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Abstract

Given a Morse function on a manifold whose moduli spaces of gradient
flow lines for each action window are compact up to breaking one gets a
bidirect system of chain complexes. There are different possibilities to
take limits of such a bidirect system. We discuss in this note the relation
between these different limits.
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1 Introduction

In this note we assume that we have a Morse function f on a finite dimensional
(possibly noncompact) Riemannian manifold (M, ¢g) with the property that the
moduli spaces of gradient flow lines in fixed action windows are compact up to
breaking. Hence for an action window [a, b] C R we can define Morse homology
groups

HM™Y = gpm(f, ).



For our purposes the following notation turns out to be useful
b._ b
HM? = HM™Y,

So the reader should be aware that the subscript for our homology groups does
not refer to the grading but to the lower end of the action window. We actually
suppress the reference to the grading since it plays a minor role in our discussion.

There are now different limits one can take from these homology groups.
One possibility was carried out by H.Hofer and D. Salamon in [8]. They take
a Novikov completion of the chain complex on which they get a well-defined
boundary homomorphism. We denote by HM the homology of this complex.
Other possibilities are to take direct and inverse limits of the homology groups
HM?. Hence we abbreviate

T = lm L HM,

b—o0 a——o00

and
HM = lim lim HM,.
a——00 b—oo
The aim of this note is to study the relation between these three homology
groups. We remark that there are canonical maps x: HM — HM, p: HM —
W, and p: HM — HM whose definition we recall later. We summarize them
into the diagram

HM —2~ 7 (1)

N

HM

Our main result is the following.

Theorem A: Assume that the Morse homology groups are taken with field
coefficients. Then the diagram (1) is commutative, p is an isomorphism, and K
and therefore also p are surjective.

Remark 1: Theorem A might fail if one uses integer coefficients instead of
field coefficients. We provide an example in the appendix.

Remark 2: Although we state Theorem A only for finite dimensional manifolds,
it can be carried over to the semi-infinite dimensional case of Floer homology.
The difficulty with giving a precise statement lies in the fact that up to now
there is no precise definition what a Floer homology in general actually is. We
hope to modify this unsatisfactory situation in the near future by using the
newly established theory of H.Hofer, K. Wysocki, and E.Zehnder about scale
structures [9]: From a usual Floer theory setup, their theory should provide
a scale manifold equipped with a function so that the Floer homology can be



interpreted as the Morse homology of the function on the scale manifold. Al-
ternatively, one can also give an axiomatized description of Morse homology for
which Theorem A continues to hold. We explain that in Section 2.2.

Remark 3: We became interested in the relation of the different Morse ho-
mologies via Rabinowitz Floer homology. We defined in [1] Rabinowitz Floer
homology as the Morse homology of the Rabinowitz action functional by taking
Novikov sums as in [8]. On the other hand, in a joint work with A.Oancea [2]
we are proving that Rabinowitz Floer homology is isomorphic to a variant of
symplectic homology. To establish this isomorphism we need to work with H M.
Therefore it became important for us to know if p is an isomorphism or not.

Remark 4: In Floer homology the homology groups HM were successfully
applied by K.Ono in his proof of the Arnold conjecture for weakly monotone
symplectic manifolds [12]. In this paper K.Ono raises the question if p is an
isomorphism. In the case of Floer homology for weakly monotone symplectic
manifolds it was later shown by S. Piunikhin, D. Salamon, and M. Schwarz that
the homology groups HM and HM coincide by direct computation. Theorem
A gives an algebraic explanation for this fact. See also the remark at the end
of Section 6.3 in [6].

The following example shows that x and therefore p do not need to be in-
jective.

Example: Let M = |_|ff:1 R,, where each R, = R and for each n € N the
Morse function f|g, has one single maximum ¢, and one single minimum ¢,
with

f@n) =n, fle,)=-n
It follows that there is precisely one gradient flow line from ¢, to ¢,. Taking
Morse homology with coefficients in the abelian group I' we obtain for (a,b) € R?

HM};:( P F-gn)EB< P F-En)

b<n<—a —a<n<b

n>b
and
HM, = limHM?" = @ r-c,
n>—a
We get

HM =limHM, =0, HM =limHM" #0
— —

which shows that x does not need to be injective.



2 Morse homology

2.1 DMorse tuples

In this section we introduce the notion of a Morse tuple on a (not necessarily
compact) finite dimensional manifold M. A Morse tuple (f,g) consists of a
Morse function f on M and a Riemannian metric ¢ meeting a transversality
and a compactness condition which ensure that Morse homology for each action
window can be defined as usual, see [15]. We then proceed by explaining the
maps which connect the Morse homology groups for different action windows.

If (M, g) is a Riemannian manifold and f € C*°(M) is a Morse function on
M we denote by V f the gradient of f with respect to the metric g. A gradient
flow line € C°°(R, M) is a solution of the ordinary differential equation

Osx(s) =V f(x(s)), seR. (2)
We denote by || - || the norm on TM induced from the metric g. The energy of
any x € C*°(R, M) not necessarily satisfying (2) is given by
E(x) :/ ||0sz||*ds.

