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Abstract. It is shown how the sequent calculus LJ can be embedded
into a simple extension of the λ-calculus by generalized applications,
called ΛJ. The reduction rules of cut elimination and normalization can
be precisely correlated, if explicit substitutions are added to ΛJ. The
resulting system ΛJ2 is proved strongly normalizing, thus showing strong
normalization for Gentzen’s cut elimination steps. This refines previous
results by Zucker, Pottinger and Herbelin on the isomorphism between
natural deduction and sequent calculus.
The concept of generalized applications extends to Pure Type Systems,
so that in particular sequent calculus analogues for all systems of the
λ-cube arise. Cut elimination and strong β-normalization are shown to
be equivalent for all Pure Type Systems.

Introduction

In the structural proof theory of intuitionistic logic, the most puzzling rule of
the sequent calculus is

Φ ` A Φ,B ` C
(l)

Φ,A→ B ` C
Although it is quite appropriate (yet not efficient) for proof search purposes, it
somehow resists the otherwise beautiful correspondence between sequent calculus
and natural deduction and leads to technical difficulties when comparing the
notions of cut elimination on the one side and normalization on the other (see
[Pra65,Zuc74,Pot77]).

From an intuitive natural deduction perspective, the left-sided rules of se-
quent calculus work on the leaves of derivations —the assumptions—, while the
right-sided rules, just as all natural deduction rules, pertain the derivation root
only. From the more formal (Curry-Howard) viewpoint of derivations as λ-terms,
the left-sided rules require substitution rather than the basic term constructors.
For the instance of (l) this reads1

Γ ` r : A Γ, x : B ` s : C
(l)

Γ, y : A→ B ` s[x := yr] : C
1 Prawitz was the first to formulate this embedding, albeit not with derivation terms.

In its λ-calculus formulation it is also discussed in [DP98,Sch99,BG00,VW01].



Considering only cut-free sequent calculus derivations — i.e., constructed by
means of (l) and

Γ, x : A ` r : B
(r)

Γ ` λxr : A→ B
(v)

Γ, x : A ` x : A

Γ, x : A, y : A ` r : B
(x)

Γ, x : A ` r[y := x] : B

— it is a striking fact that the corresponding inductively defined set of cut-free
λ-terms

Λ ⊃ Λcf 3 r, s = s[x := yr] | λxr | x | r[x := y]

exactly captures the β-normal terms of the λ-calculus, given by the grammar

Λ ⊃ NFβ 3 r, s ::= x~r | λxr,

although the decomposition of NFβ into Λcf -clauses is not unique.
Using general substitutions, the exact correspondence on cut-free/normal

derivations can be extended to derivations with the cut-rule

Γ, x : A ` r : B Γ ` s : A
(c)

Γ ` r[x := s] : B

Quite fascinating, the advent of explicit substitutions in the λ-calculus allowed
Herbelin to even formally relate (some of) Gentzen’s [Gen35] reduction rules
for cut elimination to the reduction rules for an explicit substitution calculus
[Her94] and in this way prove them weakly normalizing, thus continuing the long
tradition of interpreting sequent calculus derivations as a subset of substituted
λ-terms.

Yet substitutions are notoriously cumbersome to define and work with, in
particular the explicit variants, not the least, because their reduction behaviour
is quite awkward, if permutation of substitutions is allowed [Mel95], as is re-
quired for Gentzen’s reduction steps. It has thus been argued that a more re-
stricted extension of λ-calculus is necessary that encompasses sequent-calculus-
like rules and retains customary metatheoretic properties. The calculus ΛJ rep-
resents such an attempt: it extends the grammar of cut-free LJ-derivations —
hence the name— and that of the λ-calculus. Its reformulation of the (l)-rule
can be understood as the term-based counterpart of von Plato’s generalized
→-elimination [vP01]

Γ ` r : A→ B Γ ` s : A Γ, z : B ` t : C
(a)

Γ ` r(s, z.t) : C

As previously shown, untyped ΛJ with its reduction rules

(λxr)(s, z.t)→βj t[z := r[x := s]], r(s, z.t)(s′, z′.t′)→π r(s, z.t(s′, z′.t′))

enjoys confluence and standardization [JM00] and in the simply typed form is
strongly normalizing [JM03]. In [Mat00], an intersection type system for ΛJ has
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been devised and shown to precisely capture the set of strongly normalizing
terms; in [Mat01] the calculus is used to obtain a particularly strong form of
interpolation theorem.

In this article, we make the correlation of the reduction behavior of ΛJ and
LJ explicit. More precisely, it is shown that Gentzen’s original reduction rules
(fitted to a calculus without weakening and exchange) are verbally the same as
those of ΛJ with simple (non permutating) explicit substitutions. From this we
derive strong cut elimination, i.e., the termination of Gentzen’s reductions in
arbitrary order, building on

– a new strong normalization proof for typed ΛJ, which reduces the statement
to strong normalization of typed Λ,

– a new strong normalization proof for the typed λ-calculus with explicit sub-
stitutions, which can easily be extended to ΛJ with explicit substitutions.

Furthermore, the generalization of the application rule is extended to arbitrary
Pure Type Systems to provide an abstract framework for sequent-calculus-like
arguments in dependent type systems, thus improving previous results in the
literature [BG00,GR02b].

Outline of the contents. Section 1 reviews the definitions of LJ and the
λ-calculus with and without explicit substitutions, giving a summary of the
previously established correlations.

Section 2 gives a new proof of strong normalization for the simply-typed
λ-calculus with non-compositional explicit substitutions.

Section 3 recalls the calculus ΛJ and provides the equivalence results between
LJ and ΛJ, including a new proof of strong normalization of ΛJ without and with
explicit substitutions. This directly leads to strong cut elimination for LJ.

