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For most of these, use iterated forcing (Martin-Solovay).

Problem: If you force, and then force again, and again at the
limit, if we take the union, it is not a model of ZFC

A product is often not an option as we don’t ‘catch our
tail’example of killing Suslin trees (board)

Definition of iterated forcing on the board.
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Perhaps not the world’s friendliest definition.

Iterated forcing did not gain a massive following in the
mathematics community, even to this day.

Luckilly there was an invention of forcing exioms, such as MA
(Martin)

I MA implies not CH

I and verifying what else MA implies is a purely mathematical
endavour.
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Some of the consequences of MA are that the union of any ℵ1
many measure 0 sets has measure 0,

same for meager sets, every
two ℵ1-dense sets of reals are isomorphic, etc.

Briefly, many and diverse consequences on analysis, topology,
algebra and combinatorics below the continuum.

D.H. Fremlin, ”Consequences of MA”, CUP 1984.

MA(ω1) Suppose that P is a ccc forcing notion and {Dα : α < ω1}
is a family of dense sets in P. Then there is a filter G in P which
intersects all Dα.
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Above the continuum
So we know how to change the value of c by forcing,

to be as high
as we wish. (replace ω2 by anything we like in Cohen’s product).

We can do this also with 2ℵ1 , 2ℵ2 , etc. We can do it for any
successor of a regular cardinal in place of ℵ1,ℵ2.

In fact, there seem to be very few rules:

König’s Lemma For any cardinal κ, κcf(κ) > κ.

Theorem
Easton’s theorem Suppose that V is a model of ZFC and F is a
function defined on the regular cardinals of V satisfying:

I κ ≤ λ =⇒ F (κ) ≤ F (λ),

I for any cardinal κ, cf(F (κ)) > κ.

Then there is a forcing extension of V in which all cardinals and
cofinalities are preserved and for every regular cardinal κ,
2κ = F (κ).

Easton’s product of Cohen forcing (not iteration).
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But this is not an endless game:

Suppose we want to keep the GCH

up to some point and then fail it.What kind of cardinal can it be?

Silver (1975) proved e.g. that such a cardinal cannot be a singular
cardinal (i.e. κ > cf(κ)) of uncountable cofinality.

Magidor (1978) proved that it can be a singular of countable
cofinality (modulo large cardinals).
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The special role of singular cardinals

So, changing the powers of singular cardinals is a different process
than the analogue for regular cardinals.

In fact, it is not even always possible.

Let us explain the role of large cardinals.

An approximate

Definition
A property of an infinite cardinal is called a large cardinal property
if any cardinal κ satisfying it must be regular but limit (so the
existence of such a cardinal is not provable in ZFC).
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There is a well understood theory of large cardinal properties,
which are more-or-less linearly ordered by strength:

inaccessible, weakly compact, measurable, supercompact ...

Large cardinals (properties) are called small large cardinals if their
existence is not refuted by V=L.

For example, inaccessible cardinals are like that, but measurable
ones are not.
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Covering Lemma

Jensen (1975) proved that if all large cardinals in V are actually
small large cardinals, then V is very close to L and in particular

there cannot be a strong limit (i.e. λ < κ =⇒ 2λ < κ) singular
cardinal κ satisfying 2κ > κ+.

Therefore if we want to have such a situation we must assume the
consistency of some (large) large cardinals.

NOTE: The consistency strength of MA is simply that of ZFC.

This explains that even simplest forcing is complex at a singular
cardinal (and consequently at its successor).

Is there some ZFC truth?
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SUSIFAθ,∂,λ(κ, u) stands for:

(1) κ is a supercompact cardinal and θ, ∂ are regular
cardinals with θ < κ and κ+ < ∂, 2κ = λ,

(2) u ∈ U∞ is such that κ(u) = κ and lg(u) = θ,

(3) there is a sequence V̄ = 〈Vi : i < ∂〉 which is a
⊆-increasing sequence of transitive classes containing
the ordinals and modelling ZFC, and such that
κ>Vi ⊆ Vi ,

(4) P(κ+) ⊆
⋃
{Vi : i < ∂} and
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there are disjoint subsets S1 and S2 of ∂ such that S1 is
unbounded, S2 is a club and ...

(a) for i ∈ S1, Vi+1 satisfies SFA(κ) and
Vi+1 |= “2κ > |P(κ+)|Vi ”,

(b) for each i ∈ S2, ui = u � Vi ∈ (U∞)Vi ,

(c) there is a sequence Ā = 〈Ai : i ∈ S2〉 such that
each Ai ∈ F(u) and for all B ∈ F(ui ), |B \ Ai | < κ,
and Ai ∈ Vi+1.


