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Introduction and Motivation Quasi-Hopf Algebras

Quasi-Hopf algebras

Introduced by Drinfel’d [Drinfel’d, 1990]
Generalised Hopf algebra
Co-multiplication ∆ : H → H ⊗ H not coassociative
Non-coassociativity “controlled” by coassociater φ ∈ H ⊗ H ⊗ H:

φ(∆⊗ id)(∆(h)) = (id⊗∆)(∆(h))φ
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Introduction and Motivation Quasi-Hopf Algebras

Category of Modules over a Quasi-Hopf Algebra

Category of HM of (left) H-modules is monoidal.
Associativity constraint:
U,V ,W ∈ HM (U ⊗ V )⊗W ∼= U ⊗ (V ⊗W )

u ⊗ v ⊗ w 7→ φ · u ⊗ v ⊗ w

Quasi-antipode S : H → Hop defined such that there exist duals
for finite dimensional objects in HM.

Tannaka Reconstruction: C finite tensor category with
quasi-fibre functor F : C → Vectk . Then C ∼= Repf (H), H finite
dimensional quasi-Hopf algebra (H = End(F )).
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Introduction and Motivation Freeness Theorems

Kaplansky’s Conjecture

Conjecture [Kaplansky, 1975]
Hopf algebras are free over their Hopf subalgebras.

dim K | dim H for K ⊂ H Hopf algebras
Analogon to Lagrange Theorem in group theory
(U ⊂ G groups, then #U | #G)
False in infinite dimensional case [Oberst and Schneider, 1974]
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Introduction and Motivation Freeness Theorems

Nichols-Zöller Freeness Theorem

Theorem [Nichols and Zöller, 1989]
H finite dimensional Hopf algebra, K ⊂ H Hopf subalgebra. Then all
objects inMH

K are free K -modules. In particular, H is a free K -module.
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Introduction and Motivation Freeness Theorems

Natural subobjects of Hopf algebras are right (or left) coideal
subalgebras (i.e. subalgebras K with ∆(K ) ⊂ K ⊗ H):

Question: Are Hopf algebras also free over their right or left
coideal subalgebras?

[Masuoka, 1992] Coideal subalgebras which are Frobenius
algebras.
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Introduction and Motivation Freeness Theorems

Skryabin’s Freeness Theorem

Theorem [Skryabin 2004]
H weakly finite Hopf algebra, K ⊂ H finite dimensional coideal
subalgebra. Then all objects inMH

K are free K -modules and K is a
Frobenius algebra.

Recall: A ring R is weakly finite :⇔ if M free R-module of rank n, then
every generating system for M consisting of n elements is a basis.

Examples: R finite dimensional algebra, R commutative, R semilocal
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Introduction and Motivation Freeness Theorems

Categorical Freeness

C, D fusion categories (i.e. semisimple finite tensor categories).
F : C → D surjective tensor functor. Then

F (RC) =
FPdim(C)

FPdim(D)
RD

where RC :=
⊕

X∈Irr(C) FPdim(X ) X , and Irr(C) the set of simple
objects of C. [Etingof, Nikshych, and Ostrik, 2002]

This implies: if K ⊂ H finite dimensional semisimple quasi-Hopf
algebras, then H is a free K -module.
(Categories of finite dimensional representations of H and K are
fusion categories. Moreover, RRepf (H) = H and RRepf (K ) = K )
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Freeness of quasi-Hopf algebras

Freeness of quasi-Hopf algebras
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Freeness of quasi-Hopf algebras

Quasi-Hopf Algebra Freeness Theorem

Theorem [Schauenburg 2004]
H finite dimensional quasi-Hopf algebra.