Section 4 extends these considerations to Pure Type Systems, providing a
definition of generalized application and the equivalence proof of strong normal-
ization for the calculi with and without generalized application, thus establishing
cut elimination for all normalizing Pure Type Systems.

Notation. We use →θ to denote the term closure of a given elementary reduction
rule →θ. →θθ′ is used for the union of →θ and →θ′ . We write r ⇓θ iff r is strongly
normalizing w.r.t. →θ, in which case #θ r denotes the height of the θ-reduction tree of
r. →∗θ stands for the reflexive, transitive, and →+

θ for the transitive closure of →θ. →n
θ

is the n-fold relational composition of →θ with itself. NFθ denotes the set of normal
forms w.r.t.→β . If→θ is confluent and weakly normalizing, then rθ denotes the normal
form of r w.r.t. →θ.

In most sections we will fix one particular reduction relation → and write r ⇓ for
strong normalizability w.r.t. →, using #r for the reduction tree height.

Acknowledgements. I am very grateful to Ralph Matthes for valuable remarks
on early drafts of this article. I also want to thank the people of the Swansea
University Computer Science Department for their hospitality during my stay
there in February 2003.
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1 Sequent calculus

This section recapitulates the definition of the sequent calculus for the implica-
tional fragment of minimal propositional logic and cut elimination therein, as
well as the customary embeddings from and to the simply-typed λ-calculus with
explicit substitutions.

1.1. LJ. Formulas A,B,C are inductively constructed from propositional vari-
ables P by A→ B. In sequents Φ ` A, the metavariable Φ stands for a multiset
of formulas, so that there is no need for the structural rule of exchange.

The calculus LJ is given by the rules

Φ ` A Φ,B ` C
(l)

Φ,A→ B ` C
Φ,A ` B

(r)
Φ ` A→ B

Φ ` A Φ,A ` B
(c)

Φ ` B
(v)

Φ,A ` A

This calculus enjoys weakening in the sense that Φ ` A implies Φ,B ` A. It also
derives contraction

Φ,A,A ` B
(x)

Φ,A ` B
using the cut rule as follows

(v)
Φ,A ` A Φ,A,A ` B

(c)
Φ,A ` B

1.2. LJ′. Kleene’s variant LJ′ of LJ uses a formulation of (l) which requires that
the newly introduced formula A → B was present in the assumptions of the
premises:

Φ,A→ B `′ A Φ,A→ B,B `′ C
(l′)

Φ,A→ B `′ C
In this calculus, contraction is admissible without cut. We will use the notation
Φ `′ A for derivations in LJ′.

1.3. Cut elimination. The original reduction rules of Gentzen’s cut elimina-
tion proof for LJ (reformulated to forgo structural rules) are displayed in figure
1. Rather than repeating Gentzen’s direct termination proof, we will further
analyze these reduction rules as a rewrite system in the following subsections.

1.4. λ-calculus. As has become customary, we use terms of the λ-calculus Λ to
denote derivations in LJ. Terms are given by the grammar

Λ 3 r, s, t ::= x | λxr | rs,

4



A
`
B

(r
)
`
A
→
B

`
A

B
`
C

(l
)

A
→
B
`
C

(c
)

`
C

;
β

`
A

A
`
B

(c
)

`
B

B
`
C

(c
)

`
C

A
`
B

B
`
B

(c
)

A
`
B

;
2

A
`
B

`
B

A
,B
`
A

(c
)

A
`
A

;
2

A
`
A

`
D

D
`
A

D
,B
`
C

(l
)

D
,A
→
B
`
C

(c
)

A
→
B
`
C

;
2

`
D

D
`
A

(c
)

`
A

`
D

D
,B
`
C

(c
)

B
`
C

(l
)

A
→
B
`
C

A
→
B
`
A
→
B

`
A

B
`
C

(l
)

A
→
B
`
C

(c
)

A
→
B
`
C

;
2

`
A

B
`
C

(l
)

A
→
B
`
C

`
C

C
,A
`
B

(r
)
C
`
A
→
B

(c
)

`
A
→
B

;
2

`
C

C
,A
`
B

(c
)

A
`
B

(r
)
`
A
→
B

`
A

B
`
A
′ →
B
′

(l
)

A
→
B
`
A
′ →
B
′

`
A
′

B
′
`
C
′

(l
)

A
′ →
B
′
`
C

(c
)

A
→
B
`
C

;
π

`
A

B
`
A
′ →
B
′

`
A
′

(w
)

..
..

..
..

B
`
A
′

B
′
`
C

(w
)

..
..

..
..

..
.

B
,B
′
`
C

(l
)

B
,A
′ →
B
′
`
C

(c
)

B
`
C

(l
)

A
→
B
`
C

F
ig

.
1
.

G
en

tz
en

’s
re

d
u
ct

io
n

ru
le

s
fo

r
L

J
.

In
a
ll

ru
le

s,
th

e
p
a
rt

o
f

th
e

co
n
te

x
t

th
a
t

a
ll

p
re

m
is

es
a
n
d

th
e

co
n
cl

u
si

o
n

h
av

e
in

co
m

m
o
n
,

is
o
m

it
te

d
.

5



where x, y, z denote variables. As usual, we will identify terms that differ only in
the renaming of bound variables and let application associate to the left, writing
r~s for (. . . (rs1) . . .)sn with a possibly empty vector ~s. x ∈ r means that x is free
in r. We use the dot notation λx.r to omit the parentheses in λx(r), where the
range of the dot extends as far as syntactically possible. Substitution is written
r[x := s] and straightforwardly defined.

Reduction →β is generated as the term closure of elementary β-reduction

(λxr)s→β r[x := s].

