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3 CONTENTS

Note on the literature

The main references that we used in preparing these notes is the book of Gille and
Szamuely [GS17]. As always, Serre’s books [Ser62, Ser02] provide excellent accounts.
There is also very useful material contained in the Stack’s project [Sta] (available online).
Kersten’s book [Ker07] (in German, available online) provides a very gentle introduction
to the subject.

For the first part (on noncommutative algebra), we additionally used Draxl’s [Dra83|
and Pierce’s [Pie82], as well as Lam’s book [Lam05] (which uses the language of qua-
dratic forms) for quaternion algebras. For the second part (on torsors), we used the book
of involutions [KMRT98, Chapters V and VII].






Part 1

Noncommutative Algebra






CHAPTER 1

Quaternion algebras

This chapter will serve as an introduction to the theory of central simple algebras, by
developing some aspects of the general theory in the simplest case of quaternion algebras.
The results proved here will not really be used in the sequel, and many of them will be in
fact substantially generalised by other means. Rather we would like to show what can be
done “by hand”, which may help appreciate the more sophisticated methods developed
in the sequel.

Quaternions are historically very significant; since their discovery by Hamilton in
1843, they have played an influential role in various branches of mathematics. A particu-
larity of these algebras is their deep relations with quadratic forms, which is not really a
systematic feature of central simple algebras. For this reason, we will merely hint at the
connections with quadratic form theory.

1. The norm form

All rings will be assumed to be unital and associative (but often noncommutative!).
The set of elements of a ring R admitting a two-sided inverse is a group, that we denote
by R*.

We fix a base field k. A k-algebra is a ring A equipped with a structure of k-vector
space such that the multiplication map Ax A — A is k-bilinear. A morphism of k-algebras
is a ring morphism which is k-linear. Observe that the bilinearity of the multiplication
map implies that for any A € k and a € A

(1.1.a) Aa = (Aa)l = a(Al) = al.

If A is nonzero, the ring morphism k — A given by A +— Al is injective, and we will view
k as a subring of A.

In this chapter on quaternion algebras, we will assume that the characteristic of k is
not equal to two (i.e. 2 # 0 in k).

DEFINITION 1.1.1. Let a,b € k*. We define a k-algebra (a,b) as follows. A basis of
(a,b) as k-vector space is given by 1,4, j,4j. It is easy to verify that (a,b) admits a unique
k-algebra structure such that
(1.1.b) i’ =a, j=0b, ij=—ji.

We will call 4, j the standard generators of (a,b). An algebra isomorphic to (a,b) for some

a,b € k™ will be called a quaternion algebra.

Let us first formalise an argument that will be used repeatedly, in order to prove that
a given algebra is isomorphic to a certain quaternion algebra.
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LEMMA 1.1.2. Let A be a 4-dimensional k-algebra. If i,j € A satisfy the relations
(1.1.b) for some a,b € k™, then A ~ (a,b).

Proor. It will suffice to prove that the elements 1,4, 7,75 are linearly independent
over k. Since ¢ anticommutes with j, the elements 1,4, must be linearly independent
(recall that the characteristic of & differs from 2). Now assume that ij = u + vi + wyj,
with u,v,w € k. Then

0=1i(ij +ji) = i(if) + (i5)i = i(u + vi + wj) + (u + vi + wj)i = 2ui + 2av,
hence u = v = 0 by linear independence of 1,i. So ij = wj, hence ij? = wj? and thus
bi = bw, a contradiction with the linear independence of 1, 1. O

LEMMA 1.1.3. Let a,b € k*. Then

(i) (a,b) ~ (b, a),
(ii) (a,b) ~ (ac?,bB%) for any a, B € k*.

PROOF. (i) : We let ¢/, j/ be the standard generators of (b, a), and apply Lemma 1.1.2
with ¢ = 5’ and j = 7'

(i) : We let i, j" be the standard generators of (aa?,b3?), and apply Lemma 1.1.2
with i = =14 and j = f~15". O

The algebra M (k) of 2 by 2 matrices with coefficients in k is an example of quaternion
algebra:

LEMMA 1.1.4. For any b € k>, the k-algebra (1,b) is isomorphic to the algebra Ma (k)
of 2 by 2 matrices with coefficients in k.

ProOOF. The matrices

= ((1) _01),J: (‘1) 8) € My (k)

satisfy 12 =1,J%2 = b,IJ = —JI. Thus the statement follows from Lemma 1.1.2. O

From now on, the letter @ will denote a quaternion algebra over k. We will focus
on “intrinsic” properties of @, i.e. those that do not depend on the choice of a particular
isomorphism @ =~ (a,b) for some a,b € k*. Of course, the proofs may involve choosing
such a representation.

DEFINITION 1.1.5. An element ¢ € Q such that ¢> € k and ¢ € k* will be called a
pure quaternion.

LEMMA 1.1.6. Let a,b € k™ and x,y,z,w € k. The element x + yi + zj + wij in the
quaternion algebra (a,b) is a pure quaternion if and only if x = 0.

PRrOOF. This follows from the computation
(x +yi + 25 +wij)? = 22 + ay® + b2 — abw? + 2x(yi + 25 + wij). O

LEMMA 1.1.7. The subset Qg C Q of pure quaternions is a k-subspace, and we have
Q =k ® Qo as k-vector spaces.

PROOF. Letting a,b € k* be such that Q ~ (a,b), this follows from Lemma 1.1.6. O
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It follows from Lemma 1.1.7 that every ¢ € @ may be written uniquely as ¢ = ¢ + g2,
where ¢; € k and g2 is a pure quaternion. We define the conjugate of ¢ as § = q1 — qo.
The following properties are easily verified, for any p, ¢ € Q:

(i) 7=¢q

(i) =7 < q€k
(iv) g=—-7 <= q€ Qo
(V) qq € k.

(vi) q7 =1q.

(vil) pg =7p.

