
STABILITY IS NOT OPENKAI CIELIEBAK, URS FRAUENFELDER, AND GABRIEL P. PATERNAINAbstra
t. We give an example of a symple
ti
 manifold with a stable hypersurfa
esu
h that nearby hypersurfa
es are typi
ally unstable.1. Introdu
tionA 
losed hypersurfa
e � in a symple
ti
 manifold (M;
) is 
alled stable if a neigh-bourhood of � 
an be foliated by hypersurfa
es whose 
hara
teristi
 foliations are
onjugate. Here the 
hara
teristi
 foliation on a hypersurfa
e � is de�ned by the 1-dimensional distribution ker(
j�). Stability was introdu
ed in [12℄ as a 
ondition onhypersurfa
es for whi
h the Weinstein 
onje
ture 
an be proved. More re
ently, it hasattained importan
e as the 
ondition needed for the 
ompa
tness results underlyingSymple
ti
 Field Theory [7, 2, 5℄ and Rabinowitz Floer homology [3, 4℄.Let us 
onsider, in a �xed symple
ti
 manifold (M;
), the spa
e HS of 
losedhypersurfa
es equipped with the C1-topology and its subset SHS of stable hyper-surfa
es. It is easy to see that SHS is not 
losed: For example, the horo
y
le 
owon a hyperboli
 surfa
e de�nes a hypersurfa
e whi
h is unstable but the smooth limitof stable ones; see [4℄ for many more examples. On the other hand, SHS 
ontainsopen 
omponents, e.g. those 
orresponding to hypersurfa
es of 
onta
t type. Thisprompted the question whether the set SHS is a
tually open in HS. The result ofthis paper shows that this is not the 
ase.Theorem 1.1. There exists a stable 
losed hypersurfa
e � in a symple
ti
 6-manifoldsu
h that nearby hypersurfa
es are typi
ally unstable in the following sense: Thereexists a neighbourhood of � in HS whi
h 
ontains an open dense set 
onsisting ofunstable hypersurfa
es.The theorem 
ontinues to hold if the C1 topology is repla
ed by the Ck topologyfor some k � 2 and hypersurfa
es are only assumed to be of 
lass Ck.The theorem 
an be rephrased in terms of stable Hamiltonian stru
tures [2, 5, 6℄.A two-form ! on an odd-dimensional manifold � is 
alled a Hamiltonian stru
ture ifit is 
losed and maximally nondegenerate in the sense that its kernel distribution isone-dimensional. It is 
alled stable if there exists a one-form � su
h that �jker! 6= 0and ker! � ker d�. Then a hypersurfa
e � in a symple
ti
 manifold (M;
) is stablei� 
j� de�nes a stable Hamiltonian stru
ture, and every stable Hamiltonian stru
turearises as a stable hypersurfa
e in some symple
ti
 manifold [5℄. Now Theorem 1.1 
anbe rephrased as follows: There exists a stable Hamiltonian stru
ture ! on a 
losedDate: August 2009. 1



2 K. CIELIEBAK, U. FRAUENFELDER, AND G.P. PATERNAIN5-manifold � su
h that nearby Hamiltonian stru
tures with the same 
ohomology
lass as ! are typi
ally unstable.Theorem 1.1 has impli
ations on the foundations of holomorphi
 
urve theoriessu
h as Symple
ti
 Field Theory [7, 2, 5℄ and Rabinowitz Floer homology [3, 4℄. Forthe 
onstru
tion of those theories one needs to perturb a given stable Hamiltonianstru
ture to make all 
losed 
hara
teristi
s nondegenerate. Theorem 1.1 suggeststhat su
h a perturbation may not be possible within the 
lass of stable Hamiltonianstru
tures (see also [6℄ for a result pointing in the same dire
tion). In RabinowitzFloer homology this problem 
an be over
ome in the following way [4℄: One 
hoosesan additional Hamiltonian perturbation of the Rabinowitz a
tion fun
tional. For ageneri
 small perturbation the Rabinowitz a
tion fun
tional be
omes Morse, but forthe perturbed a
tion fun
tional one might lose 
ompa
tness. However, one 
an stillde�ne a boundary operator by taking into a