The (strongly normalizing) simply-typed λ-calculus ~Λ ⊂ Λ is obtained from Λ
by the following type assignment system:

(v)
Γ, x : A ` x : A

Γ, x : A ` r : B
(r)

Γ ` λxr : A→ B

Γ ` r : A→ B Γ ` s : A(a)
Γ ` rs : B

It is easily checked that Γ ` r : A and r → r′ imply Γ ` r′ : A (subject
reduction); this uses the following type assignment for substitution:

Γ ` s : A Γ, x : A ` r : B
(c)

Γ ` r[x := s] : B

1.5. Notations for LJ. The following decoration of the rules of LJ assigns for-
mulas (types) to λ-terms (as usual, Γ stands for a unique assignment of formulas
to variables x1 : A1, . . . , xn : An and Γ, x : A implies that x 6∈ Γ ):

Γ ` s : A Γ, z : B ` t : C
(l)

Γ, y : A→B ` t[z := ys] : C

Γ, x : A ` r : B
(r)

Γ ` λxr : A→ B

Γ ` s : A Γ, x : A ` r : B
(c)

Γ ` r[x := s] : B
(v)

Γ, x : A ` x : A

Using these notations for LJ-derivations, it is straightforward to verify that both
LJ and ~Λ derive the same formulas (equivalence), the only interesting case being
that of an application rs, which is obtained as x[x := ys][y := r] with new y.2

1.6. Notations for LJ′. These are obtained by the following decoration of (l′):

Γ, y : A→B ` s : A Γ, y : A→B, z : B ` t : C
(l′)

Γ, y : A→B ` t[z := ys] : C

1.7. LJcf . Let LJcf stand for the system LJ with the cut rule (c) replaced by
contraction (x) (see subsection 1.1), writing Φ c̀f A for cut free derivability. The
2 Obviously, this is not the only possibility.
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corresponding term calculus of Λ is given inductively3 by

Λcf 3 r, s, t = x | λxr | r[x := y] | r[x := ys],

where the last clause is subject to the proviso that y 6∈ r, s.
A simple induction verifies that Λcf ⊆ NFβ , the set of normal forms of Λ, as

given by the grammar

NFβ 3 r, s, t ::= x~r | λxr.

Conversely, every term in NFΛ can be found in Λcf , but its deconstruction by
the inductive characterization is obviously not unique. For instance x(yz) might
be derived as x′[x′ := xy′][y′ := yz] or as x′[x′ := xy′[y′ := yz]].

Note that the calculus LJcf without (x) does not enjoy contraction and is
therefore not complete.

1.8. LJ′cf . Similarly, LJ′cf is LJ′ without the rule (c). The inductive normal form
characterization is

Λ′cf 3 r, s, t = x | λxr | r[x := ys]

without further provisos. Rule (l′) of LJ′cf can be emulated in LJcf by (l) and
(x), e.g.,

Γ, y : A→B ` A Γ, y : A→B, z : B ` t : C
(l)

Γ, y : A→B, y′ : A→B ` t[z := y′s]
(x)

Γ, y : A→B ` t[z := y′][y′ := y]

but for any given derivation of LJ′cf one can devise various equivalent LJcf -
derivations, differing only in the position of the contraction rules.

1.9. Cut elimination. Gentzen’s Hauptsatz reads

Φ ` A =⇒ Φ c̀f A.

i.e., all sequents of LJ are derivable without the cut rule.
Using the notation system above, there is a trivial way to reduce this problem

to normalization of the simply typed λ-calculus: any derivation in LJ is denoted
by a simply typed λ-term; as shown in subsection 1.7, its normal form denotes an
LJ′cf -derivation, which can be interpreted as a derivation of LJcf that is normal
w.r.t. Gentzen’s reduction rules.

The goal of this article, however, is to prove strong cut elimination, i.e.,
strong normalization of Gentzen’s reduction rules. To this end we first recall the
explicit substitution approach to notations for LJ.

1.10. Explicit substitutions. In [Her94], explicit substitutions were used to
denote derivations of LJ and a weak normalization result for some of Gentzen’s
3 Note that this inductive characterization is not a grammar, because substitution is

not a syntactic constructor in Λ, but a metasyntactic device.
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reduction rules obtained. As a preliminary to the later treatment of the cal-
culus ΛJ with explicit substitutions, we recall some basic concepts of explicit
substitutions for Λ along the lines of [Her94], yet technically quite different and
simpler.

Terms of the calculus Λ2 are given by the grammar4

Λ2 3 r, s, t ::= x | rs | λxr | r[x := s].

The reduction relation → := →2β2p is obtained as the term closure of the fol-
lowing reduction rules (assume x 6= y)

x[x := s]→2 s, (rs)[x := t]→2 r[x := t] s[x := t],
x[y := s]→2 x, (λyr)[x := s]→2 λy(r[x := s]), y 6∈ s,

(λxr)s→β2
r[x := s], r[x := s][y := t]→p r[y := t][x := s[y := t]].

Weak normalization of typed Λ2 (see the next section for a definition) can
be established by reduction to normalization in the typed λ-calculus using the
straightforward embedding of Λ2 into Λ (interpreting explicit as implicit substi-
tutions) and strong normalization of →2. In the next section we will provide a
proof of strong normalization in typed Λ2 without the reduction →p.

1.11. Typed Λ2. Using rule (c) (see subsection 1.5) and the typing rules of ~Λ,
we get the simply typed calculus ~Λ2, where → preserves typability and types
(subject reduction).

