speed
parametrisation. The orbits for the natural G-action on SX are precisely the inverse
images under 6 of points. Let S, X be the unit sphere at p € X, equipped with the
angular metric, and let GG, be the isotropy group of p. Then 6 induces a canonical
isometry S,/G, =~ Aneq where S,/G), is equipped with the orbital distance metric.
The quotient map S, X — A, is 1-Lipschitz and, for any x,y € X we have the
following counterpart to inequality (28):

(39) d0a (0(02), 0(py)) < Zp(,y) < Zp(,y)
The goal of this section is to prove the following theorem.

Theorem 5.2.1 Let X be a non-empty symmetric space with associated Euclidean
Cozeter complex (E,Wyss). Then, for any sequence of base points *, € X and scale
factors A, with w-lim\, = 0, the asymptotic cone X, = w-lim(A\, X, *,) is a thick
Euclidean building modelled on (E,Wyss). Moreover, X, is homogeneous, i.e. has
transitive 1sometry group.

Proof.— EB1: Let Ap.q be the anisotropy polyhedron for (E, W,ss). The construc-
tion of A,,.¢-directions for segments in X, is the same as in the building case. We
define directions by (37) and (39) implies that the definition is good and that EB1
holds.

EB3 and EB4: The Euclidean Coxeter complex (E,W,ss) is invariant under
rescaling, because Wyr; C Isom(E) contains all translations. Apartments in X,
and their charts arise as ultralimits of sequences of apartments and charts in X, and
axioms EB3 and EB4 follow as in the building case, cf. section 5.1.

EB2: The only nontrivial task is to verify the angle rigidity axiom EB2. This will
be done in the following lemma.
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Lemma 5.2.2 Ifp € X, and z1,z2 € X, —{p}, then £,(z1,z2) € D(0(pz7),0(pT3)).

Proof.— If z; € pr1 — p and z;, — p, then 2 (z1,22) = Zp(71,22) and £y (p, z2) —
T — Zp(x1,72) by lemma 2.1.5. Since (2, 22) — 0(pTz) we can find 2, € 2,21, Ty, €
2,Tg, and py € zp such that £y (24, 24;) — Zp(T1,T2), Lot (P Thy) = T—ZLp(21, T2),

and (2,7, ) = 0(2hxs) — 0(pT3). Since geodesic segments in X,, are ultralimits of
geodesig segments in A, X, we can ﬁnd sequences P, T1k, Lok, 2 € X such that z; €
PeTiks Lo (T1k, Tok) = Lp(@1,%2), Loy (Prs Tok) = T — Lp(21, 22), 0(ZeTar) — 0(PT2),
0(przix) — 0(pxy), and finally |zxx1k|, |2kxak|, |2kpk] — co. Applying a sequence of
elements g, € G = (Isom(X))° we may assume in addition that zj is a constant
sequence, 2z = o. Hence the sequences of segments oz, 0Tok, 0pr subconverge to

rays o1, o€y, and o7 respectively, which satisfy the following properties:
L. 03TitsX(§i) = 9(0_51) = e(pTz)
2. Zris(€1,&) < Lp(1,22), Lris(n, &) < m— ZLy(x1,22) by lemma 2.3.1.

3. 0&; Uon is a geodesic, 5o Ly (£1,1) = .

We conclude that

Zp(w1,22) = L1its (61, &2) € D(0(61),0(&2)) = D(0(p71), 6(pT2))

as desired. U

Hence we have constructed a Euclidean building struture on X,. Since G acts
transitively on Weyl chambers in X, it follows that the isometry group of X, acts
transitively on Weyl chambers in X; in particular, X, is homogeneous. To see that
the building structure on X, is thick it is therefore enough to check that the induced
spherical building structure of ¥, X, modelled on (OrysE, W) is thick. One way
to see this is to construct a canonical isometric embedding « of the thick spherical
building 0745 X modelled on (Orys E, W) into X, X, by assigning to £ € drysX the
initial direction in *, of the geodesic ray w-lim *,£ in X,,. That « is isometric follows,
for instance, from the definition (8) of the Tits distance. This finishes the proof of
the theorem. O

6 The topology of Euclidean buildings

In this section, X will denote a rank r Euclidean building. The main goal in this
section is to understand homeomorphisms of X. As motivation for the approach taken
here, consider a closed interval I topologically embedded in an R-tree T. Because
every interior point p € I — 91 of the interval disconnects T', every path ¢ : [0,1] —
T joining the endpoints of I must pass through p, i.e. ¢([0,1]) D I. A similar
phenomenon occurs in X if we consider topological embeddings of closed balls B C X
of dimension equal to rank(X): if [¢] € H,(X,0B) and [0c] € H,_1(0B) is the
fundamental class of 0B, then the image of the chain ¢ contains B. By using 4.6.8,
we can construct such ¢ so that I'mage(c) — U is contained in finitely many flats,
where U is any given neighborhood of 0B. It follows that any b € B — 0B has a
neighborhood V;, in X such that B NV} is contained in finitely many flats.
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6.1 Straightening simplices

If Z is a Hadamard space, there is a natural way to “straighten” singular simplices
o: Ay — Z (cf. [Thu]). Using the usual ordering on the vertices of the standard
simplex, we define the straightened simplex Str(c) by “coning”: if Str(0| Ak—l) has
been defined, then Str(o) is fixed by the requirement that on each segment joining
p € Ay_; with the vertex opposite Ax_; in Ay, Str(o) restricts to a constant speed
geodesic. Str(o) lies in the convex hull of the vertices of 0. This straightening
operation induces a chain equivalence on C.(Z). By using the geodesic homotopy
between Str(o) and o, one constructs a chain homotopy H from the chain map Str
to the identity with the property that Image(H (o)) C Convex Hull(Image(o)) for
any singular simplex o.

When Z is the Euclidean building X, then it follows from lemma 4.6.8 that for
every singular chain ¢ € Cx(Cone(X)), Image(Str(c)) is contained in finitely many
apartments.

Corollary 6.1.1 If V C U C X are open sets, then Hg(U,V) =0 for every k > r =
rank(X).

Proof.— 1f [c] € Hi(U, V), then after barycentrically subdividing if necessary, we may
assume that the convex hull of every singular simplex in ¢ (respectively dc) lies in U
(respectively V). The straightened chain Str(c) determines the same relative class as
c since Image(H(c)) C U, Image(H(0c)) C V and

Str(c) —c = 0H(c) + H(0c).

But the straightened chain is carried by a finite union of apartments (corollary 4.6.8),
which is a polyhedron of dimension rank(X), so [Str(c)] = [¢] = 0. O

Lemma 6.1.2 Let Z be a reqular topological space, and assume that Hy(Uy,Us) =0
for every pair of open subsets Uy C U, C Z, k> r. If Y C Z s a closed neighborhood
retract and U C Z is open, then the homomorphism H,.(Y,Y NU) — H,.(Z,U)
induced by the inclusion s a monomorphism. In particular, the inclusion Y — Z
induces a monomorphism H.(Y,)Y —vy) — H.(Z,Z — y) of local homology groups for
everyy € Y.

Proof.— If [c1] € H,(Y,Y NU), then there is a compact pair (K, K3) C (Y,Y NU)
and [cp] € H,(Ki, Ks) so that i,([ca]) = [e1] where i : (K, Ky) — (Y, Y N U)
is the inclusion. If [¢;] is in the kernel of H,(Y,Y NU) — H,(Z,U) then there
is a compact pair (K, Ky) C (K3, K,) C (Z,U) such that j.([c2]) = 0, where j :
(K1, K3) — (K3, K) is the inclusion.

Let r : V — Y be a retraction, where V is an open neighborhood of Y in Z.
Choose disjoint open sets Wi, W, C Z such that Y — U C Wy, K4 C W; this is
possible since Y — U is closed, K, is compact, and Z is regular. Shrink V' if necessary
so that r=1(Y — U) € W;. We now have: H,(Y,Y NU) — H,(V,r" (Y NU)) is a
monomorphism since r is a retraction; H,.(V,r~"(YNU)) — H,(VUW,, r~{(YNU)U
Ws) is an isomorphism by excision; H,(V UW,,r Y (Y NU)UW,) — H.(Z,r (Y N
U)UWS,) is a monomorphism by the exact sequence of the triple (Z,VUW,, r— (Y N
U)UWs,) and H,1(Z,V UW;) = 0. It follows that [¢;] = 0. O
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6.2 The Local structure of support sets

Recall that X denotes a rank r Euclidean building. Let Y be a subset of a topological
space Z. If [c] € Hi(Z,Y), then we define Support(Z,Y,[c]) C Z —Y to be the set of
points z € Z—Y such that the image of [c] in the local homology group Hy(Z, Z—{z})
is nonzero. Support(Z,Y,|[c]) is a closed subset in Z — Y, and contained in the image
of the chain c.

Lemma 6.2.1 Let B be a topologically embedded closed r-ball in X, Y a subset con-
taining 0B, and denote by p the image of a generator of H,.(B,0B) induced by the
inclusion (B,0B) — (X,Y). Then Support(X,Y,u) =B —-Y.