K ⊂ H subalgebra which admits a quasi-Hopf algebra structure
⇒ H free (right) K -module.
K ⊂ H quasi-Hopf subalgebra
⇒ all objects in KMH

K are free left K -modules.
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Freeness of quasi-Hopf algebras Preliminary Considerations

Definition of Hopf Modules

Comodules can not be defined, since H is not coassociative.
But H is a coassociative coalgebra in HMH .
[Hausser and Nill, 1999] introduced category of quasi-Hopf
H-bimodules HMH

H .
Category of relative quasi-Hopf bimodules: BMH

A ,
A,B H-comodule algebras.
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Freeness of quasi-Hopf algebras Preliminary Considerations

Definition of Coideal Subalgebras

A right coideal subalgebra of H is a subalgebra K with ∆(K ) ⊂ K ⊗ H
Coassociator of K coincides with the coassociator of H?
Implies φH ∈ K ⊗ H ⊗ H.
Examples show that this is too restrictive.
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Freeness of quasi-Hopf algebras Definitions and Basic Facts

Algebras and tensor products are over the ground field k
Algebras are unital (i.e. with 1)
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Freeness of quasi-Hopf algebras Definitions and Basic Facts

Quasi-Hopf Algebras

H algebra,
∆ : H → H ⊗ H, ε : H → k , S : H → Hop algebra morphisms
φH ∈ H ⊗ H ⊗ H invertible element, α, β ∈ H

(H,∆, ε, φH ,S, α, β) quasi-Hopf algebra :⇔

φH(∆⊗ id)(∆(h)) = (id⊗∆)(∆(h))φH ,

(ε⊗ id)(∆(h)) = (id⊗ ε)(∆(h)) = h,
(1⊗φH)(id⊗∆⊗id)(φH)(φH⊗1) = (id⊗id⊗∆)(φH)(∆⊗id⊗id)(φH),

(id⊗ ε⊗ id)(φH) = (ε⊗ id⊗ id)(φH) = (id⊗ id⊗ ε)(φH) = 1⊗ 1,
S(h(1))αh(2) = ε(h)α, h(1)βS(h(2)) = ε(h)β,

φ
(1)
H βS(φ

(2)
H )αφ

(3)
H = 1, S(φ

(−1)
H )αφ

(−2)
H βS(φ

(−3)
H ) = 1,

∀h ∈ H.
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Freeness of quasi-Hopf algebras Definitions and Basic Facts

Notation

Sweedler-Notation:
∆(h) =: h(1) ⊗ h(2), omitting the summation symbol,
(∆⊗ id)(∆(h)) =: h(1,1) ⊗ h(1,2) ⊗ h(2),
(id⊗∆)(∆(h)) =: h(1) ⊗ h(2,1) ⊗ h(2,2).

For the coassociater φH we write:
φH =: φ

(1)
H ⊗ φ

(2)
H ⊗ φ

(3)
H

φ−1
H =: φ

(−1)
H ⊗ φ(−2)

H ⊗ φ(−3)
H ,

again omitting the summation symbol.
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Freeness of quasi-Hopf algebras Definitions and Basic Facts

From now on let (H,∆, ε, φH ,S, α, β) be a quasi-Hopf algebra.
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Freeness of quasi-Hopf algebras Definitions and Basic Facts

H-Comodule Algebras

A algebra,
ρ : A→ A⊗ H algebra morphism,
φρ ∈ A⊗ H ⊗ H invertible element,

A right H-comodule algebra :⇔
φρ(ρ⊗ id)(ρ(a)) = (id⊗∆)(ρ(a))φρ,

(id⊗ ε)(ρ(a)) = a,
(1A⊗φH)(id⊗∆⊗id)(φρ)(φρ⊗1H) = (id⊗id⊗∆)(φρ)(ρ⊗id⊗id)(φρ),

(id⊗ ε⊗ id)(φρ) = (id⊗ id⊗ ε)(φρ) = 1A ⊗ 1H ,

∀a ∈ A.
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Freeness of quasi-Hopf algebras Definitions and Basic Facts