If x is a gradient flow line then its energy equals

B(a) = limsup f(x(s)) — liminf f(a(s)) = lim f((s)) = lm_f(a(s).

s€R §7 =00

In particular, if x(s) converges to critical points o of f as s goes to oo we
obtain

We abbreviate

G={ze€C®R,M): xsolves (2), E(z) < oo}

the moduli space of all finite energy flow lines of Vf. For a two dimensional
vector (a,b) € R? we denote

gf;:{xeg:agf(x(s))§bf0ralls€R}.
Note that R acts on G by time shift
rex(s) =z(s+r), xz€gG, s,reR.

This action is semifree in the sense that in the complement of its fixed points it
acts freely. We abbreviate
C =Fix(R) C G.

The fixed point set C can naturally be identified with the set of critical points
crit(f) via the evaluation map

ev:G— M, xz— x(0).



Moreover, we endow the set C with the structure of a graded set where the
grading is given by the Morse index. For (a,b) € R? we further denote

ct=cngt.

Note that C? corresponds to the critical points of f in the action window [a, b].
Again this set is graded by the Morse index. We further remark that C2 only
depends on the Morse function f and not on the metric g. Our first hypoth-
esis is the following compactness assumption. To state it we endow the space
C>*(R, M) with the C2-topology.

loc

(H1) For all (a,b) € R the set G° is a compact subset of C*°(R, M).

Before stating our second hypothesis we show in the following lemma that hy-
pothesis (H1) implies that each finite energy gradient flow line converges asymp-
totically to critical points.

Lemma 2.1 Assume hypothesis (H1). If x € G, then there exists x* € C such
that
lim r.x = ¥,
r—+oo

Proof: Choose a,b € R such that x € G°. For v € N consider the sequence
Ty = Vi
of gradient flow lines. Since gf; is R-invariant it follows that
z,€G, veN.

By hypothesis (H1) it follows that there exists a subsequence v; and 2% € Go
such that w,, converges to ™ in the C£2-topology as j goes to infinity. It
remains to show that 2™ is a constant gradient flow line, hence a critical point.
Fix s > 0. To see that 2™ is constant we have to show that f(z1(0)) = f(z*(s)).

We argue by contradiction and assume that there exists € > 0 satisfying

F@™(s)) = f(@™(0)) = e.

Since x,, converges to xt in the C®

o -topology there exists jo such that for every
j > jo the inequality

f(@y;(s)) = f(2,(0)) =

holds. By definition of ¥y, this means

DO

f@(v)) = fla(v +5)) =

DO

For ¢ € N we define recursively

Je :min{j (Vj,_, +s< l/j}.



Choose /{y satisfying
2F
o> 2@

We estimate using the gradient flow equation

E(z) = /:’O ||65$||2d5

o Vi, +s

§ ||0sz]|*ds
;) \/V][
ol Vi, +s d

} ds d
; /Vj,g ds (‘T(S)) S
Lo—1

=Y (f(-T(Vje +5)) — f(l'(yje)))
£=0

> 5

> E(x).

This contradiction shows that the assumption that x™ was nonconstant had
to be wrong. Hence x" is a critical point and since f is Morse, the gradient
flow line converges at the positive asymptotic to 7. A completely analogous
reasoning shows that x converges at the negative asymptotic, too. This proves
the Lemma. ]

Our second assumption is that (f,g) meet the Morse-Smale condition. We
do not suppose that the flow of Vf exists for all times. So instead of assum-
ing that the stable and unstable manifolds for each pair of critical points of
the Morse function intersect transversely the Morse-Smale condition has to be
rephrased in the assumption that the operator coming from the linearization of
the gradient flow is surjective as in [15]. In order to recall this operator we have
to introduce some notation. It follows from Lemma 2.1 that asymptotically
each gradient flow line converges to critical points. For critical points & € C
abbreviate by H = H(x~,x") the Hilbert manifold of W!2-paths from R to M
which converge to z* for s — 4o00. Let £ be the bundle over H whose fiber at
a point z € H is given by

E, = L*(R,z*TM).
Consider the section
¢:H—E, xr— 0sx—Vf(z).

The zero set of this section are gradient flow lines from =~ to 2 *. If z € ¢~1(0)
there is a canonical splitting of the tangent space

T, =& QT H.



Denote by

T, — &,
the projection along T, ’H. The wvertical differential at a zero of the section ¢ at
a zero x € ¢~ 1(0) is given by

Ds(z) = mods(x): TyH =W (R, 2*TM) — &,.
We can now formulate our second hypothesis

(H2) For each x € G the operator Dg(x) is surjective.

Definition 2.2 A tuple (f,g) consisting of a Morse function f and a Rieman-
nian metric g on the manifold M such that (H1) and (H2) hold is called a Morse
tuple for M.

Remark: Hypothesis (H1) is actually much more important than hypothesis
(H2) in order to define Morse homology. Even if transversality fails one can
define Morse homology by using abstract perturbation theory provided com-
pactness is guaranteed. However, we assume in this paper hypothesis (H2) so
that we can avoid discussions about abstract perturbations.