Proof.— We may apply lemma 6.1.2 since B is a closed (absolute) neighborhood
retract. Therefore Support(X,Y, ) coincides with Support(B,BNY,[B]) = B-Y
where [B] denotes the generator of H,(B,dB) which is mapped to p. O

Now let U be an open subset of X and consider [c] € H,(X,U). After subdividing
the chain c if necessary, we may assume that the convex hull of each simplex of dc
is contained in U, so that [Str(c)] = [c]. By 6.1, ¢; = Str(c) is carried by a finite
union of apartments P, so [c] is the image of [¢;] € H.(P, P NU) under the inclusion
H,.(P,PnNU) — H,(X,U). Applying lemma 6.1.2 to the neighborhood retract P, we
find that the inclusion Support(P, PNU, [c1]) in X coincides with Support(X, U, [c]).
Hence we have reduced the problem of understanding Support(X, U, [¢]) to a problem
about supports in the finite polyhedron P.

Recall that ¥, X has a thick spherical building structure with anisotropy polyhe-
dron A" (p) (see section 4.2.2).

Lemma 6.2.2 Pickp € P\U. When ¢ > 0 is sufficiently small, log,, maps Support(P,
P NU,[ei]) N By(e) isometrically to (U;C(C;)) N B(e) C C(X,X) = Cp X, where the
C; C XX are A (p) chambers and C(C;) C C,X is the cone over C;.

mod

Proof.— P is a finite union of apartments, so by corollary 4.4.3 when ¢ > 0 is
sufficiently small log, maps P N By () isometrically to (U;CpA;) N B(e) C C, X, where
the A; C P are the apartments passing through p. We may assume that U C
X \ Bp(€e). Then [c;] determines a class [cz] € H,(P N By(e), PN OBy(€)). U;X,A; C
¥,X has a polyhedral structure induced by the thick building atlas A™(p), and this
induces a polyhedral structure on the pair (PN B,(¢e), PNIB,(¢)). The r-dimensional
faces of this polyhedron are (truncated) cones over A™ . (p) chambers in the A (p)
subcomplex U;¥,4; C ¥,X. Hence the lemma follows from elementary homology

theory. O

Corollary 6.2.3 If B is a topologically embedded r-ball in X, then for every p €
X \ OB there are finitely many A ,(p) chambers C; C $,X so that log, maps

mod

BN By(e) isometrically to (U;C(C;)) N B(e) C C, X for sufficiently small € > 0.

Proof.— Let u € H,.(B,0B) be the relative fundamental class. Lemma 6.2.1 implies
Support(X,0B, [u]) = B \ 0B and the corollary follows from lemma 6.2.2. O
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6.3 The topological characterization of the link

If Z is a topological space and z € Z, then we say that two subsets 51,5 C Z have
the same germ at z if SN N = S;NN for some neighborhood N of z. The equivalence
classes of subsets with the same germ at z will be denoted Germ,(Z).

Pick a point z in the rank r Euclidean building X. Consider the collection S;(z)
of germs of topological embeddings of R" passing through = € X. Let Sy(x) be the
lattice of germs generated by S;(z) under finite intersection and union.

Lemma 6.3.1 The lattice Sy(z) is naturally isomorphic to the lattice KX, X gener-
ated by the A™ (x) faces of ¥, X under finite intersection and union.

mod

Proof.— By lemma 6.2.2 we know that elements of S;(x) correspond to finite unions
of A (x) chambers in ¥, X. Intersections of A (z) chambers yield A" () faces

mod mod mod
of ¥, X, so we have a well defined map of lattices = : Sp(z) — KX, X by taking each
element of Sy(x) to its space of directions at x (which is a finite union of A% (x)
faces). E is injective by Corollary 4.4.3. The image of = contains the apartments in
KX, X, and since (X, X, A™) is a thick spherical building every A (z) face of X, X

mod
is an intersection of apartments, and hence = is onto. O

6.4 Rigidity of homeomorphisms

In this section we prove the following results about homeomorphisms of Euclidean
buildings:

Proposition 6.4.1 A homeomorphism of Euclidean buildings carries apartments to
apartments.

Note that homeomorphic Euclidean buildings must have the same rank since the
rank is the highest dimension where local homology groups do not vanish.

Theorem 6.4.2 Let X, X' be thick Fuclidean buildings with topologically transitive
affine Weyl group and ¢ : Y = X x E" - Y' = X' x E" a homeomorphism. Then
n = n', and ¢ carries fibers of the projection Y — X to fibers of the projection
Y’ — X' inducing a homeomorphism ¢ : X — X'.

Theorem 6.4.3 Let X = [[°, X;, X' = [['_, X! be thick Euclidean buildings with
topologically transitive affine Weyl groups, and irreducible factors X;, X;. Then a
homeomorphism ¢ : X — X' preserves the product structure.

Theorem 6.4.4 Let X, X' be irreducible thick FEuclidean buildings with topologically
transitive affine Weyl group, and suppose rank(X) > 2. Then any homeomorphism
X — X' is a homothety.

6.4.1 The induced action on links

Let X, X' be Euclidean buildings, and let ¢ : X — X’ be a homeomorphism.
Pick a point z in X, and set 2’ = ¢(x) € X'. The homeomorphism ¢ induces an
isomorphism of lattices Sy(z) — Sa(z’) (see section 6.3) and therefore a dimension
preserving isomorphism K¢, : KX, X — KX X' of lattices. By proposition 3.8.1
the lattice isomorphism K¢, is induced by an isometry X,¢ : ¥, X — X"
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6.4.2 Preservation of flats

Consider a singular k-flat F'. Its germ at a point x € F' is a subcomplex of X, X.
The image of this subcomplex L under K¢, is the subcomplex L' associated to the
germ of ¢(F) in KXy X. L determines a standard (k — 1)-sphere in ¥, X. Since
K¢, is induced by an isometry X,¢ : ;X — Yy)X, L' determines a standard
(k—1)-sphere in X4,y X. This sphere is the space of directions of a singular k-flat F".
¢(F) and F’ coincide locally, because their germs coincide. Hence ¢(F) is a complete
simply-connected metric space which is locally isometric to Euclidean k-space E*.
Therefore, ¢(F) is isometric to EF.

6.4.3 Homeomorphisms preserve the product structure

Let X, X’ be Euclidean buildings which decompose as products

!
x=][x Xx=][x
] =1

of thick irreducible Euclidean buildings X;, X J' with almost transitive affine Weyl
group. We have a corresponding decomposition of the spherical buildings >, X and
Y X' into joins of irreducible spherical buildings:

%X =05, X;,  SpX' = oSy X]

We recall that this metric join decomposition is unique, cfproposition 3.3.3, and
therefore for each x € X the isometry ¥,¢ : ;X — 3y X' decomposes as a join
Yz = 0¥y, of isometries Y ¢; : X X; — 2(¢($))iX(IT(Z-) where ¢ is a permutation
of {1,...,k}. In particular, X and X’ have the same number of irreducible factors.
We claim that the permutation o is independent of the point z. To see this, note
that any two points y,z € X lie in an apartment A and consider the map between
apartments ¢|4 : A — ¢(A) (compare section 6.4.2). A parallel family of singular flats
in A is carried by ¢|4 to a continuous family of singular flats in ¢(A); since there are
only finitely many parallel families of singular subspaces, we conclude by continuity
that gz5| , carries parallel singular flats to parallel singular flats. Consequently the
permutation o is independent of x as claimed. We assume without loss of generality
that o is the identity. Our discussion implies that a singular flat contained in a fiber
of the projection p; : X — X; is carried by ¢ to a flat in a fiber of the projection
p : X' = X]. Therefore each fiber of the projection p; : X — X is carried by ¢ to
a fiber of the projection p; : X’ — X!. Hence for each i there is a homeomorphism
¢i : X; — X such that ¢; o p; = p) o ¢, and it follows that ¢ = []. ¢;.

6.4.4 Homeomorphisms are homotheties in the irreducible higher rank
case

Let X, X’ be as in theorem 6.4.4. Let A be an apartment in X and consider the
foliations of A by parallel singular hyperplanes. Since X is irreducible of rank r, we
can pick out r+1 of these foliations Hy, . .., H, such that the corresponding collection
of roots is r-independent (i.e. every subset of r elements is linearly independent)
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(compare section 3.1). In fact, this property of the root system is equivalent to
irreducibility.

The image of A under ¢ is an apartment A’ and the foliations #; are carried
to foliations H, of A’ by parallel singular hyperplanes. Note that these are also
r-independent, since any r-fold intersection of mutually non-parallel hyperplanes be-

longing to these foliations is a point. Choose affine coordinates zq, ..., z, for A such
that the leaves of H, are level sets of x; 4+ --- + z, and the leaves of the foliation
H; for i > 1 are level sets of z;. Choose similar coordinates z, ..., . on the target

A" so that ¢({z; = 0}) = {2} = 0} and ¢({dD_z; = 1}) = {dD =z} = 1}. Consider
those leaves in A which contain lattice points. Since ¢ maps leaves to leaves one
sees by taking successive intersections of these leaves that ¢ carries lattice points to
lattice points by a homomorphism. By the same reason ¢ induces a homomorphism
on rational points and hence, by continuity, an R-linear isomorphism.