DEFINITION 1.1.8. We define the (quaternion) norm map N: Q — k by g — qq = qq.

Observe that the norm map is multiplicative:
N(pg) = N(p)N(q) forall p,q€Q.
If a,b € k* are such that @ = (a,b) and ¢ = x + yi + zj + wij with z,y, z,w € k, then
(1.1.c) N(q) = 2% — ay® — bz* + abw?®.
LEMMA 1.1.9. An element g € Q admits a two-sided inverse if and only if N(q) # 0.

PROOF. If N(q) # 0, then q is a two-sided inverse of N(q)~'g. Conversely, if p € Q
is such that pg = 1, then N(p)N(q) = 1, hence N(q) # 0. O

We will give below a list of criteria for a quaternion algebra to be isomorphic to
M> (k). In order to do so, we first need some definitions.

DEFINITION 1.1.10. A ring (resp. a k-algebra) D is called division if it is nonzero
and every nonzero element of D admits a two-sided inverse. Such rings are also called
skew-fields in the literature.

REMARK 1.1.11. Let A be a finite-dimensional k-algebra and a € A. We claim that a
left inverse of a is automatically a two-sided inverse. Indeed, assume that u € A satisfies
ua = 1. Then the k-linear morphism A — A given by = — ax is injective (as ax = 0
implies © = uax = 0), hence surjective by dimensional reasons. In particular 1 lies in its
image, hence there is v € A such that av = 1. Then u = u(av) = (ua)v = v.

Of course, a similar argument shows that a right inverse of a is automatically a
two-sided inverse.

DEFINITION 1.1.12. Let A be a commutative finite-dimensional k-algebra. The (al-
gebra) norm map N /;: A — k is defined by mapping a € A to the determinant of the
k-linear map A — A given by z — ax.

It follows from the multiplicativity of the determinant that
NA/k(ab):NA/k(a)NA/k(b) for all a,b€A.
When a € k, we consider the field extension

v - {

k if a is a square in k,
k[X]/(X? —a) if ais not a square in k.
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In the second case, let a € k(y/a) be such that a? = a (such an element is determined
only up to sign by the field extension k(y/a)/k). Every element of k(y/a) is represented
as « + ya for uniquely determined z,y € k, and

(1.1.d) Ny(yayw(@ +ya) = z? — ay?.

PrOPOSITION 1.1.13. Let a,b € k™. The following are equivalent.
(i) (a,b) is not a division ring.
(ii) The quaternion norm map (a,b) — k has a nontrivial zero.
(iv) We have b € Ny( a1 (k(va)).
(v) There are z,y € k such that ax® + by* = 1.
(vi) There are z,y,z € k, not all zero, such that ax?® + by? = 22.

PRrROOF. (i) = (ii) : The nonzero matrix

0 1
(0 0) c Mg(k)
is not invertible.

(ii) = (iii) : This follows from Lemma 1.1.9.

(iii) = (iv) : We may assume that a is not a square in k, and choose o € k(/a) such
that o2 = a. Let ¢ = = + yi + 2j + wij be a nontrivial zero of the norm map, where
x,y, z,w € k. Then by the formula (1.1.c)

0 =22 — ay® — bz% + abw?,

hence 22 — ay? = b(2? — aw?). Assume that 22 — aw? = 0. Then 2z = w = 0, because a

is not a square. Also z? — ay? = 0, and for the same reason x = y = 0. Thus ¢ = 0, a
contradiction. Therefore 22 — aw? # 0, and by (1.1.d)

2 —ay?®  Nyaymw(@+ya)

22 — aqw? Ni(ay/x(z +wa) kla)/k

x+ya)
z4+wa/’

(iv) = (v) : Let a € k(y/a) be such that a? = a. If a € k, then we may take x = o~}
and y = 0. If o € k, then by (iv) there are u,v € k such that b = Ny )/ (u+va). Then
b =u?—av? by (1.1.d). If u # 0, we may take z = vu~! and y = u~ 1.
u = 0. Then b = —av?, and in particular v # 0. Let

a+1 a—1
T = and y =
2a

Assume that

2av
Then
9 , a?+2a+1 a2—2a+17

2
_ _ 1.
“wy ia ia

az® + by? = ax

(v) = (vi) : Take z = 1.

(vi) = (i) : By Lemma 1.1.4 (and Lemma 1.1.3 (ii)) we may assume that a is not a
square in k, so that y # 0. Applying Lemma 1.1.14 below with u = zy~!,v = zy~' and
¢ = b yields (a,b) ~ (a,b?). Since (a,b?) ~ (1,a) (by Lemma 1.1.3), we obtain (i) using
Lemma 1.1.4 below. g

LEMMA 1.1.14. Let a,b,c € k*, and assume that au® + ¢ = v? for some u,v € k.
Then (a,b) ~ (a, bc).
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PROOF. Denote by ', j’ the standard generators of (a, bc). Set

i=1i, j=c Y vj +ui'j") € (a,bc).

The relation i'j’ 4+ j'i’ = 0 implies that ij 4+ ji = 0. We have i2 = 2> = a, and
3% = ¢ 2(bev? — abcu?) = be ' (v? — au?) = b.
It follows from Lemma 1.1.2 that (a, bc) ~ (a, b). O

DEFINITION 1.1.15. A quaternion algebra satisfying the conditions of Proposition 1.1.13
will be called split (observe that this does not depend on the choice of a,b € k*).

Note that Proposition 1.1.13 (v) provides an effective of checking whether a quater-
nion algebra is split, by looking at the solutions of a quadratic equation.

ExAMPLE 1.1.16. Assume that k is quadratically closed, i.e. that every element of k
is a square. Then for every a,b € k>, we have (a,b) ~ (1,b) ~ Mz(k) by Lemma 1.1.4
(and Lemma 1.1.3 (ii)). Therefore every quaternion k-algebra splits.