In the following we assume that we have fixed a Morse tuple (f,g) on M. Fix
further a field F. The Morse complex

(CMyg,07) = (CM,(f:F),9,(f,g: F))

a’>a

is defined in the following way. The chain group
CMl=CtoF

is the F-vector space generated by the critical points of f in the action window
[a,b]. Note that CM? is a finite dimensional vector space. Indeed, it follows
from (H1) that the set C% is compact. Since f is Morse, it is also discrete and
hence finite. The boundary operator d? is given by counting gradient flow lines.
For x% € C abbreviate
Gz~ ,zt)={xeG: lim r.=az"}
r—=+oo

If = # T then R acts freely on G(z~,zT). Moreover, if the Morse indices
satisfy u(z™) = p(z™) — 1, then it is well known that it follows from hypotheses
(H1) and (H2) that the quotient G(z~,z1)/R is a finite set, see [15]. In this
case we define the integer

m(z~,27) = #, (g(x_,x+)/R)

where #, refers to the signed count of the set. The sign is determined by the
choice of a coherent orientation for the moduli spaces of gradient flow lines. For

c € Cl, we put
e = Z m(c,c)c.
dect
(e )=p(e)—1



We define 9 on CM? by F-linear extension of the formula above. Again it is
well known, see [15], that under hypothesis (H1) and (H2) the homomorphism
0% is a boundary operator, i.e.

CARS
Hence we get a graded vector space

kerd?
HM? = HMY(f,g;T) = ——¢

imad?t

If a1 < az we denote by C3? the set generated by critical points in the half open
action interval [a;,as2). In particular, if as lies not in the spectrum of f the
graded set Cy? equals CJ2. We abbreviate

CME =coT. (3)
If a1 < as < b, then the disjoint union
Ca, = Ca7 LICG,
leads to the direct sum
CM} = CM@ & CM,,.

We denote by
ng,al: C’Mfl’1 — C’Mfl’2

the projection along CMg?. Since the action is increasing along gradient flow
lines the projections commute with the boundary operators in the sense that

b b b b
pag,al © aal = aaQ Opag,al' (4)
Moreover, for a1 < as < az < b, their composition obviously meets

b b _ b
pag,aQ OpaQ,al - pag,al (5)

and for a < b
pg,a = 1d|CMg (6)

It follows from (4) that pf, , induces homomorphisms
Hpl, .+ HMY — HM?,

which satisfy
Hpg, o, © HDGy 0y = HPoy 0 (7)
by (5) and
le(;,,u, = id|HMg (8)



by (6). Similarly, for a < by < by the inclusions C2* + C?2 induce maps
it OMY — oM.

Again the inclusions commute with the boundary operators

igz’bl o 521 = 832 o iZZ’bl, 9)
their composition satisfies
Z‘Zz,bz o Z‘Zmbl — Z‘Zz,bl (10)
fora§b1§b2§b3 and
i =id|eap (11)

for a < b. Moreover, inclusions and projections commute in the sense that if
a1 < az < by < ba, then

boby b1 _ b ba,b
’La22 ! Opalg,al - pazg,al o Za21 1‘ (12)
It follows from (9) that 21 induces homomorphisms

Hit>bv: gMb — HMY.

By (10) they satisfy

Hib»b2 o Hil>" = Hils ™ (13)
by (11)
Hil" =id|gae, (14)
and by (15)
Higz"™ o Hppl o, = HplZ o, © Hig?". (15)

We can summarize the results of this section in the following proposition.

Proposition 2.3 For a Morse tuple (f,g) on the manifold M the quadruple
(CM,p,i,0) is a bidirect system of chain complexes (see Section 3.3 for the
definition,).

2.2 An axiomatic approach

Following a suggestion of D. Salamon we can axiomatize the results of the pre-
vious subsection in the following way. Via this axiomatized approach one can
getTheorem A also in the infinite dimensional case of Floer homology provided
one has the necessary compactness.

Definition 2.4 A Floer triple
F=(C, f,m)

consists of a set C, a function f: C — R and a function m: C xC — F such that
the following condition holds.



(i) For each a <b the set C2 = {c € C:a < f(c) < b} is finite.
(i) If c1,c2 € C and m(c1,c2) # 0, then it follows that f(c1) < f(cz2).
(iii) Ife1,e3 €C, then ) com(c1, c2)m(cz,c3) = 0.

Assertions (i) and (ii) make sure that the sum in assertion (iii) is finite. Elements
of C are referred to as critical points, the value of f as their action value and
the number m(cq,c2) as the number of gradient flow lines between ¢; and co.
Assertion (i) can then be rephrased by saying that in each finite action window
there are only finitely many critical points, assertion (ii) says that the action is
increasing along gradient flow lines, and assertion (iii) guarantees that on each
action window a boundary operator can be defined by counting gradient flow
lines. As in the previous subsection one can associate to each Floer triple a
bidirect system of chain complexes. The assumption to have a Morse tuple in
order that Theorem A holds can be generalized to arbitrary Floer triples.

3 Algebraic preliminaries

3.1 Direct and inverse limits

We first recall that a quasi ordered set is a tuple A = (A, <) where A is a set and
< is a reflexive and transitive binary relation. More sophisticatedly, one might
think of A as a category with precisely one morphism from a; to az whenever
a1 < az. A quasi ordered set is called partially ordered if the binary relation is
also antisymmetric.

