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106 SCALAR PRODUCTS AND ORTHOGONALITY [V,8§2]

basis for that space. If we wish an orthonormal basis, then we divide
~these vectors by their porm; and thus obtain T

A 1

o (1,1,0, 1),
i~ s

B 1
B 1 4, 501,
18l 42 )
C 1

L (4 -2,-7,6),
1~ Jios. )

as an orthonormal basis.

Theorem 2.3. Let V be a vector space over R with a positive definite
scalar product, of dimension 1. Let W be a subspace of V of dimension
r. Let W' be the subspace of V consisting of all elements which are
perpendicular to W. Then V is the direct sum of W and W+, and wt
has dimension n—r. In other words, .

dim W + dim W* = dim V.

Proof. 1f W consists of O alone, or if W=1, then our assertion is ob-
vious. We therefore assume that W# V and that w#{0}. Let

{wy,...,w,} be an orthonormal basis of W. By Theorem 2.1, there exist
clements U,y 1,5ty Of V such that

(WiyeosWps et 1o )

is an orthonormal basis of V. We shall prove that {u,H,...,u,,} is an
orthonormal basis of W*. . B
Let u be an element of W*. Then there exist numbers X, ..., X, such
that

U= XW L, A X1l rt 4o XU,

Since u is perpendicular to W, taking the product with any W;
Gi=1,....1r) we find

0= uwy= x Wi, Wi = X

Hence all x;=0 (= 1,...,r). Therefore u is a linear combination of
Uy 415~ otne

Conversely, let u = X, ilty4y T 0 T Xalln be a linear combination of

Uy gy - Uy TAKIDE the product with any w; yields 0. Hence u is perpen-
dicular to all w; (i=1,....1), and hence is perpendicular to W. This
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We summarize the procedure of Theorem 2.1 once more. Suppose we

are given an arbitrary basis {vy, ... ,v } of V We w1sh to orthogonahze it.
We proceed as follows. We let o

!
vy = Dy,

/
|
\, o =1 <1)2, vy
i 2 — Va2 1
/ < Ut 1> ’
\\) v/ = <v37 UZ> <v3! vl>
3 — Vs ™ 1
<1)2, UZ> <v17 vl> ’
/
/
( N <Una vn 1> o . <U", v1>
. | S
’ " § <vn 15 Up— 1> O <vl’ l)1>

Then {v},...,v;} is an orthogonal basis.

~

" Given an orthogonal basis, we can always obtain an orthonormal ba-
- sis by dividing each vector by its norm.

N

Example 1. Find an orthonormal basis for the vector space generated
by the vectors (1, 1,0, 1), (1, —2,0,0), and (1,0, —1,2).
Let us denote these vectors by 4, B, C. Let

B-A
'=B—-—" A
B e

In other words, we subtract from B its projection along 4. Then B' is
perpendicular to 4. We find

B =44, 501)

Now we subtract from C its projection along A and B/, and thus we let
C=C C'A‘A €D
~ 4-A7 BB

Since 4 and B’ are perpendicular, taking the scalar product of C’ with 4
and B’ shows that C' is perpendicular to both 4 and B'. We find

C =3(—4, -2, —1,6).

The vectors A, B, C' are non-zero and mutually perpendicular. They lie
in the space generated by 4, B, C. Hence they constitute an orthogonal




iﬂ} ) s f\swuw M‘wﬁffi - )
\/ «’L X =y ﬁj i’ 2. )( ( KW*X%L\ i QXMFQ ,

deft é
Q L ‘
U%\ \/ + \7’; = >< )dkwv’h

&Aﬁé\i\i*fg% Lee, 37, 3f<¢-:[37




|

% co g, F
i yﬁ%w\f‘iﬁ' ¥
(jd\ ﬁyg‘@j Y 2

Rt







E}/&ﬁ/z{&

VA0 wissen, Wil

A %m&@a}&wz&a SRR LS %’”ﬁ,@%
YA N\ \)

AN

) ey . \ ¢ EA
ok Lok

i [é{i‘ ; > ‘{m - L
\> T e \ o § :;%K\E\f “>
TV NS - |

/ o M&ﬁ‘*j} -~

und w@&zw AR '@J\,/ JW% ‘&\/i V:.,f\gi Lanl (

K
Y
g\
o~
D
<
<)



X € C‘\/*f \/ > wd somk (11

da Vi, . Na Mt\mﬁ ml " Qv@.,,;v&é
Vaon ><

Dodoas 1t

QAJ\EL E\W 5

I N \; "\
§ < ?t U\m&&\iﬁw é ‘ éﬁv@wﬂ Wil an iu{ Ja 5 s QJQ
| )( ng e <& X J&m O \2‘?{ U,

T ng g}bm\) von

olg  Na€ 7;;8 coolark




: > [
_, %/Qip ACASE H , \

N ) . % N }Qh 0
f "% » ‘ s % 5 .
{w % \ : Y&? L R A €

{ @iww Q \\U\J AN

YD t Ui XKy & & VSN W
PR o R Q)

\ - ﬁ g‘f@
\g\ Q}\AQ’, ' V\t%‘"

) . 4 N . N B :\
. AN oA s A MeaCa ¢prod\wil] dA
i V e /‘("[ é




- 2 |

\“ /"

f/i

QK\@ {)\Q/ln Q{w,«m fﬂ@f bvaw%@r\ j% QCKJJM@NA w\%\){w,,;p\ UL
RS ) \

\M}? (\X

ey o s rbgede Lonlsnd. o

= 1 Q) v - ool )
Sq Q;QWQ)’{ s Q&MM éiw Qvé 5 = é(z/f ‘( |
T

TN\
A

)
4?{‘14’,”, /%ﬂ>

M;QJE/\

J
wj@"‘ ST, mﬂ« Ww/\x ol