We now know that ¢ |4: A — A’ is an affine map preserving singular subspaces.
Angles between singular subspaces are preserved, because the isomorphisms of simpli-
cial complexes K¢, are induced by isometries. Hence the simplices {z; > 0,> z; < 1}
and {z} > 0,> z} < 1} are homothetic and ¢ is a homothety on A. By considering
intersections of apartments one sees that the homothety factors are the same for all
apartments. We conclude that ¢ is a homothety.

6.4.5 The case of Euclidean deRham factors

We now consider Hadamard spaces X = Y X E™ where Y is a thick Euclidean building
of rank r —n with almost transitive affine Weyl group. Clearly lemma 4.6.7 continues
to hold for X, and so do lemma 4.6.8 and the homological statements in section 6.1.
Applying the reasoning from section 6.2 we conclude:

Lemma 6.4.5 Fvery topologically embedded r-ball mn X s locally a finite union
U;C; x E™ where the C; CY are Weyl chambers.

It follows that every closed subset of X which is homeomorphic to E™ is a union of
deRham fibers, since its intersection with each fiber of p : X — Y is open and closed
in this fiber. If x € X, we may characterize the fiber of p : X — Y passing through
x as the intersection of all closed subsets homeomorphic to E™® which contain .

Now let X’ =Y’ x E™, where Y” is a thick building of rank ' —n/. If ¢ : X — X'
is a homeomorphism, then we have » = r’ by comparing local homology groups.
Since the fibers of the projection maps p : X — Y, p' : X’ — Y'are characterized
topologically as above, we conclude that ¢ maps fibers of p homeomorphically onto
fibers of p'; therefore n = n' and ¢ induces a homeomorphism ¢ : Y — Y of quotient
spaces.
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7 Quasiflats in symmetric spaces and Euclidean
buildings

In this section, X will be a Hadamard space which is a finite product of symmetric
spaces and Euclidean buildings. We have a unique decomposition

(40) X =E"x[][X;

where n € Ny and the X; are non-flat irreducible symmetric spaces or Euclidean
buildings. The maximal Euclidean factor E” is called the Euclidean deRham factor.
An apartment is by definition a maximal flat and splits as a product of apartments in
the factors. All apartments in X have equal dimension and it is called the rank of X.
Singular flats are defined as products of singular flats in the factors. If the building
factors are thick, then singular flats can be characterized as finite intersections of
apartments. Note that the only singular flat in E" is E" itself and hence every
singular flat in X is a union of deRham fibers

7.1 Asymptotic apartments are close to apartments

Proposition 7.1.1 Let Q be a family of subsets in X with the property that for any
sequence of sets (Q, € Q, base points q, € Qn, and scale factors d,, with w-limd,, = oo,
the ultralimit w-lim,(d, - Qn, qn) is an apartment in the asymptotic cone w-lim,(d, "
X, qn)- Then there is a positive constant D so that any set Q € Q is a D Hausdorff
approzimation of a mazimal flat F(Q) in X.

Proof.— Let us consider a single set ) in Q and choose a base point ¢ € (). The
ultralimit w-lim(n~! - Q, ¢) is an apartment in the asymptotic cone w-lim(n™! - X q)
which contains the base point * := (g).

Step 1.— We first show that @ is, in a sense to be made precise, quasi-convex in
regular directions. Let 7y, be a regular segment in w-lim(n™" - @, ¢) which contains
x as interior point. T,y, is the ultralimit of a sequence of segments 7,y, in X with
endpoints z,,y, € Q. There is a compact set A C Int(Apeg) which contains the
directions of w-all segments 7,7,. Let F,, be a maximal flat containing the segment
ZTnUn. (F, is unique for w-all n.) Pick € > 0 so that d(A,0A,s) > €. Denote
by D, the diamond-shaped subset of all points p € F, so that Z, (p,y,) < € and

Ly () <€

Sublemma 7.1.2 There exists r > 0 so that for w-all n the sets D,, are contained
in the tubular r-neighborhood of Q.

Proof.— We prove this by contradiction: Choose a point z, € D, at maximal
distance d, from @) and assume that w-limd, = oo. Then the asymptotic cone
w-lim(d;' - X, z,) = Cone(X) contains the apartments F’ := w-lim, d ' - F;, and
F" = w-lim, d;' - Q. The point 2z, = (2,) is contained in F” but not in F” and there-
fore F' and F" are distinct apartments in Cone(X). Let z,2/, (respectively z,y.,) be
the ultralimits of the sequences of segments z,Z, (respectively z,7,). By the choice
of the points z,, the points z, and y, are contained in F" U 0, F". Since we can
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extend incoming geodesic segments in apartments according to 4.6.7, we may assume
without loss of generality that z/,y/, € 0., F". Let W; and W5 be the Weyl chambers
in Cone(X) centered at z, which are spanned by the rays r; := z,2/, and ry := m
By the choice of € and the definition of D,,, the rays r; and r yield in the space
of directions X, Cone(X) interior points of antipodal chambers. Consequently, the
union W; U W, contains a regular geodesic ¢ passing through z,,. Since 0y W; N O F”
contains the regular point 7;(c0), the chamber 0,W; is entirely contained in 0, F".
Thus the ideal endpoints ¢(4-00) of ¢ are contained in 0, F" and we conclude by 4.6.4
that ¢ C F” and hence z, € F", a contradiction. O
Step 2.— Suppose g, € Q and w-limn~" - d(q, q,) = 0.

Sublemma 7.1.3 w-limd(q,, D,) < occ.

Proof.— The constant sequence ¢ and the sequence ¢, yield the same point in the ul-
tralimit w-lim (n~! - X, ¢), which is an interior point of w-lim (n~! - D,, ¢). Therefore

d(gn. Dp)

_Mdm In) ),
d(gn, Fn \ D)

(41) w-lim

If w-limd(gy, D,) = oo, then
F :=w-lim (d(gn, Dn) " - Dn, ) C w-lim (d(gn, Dn) " - F, gn)

is a complete apartment in w-lim (d(gn, D,)™" - X, ¢,) (by (41)) which lies at unit
distance from w-limg, € (d(q,, D,)™" - Q, g,). But the latter is also an apartment in
w-lim (d(g,, D,,)™" - X, g,) and we obtain a contradiction to Corollary 4.6.4. O

We now know that there is a r; > 0 such that for every R > 0, Q N By(R) C
N,(D,,) for w-all n, for otherwise we could produce a sequence contradicting sub-
lemma 7.1.3.

Step 3.— By steps 1 and 2, we know that there is an 7, such that for every R,
@ N By(R) and D,, N B,(R) are ro-Hausdorff close to one another for w-all n.

Sublemma 7.1.4 For every R > 0, D, N B,(R) form an w-Cauchy sequence'® with
respect to the Hausdorff metric.

Proof.— Suppose X is a symmetric space. Since for w-all n the sets D, N B,(R)
have mutual Hausdorff distance < 2r,, if the sublemma were false we could find
Hausdorff convergent subsequences of {D,} with distinct limits. The limits would be
distinct maximal flats lying at finite Hausdorff distance from one another, which is a
contradiction.

If X is a Euclidean building, then failure of the sublemma would give sequences
kn,l, — oo and a radius R so that the Hausdorff distance between Dy, N By(R)
and D;, N By(R) remains bounded away from zero. Then the w-lim(Dy,,q) and
w-lim(D,,, q) are distinct apartments in the Euclidean building w-lim(X, ¢) lying at
finite Hausdorff distance from one another, contradicting corollary 4.6.4. U

10A sequence z,, in a metric space X is w-Cauchy if a subsequence with full w-measure is Cauchy.
If X is complete, then we define w-lim z,, to be the limit of this subsequence.
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By the sublemma, w-lim D,, N B,(R) exists for all R (as an w-limit of a sequence
in the metric space of subsets of B,(R) endowed with the Hausdorff metric) and so
we obtain a maximal flat F' C X with Hausdorff distance < ry from Q.

Step 4.— We saw that each set () in Q is the Hausdorff approximation of a
maximal flat F(Q). Denote by d(Q) the Hausdorff distance of @ and F(Q). Assume
that there is a sequence of sets @, € Q with limd(Q,) = oc. Choose base points
u, € X so that u, is contained in one of the sets @, or F(Q,) but not in the tubular
d(Q,)/2-neighborhood of the other. Then the apartments w-limd(Q,)™"' - @, and
w-limd(Q,) ™" - F(Q,) have finite non-zero Hausdorff distance in the asymptotic cone
w-lim(d(Q,)~" - X, u,). This contradicts 4.6.4. The proof of the proposition is now
complete. O

Corollary 7.1.5 There is a positive constant Dy = Do(L,C, X, X") such that for any
(L, C)-quasi-isometry ¢ : X — X' and any apartment A in X, the image ¢(A) is a
Dy-Hausdorff approrimation of an apartment A" in X'.