Right Coideal Subalgebras

K ⊂ H subalgebra,
φK ∈ K ⊗ H ⊗ H invertible element,

K right coideal subalgebra of H :⇔
∆(K ) ⊂ K ⊗ H
(K ,∆, φK ) is a right H-comodule algebra.
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Freeness of quasi-Hopf algebras Definitions and Basic Facts

From now on let (A, ρ, φ) and (B, ρ′, φ′) be right H-comodule algebras.
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Freeness of quasi-Hopf algebras Definitions and Basic Facts

Quasi-Hopf bimodules

M (B,A)-bimodule,
δM : M → M ⊗ H (B,A)-bimodule morphism,

M (H,B,A)-quasi-Hopf bimodule :⇔
φρ′(δM ⊗ idH)(δM(m)) = (idM ⊗∆)(δM(m))φρ,

(id⊗ ε)(δM(m)) = m,
∀m ∈ M.

BMH
A denotes the category of (H,B,A)-quasi-Hopf bimodules

together with (B,A)-bimodule morphisms which are H-colinear.
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Freeness of quasi-Hopf algebras Definitions and Basic Facts

Structure Theorem for quasi-Hopf bimodules

Theorem [Hausser and Nill, 1999]

HM
∼=−→ HMH

H

·V 7→ ·V ⊗ ·H ··
is a category equivalence.

H is a simple object in HMH
H .

Finite dimensional quasi-Hopf algebras are Frobenius.
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Freeness of quasi-Hopf algebras Skrayabin’s Freeness Theorem for quasi-Hopf algebras

Skrayabin’s Freeness Theorem for quasi-Hopf algebras
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Freeness of quasi-Hopf algebras Skrayabin’s Freeness Theorem for quasi-Hopf algebras

H-costable ideals

An ideal I of A is called H-costable if ρ(I) ⊂ I ⊗ H.
A is called H-cosimple if A does not contain a proper nonzero
H-costable ideal.
We will call an ideal J of A an “H-cosimple ideal” if it does not
contain any nonzero H-costable ideals of A.
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Freeness of quasi-Hopf algebras Skrayabin’s Freeness Theorem for quasi-Hopf algebras

From now on let H and A be finite dimensional.

Hannah Henker (LMU) Freeness of Quasi-Hopf Algebras 26 / 41



Freeness of quasi-Hopf algebras Skrayabin’s Freeness Theorem for quasi-Hopf algebras

Main Theorem
K right coideal subalgebra of H, then
(1) K is H-cosimple;
(2) Every M ∈ HMH

K or ∈ KMH
H , which is finitely generated as a

K -module, is a free K -module;
(3) K is a Frobenius algebra.
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Freeness of quasi-Hopf algebras Skrayabin’s Freeness Theorem for quasi-Hopf algebras

To prove (1) we need:

Proposition
Equivalent:

(i) A is H-cosimple
(ii) Every maximal ideal of A is an H-cosimple ideal
(iii) There exists a maximal ideal of A which is H-cosimple
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Freeness of quasi-Hopf algebras Skrayabin’s Freeness Theorem for quasi-Hopf algebras

Proof of Main Theorem (1)

(1) K + = ker ε|K ∈ MaxK and K + is an H-cosimple ideal.

I ⊂ K + H-costable⇒ HIH HMH
H -subobject of H

ε(I)=0⇒ HIH = 0.
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Freeness of quasi-Hopf algebras Skrayabin’s Freeness Theorem for quasi-Hopf algebras

Generalised Rank [Skryabin 2004]

Let R be a semilocal ring (i.e. R/JacR is semisimple) and let M be a
finitely generated right R-module.

MaxR denotes the set of maximal ideals of R.

P ∈ MaxR
rP(M) := lengthM/MP

lengthR/P .