1.12. Simulation. In ~Λ2, Gentzen’s reduction rules (see figure 1) read (assume
x, y, z to be all different)

x[x := s] ;2 s,
x[y := s] ;2 x,

(λyr)[x := t] ;2 λy.r[x := t], y 6∈ t,
t[z := ys][y := y′] ;2 t[z := y′s], y 6∈ s, t,
t[z := ys][x := r] ;2 t[x := r][z := y s[x := r]],

t[z := ys][y := λxr] ;β t[z := r[x := s]], y 6∈ s, t,
t′[z′ := ys′][y := t[z := xs]] ;π t

′[z′ := ys′][y := t][z := xs], y 6∈ s′, t′.

Note that these reductions are simulated by the ambient notion of reduction→∗
in Λ2, using→p for the difficult last four rules. Unfortunately, is is precisely→p

which renders the calculus non-terminating [Mel95]. It is not clear how to devise
a general reduction strategy for Λ2 that would exactly capture Gentzen’s rules.
For instance, Herbelin’s reduction strategy (proved terminating in [Her94]) does
not allow to prove simulation in this sense.

4 See also the previous footnote; in Λ2, substitution r[x := s] becomes a syntactic
constructor.
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2 Strong normalization for ~Λ2 without →p

In this section we develop a comparably short proof of strong normalization for
→ :=→2β2

in the simply-typed system ~Λ2, thus simplifying proofs of analogous
theorems in the literature [Her94,BG97].

2.1. 2-normalization. For r ∈ Λ2 we define its 2-height #2 r by recursion on r:

#2 x := 1, #2 (r[x := s]) := #2 r · (#2 s+ 1),
#2 (λxr) := 1 + #2 r, #2 (rs) := #2 r + #2 s+ 1.

Proposition 1. r →2 s =⇒ #2r > #2s.

Proof. Simple induction on →2. The interesting case is that of an elementary
reduction (rr′)[x := s]→2 r[x := s] r′[x := s]:

#2((rr′)[x := s]) = (#2r + #2r
′ + 1) · (#2s+ 1)

> #2r · (#2s+ 1) + #2r
′ · (#2s+ 1)

= #2(r[x := s] r′[x := s]). ut

Thus→2 is strongly normalizing. The 2-normal form r2 ∈ Λ is given by recursion
on r ∈ Λ2:

x2 := x, (λxr)2 := λx.r2, (rs)2 := r2s2, (r[x := s])2 := r2[x := s2].

Lemma 2.

(i) r2 is in →2-normal form,
(ii) r →∗

2
r2,

(iii) r →2 s =⇒ r2 = s2,
(iv) r →β2

s =⇒ r2 →∗β s2,
(v) Λ 3 r →β s =⇒ Λ2 3 r →+ s.

Thus →2 is convergent, i.e., confluent and strongly normalizing with normal
forms given by ()2.

Corollary 3. → is confluent.

Proof. Assume Λ2: s ∗← r →∗ t.
By (iii) and (iv) Λ : s2 ∗

β← r2 →∗β t2.
By confluence of →β Λ : s2 →∗β r′ ∗β← t2.

By (v) Λ2: s2 →∗ r′ ∗← t2.
Altogether Λ2: s→∗

2
s2 →∗ r′ ∗← t2 ∗

2
← t. ut

2.2. Subterm relation. Let →� denote the term closure of the immediate
subterm relation, as given by

rs→� r, s, λxr →� r.
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Proposition 4. Λ : r ⇓β =⇒ r ⇓β�.

Proof. Straightforward induction on #β r with side induction on r. ut

2.3. Strong normalization. For the rest of this section we restrict all quanti-
fiers to typable terms.

As a mere technical concept we introduce →′-reduction to be the reduction
relation → without the elementary β2-reduction (λxr)s →β2

r[x := s]. Thus
→′ contains all 2-reductions and all inner β2-reductions. r ⇓′ denotes strong
normalizability w.r.t.→′ and #′ r stands for the reduction tree height of r w.r.t.
→′ if r ⇓′ .
Proposition 5. (A) r ⇓ & s ⇓ =⇒ rs ⇓′ .
Proof. Obvious, since all reductions w.r.t. →′ have to occur inside either r or
s. ut
Theorem 6. (B) r ⇓ & s ⇓ =⇒ t := r[x := s] ⇓′ ,

(C) t ⇓′ =⇒ t ⇓ .
Proof. Simultaneous induction on #β� t

2, using proposition 4 and strong nor-
malization of ~Λ.

(B) is shown by side induction on #r and side side induction on # s. We have
to show strong normalizability w.r.t. →′ for every →-reduct of r[x := s].

Case (rr′)[x := s] →2 r[x := s]r′[x := s]. Using the proposition we need
to show r[x := s] ⇓ and r′[x := s] ⇓. The main induction hypothesis (C) is
applicable to r[x := s] and r′[x := s], since r[x := s] r′[x := s] � r[x := s], r′[x :=
s], so that we need to show r[x := s] ⇓′ and r′[x := s] ⇓′ . Both follow from the
main induction hypothesis (B).

Case (λyr)[x := s]→2 λy.r[x := s]. Similar, but easier.
Case x[x := s]→2 s and y[x := s]→2 y. Clear.
Case of an inner reduction r[x := s] → r′[x := s′]. By (iii) and (iv), this at

most decreases the main induction measure, but decreases #r or # s.

(C) is shown by side induction on #′. We need to show strong normalizability
of every reduct t′ of t.

Case r →′ r′. The side induction hypothesis applies and yields r′ ⇓.
Case (λxr)s →β2

r[x := s]. This reduction is simulated on the 2-normal
form:

((λxr)s)2 = (λxr2)s2 →β r
2[x := s2] = (r[x := s])2.