To define direct and inverse limits the notion of a direct system is needed.
For the applications we have in mind we have to work in the category of graded
vector spaces. For simplicity we skip the reference to the grading. Hence a

direct system is a tuple
D= (G,m)

where G is a family of vector spaces indexed by a quasi ordered set A = (A, <),
ie.

G = {GU«}IIEAa

and
™= {Wa27a1 }a1 <az;ai,az€A

is a family of homomorphisms
Tag.ar: Gay — Ga,
satisfying

Ta,a = llea7 ac A7 Tas,ar = Taz,az © Tag,ar1s @1 <as < as.

10



If one thinks of a quasi ordered set as a category, then a direct system is a
functor to the category of vector spaces. For a direct system the inverse limit
or just limit is defined as the vector space

limG :=lim G := {{ifa}aeA € H Go a1 < ag = Tay 0, (Ta,) = xa2}.
A acA

For a € A let
To: imG — G,
qm

be the (not necessarily surjective) projection to the a-th component. These
maps satisfy for a; < as the relation

Tas = Mag,a; © Tay -

The inverse limit is characterised by the following universal property. Given a
vector space H and a family of homomorphisms 7,: H — G, for a € A which
satisfies

Tas = Tas,ay © Tay ai S az,

then there exists a unique homomorphism 7: H — lIimG such that for any a € A
the following diagram commutes

F e Al ImG (16)
Ga

The direct limit or colimit is constructed dually to the inverse limit. To make
the notation easier adaptable to our later purposes we denote in the definition of
the direct limit the family of homomorphisms by ¢, i.e. our direct system reads
now

D = (G,).

Moreover, the index set is now denoted by B = (B, <) and subscripts are re-
placed by superscripts. For b € B let

NGt P 6

v eB

be the b-th injection into the sum of the abelian groups G°. Define the subgroup
Sp of @ G* by

Sp = {/\b%bz’bl(z) “Ai@)izeG™, b < bg}.

The direct limit is now defined as the vector space

liG = lim G i (Pc')/so.

beB

11



The direct limit is characterized by the following universal property dual to the
characterization of the inverse limit. For b € B let

L0 G = limG
—
be the (not necessarily injective) homomorphism induced from the inclusion of

G® into the sum @ G®. Assume that H is an vector space and 7° for b € B is

a family of homomorphisms 7°: G* — H satisfying
70 =702 0 020 < by

Then there exists a unique homomorphism 7: li_n)lG — H such that the following
diagram commutes for any b € B

HimG ... N > I
Gb

3.2 The canonical homomorphism

Direct and inverse limits do not necessarily commute. However, there is a
canonical homomorphism

k: limlimG — ImlimG
e =

which we describe next. We consider two quasi ordered sets A = (A, <) and
B = (B,<) and a double indexed family of abelian groups G% with a € A and
b € B. We suppose that for every b € B and every a; < as € A there exists a
homomorphism
b b b
Ta.ar: Gay — Ga,

and for every a € A and by < by € B there exists a homomorphism
b gl Gl

such that the following holds. For any fixed b € B and any fixed a € A the
tuples (Gb, 77”) and (Ga, La) are direct systems. Moreover, m and ¢ are required
to commute in the following sense

LZZQJH Oﬂ'bl — ﬂ_bz ° Lb2,b1 . Ggll N GgQZ7 a1 < as, b1 < bo.

az,aq az,aq al :
This can be rephrased by saying that for every a; < as and b; < by the square

b1
Ghy == Gl (17)

by,b2 ba,by
tay l lwa

b2 S b2
Ga1 bo Ga2
ﬂ-a2 »al



is commutative. We refer to the triple (G, , L) as a bidirect system. Due to the
commutation relation between 7 and ¢ for a; < as € A the map

Taz,ay * hﬂ,lGal - @Gaza [{zb}bEB] = [{WZQ,al (xb)}bEB]
B

is a well defined homomorphism. Analoguously, for b1 < by € B, we have a well
defined homomorphism

o hijbl =1l G, {za},, = {0 (Ta)} e u0

Moreover, both (imG, ) and (limG, ¢) are direct systems.
— p———

Proposition 3.1 For a bidirect system (G, m, 1) there exists for every b € B a
unique homomorphism
K lim Gt — lim lim G
A A B
and a unique homomorphism

ki limlim G — limlim G
B A A B

such that for each a € A and b € B the following diagram commutes

G~ G’ — linlimG

lLZ EIy 3‘11
Voo

. Ta 71: .

IimG, <2 limlimG

Proof: A straightforward computation shows that for a1 < as € A and b € B
the formula
b b

— b b
La2ﬂ-a2 - 7T¢l27111La17Ta1

holds. Hence existence and uniqueness of the s for b € B follows from the
universal property of the inverse limit. For b1 < by € B and a € A one computes
using the already establishes commutativity in the left square that

by b2,b1 b1 by
L = La .

Tk ng =M.k

Using uniqueness we conclude that

kb2, b2.br — by

Now existence and uniqueness of k follows from the universal property of the
direct limit. O

Conditions under which the canonical homomorphism x is an isomorphism were
obtained by B.Eckmann and P.Hilton in [3] and by A.Frei and J. Macdonald

13



in [5]. We first remark that in general  is neither necessarily injective nor sur-
jective. The example at the end of section 1 shows that injectivity might fail.
An example were surjectivity fails is described in [3, p. 117].

