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2.5. FACTOR SPACES 33

The factor space X/L is the set of all equivalence classes (z,y)+L, hence, according
to the above geometrical interpretation of (z,y)+ L, it is the set of all lines parallel
to L. Each such line is determined from the point of its intersection with the axis

y'y, which is a real number a(g )1, where
Y= Q(zy)+L
z—0
It is easy to see that the addition [(z,vy) + L] + [(u,w) + L} on X/L corresponds to
the addition @y, )41, + G (u,w)+ 1 and the scalar multiplication b- [(z, y) +Llon X/L
corresponds to the multiplication ba(g )41, of reals. In other words, the mapping

e: X/L - R,

=0 Ogy)+L =Y — 4T,

(xay) +L a(z,y)+La
is linear, and it is also a bijection. Hence, even without carrying out the exact
calculations, it is geometrically expected that X/L is linearly isomorphic to R. In

this case, we also have that
dim(R?) = dim(L) + dim(R?/L).
DEFINITION 2.5.5. Let X be a linear space, Y < X and z1,...,2, € X. We
say that 21, ..., T, are linearly dependent (modY), if 21 +Y, ..., 2, +Y are linearly
dependent in X/Y.

One can show that z1,...,%, are linearly dependent (modY") if and only if
there are n > 1 and a1, . ..,a, € R such that a; # 0, for some i € {1,...,n}, and

yEY(Z Qi = y) - Mg

By deﬁmtlon 1 —l— Y ,Zn, +Y are 11nearly dependent in X/Y, if there are

I n>1landag,... aneRsuchthataz;éO for some i € {1,...,n}, and !
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