Proof.— According to proposition 6.4.1, for any sequence of basepoints and any se-
quence of scale factors )\g, the asymptotic cone &, of ® carries apartments to apart-
ments. We can apply proposition 7.1.1 to the collection Q of all images ¢(A4) C X’
of apartments A in X. O

7.2 The structure of quasi-flats

In this section X will be a symmetric space or a locally compact Euclidean building
of rank r, with model polyhedron A,,,4. Y will be an arbitrary Euclidean building
with model polyhedron A,,.q.

The goals of this section are:

Theorem 7.2.1 For each (L,C) there is a p such that every (L, C) r-quasiflat Q C X
15 contained 1n a p-tubular neighborhood of a finite union of maximal flats, Q C
N,(UperF) where card(F) < p.

and

Corollary 7.2.2 The limit set of an (L,C) r-quasiflat Q C X consists of finitely
many Weyl chambers in Orys X ; the number of chambers can be bounded by L and C.

Lemma 7.2.3 Let P C Y be a closed subset homeomorphic to R". P 1s locally

conical (by corollary 6.2.3), so it has a well-defined space of directions 3, P for every
p € P. We have:

1. If p € P then every v € ¥,Y has an antipode in X, P.

_ —
2. If w € X,P, then there is a ray p§ C P, £ € OritsY such that p§= w.

Proof.— Since P is locally a cone over a ¥,P, we have H,_(X,P) ~ Z, and the
inclusion ¥,P — X,Y induces a monomorphism H, ;(X,P) — H, 1(X,Y) since
¥,Y is an r — 1-dimensional spherical building. Now if the first claim were not true,
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then X,P C X,Y would lie inside the contractible open ball B,(w) C X,Y, making
H. 1(3,P) = H,_1(X,Y) trivial.

The second claim now follows from the first by a continuity argument: w is the
direction of a geodesic segment contained in P since P is locally conical, and a
maximal extension of this segment must be a ray. O

Although we will not need the following corollary, we include it because its proof
is similar in spirit to — but more transparent than — the proof of Theorem 7.2.1.

Corollary 7.2.4 If P C Y 1is s bilipschitz to E" then P is contained in a finite num-
ber of apartments. The number of apartments 1s bounded by the biLipschitz constant
of P.

Proof.— Let @ € A4 be the barycenter of A,,,4, and consider the collection of
rays with A,,,¢-direction « contained in P. Since P is biLipschitz to E", a packing
argument bounds the number of equivalence classes of such rays (we know that the
Tits distance between distinct classes of rays is bounded away from zero (cf. 4.1.2)).
Let 8 C OrusY be the (finite) set of Weyl chambers determined by this set of rays,
and let 7 be the finite collection of flats in Y which are determined by pairs of
antipodal Weyl chambers in §. We claim that P is contained in Upc7F'. To see this,
note that if p € P then by lemma 7.2.3 we can find a geodesic contained in P with
A 0q-direction a which starts at p. This geodesic has ideal boundary points in S, so
by 4.6.3 the geodesic lies in Upcr F. Il
Another consequence of lemma, 7.2.3 is

Corollary 7.2.5 Pick o € Apyoq and L,C,e > 0. Then there 1s a D such that if
Q C X is an (L,C) r-quasifiat, y € @, and R > D, then there is a z € @ with
é(e(m)a a) <6, |d(y,Z) - R| < €eR.

Proof.— If not, then there is a sequence @), of quasiflats, yx € Qk, and Ry — oo such
that for every 2z, € Qi with |d(yk, 2x) — Ri| < €Ry we have Z(0(yxzx), @) > €. Taking
the ultralimit of R, '+ Q) C R, '+ X we get y, € Q, C X,, and for every 2, € Q,, with
|d(Yw, 20) — 1| < € we have Z(8(y,2,), @) > €. But this contradicts lemma 7.2.3 since
Q. is biLipschitz to E": we can pick v € ¥, @, with §(v) = a and find a geodesic
segment y,z, C (), with y:zwz v, and for w — all k z; satisfies the conditions of the
lemma. ]

Lemma 7.2.3 implies that quasi-flats “spread out”: a pair of points g, 25 lying
in a quasi-flat  C X can be extended to an almost collinear quadruple y1, o, 20, 21
while maintaining the regularity of A,,,4-directions. To deduce this we first prove a
precise statement for Euclidean buildings.

Lemma 7.2.6 Let a; € Anoq be a reqular point, and let e, > 0. Then there is a
01 € (0,€) with the following property. If P CY is a closed subset homeomorphic to
R" and yo, 20 € P satisfy Z(0(Yozo), 1) < 81, then there are points y,21 € P so that

(42) d(zo, 21) = d(y07 yl) = d(yo,zo)
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(43) é?}o(yla ZO)7 Zzo (yO: Zl) > T — €

(44) Z(0(7171), u) < by
The proof requires:

Sublemma 7.2.7 Suppose z,y,z € Y and Z,(y, z) = max(D(0(7y),0(zz)) (cf. 3.1).
Then x,y,z are the vertices of a flat (convex) triangle and y_>z€ XY lies on the
segment joining y_fr to a point v € XY, where 0(v) = 0(zz) and v and y_:)E lie in a
single chamber.

Proof of Sublemma 7.2.7.— Extend the geodesic segments Ty, Tz to geodesic rays z&
and z&,, & € Oris X. By hypothesis

Zs(y, 2) = max(D(6(zy),0(7z))) = max(D(0(£1), 0(&2))) = Lris (61, &2)-

So &€&, determine a flat convex sector S. Note that y_fv and y_f)g lie in a sin-
gle chamber of ¥, X since Z,(z,&) = 7 — Zy(&1,&%) = 7 — max D(0(&),0(&)) =
min D(Ant(6(€1)),0(&)) = min D(A(yz), 8(&;)). Hence Azyz bounds a flat convex
tﬁangle T C S, and so y_fz lies on the geodesic segment which has endpoints yfr and
y&o. U
Proof of Lemma 7.2.6.— Pick z; € P so that Zgz1 C P, d(20, 21) = d(yo, 20), 0(Z071) =
o, and zo_,)zle Y, Y lies in a chamber antipodal to zo_;)yo; similarly choose y; € P so
that oyr C P, d(Yo,y1) = d(¥o, 20), 0(Yov1) = Ant(a), and YoU1 € Y, Y lies in a
chamber antipodal to y&o. Applying sublemma 7.2.7 we conclude that zq, yo, 21,
are the vertices of a flat convex triangle, and Yoz1 € Yy Y lies on the segment joining
Yozo tO v € YyY where 6(v) = 6(Zz1) = o and v and YoZo lie in the same chamber.
In particular yo_,;;l and yo_gyl lie in antipodal chambers of 3,)Y, so applying lemma
7.2.7 again, we find that 6(y1%) lies on the segment joining 6(%oz1) to O(7170) = cv.
y1 and z; clearly satisfy the stated conditions since Zy,(y1,20) > Zyo(y1,20) = 7 —
Z(0(Yozo, ) = m — 61 > 7 — €1 and Ly (Yo, 21) = Ly (o, 21) = m — £(0(Yoz0, @) >
T—0; > T — €.

O

Corollary 7.2.8 Let ay € A0q be a regqular point, and let L,C,e5 > 0 be given.
Then there are Dy > 0, 62 € (0,€9) with the following property. If @ C X is an
(L,C) r-quasifiat, and yo, zo € Q satisfy

(45) d(y(b ZO) > D27 L(G(M); a?) S 52

then there are points y1,2z1 € @) so that

(46) |d(20, Zl) - d(yo, Zo)| ) |d(y0, y1) - d(yo, Zo)| < €2d(y0, ZO)
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(47) éyo (yb ZO)? 420 ("JO, Zl) > T — €

(48) 2(0(m171), az) < &2

Proof.— Let 02, Ao be the constants produced by the previous lemma with a; = as,

€1 = €. We claim that when vy, 20 € Q and Z(6(Yoz0), 2) < 92 and d(yo, z0) is

sufficiently large, then there will exist points yq, 21 satisfying (46), (47), (48). But

this follows immediately from the previous lemma by taking ultralimits. O
By applying corollary 7.2.8 inductively we get

Corollary 7.2.9 With notation as in corollary 7.2.8, there are sequences y;, z; € @),
i > 1 such that the inequalities (45), (46), (47), (48) hold when we increment all the
indices on the y’s and z’s by 1.

Lemma 7.2.10 Fiz pp > 0, and consider all configurations (y, z, F) where y,z € X,
Z(0(yz), 0Amea) > i, and F C X is a mazimal flat. Then there is a D3 such that
the fraction of the segment Yz lying outside the tubular neighborhood Np,(F) tends

to zero with v(y, z, F) “ max (d(y, F)/d(y, 2),d(z, F)/d(y, 2)).