ExaMPLE 1.1.17. Assume that the field & is finite, with ¢ elements. As the group
k> is cyclic of order g — 1, there are exactly 1 + (¢ — 1)/2 squares in k. Thus the sets
{ax?|z € k} and {1 — by®|y € k} both consist of 1+ (¢ — 1)/2 elements; as subsets of
the set k having ¢ elements, they must intersect. It follows from the criterion (v) in
Proposition 1.1.13 that (a, b) splits. Therefore every quaternion algebra over a finite field
1s split.

ExaMpPLE 1.1.18. Let ¥ = R. The quaternion algebra (—1,—1) is not split, by
Proposition 1.1.13 (v). Since k* /k*? = {1, -1}, and taking into account Lemma 1.1.4
(as well as Lemma 1.1.3), we see that there are exactly two isomorphism classes of k-
algebras, namely Ms(k) and (—1,—1).

Let us record another useful consequence of Lemma 1.1.14.
PROPOSITION 1.1.19. Let a,b,c € k*. If (a,c) is split, then (a,bc) ~ (a,b).

PROOF. Since (a,c) is split, by Proposition 1.1.13 (iv) and (1.1.d) there are u,v € k
such that ¢ = v2 — au?. The statement follows from Lemma 1.1.14. O

PROPOSITION 1.1.20. Let Q,Q’ be quaternion algebras, with respective pure quater-
nion subspaces Qo, Qy. Then Q ~ Q' if and only if there is a k-linear map ¢: Qo — Q)
such that ©(q)? = ¢ € k for all ¢ € Q.

PROOF. Let 9: Q@ — Q' be an isomorphism of k-algebras. If ¢ € Qo, then

V() =9(¢®) =q* €k, and P(q) € Y(k*) = k*,

so that ¥(q) € Q). So we may take for ¢ the restriction of .

Conversely, let ¢: Qo — Qf be a k-linear map such that ¢(q)? = ¢* € k for all ¢ € Q.
We may assume that @ = (a,b) with its standard generators i, j. We have (i) = i2 = a
and ¢(j)? = j? = b, and

P(D)9() + (e (i) = o0 +3)* = 9(i)* = 9(4)* = (i+3)* —i* = j* = ij + ji = 0.
By Lemma 1.1.2 (applied to the elements (i), ¢(j) € Q'), we have Q' ~ (a, b). O
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The norm map N: Q — k is in fact a quadratic form. The next corollary is a refor-
mulation of Proposition 1.1.20, assuming some basic quadratic form theory. It illustrates
the strong connections between the theories of quaternion algebras and quadratic forms.
It can be safely ignored, and will not be used in the sequel.

COROLLARY 1.1.21. Two quaternion algebras are isomorphic if and only if their norm
forms are isometric.

PROOF. Let Q be a quaternion algebra and N: () — k its norm form. Note that
N(q) = —¢? for all ¢ € Qy. The subspaces k and Qo are orthogonal in @ with respect
to the norm form N, and N|; = (1). So we have a decomposition N ~ (1) L (N|g,).
This quadratic form is nondegenerate (e.g. by (1.1.c)), hence a morphism ¢ as in Propo-
sition 1.1.20 is automatically an isometry. The corollary follows, by Witt’s cancellation
Theorem (see for instance [LamO05, Theorem 4.2]). O

2. Quadratic splitting fields

DEFINITION 1.2.1. The center of a ring R is the set of elements r € R such that
rs = sr for all s € R. As observed in (1.1.a), the center of a nonzero k-algebra always
contains k. A nonzero k-algebra is called central if its center equals k.

LEMMA 1.2.2. Every quaternion algebra is central.

PROOF. We may assume that the algebra is equal to (a,b) with a,b € k*. Consider
an arbitrary element ¢ = z+yi+zj+wij of (a,b), where z,y, z, w € k. Easy computations
show that gi = iq if and only if 2 = w = 0, and that ¢j = jgifand only if y =w =0. O

REMARK 1.2.3. Let a,b € k*. We claim that (a,b) contains a subfield isomorphic
to k(y/a). To see this, we may assume that a is not a square in k. Then the morphism
of k-algebras k(yv/a) = k[X]/(X? —a) — (a,b) given by X ~ i is injective (because its
source is a field, and its target is nonzero).

PROPOSITION 1.2.4. Let D be a central division k-algebra of dimension 4. Assume
that D contains a k-subalgebra isomorphic to k(y/a) for some a € k which is not a square
in k. Then D ~ (a,b) for some b € k*.

PrOOF. Let L C D be a subalgebra isomorphic to k(yv/a), and o € L such that
a? = a. Since a does not lie in the center of D, there is € D such that za # ax. Then
B = a lza — z is nonzero. Using the fact that a? = a is in the center of D, we see that

fa=atza? — za = ar — za = —af.

Multiplying with 8 on the left, resp. right, we obtain 2« = —Baf, resp. Baf = —aS2.
It follows that 42 commutes with «. Since 3 does not commute with a, we have 3 & L.
Therefore the L-subspace of D generated by 1, 8 has dimension 2 over L, hence dimension
4 over k, and thus coincides with D by dimensional reasons. In particular the k-algebra
D is generated by «, 8. Since 82 commutes with a and 3, it lies in center of D, so that
b= B2 € k*. It follows from Lemma 1.1.2 (applied with i = a, j = 3) that D ~ (a,b). O

LEMMA 1.2.5. Let D be a central division k-algebra of dimension 4 and d € D — k.
Then the k-subalgebra of D generated by d is a quadratic field extension of k.
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PROOF. The powers d' for i € N are linearly dependent over k (as D is finite-
dimensional), hence there is a nonzero polynomial P € k[X] such that P(d) = 0. Since D
contains no nonzero zerodivisors (being division), we may assume that P is irreducible.
Then X +— d defines a morphism of k-algebras k[X]|/P — D. Since k[X]/P is a field and
D is nonzero, this morphism is injective. Its image L is a field, and coincides with the
k-subalgebra of D generated by d. Now D is a vector space over L, and dimy, D-dimy L =
dimg D = 4. We cannot have dimy L = 4, for D = L would then be commutative, and so
would not be central over k. The case dimy L = 1 is also excluded, since by assumption
d & k. So we must have dimy L = 2. O

We thus obtain an intrinsic characterisation of quaternion division algebras (recall
that a quaternion algebra is either split or division, by Proposition 1.1.13):

COROLLARY 1.2.6. Every central division k-algebra of dimension 4 is a quaternion
algebra.