(Well defined since R/P simple Artinian)
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Freeness of quasi-Hopf algebras Skrayabin’s Freeness Theorem for quasi-Hopf algebras

Lemma [Skryabin 2004]
R semilocal ring, M finitely generated right R-module. Assume
∃P ∈ MaxR with

rP(M) ∈ Z,
rP(M) ≥ rQ(M) for all Q ∈ MaxR.

Then there exists a generating system (mi)i∈I of M such that its image
in M/MP is an A/P-basis of M/MP.

M ∈ MR, then rP(M t ) = t · rP(M) ∈ Z for a suitable t .
Hence, the lemma holds for M = M t and any P ∈ MaxR with
rP(M) ≥ rQ(M) for all Q ∈ MaxR.
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Freeness of quasi-Hopf algebras Skrayabin’s Freeness Theorem for quasi-Hopf algebras

Main Lemma

M ∈ HMH
A finitely generated inMA. Assume ∃P ∈ MaxA with:

P H-cosimple ideal of A
rP(M) ≥ rQ(M) for all Q ∈ MaxR.

Then M t is a free A-module for a suitable t ∈ N

This follows from Skryabins Lemma and:

Lemma 1

M ∈ HMH
A finitely generated inMA.

Assume there exists an H-cosimple ideal I of A and a generating
system m1, . . . ,mn of M, such that the images of m1, . . . ,mn in M/MI
form an A/I-basis of M/MI.
Then m1, . . . ,mn form a basis of M.
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Proof of Main Theorem (2) and (3)

(2) Let M ∈ HMH
K

By (1) ∀P ∈ MaxK : P H-cosimple ideal.
Let P ∈ MaxK with rP(M) ≥ rQ(M) ∀Q ∈ MaxK
MainLemma⇒ M t ∼= K n ⇒ (M/MK +)t ∼= (K/K +)n ∼= kn KRS⇒
M ∼= K dim M/MK +

.

(M ∈ KMH
H : op-Version)

(3) H Frobenius⇒ K n ∼= H ∼= H∗ ∼= (K ∗)n inMK
KRS⇒ K ∼= K ∗ inMK .

Hence, K is a Frobenius algebra.
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The Antipode Property

Definition [Hausser and Nill, 1997]

pρ := p(1)
ρ ⊗ p(2)

ρ := φ
(−1)
ρ ⊗ φ(−2)

ρ βS(φ
(−3)
ρ ) ∈ A⊗ H

H is a right H-comodule algebra via ∆. Define pR := p∆.

Lemma 2

(M, δM) ∈ BMH
A :

δM(m(0))pρ(1A ⊗ S(m(1))) = pρ′(m ⊗ 1H),

∀m ∈ M.

Hannah Henker (LMU) Freeness of Quasi-Hopf Algebras 34 / 41



Freeness of quasi-Hopf algebras Skrayabin’s Freeness Theorem for quasi-Hopf algebras

Lemma 3

M ∈MA ⇒ M.⊗ .H.∈ HMH
A with

δM⊗H(m ⊗ h) = mφ(1)
ρ ⊗ h(1)φ

(2)
ρ ⊗ h(2)φ

(3)
ρ .

(M, δ) ∈ BMH
A ,

⇒ M.⊗ .H. θ→.H ⊗M., m ⊗ h 7→ hS−1(m(1)p
(2)
ρ )⊗m(0)p

(1)
ρ

is a (H,A)-bimodule morphism.

.H ⊗M.∈ HMH
A , with

δH⊗M(h ⊗m) := (θ ⊗ id)(δM⊗H(θ−1(h ⊗m))).

ψ : .H ⊗M. ⊗H. → .H ⊗M. ⊗ .H.,
h ⊗m ⊗ g 7→ h(1)p

(1)
R ⊗m ⊗ h(2)p

(2)
R g

is an (H,A⊗ H)-bimodule morphism.
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Proof of Lemma 1

Lemma 1

M ∈ HMH
A finitely generated inMA.

