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LÄosungen:

4 6 . Rang einer M atr ix. E s s e ie n A;B 2 IR n£n r e e lle n£n - Ma t r iz e n m it r g A = r g B =
r 2 f 0 ; : : : ; ng. Ma n z e ig e : r g ( BA) · r.
E s is t r g ( BA) = d im I mB̂A = d im B̂ ( I mÂ) . N a c h V o r a u s s e t z u n g g ilt d im I mÂ = r,
a ls o I mÂ = hv1; : : : ; vri m it g e wis s e n S p a lt e n v1; : : : ; vr 2 IR n.

D a h e r wir d I mB̂A = B̂ ( I mÂ) d u r c h Bv1; : : : Bvr a u fg e s p a n n t ; d ie D im e n s io n is t a ls o
· r ( d a m a n u n t e r d e n a u fs p a n n e n d e n V e kt o r e n e in e B a s is a u s wÄa h le n ka n n ) .

4 7 . A±ne Unter r Äaume

W e lc h e d e r fo lg e n d e n a ± n e n U n t e r r Äa u m e d e s IR 3 s in d g le ic h ?

X1 = e2 + he2 ¡ e1; e3 ¡ e1i
X2 = 2 e2 + h 2 e2 ¡ 2 e1; 2 e3 ¡ 2 e1i
X3 = e1 + he3 ¡ e2; e3 ¡ e1i
X4 = e1 + h 2 e2 ¡ e1; 2 e3 ¡ e1i

D a m it z we i a ± n e U n t e r r Äa u m e xi + Ui, i = 1 ; 2 , g le ic h s in d , m u ¼ z u n Äa c h s t U1 = U2

g e lt e n ( d e r z u e in e m a ± n e n U n t e r r a u m g e h Äo r e n d e U n t e r ve kt o r r a u m is t d u r c h d e n
a ± n e n U n t e r r a u m e in d e u t ig b e s t im m t ) .

D ie a ± n e n U n t e r r Äa u m e vo n X1 u n d X2 s in d o ®e n s ic h t lic h g le ic h .

D ie a ± n e n U n t e r r Äa u m e vo n X1 u n d X3 s in d e b e n fa lls g le ic h , d a

e3 ¡ e2 = ( e3 ¡ e1 ) ¡ ( e2 ¡ e1 ) 2 he2 ¡ e1; e3 ¡ e1i
u n d

e2 ¡ e1 = ( e3 ¡ e1 ) ¡ ( e3 ¡ e2 ) 2 he3 ¡ e2; e3 ¡ e1i
g ilt .

D a g e g e n is t d e r a ± n e U n t e r r a u m vo n X4 e in a n d e r e r . D a s ka n n m a n z .B . d a r a u s
fo lg e r n , d a ¼ m a n z e ig t , d a ¼ d ie V e kt o r e n 2 e2 ¡ e1; e2 ¡ e1 u n d e3 ¡ e1 l.u . s in d . A ls o
is t X4 vo n d e n a n d e r e n a ± n e n U n t e r r Äa u m e n ve r s c h ie d e n .

V o n d e n d r e i a ± n e n U n t e r r Äa u m e n X1; X2;X3, d ie a lle d e n g le ic h e n U n t e r ve kt o r r a u m
h a b e n , s in d X1 u n d X3 g le ic h we g e n

e2 = e1 + ( e2 ¡ e1 ) = e1 + ( e3 ¡ e1 ) ¡ ( e3 ¡ e2 ) 2 X3

u n d

e1 = e2 ¡ ( e2 ¡ e1 ) 2 X1.

D a g e g e n is t X2 vo n X1 ( u n d X3 ) ve r s c h ie d e n we g e n 2 e2 =2 X1; d ie s fo lg t z .B . we g e n
e1 2 X1, a b e r 2 e2 ¡ e1 =2 he2 ¡ e1; e3 ¡ e1i, wie o b e n g e z e ig t wu r d e .

4 8 . Koor dinatentr ansfor mationen.

S e i d : IR 3 ! IR 3 d ie D r e h u n g im IR 3 m it d e m D r e h win ke l 4 5 ± u m d ie A c h s e
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Ma n g e b e d ie Ma t r ixd a r s t e llu n g vo n d b z g l. d e r ka n o n is c h e n B a s is E = fe1; e2; e3g d e s
IR 3 a n . Ma n b e s t im m e d a z u z u e r s t d ie Ma t r ixd a r s t e llu n g d e r lin e a r e n A b b ild u n g d
b z g l. e in e r g e e ig n e t e n Or t h o n o r m a lb a s is d e s IR 3.
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D ie A u fg a b e is t in d e r a n g e g e b e n e n Fo r m z wa r lÄo s b a r , e r fo r d e r t a b e r e in e n u n ve r h Äa lt -
n is m Äa ¼ ig g r o ¼ e n A u fwa n d . Ge d a c h t wa r d ie A u fg a b e ( in A n a lo g ie z u e in e r S t a a t s e x-
a m e n s a u fg a b e u n d a ls V o r b e r e it u n g fÄu r e in e A u fg a b e d e r K la u s u r ) m it d e r A c h s e
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D e r V e kt o r b :=