By the main induction hypothesis (C) for r[x := s] we need to show r[x := s] ⇓′ .
This follows from the main induction hypothesis (B) for r[x := s], since (λxr)s ⇓′
entails r ⇓ and s ⇓. ut
Corollary 7. r ⇓.

Proof. Induction on r. Case x. Trivial. Case λxr. Simple application of the
induction hypothesis. Case rs. By induction hypothesis r ⇓ and s ⇓, so by (A)
(rs) ⇓′ , hence (rs) ⇓ by (C). Case r[x := s]. By induction hypothesis r ⇓ and
s ⇓, so by (B) r[x := s] ⇓′ and (C) yields r[x := s] ⇓. ut
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3 The calculus ΛJ

In this section the calculus ΛJ —a conservative syntactic extension of the λ-
calculus introduced and studied in [JM00,JM03]— is used to precisely simulate
Gentzen’s reductions of LJ (see subsection 1.12). It indirectly captures some of
the reductions in Λ2 and in this sense ΛJ can be viewed as a rudimentary explicit
substitution calculus.

3.1. Definition. Terms of ΛJ are given by the grammar

ΛJ 3 r, s, t ::= x | λxr | r(s, z.t).

The variable z gets bound in t in the generalized application r(s, z.t). Again,
we consider terms up to α-equivalence. The definition of substitution r[x := s]
is straightforward. We also write R, S, T for expressions of the form (s, z.t), so
that generalized application reads rR.

Reduction → := →βjπ is generated as the term closure of βj-reduction and
permutation, given by

(λxr)(s, z.t)→βj t[z := r[x := s]] and r(s, z.t)T →π r(s, z.tT ).

This formulation of→π is only compatible with the variable convention if z 6∈ T ,
so that this has to be implicitly assumed.

We note without proof that → is confluent and standardizing, referring the
interested reader to [JM00] for details. The set of normal forms is given by the
grammar

NFβjπ 3 r, s, t ::= x | x(s, z.t) | λxr.

3.2. π-normalization. →π is strongly normalizing and confluent [JM00]; the
π-normal form of a term rπ is recursively given by

xπ := x,
(λxr)π := λx.rπ,

(r(s, z.t))π := rπ@(sπ, z.tπ),
using r@R :=

{
r′(s, z.t@R) if r = r′(s, z.t),
rR otherwise.

The set of π-normal forms is inductively characterized by the grammar

NFπ 3 r, s, t ::= x | x(s, z.t) | (λxr)(s, z.t).

For later reference we state a simple commutation property of →βj and ()π:

Lemma 8. r →βj s =⇒ ∃t.rπ →βj t→∗π sπ.

The proof is an easy induction on →βj , using the following

Proposition 9. rπ[x := sπ]→∗π (r[x := s])π.

11



3.3. Λ ⊆ ΛJ. In ΛJ we abbreviate rs := r(s, z.z), thus embedding the λ-calculus.
Since

ΛJ : (λxr)s = (λxr)(s, z.z)→βj z[z := r[x := s]] = r[x := s],

β-reductions of Λ are simulated, using just βj-reductions in ΛJ. Normal forms
of the form x~r become

x(r1, z.z)(r2, z.z) . . . (rn, z.z).

Their π-normal form reads

(x~r )π = x(rπ1 , z.z(r
π
2 , z.z(. . . z.z(r

π
n, z.z) . . .))).

3.4. ΛJ ⊆ Λ — first variant. For the converse embedding two variants are
possible. The first embedding sets

Λ : r(s, z.t) := t[z := rs] (∗).

Note that if s, t ∈ NFβ , then Λ 3 x(s, z.t) = t[z := xs] ∈ NFβ , so that (∗)
preserves normal forms. It is also invariant under permutation, as follows from

Λ : r(s, z.t)(s′, z′.t′) = t′[z′ := t[z := rs]s′]
= t′[z′ := ts′][z := rs] (†)
= r(s, z.t(s′, z′.t′)),

where the equality (†) is justified by the implicit proviso z 6∈ s′ in our formulation
of permutative reduction.

Note, that the embedding does not simulate βj-reductions, because a βj-
redex (λxr)(s, z.t) with z 6∈ t translates into just t.

Summarizing, ΛJ contains many π-equal terms for each β-normal form of Λ,
corresponding to the fact that there are many different cut-free sequent calculus
derivations for each normal natural deduction proof.

3.5. ΛJ ⊆ Λ — second variant. The second embedding uses

Λ : r(s, z.t) := (λzt)(rs) (∗∗),

thus creating a β-redex for every generalized application. Obviously, this embed-
ding does not preserve normality. Yet it simulates reductions, as stated by

Lemma 10. r →βj s =⇒ r →2
β s.

Proof. Induction on →βj . Reduction in subterms is treated by the induction
hypothesis in the obvious way. For elementary βj-reduction we compute in Λ:

(λxr)(s, z.t) = (λzt)((λxr)s)→β (λzt)(r[x := s])→β t[z := r[x := s]]. ut

12



This result can be used to derive strong normalizability of terms in ΛJ from
their strong normalizability as terms of Λ.

First, we recall a basic property of #β , which has also been dubbed the
fundamental lemma of perpetuality [vRSSX99]:

Proposition 11. x ∈ r =⇒ #β((λxr)s) ≤ #β(r[x := s]) + 1,
x 6∈ r =⇒ #β((λxr)s) ≤ #βr + #βs+ 1.

Lemma 12. r →π s =⇒ #β r ≥ #β s.

Proof. Induction on→π. The inner reductions are all quite straightforward. The
interesting case is that of a permutation

r(s, z.t)(s′, z′.t′)→π r(s, z.t(s′, z′.t′)).

In Λ, the two terms read

r0 := (λz′t′)((λzt)(rs)s′) and r1 := (λz.(λz′t′)(ts′))(rs).