PROOF. Since k has characteristic different from 2, every quadratic extension of &
has the form k(+/a) for some a € k*. Thus D contains such an extension by Lemma 1.2.5,
and the statement follows from Proposition 1.2.4. O

If L/k is a field extension and @ is a quaternion k-algebra, then Q; = Q ® L is
naturally a quaternion L-algebra. Note that for any ¢ € @Q and A € L we have

(1.2.2) qRA=7®X ; N(g®X) =N(q)®\.

DEFINITION 1.2.7. We will say that Q splits over L, or that L is a splitting field for
Q, if the quaternion L-algebra @y, is split.

ExaMPLE 1.2.8. Let @ be a quaternion k-algebra which splits over the purely tran-
scendental extension k(t). Writing @ =~ (a,b) for some a,b € k*, this means that
ar? + by? = 22 has a nontrivial solution in k(t), by Proposition 1.1.13. Clearing de-
nominators we may assume that z,y,z € k[t], and that one of z,y, z is not divisible by
t. Then z(0),y(0),2(0) is a nontrivial solution in k, hence @ splits. Therefore every
quaternion algebra splitting over k(t) splits over k.

PROPOSITION 1.2.9. Let a € k* and Q be a quaternion algebra. Assume that a is
not a square in k. Then the following are equivalent:
(i) Q ~ (a,b) for some b € k*.
(1) Q splits over k(y/a).
(iii) The k-algebra Q contains a subalgebra isomorphic to k(y/a).

PROOF. (i) = (ii) : Since a is a square in k(y/a), we have (a,b) ~ (1,b) over k(y/a),
which splits by Lemma 1.1.4.

(ii) = (iii) : If @ is split, then @ ~ (1,a) ~ (a,1) by Lemma 1.1.4, and (iii) was
observed in Remark 1.2.3. Thus we assume that @ is division. Let o € k(y/a) be such
that o® = a. Then there are p,q € Q not both zero such that N(p® 1+ q® ) = 0 by
Proposition 1.1.13. Set r = pg € Q. In view of (1.2.a), we have

0=(p®1l+¢@a)(pRl+g®a)=(N({)+aN(q) @1+ (r+7) @«
We deduce that N(p) = —aN(g) and that r is a pure quaternion. Now
r? = =17 = —pgqp = —N(p)N(q) = aN(q).
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Note that N(q) # 0, for otherwise N(p) = —aN(q) = 0, and thus ¢ = p = 0 (by
Lemma 1.1.9, as @ is division), contradicting the choice of p,q. The element s =
N(g)~'r € Q satisfies s> = a. Mapping X to s yields a morphism of k-algebras
k[X]/(X? —a) — @, and (iii) follows.

(ili) = (i) : If @ is not division, then @ ~ (1,a) ~ (a,1) by Lemma 1.1.4, so
we may take b = 1 in this case. If @ is division, the implication has been proved in
Proposition 1.2.4. O

3. Biquaternion algebras

Let Q, Q' be quaternion algebras. Denote by Qo, Q; the respective subspaces of pure
quaternions.

DEFINITION 1.3.1. The Albert form associated with the pair (@, Q') is the quadratic
form Qo @ Q) — k defined by q + ¢’ — ¢’*> — ¢° for ¢ € Qo and ¢’ € Q.

THEOREM 1.3.2 (Albert). Let Q,Q’ be quaternion algebras. The following are equiv-
alent:
(i) The ring Q ®; Q' is not division.
(i) There exist a,b',b € k™ such that Q ~ (a,b) and Q" ~ (a,b).
(iii) The Albert form associated with (Q,Q’) has a nontrivial zero.

ProoOF. (ii) = (iii) : If i € Qo and i/ € Q) are such that i = a = 4’2, then
i—1 € Qo® Q) is a nontrivial zero of the Albert form.
(iii) = (i) : If ¢ € Qo and ¢’ € Q) are such that ¢> = ¢’? € k, we have in Q ®j, Q’

(q21-12¢)(¢e1+1®q)=0.

As QoNk =01in Q (see Lemma 1.1.7) we have (Qo ®; k) N (k Q% Q) = 0 in Q ® Q
(exercise), hence ¢®1#1® ¢ and ¢® 1 # —1 ® ¢’. Thus the above relation shows that
qg®1—1® ¢ is a nonzero noninvertible element of Q ®; Q’.

(i) = (ii) : We assume that (ii) does not hold, and show that Q ®j Q' is division. In
view of Lemma 1.1.4 none of the algebras @, Q' is isomorphic to My(k), so @ and Q' are
division by Proposition 1.1.13. We may assume that Q' = (a,b) for some a,b € k*, and
denote by 7,j € Q' the standard generators. Since Q' is division, the element «a is not a
square in k (by Lemma 1.1.4). The subalgebra L of ) generated by i is a field isomorphic
to k(y/a) (Remark 1.2.3). Since (ii) does not hold, Proposition 1.2.9 implies that the ring
@ Ry L remains division.

In view of Remark 1.1.11, it will suffice to show that any nonzero z € Q ® Q' admits
a left inverse. Since 1,j is an L-basis of @', we may write z = p; + p2(1 ® j) where
p1,p2 € Q ®k L. If po = 0, then x belongs to the division algebra @ ®j L, hence admits
a left inverse. Thus we may assume that ps is nonzero, hence invertible in the division
algebra (Q ®x L. Replacing x by p5 1, we come to the situation where p, = 1. So we find
q1,q2 € Q such that, in Q ®; Q’

r=q®1+¢Ri+1a7.