0
B@

0
1 =2

1 =2
p
3

1
CA, d e r d ie s e A c h s e a u fs p a n n t , lie g t in d e r E b e n e he2; e3i,

a b e r n ic h t a u f e in e r d e r K o o r d in a t e n a c h s e n . N u n is t e in e D r e h u n g b z g l. e in e r Or t h o -
n o r m a lb a s is n u r d a n n le ic h t z u b e s c h r e ib e n , we n n d ie D r e h a c h s e e in e d e r K o o r d in a -
t e n a c h s e n is t . D e s we g e n b e s c h r e ib t m a n d ie D r e h u n g z u n Äa c h s t b z g l. e in e r Or t h o n o r -
m a lb a s is B = fb1; b2; b3g, d ie s o g e wÄa h lt wir d , d a ¼ d ie vo r g e g e b e n e D r e h a c h s e e in e
K o o r d in a t e n a c h s e d e r n e u e n B a s is wir d .

D a b in d e r x2; x3-E b e n e lie g t , ¯ n d e t m a n e in e s o lc h e B a s is B, in d e m m a n d ie S t a n -
d a r d b a s is E = fe1; ee; e3g u m d ie x1-A c h s e d r e h t . D r e h t m a n u m d e n W in ke l 6 0 ±,
g e h t e2 in d e n V e kt o r b Äu b e r . D ie d u r c h d ie s e D r e h u n g vo n E e n t s t e h e n d e B a s is is t
B = fb1; b2; b3g m it

b1 = e1 =

0
B@

1
0
0

1
CA,

b2 = 1 =2 e2 + 1 =2
p
3 e3 =

0
B@

0
1 =2

1 =2
p
3

1
CA,

b3 = ¡1 =2
p
3 e2 + 1 =2 e3 =

0
B@

0
¡ 1 =2

p
3

1 =2

1
CA.

S e i B d ie a u s d ie s e n S p a lt e n g e b ild e t e Ma t r ix, a ls o B =
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D a n n is t d ie Tr a n s fo r m a t io n s m a t r ix d e s B a s is we c h s e ls

T EB = B¡1 =
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D ie D r e h u n g d wir d b z g l. d e r B a s is B d u r c h fo lg e n d e D r e h m a t r ix d a r g e s t e llt :
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B z g l. d e r B a s is E wir d d a n n d lt . V o r le s u n g d a r g e s t e llt d u r c h d ie Ma t r ix

DE =ME
E ( d) = T BE MB

B ( d ) T EB = BDBB
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4 9 . P er mutationen

Ma n g e b e a lle g e r a d e n u n d a lle u n g e r a d e n P e r m u t a t io n e n in S4 a n .

Ge r a d e P e r m u t a t io n e n :

A4 = f( 1 ) ; ( 1 2 3 ) ; ( 1 3 2 ) ; ( 1 2 4 ) ; ( 1 4 2 ) ; ( 1 3 4 ) ; ( 1 4 3 ) ; ( 2 3 4 ) ; ( 2 4 3 ) ; ( 1 2 ) ( 3 4 ) ; ( 1 3 ) ( 2 4 ) ; ( 1 4 ) ( 2 3 ) g.
U n g e r a d e P e r m u t a t io n e n :

U4 = f( 1 2 ) ; ( 1 3 ) ; ( 1 4 ) ; ( 2 3 ) ; ( 2 4 ) ; ( 3 4 ) ; ( 1 2 3 4 ) ; ( 1 2 4 3 ) ; ( 1 3 2 4 ) ; ( 1 3 4 2 ) ; ( 1 4 2 3 ) ; ( 1 4 3 2 ) g

5 0 . Deter minanten

( a ) ÄU b e r ZZ5 is t :

d e t

0
B@

4 1 0
1 4 1
4 4 0

1
CA = ( m it 1 . Z3 := Z3 + Z2, 2 . Z2 := Z1 + Z2 )

d e t

0
B@

4 1 0
0 0 1
0 3 1

1
CA = ( Z2 u n d Z3 ve r t a u s c h e n )

¡ d e t

0
B@

4 1 0
0 3 1
0 0 1

1
CA = ¡ 4 ¢ 3 ¢ 1 = 3 ( d a D r e ie c ks m a t r ix)

( b ) ÄU b e r IR is t :

d e t

0
BBB@

1 3 5 1
3 7 9 1 1
1 5 7 3
6 1 5 2 1 1 8

1
CCCA = ( Z2 := Z3 ¡ 3 Z1; Z3 := Z3 ¡Z1; Z4 := Z4 ¡ 6 Z1 )

d e t

0
BBB@

1 3 5 1
0 ¡ 2 ¡6 8
0 2 2 2
0 ¡ 3 ¡9 1 2

1
CCCA =

( ¡2 ) ¢ 2 ¢ ( ¡3 ) ¢ d e t

0
BBB@

1 3 5 1
0 1 3 ¡4
0 1 1 1
0 1 3 ¡4

1
CCCA = 0

( c ) Ma n r e ka p it u lie r e d ie in d e r V o r le s u n g a u fg e lis t e t e n E ig e n s c h a ft e n vo n D e t e r m i-
n a n t e n ( A u s s a g e 5 .1 .3 .2 ) .

S ie h e S kr ip t u m .