First assume z ∈ t. Then by the proposition

#β r1 = 1 + #β ((λz′t′)(t[z := rs]s′)) ≤ #β r0,

since r0 →β (λz′t′)(t[z := rs]s′). If, on the other hand, z 6∈ t, write r′ for the
normal form of rs. The proposition yields

#β r1 = 1 + #β (rs) + #β ((λz′t′)(ts′)) ≤ #β r0,

because r0 →
#β(rs)
β (λz′t′)((λzt)r′s′)→β (λz′t′)(ts′). ut

Theorem 13. rπ ⇓ =⇒ r ⇓.

Proof. Induction on #rπ, side induction on #π r.
Case r →βj s. Then ∃t.rπ →βj t →∗π sπ by the commutation property

(lemma 8). It follows that sπ ⇓ with # sπ < # rπ, so by induction hypothesis
s ⇓.

Case r →π s. Then rπ = sπ and by the side induction hypothesis s ⇓. ut

Using the second interpretation of ΛJ in Λ, we thus obtain the

Corollary 14. r ⇓β =⇒ r ⇓.

Proof. Induction on #β r and side induction on #π r. So let r → s.
Case r →βj s. Then by lemma 8 ∃t.rπ →βj t→∗π sπ, so by lemma 12

#β sπ ≤ #β t < #β rπ ≤ #β r

and the induction hypothesis shows sπ ⇓. Therefore s ⇓ by the theorem.
Case r →π s. Then by lemma 12 #β s ≤ #β r. Also #π s < #π r, so either

the side or the main induction hypothesis derives s ⇓. ut
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3.6. Simply-typed ΛJ. Using rules (v) and (r) of ~Λ together with the typing
rule for generalized application

Γ ` r : A→ B Γ ` s : A Γ, z : B ` t : C
(a)

Γ ` r(s, z.t) : C

we obtain the set of typed ΛJ-terms ~ΛJ. Note that contraction is admissible in
~ΛJ.

In [JM03], a direct proof of strong normalization for ~ΛJ has been given in
order to demonstrate how to adapt conventional normalization proofs to permu-
tative conversions, which are prototyped by →π in ΛJ.

Here we can use the result of the previous subsection, with the advantage
that the proof easily extends to more complex type systems.

Corollary 15. ~ΛJ is strongly normalizing.

3.7. LJ ⊆ ΛJ. Given a derivation of Γ ` s : A and Γ, z : B ` t : C and y 6∈ Γ ,
we obtain Γ, y : A→ B ` s : A and Γ, y : A→ B, z : B ` t : C by weakening, so
that we can simulate rule (l) by

Γ, y : A→B ` y : A→B Γ, y : A→B ` s : A Γ, y : A→B, z : B ` t : C
(a)

Γ, y : A→B ` y(s, z.t) : C

Translated into Λ (using the first variant given above), the term y(s, z.t) reads
t[z := ys], which is identical to the term assignment for rule (l) in subsection
1.5.

3.8. NFβjπ = LJ′cf . In the typed setting, identifying the rules (l) and (a) for
the case x(r, z.s), the sets NFβjπ and LJ′cf are in a one-to-one-correspondence,
hence isomorphic; with respect to LJ, a normal ΛJ-term only determines LJcf -
derivations up to contractions.

As a corollary, we obtain that the following sets of terms are extensionally
equal:

– the set of βjπ-normal terms of ΛJ,
– the set of β-normal terms of Λ,
– the set of cut-free derivations in LJ, denoted by Λcf ,
– the set of cut-free derivations in LJ′, denoted by Λ′cf .

3.9. Gentzen’s reductions. The analogy between ΛJ and LJ also extends to
Gentzen’s reduction steps.

To show this, we first translate the two more complicated reduction steps of
cut elimination into ΛJ:

(t[z := ys])[y := λxr] = (y(s, z.t))[y := λxr]
= (λxr)(s, z.t) y 6∈ s, t
→β t[z := r[x := s]].
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(t′[z′ := ys′])[y := t[z := xs]] = (y(s′, z′.t′))[y := x(s, z.t)]
= x(s, z.t)(s′, z′.t′) y 6∈ s′, t′
→π x(s, z.t(s′, z′.t′))
= (t(s′, z′.t′))[z := sx]
= t′[z′ := ts′][z := xs]
= t′[z′ := t[z := xs]s′] z 6∈ s′.

So we get a precise correspondence between the permutations in LJ and ΛJ, as
well as between ;β and →β-reductions.

In order to treat the remaining reductions (which by the current embedding
are mapped to equalities), we introduce the straightforward extension of ΛJ by
explicit substitutions.

3.10. ΛJ2. Extend the term grammar by the substitution constructor:

ΛJ2 3 r, s, t ::= x | λxr | r(s, z.t) | r[x := s].

The reduction rules capture just the basic implementation of substitution, with-
out permutation of substitutions (assume x 6= y):

x[x := s]→2 s,
x[y := s]→2 x,

(λyr)[x := s]→2 λy.r[x := s], y 6∈ s,
(r(r′, z.r′′))[x := s]→2 r[x := s](r′[x := s], z.r′′[x := s]),

(λxr)(s, z.t)→β2
t[z := r[x := s]],

r(s, z.t)(s′, z′.t′)→π r(s, z.t(s′, z′.t′)).

We write ~ΛJ2 for the typed system, obtained by adding the cut rule (c) to the
type assignment system for ΛJ.

Theorem 16. ~ΛJ2 is strongly normalizing and confluent.

Proof (sketch). Similar to the strong normalization proof for ~Λ2 in subsections
2.1–2.3. We only hint on a few more or less obvious changes.