Assume that g1qo = g2q1. Let K be the k-subalgebra of @ generated by ¢1,g2. We
claim that if K # k, then K is a quadratic field extension of k. Indeed, this is true by
Lemma 1.2.5 if ¢; € k, so we will assume that ¢; € k. Then the k-subalgebra K; of @

generated by ¢ is a quadratic field extension of k, by the same lemma. If ¢ ¢ K7, then
1, g2 is a K;-basis of @, so that K = . This is not possible since g; and ¢o commute (as
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Q is central). Thus ¢o € K;, and K = K is as required, proving the claim. If K # k,
then Proposition 1.2.9 thus implies that @ splits over K, and since (ii) does not hold, by
the same proposition K ®j, Q' must remain division. This conclusion also holds if K = k.
Thus in any case z € K ®; Q" admits a left inverse.

So we may assume that ¢1q2 # q2q1. Let y= 1 ® 1 — 2 ®1—1®j € Q ®; Q'. Then

yr=(01-@ei-10)((e1+@oit+le))
=((®l-@e)(®l+qpei)—1;j° as ji = —ij
= ®1l—a3 ®1+ (@12 — 1) ®i—b® 1.

Thus yz belongs to the division subalgebra @Q ®; L. This element is also nonzero (since
4192 # q2q1), hence admits a left inverse. Therefore x admits a left inverse. O

LEMMA 1.3.3. For any a,b,c € k™, we have
(a,b) ®% (a,c) ~ (a,bec) @ Ma(k).
PROOF. Let i, j, resp. 7/, j, be the standard generators of (a,b), resp. (a,c). Consider
the k-subspace A of (a,b) ® (a,c) generated by
Iel, i®l, joj, ijoj.
Then A is stable under multiplication. So is the k-subspace A’ generated by
1®1, 15, i®id, i®j7.
There are isomorphisms of k-algebras
A~ (a,be) 5 A ~(c,a®) ~ (¢, 1) ~ My(k).
Moreover every element of A commutes with every element of A’. Therefore the k-linear
map f: ARk A" — (a,b) ® (a,c) given by z ® y — xy = yx is a morphism of k-algebras;
its image visibly contains the elements
i®l, 17, j®l, 1xj.
Since these elements generate the k-algebra (a, b)®y (a, ¢), we conclude that f is surjective,
hence an isomorphism by dimensional reasons. O
PROPOSITION 1.3.4. Let Q,Q’ be quaternion algebras. Then
Q~Q <= Q&rQ = Myk).
PROOF. If Q ~ Q' ~ (a,b) for some a,b € k*, then Q ®;, Q' ~ (a,b?) @i Ma(k) by
Lemma 1.3.3, and (a,b?) ~ (a,1) ~ Ms(k). Now My (k) @ Ms(k) ~ My(k) (exercise).
Assume now that Q ®;, Q' ~ M, (k). Since My (k) is not division, by Albert’s Theo-
rem 1.3.2, there are a,b, ¢ € k™ such that Q ~ (a,b) and Q' ~ (a, ¢). If (a, bc) splits, then
Proposition 1.1.19 implies that (a,b) ~ (a,bc) ~ (a,c), as required. So we assume that
D = (a,be) is division, and come to a contradiction. By Lemma 1.3.3, we have

My(k) ~ Q ®k Q' =~ (a,b) ®y (a,c) ~ (a,bc) @ Ma(k) ~ My(D).
The element of M (D) corresponding to the matrix
0 0

e My(k)

o O o
o= o o

0 1
0 0
0 0
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is an endomorphism ¢ of the left D-module D®? = De; & Dey such that ¢3 # 0 and
o* = 0. Since ¢ is not injective (as ¢* is not injective), the kernel of ¢ contains an
element Aje; + Ages, where A, Ao € D are not both zero. Upon exchanging the roles of
e1 and ey, we may assume that \; # 0. Let f = p(e2). Then ¢(e1) = —A7 Ao f, hence
©(D%%) = Df. Thus o(f) = puf for some pu € D, and

0= p(e2) = ¢°(f) = 1’f.
If u # 0, then f = p3u®f = 0, which implies that ¢ = 0, a contradiction. Thus p = 0,

and 2 = 0, another contradiction. O

REMARK 1.3.5. A tensor product of two quaternion algebras is called a biquaternion
algebra. Tt follows from Theorem 1.3.2 and Lemma 1.3.3 that such an algebra is either
division, or isomorphic to My(D) for some division quaternion algebra D, or to My(k).
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EXERCISES

Exercise 1.1. Let a € k*. Show that:
(a, —a) splits.
If @ # 1, then (a,1 — a) splits.
(a,a) ~ (a,—1).
(a,—1) splits if and only if a is a sum of two squares in k.

(i)
(i)
(ii)

)

(iv

Exercise 1.2. (Chain Lemma.) Let a,b,c,d € k* be such that (a,b) ~ (¢,d). We
are going to prove that there is e € k* such that
(a,b) ~ (e,b) = (e,d) ~ (¢, d).
So we let @ be such that (a,b) ~ Q ~ (¢, d).
(i) Let 4,7, resp. ¢, ', be the images in @ of the standard generators of (a,b), resp.
(¢,d). Show that 4, 7,4, 5" € Qo.
(ii) Let V be the k-subspace of Qg generated by j, j'. Show that the morphism ¢: Qo —
Homy (V, k) sending g € Qo to the map v — qu + vq is not injective.
(iii) Deduce that there is a nonzero € € Qg such that £j = —je and ¢’ = —j’e.
(iv) Show that e = &2 € k, and conclude.

Exercise 1.3. Let L/k be a field extension of odd degree and @ a quaternion k-
algebra. Show that @ splits if and only if @ ®j L splits over L. (Hint : use the splitting
criterion involving the norm of quadratic field extensions, and the properties of field
norms.)