ount only gradient 
ow lines 
lose tothe original ones. We wonder if a similar strategy 
an be applied to SFT as well.2. Preliminaries on Anosov Hamiltonian stru
turesAnosov Hamiltonian stru
tures. Re
all that the 
ow �t of a ve
tor �eld F on a
losed manifold � is Anosov if there is a splitting T� = RF � Es � Eu and positive
onstants � and C su
h that for all x 2 �jdx�t(v)j � Ce��tjvj for v 2 Es and t � 0;jdx��t(v)j � Ce��tjvj for v 2 Eu and t � 0:If an Anosov ve
tor �eld F is res
aled by a positive fun
tion its 
ow remains Anosov [1,15℄. It will be useful for us to know how the bundles Es and Eu 
hange when weres
ale F by a smooth positive fun
tion r : �! R+ . Let ~� be the 
ow of rF and ~Esits stable bundle. Then (
f. [15℄)(1) ~Es(x) = fv + z(x; v)F (x) : v 2 Es(x)g;where z(x; v) is a 
ontinuous 1-form (i.e. linear in v and 
ontinuous in x). Moreover,if we let l = l(t; x) be (for �xed x) the inverse of the di�eomorphismt 7! Z t0 r(�s(x))�1 dsthen(2) d~�t(v + z(x; v)F (x)) = d�l(v) + z(�l(v); d�l(v))F (�l(x)):This shows that for 
losed � the 
ow ~�t is again Anosov. There is a similar expressionfor ~Eu. It is 
lear from the dis
ussion above that the weak bundles RF � Es andRF � Eu do not 
hange under res
aling of F (the strong bundles Es;u are indeeda�e
ted by res
aling as we have just seen).Let (�; !) be a Hamiltonian stru
ture. We say that the stru
ture is Anosov if the
ow of any ve
tor �eld F spanning ker! is Anosov.



3We say that an Anosov Hamiltonian stru
ture satis�es the 1=2-pin
hing 
onditionor that it is 1-bun
hed [9, 10℄ if for any ve
tor �eld F spanning ker! with 
ow �tthere are fun
tions �f ; �s : �� R+ ! R+ su
h that� limt!1 supx2� �s(x;t)2�f (x;t) = 0;� �f (x; t)jvj � jd�t(v)j � �s(x; t)jvj for all x 2 �, t > 0 and v 2 Es(x), and�f (x; t)jvj � jd��t(v)j � �s(x; t)jvj for all x 2 �, t > 0 and v 2 Eu(�tx).We remark that the 1/2-pin
hing 
ondition is invariant under res
aling. Indeed,
onsider the 
ow ~�t of rF . It is 
lear from (1) and (2) that there is a positive
onstant � su
h that1��f(x; l(t; x))j~vj � jd~�t(~v)j � ��s(x; l(t; x))j~vjfor t > 0 and ~v 2 ~Es (with a similar expression for ~Eu). We know that given " > 0,there exists T > 0 su
h that for all x 2 � and all t > T we have�s(x; t)2�f(x; t) < ":On the other hand, there exists a > 0 su
h that l(t; x) � at for all x 2 � and t > 0.Hen
e, if we 
hoose t > T=a we have�s(x; l(t; x))2�f(x; l(t; x)) < "for all x 2 �. Therefore limt!1 supx2� �s(x; l(t; x))2�f(x; l(t; x)) = 0and thus ~�t is also 1=2-pin
hed.Hen
e the Anosov property as well as the 1=2-pin
hing 
ondition are invariant underres
aling and thus intrinsi
 properties of the Hamiltonian stru
ture. One of the main
onsequen
es of the 1=2-pin
hing 
ondition is that the weak bundles RF � Es andRF � Eu are of 
lass C1 [10, Theorem 5℄ (see also [11℄).Stable Anosov Hamiltonian stru
tures. Suppose now (�; !) is a stable AnosovHamiltonian stru
ture satisfying the 1=2-pin
hing 
ondition. Let � be a stabilizing1-form and R the Reeb ve
tor �eld de�ned by iR! = �0 and �(R) = 1. Invarian
eunder the 
ow implies that ! and � both vanish on Es and Eu. Sin
e the 
ow �t ofR is Anosov and Es�Eu = ker� whi
h is C1, it follows that Es = ker �\ (RF �Es)and Eu must be C1. Under these 
onditions we 
an introdu
e the Kanai 
onne
tion[13℄ whi
h is de�ned as follows.Let I be the (1; 1)-tensor on � given by I(v) = �v for v 2 Es, I(v) = v for v 2 Euand I(R) = 0. Consider the symmetri
 non-degenerate bilinear form given byh(X; Y ) := !(X; IY ) + �
 �(X; Y ):The pseudo-Riemannian metri
 h is of 
lass C1 and thus there exists a unique C0aÆne 
onne
tion r su
h that:(1) h is parallel with respe
t to r;