To describe the result of A.Frei and J. Macdonald we need the following
terminology. To a square

PBA

A—>B (18)
¢0Al ¢pB
C ryne D
we can associate the sequence
A {¢BL¢>CA} BaC <¢Dﬂ>pc> D. (19)

The square (18) is commutative precisely if the sequence (19) is a complex. A
commutative square is now called exact, cartesian, cocartesian, or bicartesian
iff the corresponding sequence is exact, left exact, right exact, or a short exact
sequence.

We further recall that a quasi ordered set A = (A, <) is upward directed if for
any a,a’ € A there exists a” € A such that a < ¢” and ¢’ < o”. Dually it
is called downward directed if for any a,a’ € A there exists a” € A such that
a’ <aandad <a.

The following Theorem follows from [5, Theorem 5.6].

Theorem 3.2 Assume that A is upward directed, B is downward directed and
the commutative square (17) is cartesian for any a1 < as and by < by. Then
the canonical homomorphism k: imlimG — lmlimG is an isomorphism.

e i P —

3.3 Bidirect systems of chain complexes
A bidirect system of chain complexes is a quadruple

Q = (C,p,i,0)

where (C, p,i) is a bidirect system which in addition is endowed for each a € A
and b € B with a boundary operator

.t — P
which commutes with ¢ and p in the sense of (4) and (9). If

kerd®

ima?

HCY =

are the homology groups, and H pgzjal and Hi%®1 are the induced maps on
homology the triple (HC, Hp, Hi) is a bidirect system. As in the previous
subsection we let
k: IimlimHC — limlimHC
[ P Y

14



be the canonical homomorphism on homology level. We refer to
k: limlimC — limlimC'
e Py

as the canonical homomorphism on chain level. Since 9 commutes with ¢ and p
we obtain an induced map

Hk: H(limlimC) — H (limlimC).
—— ——
Moreover, for a € A and b € B the maps
Hij: HC) — H(lmC,)

satisfy for by < by
b b ba,b
Hi)' = Hi)? o Hi»™

and hence by the universal property of the direct limit there exists a unique
map
fra s IMHCq — H(hl,nca)

such that for any b € B the diagram

limH C, fa H(limC,)
HCY

commutes. Taking inverse limits of this diagram and using functoriality of the
inverse limit gives a commutative diagram

lim
limlim HC = lim A (imC')
Pl -
limH C?
am

Taking first inverse limits of the chain complexes and applying the procedure
above gives a map
i limH (1imC) — H (limlimC)

which is uniquely characterised by the commutativity of the following diagram

lim H (limC') " H(limlimC')
— — ——
X Hib
H (limC?)

15



Similarly by using the universal property of the inverse limit we obtain for each
b€ B a map
. H(limC®) — limHC®
— —

such that for each a € A the diagram

(thb a hmHCb (20)

HC?

commutes. Taking the direct limit of this diagram we get the commutative
diagram

hml/

hmH (th limlimHC
hme limn®
limHC?
1y

Applying the direct limit already on chain level we obtain a map
v: H(limlimC) — limH (limC')
P Y P —
such that the following diagram commutes

H (hmth hmH th )

\/

th

We summarize the plethora of maps we passed by in the diagram

hml/

H (hmth) L hmH (th) = . hmhmH C

limpy

We do not know if the diagram above always commutes. But we make now an
assumption on the bidirect system of chain complexes which guarantees com-
mutativity of the diagram above.

Definition 3.3 A bidirect system of chain complexes is called tame if for any
a € A and any b € B the maps g and v° as well as the map p are isomorphisms.

16



We point out that for a tame bidirect system of chain complexes the map v
does not need to be an isomorphism. However, by functoriality of the inverse
and direct limits the maps limy and limy are isomorphisms, too. Hence we can
define maps

p: H(limlimC) — limlimHC, p:(li_n)w)oufl

——

and
o: H(limlimC) — imlimHC, o= QiLnu)fl or.

In particular, the previous diagram simplifies to

H (limlimC) —2— limlim H C (21)

H (limlimC') —Z— limlimH C
Proposition 3.4 Assume that the bidirect system is tame. Then the diagram
(21) commutes and p is an isomorphism.
Proof: That p is an isomorphism is clear since as we observed above limv is
an isomorphism. We show commutativity in two steps.

Step 1: For every b € B the following diagram commutes

H(limC?) — limHC

L

H(limlimC') —Z— limlimH ¢

To prove Step 1 we enlarge the diagram to the following one

b
Ta

H(limC?) —— lim HC? HC!

o 3 [+

H (limlimC) —Z limlimAC " lim HC,, —*> H (limC,)

The triangle on the right and the middle square commute. We claim that the
exterior square also commutes. Indeed, this square is obtained by applying the
homology functor to the commutative square

b
limC” —— ¢

a

-k

l&lh_l)nc L Hi)nca

17



Using the fact that v* and p, are isomorphisms we conclude that the diagram

b

limHC? ———

a

O'OHkbO(l/b)lllnb l/bl;

limlimHC' _Ma limH C,

is commutative for both arrows. But by Proposition 3.1 the map x° is unique
with this property. Hence

kKW=0co0HK"o (l/b)il

and Step 1 follows.
Step 2: The diagram (21) commutes.