Exercise 1.4. Show that every quaternion algebra can be realised as a subalgebra
of M4(/€)

Exercise 1.5. Let kK = Q, and consider that quaternion algebra @ = (=1, —1) over
k. Let £ € C be a primitive 5-th root of 1, and K C C be the field extension generated
by &.
(i) Show that Qg splits.
(ii) Determine the subfields of K.
(iii) Deduce that K contains no quadratic extension splitting Q.

Exercise 1.6. Show that every element of a quaternion k-algebra satisfies a quadratic
equation over k.

Exercise 1.7. Let D be a division k-algebra. We assume that for every d € D,
there is a nonzero polynomial P € k[X] of degree < 2 such that P(d) = 0. We are going
to prove that one of the following must happen (in particular, the k-algebra D must be
finite-dimensional!):

— D=k,
— D is a quadratic field extension of k,
— D is a quaternion k-algebra.

Let us assume that D # k.
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(i) Show that there is i € D — k and a € k such that i2 = a.
(ii) Let K be the k-subalgebra of D generated by i. Show that K is a field and that
[K : k] =2.

(iii) Let ¢: D — D be the map d ~ i~1di. Show that ¢? = id, and that D = Dy & D_

as K-vector spaces, where D, = ker(p —id), D_ = ker(y +id).

(iv) Show that D is a K-subalgebra of D.

(v) Let oo € Dy and F the K-subalgebra of D, generated by «. Show that F' is a field.

(vi) Show that a € K.

(vii) Deduce that D} = K.

(viii) Let now 8,5’ € D_. Show that 88’ € D, and deduce that dimg D_ € {0,1}.

(ix) Assume that dimg D_ =1, and let j be a nonzero element of D_. Let A € k[X] be
a nonzero polynomial of degree < 2 such that A(j) = 0. Show that A(—j) =0, and
deduce that j2 € k.

(x) Conclude.
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CHAPTER 2

Simple algebras

In this chapter, we develop the general theory of finite-dimensional simple algebras
over a field. Wedderburn’s Theorem asserts that such algebras are matrix algebras over
(finite-dimensional central) division algebras. This theorem plays a key role in the theory,
because it permits to reduce many proofs to the case of division algebras, where the
situation is often more tractable.

The tensor product of simple algebras need not be simple. We prove that this is
however the case when one factor is additionally central. The notion of commutant
(also called centraliser) generalises that of center of an algebra. Applied to a subalgebra,
this yields another subalgebra, which in some respects behaves as a dual to the original
subalgebra. Our analysis of the commutant will be used in the next chapter to investigate
the so-called “maximal subfields” of division algebras.

We conclude this chapter with Skolem—Noether’s Theorem, which essentially de-
scribes the automorphism group of finite-dimensional central simple algebras, by asserting
that all such automorphisms are inner (that is, given by the conjugation by some invertible
element).

1. Wedderburn’s Theorem

A module (resp. ideal) will mean a left module (resp. ideal). When R is a ring, the
ring of n by n matrices will be denoted by M,,(R). If M, N are R-modules, we denote
the set of morphisms of R-modules M — N by Hompgr(M,N). If M is an R-module,
the set Endr(M) = Hompg(M, M) is naturally an R-algebra, and we will denote by
Autp(M) = (Endg(M))™ the set of automorphisms of M.

The letter k£ will denote a field, which is now allowed to be of arbitrary characteristic.

DEFINITION 2.1.1. Let R be a ring. An R-module is called simple if it has exactly
two submodules: zero and itself.

LEMMA 2.1.2 (Schur). Let R be a ring and M a simple R-module. Then Endr(M)
18 a division ring.

PROOF. Let ¢ € Endgr(M) be nonzero. The kernel of ¢ is a submodule of M unequal
to M. Since M is simple, this submodule must be zero. Similarly the image of ¢ is a

nonzero submodule of M, hence must coincide with M. Thus ¢ is bijective, and it follows
that ¢ is invertible in Endg(M). O

DEFINITION 2.1.3. Let R be a ring. The opposite ring R°P is the ring equal to R
as an abelian group, where multiplication is defined by mapping (x,y) to yz (instead of
ay for the multiplication in R). Note that if R is a k-algebra, then R°P is naturally a
k-algebra.
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Observe that:
() R = (RoP)°r.
(ii) Every isomorphism R ~ S induces an isomorphism R°P ~ S°P.
(iii) If R is simple, then so is R°P.
(iv) Transposing matrices induces an isomorphism M, (R)°P ~ M, (R°P).

LEMMA 2.1.4. Let R be a ring (resp. k-algebra) and e € R such that e* = e. Then
S = eRe is naturally a ring (resp. k-algebra), which is isomorphic to Endr(Re)°P.

ProOF. Consider the ring morphism ¢: S — Endg(Re)°P sending s to the morphism
x +— xs. Observe that ¢(s)(e) = s for any s € S, hence ¢ is injective. If f: Re — Re is a
morphism of R-modules, we may find » € R such that f(e) = re. Then for any y € Re,
we have ye = y, hence

f(y) = f(ye) = yf(e) = yre = yere = p(ere)(y),
so that f = p(ere), proving that ¢ is surjective. O

DEFINITION 2.1.5. A ring is called simple if it has exactly two two-sided ideals: zero
and itself.

REMARK 2.1.6. A division ring (Definition 1.1.10) is simple.

We now collect a few facts concerning matrix algebras, that are proved using explicit
manipulations of the matrix coefficients.

PROPOSITION 2.1.7. Let R be a ring and n € N — 0. We view R as the subring of
diagonal matrices in M,(R).
(i) If the ring R is simple, then so is My (R).
(i) The rings R and M, (R) have the same center (Definition 1.2.1).
(iii) Assume that R is a division ring (resp. division k-algebra). Then M, (R) possesses
a minimal nonzero ideal. If I is any such ideal, then R ~ Endy, ry(I)°P.