– All proofs of subsections 2.1 and 2.2 go through without change. In the
definition of #2, the clause for generalized application is

#2(r(s, z.t)) := #2r + #2s+ #2t+ 1.

– Property (A) reads

r ⇓, s ⇓, t ⇓ =⇒ r(s, z.t) ⇓′ .

The proof is as before.
– In the proof of theorem 6, the case of a β2-reduction is treated as follows:

assume (λxr)(s, z.t) →β2
t[z := r[x := s]] with (λxr)(s, z.t) ⇓′ . Then r ⇓,

s ⇓, t ⇓ and by (B) r[x := s] ⇓′ . (C) shows r[x := s] ⇓, so again by (B)
t[z := r[x := s]] ⇓′ and the claim follows by (C). ut
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Corollary 17 (Strong Hauptsatz).
Cut reduction in LJ is strongly normalizing and confluent.

Proof. All reductions of LJ are simulated by the respective ones in ~ΛJ2. Reduc-
tion in ~ΛJ2 is strongly normalizing and confluent. Its normal forms are those of
~ΛJ and are isomorphic to derivations in LJcf up to contractions. ut

4 Sequent Pure Type Systems

Recently, Gutierrez and Ruiz [GR02b] proposed two variants of an extension to
Pure Type Systems of the implicit substitution approach to λ-calculus notations
for the sequent calculus. The goal of these attempts is to enable sequent-calculus
like arguments in theorem provers that are based on Pure Type Systems, such as
Coq. This would be promising, since the rule (l) allows manipulation of leaves of
derivation trees, whereas the usual natural deduction rules work on the derivation
root only.

Unfortunately, it turns out that neither of the systems in [GR02b, GR02a]
extends to really dependent Pure Type Systems, in particular, cut elimination
fails in the Calculus of Constructions.

In this section, we introduce generalized application for Pure Type Systems
to capture the (l)-rule and use the methods of the previous section to derive the
equivalence between cut elimination and strong normalization.

4.1. Raw terms. The grammar of raw terms is given by

r, s, A,B ::= x | rs | λx : A.r | Πx : A.B | s.

Here s ranges over a given set of sorts S. λx : A.r and Πx : A.r bind x in r. We
adopt most of the notational conventions discussed in subsection 1.4.

β-reduction is given by the term closure of elementary β-reduction:

(λx : A.r)s→β r[x := s].

→β is confluent, as can be seen by a simple adaptation of the usual confluence
proof for the untyped λ-calculus.

4.2. Pure Type Systems. A Pure Type System is determined by three data:
a set S of sorts, a set of pairs A ⊆ S × S (axioms) and a set of triples R ⊂ S3

(rules).
A context Γ is an expression of the form x1 : A1, . . . , xn : An with disjoint

~x (the domain of the context, denoted by domΓ ). The empty context will be
omitted, if reasonable. The notation Γ, x : A is used only if x 6∈ domΓ .

The rules of Pure Type Systems with β-equality (see figure 2) derive judg-
ments of the form Γ ` r : A with r a raw term.

A term is a raw term typable in this system. From now on r, s, t, A,B,C will
range over terms and Γ over legal contexts, i.e., over {Γ | ∃r,A.Γ ` r : A}.
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(C, s) ∈ A
(A)

` C : s

Γ ` r : A Γ ` A′ : s A =β A
′

(β)
Γ ` r : A′

Γ ` r : A Γ ` B : s(w)
Γ, x : B ` r : A

Γ, x : A ` r : B Γ ` Πx : A.B : s
(λ)

Γ ` λx : A.r : Πx : A.B

Γ ` A : s(v)
Γ, x : A ` x : A

Γ ` r : Πx : A.B Γ ` s : A(a)
Γ ` rs : B[x := s]

(s1, s2, s3) ∈ R Γ ` A : s1 Γ, x : A ` B : s2
(Π)

Γ ` Πx : A.B : s3

Fig. 2. Rules of Pure Type Systems with β-equality

We refer the reader to [Bar92] for the standard properties of Pure Type Sys-
tems, which we will use freely. We explicitly mention the substitution property
(writing Γ [x := s] for substitution in all types of Γ ) and subject reduction:

Γ, x : A,Γ ′ ` r : B Γ ` s : A
(c)

Γ, Γ ′[x := s] ` r[x := s] : B[x := s]

Γ ` r : A r →β r
′

(r)
Γ ` r′ : A

Furthermore, one can prove the generation lemma, which essentially allows to
invert rules (a), (λ), (v), (A) and (Π) — for the instance of application, it states
that

Γ ` rs : B =⇒ ∃A,B′.Γ ` r : Πx : A.B′ & Γ ` s : A & B =β B
′[x := s].

4.3. Generalized application. The raw terms for Pure Type Systems with
generalized application (abbreviated LPTS) are given by the grammar

r, s, A,B ::= x | r(s, x : A.z : B.t) | λx : A.r | Πx : A.B | s.

In the generalized application, the variable x is bound in B and required not to
occur in t; z is bound in t.

βj-reduction is formulated as in ΛJ:

(λx : A.r)(s, x : A′.z : B.t)→βj t[z := r[x := s]].

Remark the possibility of having different types for x in r and x in B. In the
typed LPTS we will have A =βjπ A

′ thanks to the generation lemma.
In addition to →βj we have permutations:

r(s, x : A.z : B.t)S →π r(s, x : A.z : B.tS) with S := (s′, x′ : A′.z′ : B′.t′)

where without loss of generality x, z 6∈ S.
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As in ΛJ, we close these elementary reductions under all term formers and
write → for the union of →βj and →π.