Assume there exists an H-cosimple ideal I of A and a generating
system m1, . . . ,mn of M, such that the images of m1, . . . ,mn in M/MI
form an A/I-basis of M/MI.
Then m1, . . . ,mn form a basis of M.

J := ρ−1(I ⊗ H)⇒ J is H-costable and J ⊂ I. Hence J = 0

Let a1, . . . ,an ∈ A with
∑

i miai = 0 then∑
i

δH⊗M(1⊗mi)ρ(ai) = 0

Claim: The images of δH⊗M(1⊗m1), . . . , δH⊗M(1⊗mn) form a basis
of (.H ⊗M.⊗ .H. )/(.H ⊗M.⊗ .H. )(I ⊗ H) in HM(A⊗H)/(I⊗H).

Hence ρ(ai) ⊂ I ⊗ H ∀i ⇒ ai ∈ J = 0.

⇒ m1, . . . ,mn form a basis of M inMA.
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Proof of claim: Antipode property implies: ∀m ∈ M:
pR((1⊗m)⊗ 1) = δH⊗M((1⊗m)(0)) pρ(1⊗ S((1⊗m)(1)))

⇒ 1⊗m ⊗ 1 = ψ−1(δH⊗M((1⊗m)(0))) pρ(1⊗ S((1⊗m)(1)))

Moreover, ∀x ∈ H ⊗M ∃ xj ∈ H, ai,j ∈ A, 1 ≤ i ≤ n, j ∈ S :
x =

∑
i,j xj ⊗mi ai,j :

⇒ ψ−1(δH⊗M(x)) =
∑
i,j

xj ψ
−1(δH⊗M(1⊗mi)) ρ(ai,j).

⇒ ψ−1(δH⊗M(1⊗m1)), . . . , ψ−1(δH⊗M(1⊗mn)) generate
.H ⊗M.⊗H., since 1⊗m1 ⊗ 1, . . . ,1⊗mn ⊗ 1 do.

Hence, δH⊗M(1⊗m1), . . . , δH⊗M(1⊗mn) generate .H ⊗M.⊗ .H..

The claim follows since 1⊗m1 ⊗ 1, . . . ,1⊗mn ⊗ 1 is a basis for
.H ⊗ (M/MI).⊗H.∼= (H ⊗M.⊗H. )/(H ⊗M.⊗H. )(I ⊗ H) in HMA/I⊗H .
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Proof of Proposition

Proposition
Equivalent:

(i) A is H-cosimple
(ii) Every maximal ideal of A is an H-cosimple ideal
(iii) There exists a maximal ideal of A which is H-cosimple

To show:

(iii)⇒ (ii)
“If A contains an H-cosimple ideal P ∈ MaxA then all Q ∈ MaxA are
H-cosimple ideals.”

Assume ∃ : Q ∈ MaxA, 0 6= J ⊂ Q H-costable ideal.

Let I 6= 0 minimal H-cosimple ideal of A
⇒ IJ = I (since I, J * P, I minimal), hence IQ = I

·H ⊗ I· ∈ HMH
A and rQ(.H ⊗ I. ) = 0.

Hence, ∃P0 ∈ MaxA which satisfies the requirements of the Main
Lemma⇒ (H ⊗ I)t ∼= An for suitable t ,n ∈ N.

This contradicts (H ⊗ I)Q = H ⊗ I (AQ = Q ( A)
Hence all maximal ideals of A are H-cosimple.
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Remark

The proof of the Main Theorem only works in the finite dimensional
case.

In proof of Proposition we need: H ⊗ I finitely generated
A-module, thus H has to be finite dimensional.
Main Lemma holds for A semilocal and A/I ⊗ H ⊗ Hop weakly
finite.
Not necessarily true if A finite dimensional and H weakly finite.
(Not clear under which conditions H ⊗ Hop is weakly finite)
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H finite dimensional quasi-Hopf algebra,
K right coideal subalgebra of H.
Then H is a free right and left K -module.
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