Proor. We will denote by e; ; € M, (R) the matrix having (¢, j)-th coefficient equal
to 1, and all other coefficients equal to zero. These elements commute with the subring
R C M,(R), and generate M, (R) as an R-module. Taking the (i, j)-th coefficient yields
a morphism of two-sided R-modules v; ;: M,(R) — R. For any m € M,,(R), we have

m = E Yij(m)e; ; = E:ew%d

ij=1 ij=1
and
(2.1.a) eximej; = ;(m)eg; foralli, jk,le{l,...,n}

(i) : Let J be a two-sided ideal of M,,(R). Then there is a couple (4, j) such that the
two-sided ideal ~y; ;(J) of R is nonzero, hence equal to R by simplicity of R. Thus there
is m € J such that ; ;(m) = 1, and (2.1.a) implies that e;; € J for all k,l. We conclude
that J = M,,(R).

(i) : Let k,l € {1,...,n} and m € M, (R). Then

€L 1m = E ’Yz,j ek:lez,] E ’yl,] ek,ja

3,5=1
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n n
mey, = Z Yij(m)eijexy = Z%’,k(m)ei,l-
ij=1 i=1
Assume that m commutes with ey ;. Then 7 x(m) = v, (m), and ~; ,(m) = 0 for i # k.
It follows that the center of M, (R) is contained in R, hence in the center of R. Conversely,
any element of the center of R certainly commutes with every matrix.

(iii) : Let us write B = M, (R). For r = 1,...,n, consider the ideal I, = Be,, of
B. Let m be a nonzero element of I,. There is a couple (k,4) such that ex,m # 0. As
(err)? = erp, we have m = me,. .. It follows from (2.1.a) that ~; .(m)ex, = exim. In
particular 7, ,(m) # 0, and

—1
Err = Er kCkr = er,k:'ykr,r(m) €L, € Bma

and therefore I, C Bm. We have proved that I,. is a simple B-module, or equivalently
a minimal nonzero ideal of B. If I is any other such ideal, then there is a surjective
morphism of B-modules B — I (as I must be generated by a single element). Since
the natural morphism I & --- @ I, — B is surjective (as e; ; = e; je;; € I; for all ¢, j),
the composite I, — I must be nonzero for some r, hence an isomorphism as both I,
and I are simple (see the proof of Lemma 2.1.2). Now the map R — e, ,Be,, given by
x — ey, is aring (resp. k-algebra) isomorphism (with inverse ,.,.). Thus it follows from
Lemma 2.1.4 that R ~ Endp(1,.)°? ~ Endg(I)°P. O

The main interest of Proposition 2.1.7 (iii) is that it permits to recover R from M, (R)
when R is division. We deduce that following “unicity” result:

COROLLARY 2.1.8. If D, E are diwision rings (resp. division k-algebras) such that
M, (D) ~ M,,(E) for some nonzero integers m,n, then D ~ E.

PRrROOF. By Proposition 2.1.7 (iii), here is a minimal nonzero ideal I of M, (D).
The corresponding ideal J of M,,(E) is also a minimal nonzero ideal, hence by Proposi-
tion 2.1.7 (iii) again

D ~ EDdMn(D)(I)Op ~ EHde(E)(J)Op ~ F. O

DEFINITION 2.1.9. A ring R is called artinian if every descending chain of ideals
stabilises. This means that if I,, for n € N are ideals of R such that I, C I,, for all n,
then there exist N € N such that I,, = Iy for all n > N.

EXAMPLE 2.1.10. Every finite-dimensional k-algebra is an artinian ring.

REMARK 2.1.11. In the literature, the artinian property is sometimes included in the
definition of simple rings. So what we call “artinian simple rings” are simply referred to
as “simple rings”.

PROPOSITION 2.1.12. Let A be an artinian simple ring.

(i) There is a unique simple A-module, up to isomorphism.
(i1) FEvery finitely generated A-module is a finite direct sum of simple A-modules.

PROOF. Since A is artinian, it admits a minimal nonzero ideal S. Then S is a simple
A-module. Moreover the two-sided ideal SA generated by S in A is nonzero, hence
SA = A by simplicity of A. In particular there are elements ai,...,a, € A such that
1€ Say + -+ + Sa,. We have thus a surjective morphism of A-modules S®7 — A given
by (81,...,8p) = s1a1 + -+ + Spap.



2. SIMPLE ALGEBRAS 22

Let now M be a finitely generated A-module. Then M is a quotient of A®Y for some
integer ¢, hence a quotient of S for some integer n (namely n = pq). Choose n minimal
with this property, and denote by N the kernel of the surjective morphism S®* — M.
For i = 1,...,n, denote by m;: S®* — S the projection onto the i-th factor. If N # 0,
there is ¢ such that m;(IN) # 0. Since S is simple, this implies that m;(N) = S. Let now
m € M, and s € S®" a preimage of m. Then there is z € N such that m;(z) = m;(s).
The element s — z is mapped to m in M, and belongs to ker m; ~ S®"~1. This yields a
surjective morphism S®"~! — M, contradicting the minimality of n. So we must have
N =0, and S®" ~ M. This proves the second statement.

If M is simple, we must have n = 1. Now a simple module is necessarily finitely
generated, so (i) follows. O

THEOREM 2.1.13 (Wedderburn). Let A be an artinian simple ring (resp. a finite-
dimensional simple k-algebra). Then A is isomorphic to M, (D) for some integer n and
division ring (resp. finite-dimensional division k-algebra) D. Such a ring (resp. k-algebra)
D is unique up to isomorphism, and the centers of A and D are isomorphic.