4 K. CIELIEBAK, U. FRAUENFELDER, AND G.P. PATERNAIN(2) r has torsion ! 
 R.This 
onne
tion has the following desirable properties [8, 13℄: it is invariant under �tand the Anosov splitting is invariant under r: ifX is any se
tion of Es;u, rvX 2 Es;ufor any v.The other good 
onsequen
e of the 1=2-pin
hing 
ondition, besides C1 smoothnessof the bundles, is the following lemma (
f. [13, Lemma 3.2℄).Lemma 2.1. r(d�) = 0.Proof. Suppose � is any invariant (0; 3)-tensor annihilated by R. We 
laim that �must vanish. To see this, 
onsider for example a triple of ve
tors (v1; v2; v3) wherev1; v2 2 Es but v3 2 Eu. Then there is a 
onstant C > 0 su
h that for all t � 0j�x(v1; v2; v3)j = j��tx(d�t(v1); d�t(v2); d�t(v3))j� C�s(x; t)2�f(x; t)�1jv1jjv2jjv3j:By the 1=2-pin
hing 
ondition the last expression tends to zero as t!1 and therefore�x(v1; v2; v3) = 0. The same will happen for other possible triples (v1; v2; v3) when welet t! �1.Sin
e d� and r are �t-invariant, so is r(d�). Sin
e iRd� = 0, r(d�) is alsoannihilated by R (to see that rR(d�) = 0 use that d� is �t-invariant and that rR =LR). Hen
e by the previous argument applied to � = r(d�) we 
on
lude thatr(d�) =0 as desired. �Quasi-
onformal Anosov Hamiltonian stru
tures. Let �t be an Anosov 
owon � endowed with a C0-Riemannian metri
. Consider the following fun
tions on�� R: Ks(x; t) = maxfjd�t(v)j : v 2 Es(x); jvj = 1gminfjd�t(v)j : v 2 Es(x); jvj = 1g ;Ku(x; t) = maxfjd�t(v)j : v 2 Eu(x); jvj = 1gminfjd�t(v)j : v 2 Eu(x); jvj = 1g :The 
ow �t is said to be quasi-
onformal if Ku and Ks are both bounded on �� R.This property is 
learly independent of the 
hoi
e of Riemannian metri
 used to de�neKs and Ku. Moreover it is shown in [18, Proposition 3.5℄ that quasi-
onformality isindependent of times 
hanges, thus it makes sense to talk about quasi-
onformalAnosov Hamiltonian stru
tures. The next theorem will be useful for us.Theorem 2.2 ([18℄, Theorems 1.3 and 1.4). Let �t be a topologi
ally mixing Anosov
ow with dimEs � 2 and dimEu � 2. If �t is quasi-
onformal, then the weak bundlesare C1.Re
all that �t is topologi
ally mixing if for any two nonempty open sets U and V in�, there is a 
ompa
t set K � R su
h that for every t 2 R nK we have �t(U)\V 6= ;.Re
all also that �t is said to be transitive if there is a dense orbit. Our Anosov 
owswill always be transitive sin
e they preserve a smooth volume form [14, Chapter 18℄.