For b € B we enlarge diagram (21) to the diagram

H (limlimC ) limlimAC <~ limH ok
‘/Hk l"i / TV”
H(imlinG) o ity iC__ H(mc?)
HE®

The exterior square is obtained by applying the homology functor to the com-
mutative triangle

b

hmth thb

A

hmth

and is therefore commutative. Hence using Step 1 and the assumption that v®
is an isomorphism we deduce that the diagram

limlim HC' < lim
ooHkop™?! un /
limlian 7C
is commutative for both arrows. Again by Proposition 3.1 we conclude that
k=0coHkop

This finishes the proof of Step 2 and hence of the proposition. O
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3.4 The Mittag-Lefler condition

Given a direct system of chain complexes (C,p,d) there is a canonical map
v: H(imC) — imHC defined as in (20). An important tool to study surjec-
tivity and bijectivity properties of the map v is the Mittag-Leffler condition.
Following A. Grothendieck, see [7, (13.1.2)], this condition reads as follows.

Definition 3.5 A direct system (G, m) of vector spaces indexed on the quasi-
ordered set (R, <) is said to satisfy the Mittag-Leffler condition if for any a € A
there exists o' = a'(a) < a such that for any o' < a' the following holds

imm, o = 1imm, o C Gy.

The following lemma gives two criteria under which the Mittag-Leffler condition
holds true.

Lemma 3.6 The Mittag-Leffler condition holds in the following two cases.
(1) For every ay < ag the homomorphism Tay a0, Gay — Ga, is surjective.
(ii) For any a € R the vector space G is finite dimensional.

Proof: That the Mittag-Leffler condition holds in case (i) is obvious. To show
that it holds in case (ii) we first observe that the relation 7, o = 74,0/ © T/ a7
for ” < d’ < a implies that

imm, o Cimmg o0 C Gy (22)
Using that G, is finite dimensional the function
0a: (—00,a] = NU{0}, o — dim(imm,, )

is well-defined and it is monotone increasing by (22). Since it is bounded from
below and takes only discrete values there exists

m, = ming, € NU {0}.
We choose a’ = a'(a) in such a way that
0a(a") = my.
With this choice it follows that for every a” < a’ it holds that
dim (imﬁaya//) = dim(imﬁayar).

Hence by (22) we get
IMmyr g = 1My g

which finishes the proof of the Mittag-Leffler condition. O

For the following theorem, see [7, Proposition 13.2.3] or [17, Proposition 3.5.7,
Theorem 3.5.8].
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Theorem 3.7 Assume that (C,p,d) is a direct system of chain complezes in-
dexed on the set (R, <). If (C,p) satisfies the Mittag-Leffler condition, then the
homomorphism v: H(imC) — UmHC is surjective. If in addition (HC, Hp)
satisfies the Mittag-Leffler condition, too, then v is an isomorphism.

Under the assumptions of Theorem 3.7 if (C, p) satisfies the Mittag-Leffler con-
dition, then the kernel of v can be described with the help of the first derived
functor liLnl of the inverse limit. If (G,7) is a direct system of abelian groups
indexed on the real line, liian can be described in the following way. Choose a
sequence a; € R such that a;11 < a; for every j € N and a; converges to —oo,
i.e. {a;}jen is a cofinal sequence in R. Consider the map

o0 o0
A: H Ga; — HG%" {2, }jeN = {2a, — ﬂ-ajvaj+1($aj+1)}jeN
j=1 j=1

and set
lim'G = cokerA.
am

It is straightforward to check that liLan only depends on the choice of the
cofinal sequence up to canonical isomorphism. For a graded abelian group G
and n € Z let G[n] be the graded group obtained from G by shifting the grading
by n. Theorem 3.7 follows from the following exact sequence

0 — lim' HC[1] — H(limC) = limHC — 0 (23)

and the fact that the Mittag-Leffler condition implies the vanishing of llnl. The
sequence (23) is also known as Milnor sequence since it appeared in a slightly
different context in the work of Milnor, see [10].

Remark:  One can also define higher derived functors lim™ of the inverse limit.

This was carried out by J.Roos in [14] and G. Nobeling in [11]. However, if the
direct system is indexed on the reals the functors lim" vanish for n > 2.

4 Proof of Theorem A

Let (CM,p,i,0) be the bidirect system of chain complexes associated to a Morse
tuple (f,g) on a manifold M or more generally to a Floer triple F = (C, f, m).
Recall from Definition 3.3 the notion of a tame bidirect system of chain com-
plexes. We need the following Lemma.

Lemma 4.1 The bidirect system (CM,p,i,0) is tame.