Proof.— Recall that the distance function d(F, -) is convex, so if the lemma were false
there would be sequences y, zx, wy € X, Fy C X, with Z(0(¥xzx), 0Amoa) > 1,
d(y,z) — oo, wy € Ypzx With d(wk, Yi), d(wk, 2x) > €d(Yr, 2x), Ve(Yr, 2, Fr) — 0
but d(wg, Fy) — oo. Let pg, qk, 7 € F) be the points nearest yy, wy, zp respec-
tively. By various triangle inequalities and property (39) from section 5.2 we have
Lo (ks Yk)s Lay (T, 26) — 0 and Z(0(Prr), 0(Urzk), £(0(TT%), 0(Tezk)) — 0. There-
fore if we set Ry = d(qx,wy) and take the ultralimit of (R, ' X, g) we will get a con-
figuration q,,, w, € X, an apartment F,, C X,,, and &, & € Oy X, so that g, is the
point in F, nearest to wy, (¢ué1,qw) = w-m(GDr, @), (92, qw) = w-m(GT%, qx),
(wpéi, qw) = w-lim(Wgy, gx), (W2, qw) = w-lim(wWgzg, gx). In particular, the rays
w1 and wiy fit together to form the geodesic w-lim gz and Z(0(&;), 0Amoed) > -
But this contradicts corollary 4.6.4. U

Corollary 7.2.11 Fiz a3 € Ayq. Then there are constants €4, vy, Dy such that if

1. yi,zi € X, i > 0 are sequences which satisfy (45), (46), (47), (48) (when
subscripts are incremented by i) with €3 < €4, d(yo, 20) > Dj.

2. A mazimal flat F C X satisfies d(yg, F), d(2x, F') < v4d(yx, 2x) for some k.
Then d(y;, F),d(zi, F) < v4d(y;, z;) for all 0 < i < k.
Proof.— If v, is sufficiently small, then the trisection points g, Z of any sufficiently long
segment 7z C X with Z(0(7z), 0Amea) > 1, max (d(y, F)/d(y, z),d(z, F)/d(y, 2)) <

vy will satisfy max (d(g, F')/d(y, 2),d(Z, F)/d(g,Z)) < v4 by lemma 7.2.10. If we take
€4 K vy then Z(0(iz;), 0Amoeqa) Will be bounded away from zero and y; 1, 2,1 will
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lie close to the trisection points of 7;z; so corollary 7.2.11 follows by induction on
k —1. 0

Proof of Theorem 7.2.1.—

Step 1.— Fix a4 € A4, and let €5, v5, D5 be the constants produced by corollary
7.2.11 with a3 = 4. Let Dg, dg be the constants given by corollary 7.2.8 with as = auy,
€3 = €5. Finally, let D; be the constant produced by corollary 7.2.5 with a = ay,
e = min(dg, 1/2). Setting Dg = max(Ds, Dg, D7), for each yy € @ we may find a
2o € @ with Dg < d(yo, 20) < 2Dg so that Z(6(yo, 20), vs) < g (by corollary 7.2.5).
By corollary 7.2.9 we may extend the pair yg,29 € @ to a pair of sequences v;, z;
satisfying (45)-(48) with ay = a4, €2 = €5. Then any maximal flat F' C X with
d(yg, F),d(z, F) < vsd(yg, z¢) for some 0 < k < oo satisfies d(y;, F),d(z;, F) <
vsd(y;, z;) for all 0 < i < k by corollary 7.2.11; in particular

(49) d(y(), F) < l/5d(y0, Z()) < 2u5Dyg
We may assume in addition that €5 is small enough that

(50) 2d(Yi-1, zi—1) < d(yi, zi) < 4d(yi—1, zi—1)

(51) and d(yi, yi—1), d(zi, zi—1) < 2d(yi—1, zi—1)-

It follows that

(52) max(d(yi, Yo), d(2i, yo)) < 2d(yi, 2;)

for all 7.

Step 2.— Fix ¢ € Q and set v5 = v5/16. For each R pick a covering of B,(R) N Q by
veR-balls {B,,(vsR)} with minimal cardinality; the cardinality of this covering can
be bounded by r and the quasiflat constants (L,C). For each pair p;, p; of centers
pick a maximal flat containing them, and denote the resulting collection of maximal
flats by Fg.

Claim: If yy € Q, then d(yo, Uper, F') < 2v5Dg for sufficiently large R.
Proof of claim.— We will use the sequences y;, z; constructed in step 1 and estimate
(49). Take the maximal 7 such that y;, z; € By(R). Then

max(d(yiy1,9),d(zi41,9)) > R

= d(Yit1, zip1) >

= max(d(yit+1, Yo), d(2i+1,%0)) > R — d(q, o)
(R~ d(g, 1)) by (52)

= d(y,2) > (R~ d(g,u0)) by (50).

Since Fg contains a maximal flat F' with

1
d(y;, F),d(z;, F) < vgR = ( Buelt ) 2

R—d(q,y0)) 8
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Therefore for sufficiently large R there is an F' € Fg and k such that d(yg, F'), d(z, F) <
vsd(yg, 2k), 80 d(yo, F') < 2v5Dg as claimed. O
Proof of Theorem 7.2.1 concluded.— We may now take a convergent subsequence
of the Fg’s, and the limit collection F satisfies @ C Nop,(UperF) and card(F) <
lim sup card(Fg) which is bounded by r and (L, C). O

Proof of Corollary 7.2.2.— By theorem 7.2.1 there is a finite collection F of maximal
flats so that @) lies in a finite tubular neighborhood of Ugpc#F'. The limit set of each
F € F is its Tits boundary Op;;sF', which is an apartment of 07, X. The union of
these apartments gives us a finite subcomplex G C 074X which is a union of closed
Weyl chambers.

Clearly LimSet(Q) C G; we will show that if £ € LimSet(Q) then & lies in a
closed Weyl chamber C' C LimSet(Q). We have g, € @ such that gz — € in the
pointed Hausdorff topology.

Consider UperF'. Any ultralimit w-lim (R,;1 (UrerF), *) is canonically isometric
to the Euclidean cone over G. w-lim(R, " - Q,*) embeds in w-lim (R,' - (UperF), %)
as a biLipschitz copy of E'; by the discussion in section 6.2 w-lim(R, ' - Q,*) is the

cone over a collection of closed Weyl chambers in G. In particular w-lim*q; = *,q,
lies in a closed Weyl chamber contained in w-lim(R,' - Q,*), so the corresponding
Weyl chamber of G is contained in LimSet(Q), and it contains . O

8 Quasi-isometries of symmetric spaces and Eu-
clidean buildings

In this section our goal is to prove theorems 1.1.2 and 1.1.3 stated in the introduction.
Let X, X', and ® be as in theorem 1.1.2. By corollary 7.1.5, ® carries apartments
close to apartments; in particular, X and X’ have the same rank r.

8.1 Singular flats go close to singular flats

Lemma 8.1.1 For any R > 0 there is an D(R) > 0 such that if F is a singular flat
in X and A(F) is the collection of apartments containing F', then NacamNr(A) C

Npr)(F).

Proof.— 1t suffices to verify the assertion for irreducible non-flat spaces X.
Consider first the case that X is a symmetric space. The transvections along
geodesics in F' preserve all the flats containing F. Hence, if there is a sequence
Ty € NacaryNr(A) with d(z,, F) tending to infinity, then we may assume without
loss of generality that the nearest point to z, on F'is a given point p. The segments
PT, subconverge to a ray p¢ which lies in Ne 7 Nr(A) and is orthogonal to F. Since
for each apartment A € A(F), we have p € A and the ray pé remains in a bounded

67



neighborhood of A, it follows that pé C Nacar) P Hence NycqmF' contains a
(k + 1)-flat, which is a contradiction.

Assume now that X is an irreducible thick Euclidean building with cocompact
affine Weyl group. Consider a point z € X \ F' and let p € F' be the nearest point
in F. Then u :=pre ¥,X satisfies Z,(u,%,F) > /2. We pick a chamber C in
¥, X containing u and choose a face o of C' at maximum distance from u. Denote
by v the vertex of C' opposite to o. By our assumption, diam(A,.q¢) < 7/2 and
therefore v ¢ ¥, F'. Since F'is a finite intersection of apartments, lemma 4.1.2 implies
YpF = Nacar)XpA and there is an apartment A with F' C A C X and v € ¥ A.
Y,A is then disjoint from the open star of v, and so d(u,¥,A4) > d(u,0) > ag > 0
where g depends only on the geometry of A,,,4. If x € Ng(A) then angle comparison
implies that d(z, F) < R/sinag and our claim holds with D(R) = R/sinag. This
completes the proof of the lemma. O

Proposition 8.1.2 For every apartment A C X, let A’ C X' denote the unique
apartment at finite Hausdorff distance from ®(A). There are constants Dy(L,C, X, X')
and D(L,C, X, X") so that if F = NaopA C X is a singular flat, then

1. (I)(F) - ﬂADFNDo(AI)f
2. The Hausdorff distance dg(®(F'),NasrNp,(A")) < D,
3. There is a singular flat F' C Na~pNp,(A") with dg(®(F), F') < D.

In particular, two quasi-isometries ®1, Py : X — X' inducing the same bijection on
apartments induce the same map of singular flats up to 2D-Hausdorff approrimation.

Proof.— Let F and A(F) be as in the previous lemma. By corollary 7.1.5, for every
apartment A C X, ¢(A) is Dp-Hausdorff close to an apartment in X’ which we denote
by A'. Thus ¢(F) C Nacar)Np, (A").