53. A theoremTheorem 3.1. Let (�; !) be a 1/2-pin
hed Anosov Hamiltonian stru
ture with [!℄ 6=0, but [!2℄ = 0. Suppose in addition that � �bres over a 
losed 3-manifold with �bresdi�eomorphi
 to S2 and transversal to the weak subbundles. Then, if (�; !) is stable,the weak subbundles must be C1.Proof. The proof of this theorem is very mu
h inspired by the proof of Theorem 2 in[13℄. We �rst make the following observation:� Es (Eu) 
annot 
ontain a nontrivial proper 
ontinuous subbundle.Indeed sin
e RR�Eu is transversal to the �bres of the �bration �!M by 2-spheres,we 
an write T� = V � RR �Eu where V is the verti
al subbundle of the �bration.Using this splitting we may de�ne an isomorphism Es 7! V and sin
e the tangentbundle of S2 does not admit a nontrivial proper 
ontinuous subbundle, the same holdsfor Es (and Eu).Next we observe that the stabilizing 1-form � 
annot be 
losed. Indeed, write!2 = d� and note that if � was 
losed, then the volume form � ^ d� would be exa
t,whi
h is absurd.Sin
e ! is non-degenerate, there exists a smooth bundle map L : Es�Eu ! Es�Eusu
h that for se
tions X; Y of Es � Eud�(X; Y ) = !(LX; Y ) = !(X;LY ):The map L is invariant under �t and preserves the de
omposition Es � Eu, i.e.L = Ls + Lu, where Ls : Es ! Es and Lu : Eu ! Eu. In parti
ular, L 
ommuteswith I. By Lemma 2.1, the 1=2-pin
hing 
ondition implies that r(d�) = 0 andthus L is parallel with respe
t to r. Note that by transitivity of �t, the 
hara
teristi
polynomial of Lsx is independent of x 2 �. Let � 2 C be an eigenvalue of Ls. ConsiderA := Ls � <(�)Id. Note that A 
annot be zero: Otherwise d� = 
 ! for a 
onstant
 2 R; sin
e � is not 
losed, 
 6= 0, whi
h in turns implies [!℄ = 0, 
ontradi
ting thehypotheses of the theorem.Clearly A2 has � := �=(�)2 as an eigenvalue. Let H � Es denote the eigenspa
eof the eigenvalue �. Sin
e Ls is parallel it has the same dimension at every pointx 2 � and sin
e Es 
annot 
ontain a nontrivial proper 
ontinuous subbundle, wededu
e that H = Es. Hen
e A2 = �Id. Moreover � 6= 0, otherwise kerA would be anontrivial proper 
ontinuous subbundle of Es. Therefore we have proved thatJs := 1=(�)(Ls � <(�)Id);de�nes a parallel almost 
omplex stru
ture on Es of 
lass C1 invariant under �t.Similarly we obtain an almost 
omplex stru
ture Ju on Eu.Now 
hoose a Riemannian metri
 on Es (resp. Eu) whi
h is invariant under Js(resp. Ju). By de
laring Es, Eu and RR orthogonal and R with norm 1, we obtain ametri
 (of 
lass C1) on � su
h that with respe
t to this metri
maxfjd�t(v)j : v 2 Es(x); jvj = 1gminfjd�t(v)j : v 2 Es(x); jvj = 1g = 1;



6 K. CIELIEBAK, U. FRAUENFELDER, AND G.P. PATERNAINfor all t 2 R and x 2 �. This is be
ause �t preserves Js and Es has rank two.Similarly for Eu. This shows that (�; !) is a quasi-
onformal Anosov Hamiltonianstru
ture.Finally we note that if a transitive Anosov 
ow is not topologi
ally mixing, thenby a theorem of J. Plante [17℄ it must be a suspension with 
onstant return fun
tion.In parti
ular, this implies that there is a 
losed 1-form � su
h that �(R) > 0. Thesame argument above that proved that � 
annot be 
losed shows that su
h a � 
annotexist. Hen
e �t is topologi
ally mixing and by Theorem 2.2 the weak bundles mustC1. �Remark 3.2. Note that the proof above only requires � to be of 
lass C2.4. The exampleLet � be a dis
rete group of isometries of H 3 su
h that M := � n H 3 is a 
losedorientable hyperboli
 3-manifold. We 
onsider the geodesi
 
ow a
ting on the unitsphere bundle SM and let � be the 
anoni
al 
onta
t 1-form.The spa
e of invariant 2-forms of the geodesi
 
ow of M = � n H 3 has dimensiontwo [13, Claim 3.3℄. It is spanned by the 2-form d�, where � is the 
anoni
al 
onta
tform on the unit sphere bundle SM , and the following additional 2-form  whi
hwe now des
ribe. Given a unit ve
tor v 2 TxH 3 , let i(v) : TxH 3 ! TxH 3 be thelinear map de�ned by i(v)(v) = 0 and i(v) rotates ve
tors in fvg? by �=2 a

ordingto the orientation of H 3 . Any ve
tor � 2 TvSH 3 
an be written as � = (�H ; �V )with the usual identi�
ation of horizontal and verti
al 
omponents (
f. [16℄). De�neJv : TvSH 3 ! TvSH 3 as(3) Jv(�H ; �V ) = (i(v)�V ; i(v)�H):Then(4)  v(�; �) := d�v(Jv�; �) = hi(v)�V ; �V i � hi(v)�H; �Hi:Clearly this 
onstru
tion des
ends to SM where we use the same notation ( , �, et
.)In a moment we will 
he
k that  is invariant under �t, but before we do so, let usdes
ribe the stable and unstable bundles of �t and the a
tion of d�t on them. Re
allthat d�t(�H; �V ) = (Y (t); _Y (t)) where Y is the unique Ja
obi �eld (along the geodesi
��t(v), where � : SM !M is foot-point proje
tion) with initial 
onditions (�H ; �V ).Solving the Ja
obi equation �Y � Y = 0 we �nd:Es(v) = f(w;�w) : w ? vg;Eu(v) = f(w;w) : w ? vg:Note that J leaves Es and Eu invariant. Moreoverd�t(w;�w) = e�t(ew(t);�ew(t));d�t(w;w) = et(ew(t); ew(t));where ew(t) is the parallel transport of w along the geodesi
 ��t(v). Sin
e ei(v)w(t) =i(��tv)ew(t) we see that d�t preserves J . Sin
e d� is also �t invariant, it follows that is invariant. Note that iR = 0 for the Reeb ve
tor �eld R of �.