Proof: Since R is upward directed the direct limit functor commutes with the
homology functor [16, Theorem IV.7]. Consequently the homomorphism p and
the homomorphisms g, for any a € R are isomorphisms. Because the projec-
tions pl), ,, are surjective it follows from assertion (i) in Lemma 3.6 that for any
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b € R the direct system of abelian groups (CM?, p®) satisfies the Mittag-Leffler
condition. Since all the vector spaces HM? are finite dimensional assertion (ii)
of Lemma 3.6 implies that the direct system (HM?®, Hp®) satisfies the Mittag-
Leffler condition, too. Hence it follows from Theorem 3.7 that the homomor-
phisms ® for any b € R are also isomorphisms. This proves that (C'M, p, 1, d)
is tame. (]

In view of Proposition 3.4 and Lemma 4.1 the following diagram commutes
and p is an isomorphism

H(limlimCM) — "> limlimHM = HM (24)

-

For the following Lemma recall that HM is the Morse homology obtained by
taking the Novikov completion of the chain groups C M.

Lemma 4.2 The homomorphism k and Hk are isomorphisms and
H(limlimCM) = H(imlimCM) = HM. (25)

Proof: If k£ is an isomorphism, then Hk obviously is an isomorphism, too. To
see that k is an isomorphism observe that the elements of both linhLQCM and
limlimC'M are given by Novikov sums

€= e, vw€F, #{ceC:n#0, f(c)>b} <oo, VbER.
ceC

This additionally implies the second equality in (25). O

Before continuing with the proof of Theorem A we remark that the fact that k is
an isomorphism can also be deduced from Theorem 3.2 in view of the following
Lemma.

Lemma 4.3 For the bidirect system (CM,p,i,0) each diagram (17) is bicarte-
sian and hence in particular cartesian.

Proof: We have to show that for each a; < as and by < by the sequence

b {ig?bl Poh a1} b b <3”222 a177i2221b1> b
1 ’ 2 1 7 2

CM,: — CM,: ® CM,} — CM,? (26)
is short exact. Since igzlvbl is injective the first map is an injection and since
pgé a, is surjective the second map is a surjection. It remains to show exactness.
Let

Al Cc MY o oM
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be the diagonal. Via the embedding CM5 @ CME — CMP2 @ C MY we think
of A% as a subvectorspace of CMP2 & CMP1. Recall the notation CM§? from
(3). We then have

im{if2 pht Y = Al U (CME @ {0}) = ker(pl2 , , —i2 ™).

asz
This shows exactness and hence the lemma is proved. O
End of proof of Theorem A: Setting p = p and p = 0o Hk we conclude from

the diagram (24) using Lemma 4.2 that the diagram (1) is commutative with p
an isomorphism. It remains to show that p is surjective. Using the formula

B:Jon:(liLnu)floyon

and the fact that limy and Hk are isomorphisms we are reduced to show that
v is surjective. Since for any a; < as the homomorphism Hi)mpa%a1 is surjective
we conclude that the bidirect system (@CM , h_II)lp) satisfies the Mittag-Leffler
condition. Hence it follows again from Theorem 3.7 that v is surjective. We are
done with the proof of Theorem A. O

Remark:  Using Milnor’s exact sequence (23) one observes that the kernel
of the canonical homomorphism & is given by

kerx = lim' H (limCM) = lim'lim H M.
— — — —

A Integer coefficients

The homomorphism p: HM — HM need not be an isomorphism any more if
one uses integer coefficients. We show this in an example. We consider the
following Floer triple F = (C, f,m). The critical set C is given by

C={¢ :neNU{0}}U{c,:neN}
The function f satisfies
f@n)=-n, fle,)=-n-1
and the nonvanishing entries of m are
m(c,,en-1) =1, m(c,,n) = -2, n € N.
We point out again that in the following theorem we use integer coeflicients.

Theorem A.1 For the Floer triple F as above, HM =0, but HM # 0.

Proof: We prove the theorem in three steps. For n € N U {0} we use the

abbreviation
n

Yn = Z 2n_j6j.

Jj=0
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Step1l: Forb>0 and a < —1 with k = | —a] we have
HM = Z[yk-1] © Zl].

We first observe that the chain group is given by

k k—1
oMl =P ze; o P e,
=0 j=1
We claim that -
imag = @ Zc;. (27)
=1

It is clear that the left-hand side is contained in the right-hand side since there
are no gradient flow lines starting from a critical point ¢,. To see the other
inclusion, observe that

chn =001, ne{l,...,k—1} (28)

-n

which implies (27). We next show that
kerag = Zyp—1 D Ly ® imas. (29)

It is straightforward to check that the righthand side is contained in the kernel of
the boundary operator. To see the other inclusion we observe that {vo,..., 7%}

is another Z-basis of the free abelian group @?ZO Zcj. Indeed, the two bases are
related by an upper triangular matrix with diagonal entries one. In particular,
the determinant of this matrix is one. Assertion (29) therefore follows from (28).
Step 1 is an immediate consequence of (29).

Step2: HM =0.