Sublemma 8.1.3 For each d > Dy there exists a constant Dy = D1(L,C,d) > 0
with the property that NacawyNa(A') lies within Hausdorff distance Dy from ¢(F)

Proof.— Pick a quasi-inverse ¢~! of ¢. For each point y € Ne ) Na(A') and each
A € A(F), ¢ty is uniformly close to 7' A’. But ¢~ A4’ is uniformly Hausdorff close
o ¢ 1pA and therefore to A. Lemma 8.1.1 implies that Y has uniformly bounded
distance from F. ]

Proof of Proposition 8.1.2 continued.— Fixing Ay € A(F), we conclude that C :=
(Nacar)Napy(A")) N Af is a convex Hausdorff approximation of ¢(F).

Sublemma 8.1.4 Let C C E! be a conver subset which is quasi-isometric to EF.
Then C contains a k-dimensional affine subspace.

Proof.— Fix q € C and let C C C be the convex cone consisting of all complete
rays starting in ¢ and contained in C. For any sequence A, — 0 of scale factors, the
ultralimit w-lim(\, - C, q) is isometric to C. Therefore C' is homeomorphic to E’C and
hence isometric to EF. U
Proof of Proposition 8.1.2 continued.— It follows that ¢(F') is uniformly close to a
flat F'in X'. Since ¢, carries singular flats to singular flats, Oy, F' is a singular sphere
in Orits X'. X' has cocompact affine Weyl group, so F' lies within uniform Hausdorff
distance from a singular flat F”. U
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8.2 Rigidity of product decomposition and Euclidean deR-
ham factors

We now prove theorem 1.1.2. The product decompositions of X and X’ correspond
to a decompositions of asymptotic cones

(53) X, =E"x[[Xw, X,=E"x[[X],
i J

where the X, X}, are irreducible thick Euclidean buildings. They have the property
that every point is a vertex and their affine Weyl group contains the full translation
subgroup, in particular the translation subgroup is transitive. We are in a position
to apply theorems 6.4.2 and 6.4.3: The Euclidean deRham factors of X and X’ have
equal dimension, n = n/, and X, X’ have the same number of irreducible factors. After
renumbering the factors if necessary, there are homeomorphisms (¢,); : Xiw — X/,
such that
(¢w)1 O Piw = p;w © ¢w

where p; : X — X; and p) : X' — X/ are the projections onto factors. Now let F
be a singular flat which is contained in a fiber of p;. By proposition 8.1.2; ¢(F) is
uniformly Hausdorff close to a flat F/ C X'. Since F! C X/ is contained in a fiber of
pl,, F' must be contained in a fiber of p,. Any two points in a fiber p;!(z;), z; € X;,
are contained in some singular flat ' C p;'(z;) and consequently ¢ carries fibers of
p; into uniform neighborhoods of fibers of p}. Since an analoguous statement holds
for a quasi-inverse of ¢, we conclude that ¢ carries p;-fibers uniformly Hausdorff close
to pi-fibers and so there are quasi-isometries ¢; : X; — X/ so that

¢popi=p;0¢

holds up to bounded error. This concludes the proof of Theorem 1.1.2.

8.3 The irreducible case

In this section we prove theorem 1.1.3. Note that theorem 1.1.2 implies that X' is
also ireducible, with rank(X) = rank(X’).

8.3.1 Quasi-isometries are approximate homotheties

We recall from proposition 7.1.5 that ® carries each apartment A in X uniformly
close to a unique apartment in X’ which we denote by A’. We prove next that in our
irreducible higher-rank situation the restriction of ® to A can be approximated by a
homothety. As a consequence, the quasi-isometry ® is an almost homothety. This
parallels the topological result in section 6.4.4.

Proposition 8.3.1 There are positive constants a = a(®) and b = b(L,C, X, X’)
such that for every apartment A C X exists a homothety V4 : A — A" with scale
factor a which approrimates ®| 4 up to pointwise error b.

Proof.— If we compose <I>|A with the projection X' — A’ we get a map ¥/, : A — A’
which, according to proposition 8.1.2, carries walls to within bounded distance of
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walls. Parallel walls in A are carried to Hausdorff approximations of parallel walls in
A’. Moreover, due to our assumption of cocompact affine Weyl group, each hyperplane
parallel to a wall is carried to within bounded distance of a wall. By lemma 3.3.2
exist 7 4+ 1 singular half-spaces in A which intersect in a bounded affine r-simplex
with non-empty interior. Consider the collection C of hyperplanes in A which are
parallel to the boundary wall of one of these half-spaces. Any r pairwise non-parallel
hyperplanes in C lie in general position, i.e. intersect in one point. Hence we may
apply lemma 8.3.3 below to the collection C and conclude that ¥/, is within uniform
finite distance of an affine transformation W, : A — A’. Since ®,, is a homothety on
asymptotic cones by the discussion in section 6.4.4, it follows that W 4 is a homothety:
For suitable positive constants a4 and b we therefore have

|d(U 4(z1), U a(z2)) — aad(z1,22)| < b V29 €A

and b depends on L,C, X, X' but not on the apartment A. To see that the constant
a4 is independent of the apartment A note that for any other apartment A; C X
there is a geodesic asymptotic to both A and A;. It follows that a4, = a4. O

Corollary 8.3.2 There are positive constants a = a(®) and b = b(L,C, X, X") such
that the quasi-isometry ® : X — X' satisfies

|d(®(z1), P(22)) —a-d(zy,20)| < b  Viy,ze € X.

Here L' <a< L.

Proof.— 'This follows from the previous proposition, because any two points in X lie
in a common apartment. Ul

Lemma 8.3.3 Forn > 2, let ag,...,a, € (R™)* be a collection of linear function-
als any n of which are linearly independent, and let 'H; be the collection of affine
hyperplanes {a; ' (c)}eer. There is a function D(C) with limg_o D(C) = 0 satis-
fuying the following: If ¢ : R® — R"™ is a locally bounded map such that for all
H e H;, ¢(H) C Nc(H') for some H' € H,, then there is a an affine transforma-

tion ¢o with scalar linear part which preserves the hyperplane families H; such that

d(¢, ¢o) < D(C).

Proof.— After applying an affine transformation if necessary we may assume that
a = Yo T, aj =z for 1 < j < n, and ¢(0) = 0. There is a Cy € R such that
the image of each k-fold intersection of hyperplanes from U;H; lies within the Cj
neighborhood an intersection of the same type. In particular, for each 1 < j < n,
¢ induces a (Cs, €3) quasi-isometry ¢; of the 5% coordinate axis, with ¢;(0) = 0. It
suffices to verify that each ¢; lies at uniform distance from a linear map since ¢ lies
at uniform distance from H?:1 ¢;. Also, it suffices to treat the case n = 2 since for
each 1 < j < n we may consider the (Cy, €4)-quasi-isometry that ¢ induces on the
z;x; coordinate plane, and this satisfies the hypotheses of the lemma (with somewhat
different constants).

We claim there is a C5 such that for y,z in the first coordinate axis, we have
|61(y +2) — (01(y) + ¢1(2))| < Cs. To see this first note that when C equals zero the
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additivity can be deduced from a geometric construction involving 6 lines and 6 of
their intersection points. When C' > 0, the same construction can be performed with
uniformly bounded error at each step.

By lemma 8.3.4 below, ¢; and analgously ¢, lies at uniform distance from a linear
map. U

Lemma 8.3.4 Suppose ¢ : R — R is a locally bounded function satisfying |1(y +
z) —Y(y) —¥(2)| < D for ally,z € R. Then |[Y(z) — ax| < D for some a € R.

Proof.— Since [¢(2") — 24(2"1)| < D, the sequence (1)(2")/2") is Cauchy and con-
verges to a real number a. Let x > 0 and choose numbers ¢, € N and r, € R with
|7n| < x such that 2" = g,z + r,. Then

W}(Qn) - an(‘r) - 1/1(7“71)\ < (QH + 1)D

and hence, using that v is locally bounded,

P(2" Gn UY(ry)x g, + 1)z

LR AP L
—— ~ —— ——

—a —1 —0 —1

When n tends to infinity, we obtain in the limit
lax — (z)| < D.