The type assignment calculus of LPTS is modified only in the rule (a):

Γ ` r : Πx : A.B Γ ` s : A
Γ ` Πx : A.Πz : B.C : s
Γ, x : A, z : B ` t : C

(a)‡
Γ ` r(s, x : A.z : B.t) : C

The proviso ‡ is quite important: z 6∈ C & x 6∈ t, C.
We mention without detailing the proof that the substitution property and

the generation lemma hold for LPTS.

4.4. Subject reduction. We only verify subject reduction for elementary βj-
reduction and permutation. Using the generation lemma repeatedly, a typing of
the β-redex can be brought into the following form:

Γ, x : A ` r : B Γ ` Πx : A.B : s

Γ ` λx : A.r : Πx : A.B Γ ` s : A Γ, x : A, z : B ` t : C
Γ ` (λx : A.r)(s, x : A, z : B.t) : C

We use the substitution lemma twice to obtain

Γ ` r[x := s] : B[x := s],
Γ , z : B[x := s] ` t[x := s] : C[x := s].

Since x 6∈ C, t by the proviso ‡ on (a), we get

Γ, z : B[x := s] ` t : C

To this we apply the substitution lemma once more and get

Γ ` t[z := r[x := s]] : C[z := r[x := s]].

By the proviso ‡, z does not occur in C, so that we obtain

Γ ` t[z := r[x := s]] : C.

As for permutation assume

Γ ` r(s, x : A.z : B.t)S : C and r(s, x : A.z : B.t)S →π r(s, x : A, z : B.tS)

with S := (s′, x′ : A′, z′ : B′.t′). By the generation lemma for (a) we get typings
as follows:

Γ ` r : Πx : A.B,
Γ ` s : A,
Γ, x : A, z : B ` t : Πx′ : A′.B′,
Γ ` s′ : A′,
Γ, x′ : A′, z′ : B′ ` t′ : C
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with the following provisos due to restrictions on application and permutation:

(1) x 6∈ t,Πx′ : A′.B′, S, C, x′, z′, z
(2) z 6∈ Πx′ : A′.B′, S, C, x, x′, z′

(3) x′ 6∈ t′, C, x, z, z′
(4) z′ 6∈ C, x, z, x′.

Using weakening, (1) and (2) we obtain

Γ, x : A, z : B ` s′ : A′ and Γ, x : A, z : B, x′ : A′, z′ : B′ ` t′ : C

So applying rule (a) twice (noting the provisos (1)–(4)) we get

Γ, x : A, z : B ` tS : C and Γ ` r(s, x : A.z : B.tS) : C.

4.5. Embeddings. We use the analogue of the embedding (∗∗) (see subsection
3.5) to embed LPTS into PTS:

PTS : r(s, x : A.z : B.t) := (λx : A.λz : B.t)s(rs).

Note that if r(s, x : A.z : B.t) : C is typed with (a), then the two abstractions
on the right can be typed λx : A.λx : B.t : Πx : A.Πx : B.C due to the explicit
premise of the rule (a).

It should be remarked that the proviso x 6∈ t of the typing rule guarantees
that the simulation of β-reduction

(λx : A.r)(s, x : A.z : B.t) = (λx : A.λz : B.t)s((λx : A.r)s)
→β (λz : B[x := s].t)((λx : A.r)s)
→β (λz : B[x := s].t)(r[x := s])
→β t[z := r[x := s]]

is possible on well-typed terms.
The converse embedding of PTS into LPTS is straightforward:

LPTS : rs := r(s, x : A.z : B.z).

This definition involves the introduction of arbitrary types A,B. Given a typing
of rs, these types arise from the generation lemma and are thus well-defined up
to β-equality.

Combining both embeddings we obtain

Theorem 18 (Equivalence). LPTS and PTS are equiconsistent.

4.6. Strong cut elimination. All steps of the strong normalization proof for ~ΛJ
can be adapted to the setting of LPTS. We only highlight some of the differences
to the treatment of section 3.
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– The π-normal form (see subsection 3.2) is given by

xπ := x,
(λx : A.r)π := λx : Aπ.rπ,

(Πx : A.B)π := Πx : Aπ.Bπ,
(r(s, x : A.z : B.t))π := rπ@(sπ, x : Aπ.z : Bπ.tπ).

The definition of @ is straightforward. The commutation lemma 8 holds
without major change in its proof.

– As shown in the previous subsection, the analogue of lemma 10 in subsection
3.5 reads

r →βj s =⇒ r →3
β s.

– In the presence of abstracted types, proposition 11 is reformulated to

x ∈ r =⇒ #β((λx : A.r)s) ≤ #β(r[x := s]) + #βA+ 1,
x 6∈ r =⇒ #β((λxr)s) ≤ #βr + #βs+ #βA+ 1.

– Lemma 12 remains unchanged; its proof is only marginally more complex,
since it has to take into account β-reductions on abstracted types.

– Theorem 13 and corollary 14 are verbally the same as in subsection 3.5.

Corollary 19. A LPTS enjoys strong cut elimination iff the corresponding PTS
is strongly β-normalizing.

Conclusions

The calculus ΛJ provides a uniform framework for combining the features of
natural deduction and sequent calculus, syntactically extending both systems
without increase in proof-theoretic strength. Our analysis of the relation between
Gentzen’s reductions in LJ and those in ΛJ (and a forteriori also in Λ) refines
previous work in the field and establishes a precise one-to-one correspondence.

The technical simplicity of ΛJ permits a straightforward extension to Pure
Type Systems and leads to a general cut elimination theorem for sequent Pure
Type Systems, thus improving on previous results by Gutierrez and Ruiz [GR02b].
This allows to incorporate the left-sided rules into theorem provers that are based
on Pure Type Systems and in this way enable the use of bottom-up strategies,
without having to resort to substitutions on proof terms.
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