We first prove that for b > 0 we have

lim HM} =0. (30)

a——00

To see that assume that
T E th HM}I’.
a— — 00

Then
T = {xa}agb

where z, € HMfl’ and for a; < as < b the equation

Hpgz,al (‘Tlh) = Ta,
holds. We have to show that

o, =0, a<b.
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This is clear if @ > 0 since in this case HM? = 0, because there are no critical
points of positive action. If a € (—1,0] then

HM? = Z[e0] = Zlno)
and hence there exists n, € Z such that
Za = na[y0], @€ (=1,0]. (31)
Since there are no critical points in the action window (—1,0) we conclude
ng =ng, aé¢€ (—1,0]
If @ < —1 then by Step 1 there exist nl,n2 € Z such that
Ta = Ng[Y|—aj—1] + 12l —a)], @< -1 (32)

Again since for each k& € N there are no critical points in the action window
(—k — 1, —k) we conclude that

ne = n}(ﬂ, n? = n%aw, a<—1.
Hence to prove (30) we are left with showing
ng=0, nl,=n%,=0, keN. (33)
For k € NU {0} and ¢ € N we compute

PPk ke evere = 2%, PPh ko ere—1 =2 . (34)
Applying (34) with k& = 0 we obtain using (31) and (32) the equation
ng =2"'nl, + 22, =27 (20!, +n2,), (€N (35)

Since (35) holds for any ¢ € N but a nonzero integer is not divisible by an
arbitrary high power of 2 we conclude from (35) that

Applying (34) for k£ € N and again using (31) and (32) we get the equation

nl,=0, n2,=2"12nl,_,+n%,_,), kleN (37)
The same reasoning which was used in the derivation of (36) leads now to

n%, =0, kel (38)
Hence the above three formulas give (33) and therefore (30). We conclude that
HM = lim lim HM}=0.
b—o00 a——00

This finishes the proof of Step 2.
Step3: HM #0.

Choose a sequence {a;}jen with a; € Z for all j € N which satisfies the following
two conditions.
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i 11mk~>oo 25:1 2j71aj = 00,
° 0< 5 Z?Zl 271aq; < 3/4 for all k.

(Such a sequence can be easily constructed consisting only of zeroes and ones).
We show that the element -
£= Z a;E;
j=1

gives rise to a nonvanishing class in HM. Obviously £ is in the kernel of the
boundary operator. To show that it is not in the image we argue by contradiction
and assume that there exists -
n=> b
j=0

which coefficients b; € Z such that

on =¢.

It follows that
aj = —2b; +bj_1, jeN

By induction on this formula we obtain

k
bo = Z 217 a; + 2%by,

j=1

for each k € N. By our first assumption on the sequence a; we can find n € N
such that i

Z 2j71aj >b

j=1

for all £ > n. The second assumption on the a; then implies that

k
b =2 Fpy —27F Z 297Ya; € (—1,0)

j=1

for k > n sufficiently large. But b is an integer. This contradiction shows that
& does not lie in the image of d. This implies Step 3 and hence the theorem. [J
References

[1] K. Cieliebak, U.Frauenfelder, A Floer homology for exact contact embed-
dings, arXiv:0710.0972

[2] K. Cieliebak, U.Frauenfelder, A. Oancea, in preparation.

25



3]

[10]

[11]

[12]

[13]

B. Eckmann, P. Hilton, Commuting Limits with Colimits, Journal of Alge-
bra 11, 116-144 (1969)

H. Hofer, C. Taubes, A. Weinstein, E. Zehnder (editors), The Floer Memo-
rial Volume, Birkhauser, Basel, 1995.

A. Frei, J. Macdonald, Limits in categories of relations and limit-colimit
commutation, J. Pure Appl. Algebra 1 (1971), no. 2, 179-197.

K. Fukaya, Y.-G. Oh, H. Ohta, K. Ono, Lagrangian Intersection Floer The-
ory: Anomaly and Obstruction, Part I, AMS/IP Studies in Advanced
Mathematics Vol. 46.1, American Mathematical Society and International
Press (2009).

A. Grothendieck, Eléments de géométrie algébrique. I11. Etude co-
homologique des faisceaux cohérents. I. Inst. Hautes Etudes Sci.
Publ. Math. no. 11 (1961), 167 pp. 14.55

H. Hofer, D. Salamon, Floer homology and Novikov rings, in [4].

H. Hofer, K.Wysocki, E.Zehnder, A General Fredholm Theory I: A
Splicing-Based Differential Geometry, J. Eur. Math. Soc. (JEMS) 9 (2007),
no. 4, 841-876.

J.Milnor, On aziomatic homology theory, Pacific J.Math.12, 337-341
(1962).

G.Nabeling, Uber die Derivierten des Inversen und des direkten Limes
einer Modulfamilie, Topology 1 (1962), 47-61.

K.Ono, On the Arnold conjecture for weakly monotone symplectic mani-

folds, Invent. math. 119, 519-537 (1995).

S. Piunikhin, D. Salamon, M. Schwarz, Symplectic Floer-Donaldson theory
and quantum cohomology, in Contact and Symplectic Geometry, edited by
C. Thomas, Publications of the Newton Institute, Cambridge University
Press 1996.

J.Roos, Sur les foncteurs dérivés de lim.Applications., C. R. Acad. Sci. Paris
252, (1961), 3702-3704.

M. Schwarz, Morse homology, Birkhduser Verlag (1993).

E. Spanier, Algebraic topology, McGraw-Hill Book Co., New York-Toronto,
Ont.-London 1966.

C. Weibel, An introduction to homological algebra, Cambridge Studies in
Advanced Mathematics, 38. Cambridge University Press, Cambridge, 1994.

26