Similarly, there is a real number a_ such that for all z < 0 we have |a_x —(z)| < D.
Since [Y(z) + ¢ (—z)| < D + |¢(0)], it follows that a = a_. O

Proof of Theorem 1.1.3 concluded.— By corollary 8.3.2 we may scale the metric on X’
by the factor 1/a so that ® becomes a (1, A/a) quasi-isometry. Applying proposition
2.3.9 we conclude that ® induces a map 0x® : 050X — 95X’ which is a homeo-
morphism of geometric boundaries preserving the Tits metric. By the main result
of 3.7, 0@ gives an isomorphism of spherical buildings 0s® : (Oris X, Amod) —
(Oris X', Al 1), after possibly changing to an equivalent spherical building structure

on Or;s X'. Consequently, for every 6 € Apoq, O ® maps the set 671(8) C dryus X to
the corresponding set 9’71(5) C Oris X', and ¢)|0,1(5) is a cone topology homeomor-

phism. When § is a regular point, the subsets §=*(6) C 95X and '~ (8) C Opus X'
are either manifolds of dimension at least 1 or totally disconnected spaces by sub-
lemma 4.6.9, depending on whether X and X’ are symmetric spaces or Euclidean
buildings. Therefore either X and X’ are both symmetric spaces of noncompact type,
or they are both irreducible Euclidean buildings with Moufang boundary. In the lat-
ter case we are done by theorem 8.3.9; when X and X' are both symmetric spaces
we apply proposition 8.3.8 to get a homothety @y : X — X’ with 0,,Pg = 05 ®.
By proposition 8.1.2, d(®(v), ®o(v)) < D for every vertex v € X, and since the
affine Weyl group of X is cocompact the vertices are uniform in X, and so we have
d(®,®y) < D'. Hence @ is an isometry. O
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8.3.2 Inducing isometries of ideal boundaries of symmetric spaces

We consider a symmetric space X of non-compact type and denote by G the identity
component of its isometry group.

Sublemma 8.3.5 Let F' C X be a mazimal flat and let mp : X — F' be the nearest
point retraction. Given a compact set K C Int(Apoq) and € > 0, there is a § > 0
such that ifpe X, x € F, (px) € K, and Zy(z,mp(p)) > /2 — 0, then d(p, F) < €.

Proof.— Note that as ¢ moves from p to 7p(p) along the segment 7 (p)p, Z,(z, 7r(p))
increases monotonically. If the sublemma were false, we could find a sequence p; € X,
zp € F so that Zp, (2, mp(pr)) — 7/2 and d(py, F') > €. Since Zu, ) (@, Pk) =
m/2, triangle comparison implies that |pemr(pe)|/|przr] — 0. Hence by taking g €
per(pr) with d(gx, F') = € we have Zg (pr,qe) — 0, so da,,,(0(Gkzr), K) — 0.
Modulo the group G, we may extract a convergent subsequence of the configurations
(F, qxTr) getting a maximal flat F', a point g with d(ge, F)) = €, and 2o € O F
such that Z, (%, TFr(geo)) = 7/2, and 6(z) € K. This is absurd. O

Sublemma 8.3.6 Let F; be a sequence of mazximal flats in X so that OxF; — OxF
where F' 1s a mazimal flat, i.e. for each open neighborhood U of OxF in OxX with
respect to the cone topology, O F; is contained in U for sufficiently large i. Then
F; — F n the pointed Hausdorff topology.

Proof.— Let £, € 0. F be antipodal regular points and choose points &, n; € 0, F;
so that & — & and 7; — 1. Then for z € F we have Z;(&;,7;) — 7 and consequently
Lo(mpx,&) — 7)2, Ly(mRx,n;) — 7/2. Applying sublemma 8.3.5, we conclude that
d(z, F;) — 0. The claim follows since this holds for all z € F. O

Lemma 8.3.7 Let O : G — Homeo(0xX) be the homomorphism which takes each
1sometry to its induced boundary homeomorphism. Then O s a topological embedding
when Homeo(0xX) is given the compact-open topology.

Proof.— 04 is continuous, because the natural action of G' on 0, X is continuous.
To see that Oy is a topological embedding, it suffices to show that if g; € G is a
sequence with 0. (g;) — ¢ € Homeo(0xX ), then g; — e € G. Let z be a point in X
and choose finitely many (e.g. two) maximal flats Fi, ..., Fy with FyN---NF, = {z}.
Since 0x(gi) = € € Homeo(0xX ), 0s0giFj converges to O F} in the sense that for
each open neighborhood Uj of 0 Fj in 0, X with respect to the cone topology, 0.9: F);
is contained in U; for sufficiently large ¢. By the previous sublemma we know that
giF; — F} in the pointed Hausdorff topology. O

Proposition 8.3.8 Let X and X' be irreducible symmetric spaces of rank at least 2.
Then any cone topology continuous Tits isometry

Y 1 Opits X — Opits X !

18 induced by a unique homothety ¥ : X — X'.
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Proof.— We denote by G (resp. G') the identity component of the isometry group
of X (resp. X'). By lemma 8.3.7 the homomorphisms O, : G — Homeo(0xX)
and 0 : G' — Homeo(0,X') are topological embeddings, where Homeo(0xX)
and Homeo(0xX') are given the compact-open topology. According to [Mos, p.123,
cor. 16.2], conjugation by 9 carries 0,G to 9, G'. Hence 1 induces a continuous
isomorphism G — G’. Such an isomorphism carries (maximal) compact subgroups
to (maximal) compact subgroups and it is a classical fact that the induced map
U: X — X' of the symmetric spaces is a homothety. 1 and the induced isometry
6Tits‘i! at infinity are G-equivariant with respect to the actions of G on 075X and
Oris X' and we conclude that dpu ¥ = . O

8.3.3 (1, A)-quasi-isometries between Euclidean buildings

Here we prove

Theorem 8.3.9 Let X, X' be thick Euclidean buildings with Moufang Tits bound-
ary, and assume that the canonical product decomposition of X has no 1-dimensional
factors''. Then for every A there is a C so that for every (1,A) quasi-isometry

®: X — X' there is an isometry &g : X — X' with d(P, Py) < C.

The proof of Theorem 8.3.9 combines corollary 7.1.5 and material from sections
3.12 and 4.10. We first sketch the argument in the case that X and X' are irreducible,
of rank at least 2, and have cocompact affine Weyl groups.

Let (B, Apoq) be a spherical building. Attached to each root (i.e. half-apartment)
in B is a root group U, C Aut(B, Apoq) (see 3.12). Remarkably, when B is irreducible
and has rank at least 2, the U,’s — and consequently the group G C Aut(B, Ayoq)
generated by them — act canonically and isometrically on any Euclidean building with
Tits boundary B (see 4.10). Now let (B, Asod) = (Orits X, Amod). If @ : X — X' is
an (L, A) quasi-isometry, then by 2.3.9 we get an induced isometry Oris® : Orits X —
Orits X', so the group G C Aut(B, Apog) acts on Op;ys X, Orys X', and hence on X and
X'. By comparing images of apartments (and using the quasi-isometry ®), ones sees
that a subgroup K C G has bounded orbits in X if and only if it has bounded
orbits in X’. Because B is Moufang (3.12) the maximal bounded subgroups M C G
pick out “spots” vy € X and vy € X' (proposition 4.10.6), and the resulting 1-1
correspondence between the spots of X and the spots of X’ determines a homothety
Py: X — X' with (9Tz~ts<I>0 = (9Tz~ts<I>.

Proof of Theorem 8.3.9. Step 1.— Reduction to the irreducible case.

Lemma 8.3.10 Every (1, A) quasi-isometry ¢ : E" — E" lies within uniform dis-
tance of a homothety.

For every distance function d : E* — K" the function d o ¢ lies within uniform
distance of a distance function. By taking limits we see that for every Busemann
function b : E* — E", b o ¢ is uniformly close to a Busemann function. But the
Busemann functions are affine functions, so ¢ is uniformly close to an affine map ¢.
Obviously ¢g is an isometry. O

HThe statement is false for (1, A) quasi-isometries between trees.
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By corollary 7.1.5 , there is a constant D(A, X, X') so that the image of every
apartment A C X is D Hausdorff close to an apartment A’ C X’. Composing <I>| 1
with the projection onto A’ we get a map which is uniformly close to an isometry
Uy:A— A’ Henceif F C Ais a flat, then ®(F) C X' is uniformly Hausdorff close
to the flat W4 (F) C A’. Therefore we may repeat the reasoning of 8.2 to see that
if X =][X;, X'=][X] are the decompositions of X and X' into thick irreducible
factors, then after reindexing the factors X ]’ there are (1, A) quasi-isometries ®; :
X; — X! so that ® is uniformly close to [[ ®; (A depends only on the quasi-isometry
constant of ® and X, X'). Hence we are reduced to the irreducible case.

Step 2.— X and X' are irreducible. The affine Weyl groups W, Wy, of X, X'
are either finite or cocompact, since their Tits boundaries are irreducible. If W,y is
finite then it has a fixed point, so all apartments intersect in a point p € X and X
is a metric cone over Ory, X. If @ € A4 is a regular point, then 67! (a) C O X
is clearly discrete in the cone topology. On the other hand, if W, is cocompact
then #~'(a) C OpysX is nondiscrete since any regular geodesic ray p¢ C A can
branch off at many singular walls. Since ® induces a homeomorphism of geometric
boundaries 0,,® : 00X — 0,,X' by 2.3.9, and this induces an isomorphism of
spherical buildings Or;;s® : Orys X — Oris X', either X and X' are both metric
cones, or they both have cocompact affine Weyl groups. If they are both cones, we
may produce an isometry ®; : X — X’ by taking the cone over Or;;,® : O, X —
OritsX'. This induces the same bijection of apartments as ®, and lies at uniform
distance from & by lemma 8.3.10.