7Lemma 4.1. The invariant 2-form  is 
losed but not exa
t. The 4-form  2 is exa
tand (SM; ) is a stable Hamiltonian stru
ture with stabilizing 1-form � and Reebve
tor �eld R.Proof. The 3-form d is invariant under �t and is annihilated by R. Then the proofof Lemma 2.1 shows that d = 0 (obviously �t is 1/2-pin
hed). In order to show that[ ℄ 6= 0, 
onsider Sx the 2-sphere of unit ve
tors in TxH 3 . A tangent ve
tor � 2 TvSxhas the form � = (0; w) where w ? v. If we take two tangent ve
tors � = (0; w),� = (0; u) 2 TvSx, from (3) and (4) we see that v(�; �) = hi(v)w; ui:This implies that ZSx  6= 0and thus [ ℄ 6= 0. Consider now the invariant 4-form  2 and the invariant 5-form�^ 2. By transitivity, there is a 
onstant k su
h that �^ 2 = k �^(d�)2. Contra
tingwith R we see that  2 must be k (d�)2 and therefore exa
t. Finally, it is immediatefrom the de�nition (4) of  that its restri
tion to Es�Eu = ker� is non-degenerate.Hen
e (SM; ) is a Hamiltonian stru
ture with stabilizing 1-form � and Reeb ve
tor�eld R. �Now let X := SM � (�"; ") and � : X ! SM the obvious proje
tion. De�ne!X := d(r� ��) + � � , where r 2 (�"; "). For " small enough (X;!X) is a symple
ti
manifold and r = 0 is the stable hypersurfa
e (SM; ).We have now 
ome to our main result whi
h implies Theorem 1.1 in the introdu
-tion.Theorem 4.2. A typi
al hypersurfa
e � � X near SM is not stable.Proof. Consider a hypersurfa
e � near r = 0 and let ! be !X restri
ted to �. ByLemma 4.1, [!℄ 6= 0, but [!2℄ = 0. Sin
e SM �bres over M with �bres given by2-spheres transveral to the weak bundles the same holds true for � (re
all that underperturbations the stable and unstable bundles vary 
ontinuously). Finally we notethat (�; !) is 1/2-pin
hed. Indeed, re
all that for the geodesi
 
ow of M , we havejd�t(�)j = e�tj�j for � 2 Es;jd�t(�)j = etj�j for � 2 Eu:Thus for a 
ow 't whi
h is C1 
lose to �t we get1C j�je�At � jd't(�)j � Cj�je�at for � 2 Es and t � 0;1C j�je�At � jd'�t(�)j � Cj�je�at for � 2 Eu and t � 0;where all the 
onstants C;A; a are 
lose to 1. Thus (�; !) is 1/2-pin
hed.We 
an now apply Theorem 3.1 to 
on
lude that if � near r = 0 is stable, thenthe weak bundles must be C1. However, a theorem of Hasselblatt [9, Corollary 1.10℄



8 K. CIELIEBAK, U. FRAUENFELDER, AND G.P. PATERNAINasserts that an open and dense set of symple
ti
 Anosov systems does not have weakbundles of 
lass C2�". Thus a typi
al hypersurfa
e � near r = 0 
annot be stable. �Remark 4.3. It is possible to prove the last theorem without appealing to Theorem2.2. An inspe
tion of the proof of Theorem 3.1 shows that sin
e d�t preserves J, all the
losed orbits are a
tually 2-bun
hed in the terminology of [9℄, and the perturbationresult in [9℄ implies that an open and dense set of symple
ti
 Anosov systems doesnot have all 
losed orbits being 2-bun
hed. Of 
ourse, the 
on
lusion of Theorem 3.1is stronger if we use Theorem 2.2.
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