Step 8.— X and X' are thick, irreducible, and have cocompact affine Weyl group.
Letting

G C Aut(ris X) """ Aut(Opins X'

be the group generated by the root groups of 07X, we get actions of G on Orjs X,
Orits X', and by 3.12.2 actions on X and X’ by automorphisms as well.

Lemma 8.3.11 A subgroup B C G has bounded orbits in X if and only if it has
bounded orbits in X'.

Proof.— We show that if K has a bounded orbit K(p) = {gp|g € K} C X then K
has a bounded orbit in X".

Let p € X be a vertex, let F, be the collection of apartments passing through
p, and let Fgy) = UgexFygp. Fr(p) is a K-invariant collection of apartments in X,
and when R > Diam(K (p)) we have p € Naecry, Nr(A). Let ®(F,) and ®(Fk(y))
denote the corresponding collections of apartments in X’. Then ®(Fg,)) is K-
invariant, and ®(p) € N A,@(IK(M)N&LCI (A"), where C] is a constant such that for
every apartment A C X, the Hausdorff distance dg(®(A), A’) < C;. By proposition
8.1.2, Nwea(r,)Nric, (A') is bounded. Thus Nared(Fy ) VR+C1 (A’) is a nonempty
K-invariant bounded set. U

Proof of Theorem 8.3.9 continued.— By proposition 4.10.6 we now have a bijection
Spot(®) : Spot(X) — Spot(X')
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between spots in X and X’ via their correpondence with maximal bounded subgroups
in G. Moreover by item 2 of proposition 4.10.6 for every apartment A C X, we
have Spot(®)(Spot(A)) = Spot(A’) where A’ C X' is the unique apartment with
Orits A" = Opis®(OritsA). Since by item 3 of proposition 4.10.6 Spot(CI))|Spot(A) :
Spot(A) — Spot(A’) is a homeomorphism with respect to half-apartment topologies
we see that X is discrete if and only if X' is discrete.

Case 1: Both X and X' are non-discrete, i.e. their affine Weyl groups have a dense
orbit. In this case Spot(A) = A, Spot(A’) = A’, and Spot(CI))|A : A —> Ais a
homeomorphism since the half-apartment topology is the metric topology. By item 3
of proposition 4.10.6 Spot(®) | 4 maps singular half-apartments H C A with Opys H =
a to singular half-apartments Spot(®)(H) C A" with Opis(Spot(®)(H)) = OritsP(a).
By considering infinite intersections of singular half-apartments with Tits boundary
a C OrysA, it follows that Spot(®) carries all half-spaces H C A with OpysH =
a to half-spaces Spot(®)(H) with Op;s(Spot(®)(H)) = Oryus®P(a). By considering
intersections of half-spaces Hy with opposite Tits boundaries, we see that Spot(®P)
carries hyperplanes whose boundary is a wall m C Jr;,A to hyperplanes in A" with

boundary Or;;s®(m) C OrysA’. By section 6.4.4 it follows that @, def Spot(®) : X —
X' is a homothety and Or;;sPg = Orits P.

Case 2: X and X' are both discrete. In this case A and A’ are crystallographic
Euclidean Coxeter complexes; Spot(A) and Spot(A’) coincide with the O-skeleta of A
and A’. Again by item 3 of proposition 4.10.6, if S C A is either a singular subspace
or singular half-apartment, then there is a unique singular subspace or singular half-
apartment S’ C A’ so that Spot(®)(S N Spot(A)) = S' N Spot(A’). k + 1 spots
S0, ---,8k € Spot(A) are the vertices of a k-simplex in the simplicial complex if and
only if they do not lie in a singular subspace of dimension < k£ and the intersection
of all singular half-apartments containing {so,...,sx} contains the k 4+ 1 spots s;.
Hence Spot(®)| Spot(A) Spot(A) — Spot(A’) is a simplicial isomorphism and hence
is induced by a unique homothety A — A’. It follows that Spot(®) : Spot(X) —
Spot(X') is the restriction of a unique homothety ®¢ : X — X’ with 0ritsPo = Oris .

Since vertices are uniform in X, we may apply proposition 8.1.2 to conclude that
in both cases d(®q, ®) < D'(L, C, X, X'), forcing ®, to be an isometry.
O

9 An abridged version of the argument

In this appendix we offer an introduction to the proof of Theorem 1.1.2 via the special
case when X = X’ = H? x H?.

Step 1.— The structure of asymptotic cones w-lim(\;(H? x H?), z;). Readers unfa-
miliar with asymptotic cones should read section 2.4. By 2.4.4, any asymptotic cone
w-lim(\H?, ;) is a CAT (k) space for every k, so it is a metric tree; since there are
large equilateral triangles centered at any point in H?, the metric tree branches ev-
erywhere. The ultralimit operation commutes with taking products, so one concludes
that w-lim()\;(H? x H?), 2;) ~ w-lim(\H?, z;) x w-lim(\;H?, y;) where z; = z; X y;
and X denotes the Euclidean product of metric spaces. So any asymptotic cone of
H? x H? is a product of metric trees which branch everywhere.
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Step 2.— Planes in a product of metric trees are “locally finite”. For 1 = 1,2 let
T; be a metric tree. For simplicity we assume that geodesic segments and rays are
extendible to complete geodesics. Since the convex hull of two geodesics in a metric
tree is contained in the union of at most 3 geodesics, the convex hull of two 2-flats
~v; X 6; C 11 x Ty is contained in at most nine 2-flats. Section 6 may now be read up
to the paragraph after lemma 6.2.1, replacing the word “apartment” with “2-flat”,
and corollary 4.6.8 with the observation above. Hence every topologically embedded
plane in 77 x T is locally contained in a finite number of 2-flats.

Step 3.— Homeomorphisms of products of nondegenerate trees preserve the product
structure. We now make the additional assumption that our metric trees 7; branch
everywhere: for every z € T;, T; \ x has at least 3 components. Let P C T} x T, be a
topologically embedded plane, and let z = x x y € P. We know that there are finite
trees T; C T; with z € Ty x Ty C Ty x T so that B,(r) N P C B,(r) N (T} x Ty).
Shrinking 7 if necessary, we may assume that 77 and T are cones (z € T} and y € T
are the only vertices). Elementary topological arguments using local homology groups
show that B,(r)N P coincides with B, (r)N(UQ;), where each Q; C T} x T is a quarter
plane with vertex at z, i.e. a set of the form v x § C T} x Ty, where v C T} (resp.
d C Ty) is a geodesic leaving x (resp. y).

Say that two sets S1, Sy C T} x T, have the same germ at z if S;NU = Sy;NU for
some neighborhood U of z. We see from the above that for every z € P, P has the
same germ at z as a finite union of quarter planes. Moreover, since the intersection
of two quarter planes (), )2 with vertex at z either has the same germ as ();, the
same germ as a horizontal or vertical segment, or the same germ as {z}, it follows
that a set S C T x T5 has the germ of a quarter plane with vertex at z if and only
if it has the same germ as a two-dimensional intersection of topologically embedded
planes, and is minimal among such. Hence we have a topological characterization
of 2-flats and vertical/horizontal geodesics: a closed, topologically embedded plane
P Cc T, xT,is a 2-flat if for every z € P, P has the same germ at z a the union
of four quarter planes with vertex at z; a closed connected subset S C 77 x T3 is a
vertical or horizontal geodesic if for every z € S, S has the same germ at z as the
boundary of two adjacent quarter planes with vertex at z. From this one may easily
recover the product structure on 77 x 75 using only the topology of T} x T,. Hence
a homeomorphism ¢ : T} x Ty — T x T3 preserves the product structure (although
it may swap the factors, of course).

Step 4.— Quasi-isometries of H2 x H? preserve the product structure. Let ® : H? x
H? — H? x H? be a quasi-isometry. If 2,2’ € H? x H?, let (z,2') be the angle
between the segment zz’ and the horizontal direction.

Sublemma 9.0.12 There is a function f : [0,00) — R with lim, ,o f(r) = 0 so
that if z,2' are horizontal, then |0(®(2), ®(2')) — n/4| > /4 — f(r).

Proof.— If not, we could find a sequence z;, z; € H? x H? of horizontal pairs so that
At = d(z,2) = oo and limsup,_, ., |0(®(z), ®(2})) — /4] < /4. Then z,,2 €
w-lim(\; (H? x H?), 2,) is a horizontal pair with 6(®,(z,), ®,(2))) # 0,7/2. This
contradicts step 3. U

Since any two horizontal pairs zq, 2] and 2, zj, may be joined with a continuous

family 2z, z; of horizontal pairs with mind(z;, z;) > min(d(z1, 21), d(22, 23)), we see
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that for horizontal pairs z, 2/, the limit limg(, ,1\—00 0(®(2), ®(2')) exists and is either
0 or /2. We assume without losing generality that the former holds.

Hence as y € H? varies, the compositions H> — H? x {y} 2LH?2 x H2 2L 12
are quasi-isometries with quasi-isometry constant independent of y, and they lie at
finite distance from one another. It follows that they lie at uniform distance from one
another, and so ® preserves the fibers of p; up to bounded Hausdorff error. Repeating
this argument for p, we see that ® is within uniform distance of a product ®; x ®,
of quasi-isometries.
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