PROOF. Recall that in any case A is artinian (Example 2.1.10). Let S be a simple
A-module, which exists by Proposition 2.1.12. Then the ring E' = End 4(5) is division by
Schur’s Lemma 2.1.2. By Proposition 2.1.12 there is an integer n such that A ~ S®" as
A-modules. In view of Lemma 2.1.4 (with R = A and e = 1), we have

A =Ends(A)P ~ Ends(S9™)°P = M, (End4(S))°? = M, (E)°® = M, (E°P).
Thus we may take D = E°P. Unicity was proved in Corollary 2.1.8, and the last statement
follows from Proposition 2.1.7 (ii). O

2. The commutant

If A, B are k-algebras, their tensor product A ®; B is naturally a k-algebra. We will
use without explicit mention the isomorphism

(2.2.a) ARy B~B®rA ; a®b—bRa.

In this section, we consider the problem of determining whether a tensor product of simple
algebras is simple.

DEFINITION 2.2.1. Let R be a ring and £ C R a subset. The set
Zr(E) ={r € Rler =reforalle € E}

is a subring of R, called the commutant of E in R. We say that an element of R commutes
with E if it belongs to Zg(F). Recall from Definition 1.2.1 that Z(R) = Zg(R) is called
the center of R, and that a nonzero k-algebra A is called central if Z(A) = k.

LEMMA 2.2.2. The center of a simple ring is a field.

PROOF. Let R be a simple ring, and x a nonzero element of Z(R). Then Rz is a
nonzero two-sided ideal of R (it coincides with zR), hence Rz = R. Thus we find y € R
such that yz = 1. Since X € Z(R), we also have zy = 1. For any r € R, we have

yr = yr(zy) = y(re)y = y(zr)y = (yr)ry = ry,
proving that y € Z(R). O

Let us investigate the interactions between the tensor product and commutant.
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LEMMA 2.2.3. Let A, B be k-algebras. If A’ C A is a subalgebra and B # 0, then
Zag,(A @ k) = Z4(A") @ B.

PROOF. Let C' = Z45, (A’ ®1 k). Certainly Z4(A") ®; B C C. Any element ¢ € C
may be written as ¢ = a1 ® by + - - + a, ® b, for some n € N, with aq,...,a, € A and
b1,...,b, € B. We may additionally assume that by, ...,b, are linearly independent over
k. Let o’ € A’. Then ¢ commutes with ¢’ ® 1, hence we have in A ® B

0=cld®1)—(d ®1)c=(a1d —d'a1) @by + -+ + (ap,a’ — d'a,) @ by,.

The linear independence of by, ..., b, implies that the k-subspaces A ®g b1k, ..., AQk bk
are in direct sum in A ®; B (exercise), and we conclude that each a; commutes with a’.
We have proved that C C Z4(A’) @ B. O

PROPOSITION 2.2.4. Let A, B be k-algebras. Let A’ C A and B’ C B be subalgebras.

Then
Zag.p(A' @ B') = Za(A') @ Z5(B').

PROOF. We may assume that A and B are nonzero. Let C' = Z4g, p(A’®% B’). Then
C contains Z4(A") @, Zp(B’). Conversely by Lemma 2.2.3 (and (2.2.a)), the subalgebra
C C A ®y B is contained in

Za0uB(A' @ k)N Zag,B(k @k B') = (Z4(A") @x B) N (A ZB(B")),

which coincides with Z4(A") @, Z5(B’) (exercise). O

PROPOSITION 2.2.5. Let A, B be k-algebras. If the ring AQy B is simple, then so are
A and B.

PrOOF. Let I C A be a two-sided ideal. Then the k-algebra C = A/I is nonzero.
Consider the commutative diagram

A ! C
al—>a®1i icr—)c@l
ARy, B felds C®, B

Since A ®y B # 0 (being simple), we have B # 0. As C # 0, we must have C ®; B # 0
(exercise). By simplicity of A ®; B, the ring morphism f ® idg is injective. Since the
left vertical morphism in the above diagram is also injective (exercise), it follows that f
is injective, or equivalently that I = 0. This proves that A is simple (and so is B by
symmetry). O

PROPOSITION 2.2.6. Let A be a central simple k-algebra and B a simple k-algebra.
Then the k-algebra A Qi B is simple.

PROOF. Let I C A ®; B be a two-sided ideal. Let i = a1 @ by +--- +a, ® b,, be
a nonzero element of I, where n € N — 0, with ay,...,a, € A and by,...,b, € B. We
assume that n is minimal, in the sense that if ¢f ®b] +---+al, @b/ is a nonzero element
of I, then m > n. Consider the following subset of A:

H={a; €Ala; ®b; +- -+ a, @by, € I for some ay,...,a, € B}.
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The set H is a two-sided ideal of A, and it is nonzero since it contains a; # 0. By
simplicity of A, it follows that H = A, and in particular 1 € H. We may thus assume
that a; = 1. Then for any a € A, we have

(a®1)i—i(a®1) = (aas — aza) @ bs + - - - + (aa, — apa) b, € I.
By minimality of n, we must have (¢ ® 1)i = i(a ® 1). Thus, by Lemma 2.2.3 and the
fact the A is central
i€ Zag,B(A®r k) =Z4(A)®r B =k B.

Therefore 7 is of the form 1 ® b for some b € B. The subset J ={be B|ll®be I} isa
two-sided ideal of B. It is nonzero (as it contains 7), hence coincides with B by simplicity
of B. Thus J contains 1 € B, which implies that I contains 1 € A® B, hence I = AQ;B.
We have proved that the ring A ®j B is simple. O

REMARK 2.2.7. The assumption that one factor is central is necessary in Proposi-
tion 2.2.6 (take A = B = L, where L/k is, say, a quadratic field extension).

We can now summarise our results as follows:

COROLLARY 2.2.8. Let A, B be k-algebras. Then the k-algebra A ®y B is central
simple if and only if A and B are central simple.

PRroOF. Combine Proposition 2.2.6, Proposition 2.2.4 and Proposition 2.2.5. O
In order to proceed further, let us restrict ourselves to finite-dimensional algebras.

PROPOSITION 2.2.9. Let A be a finite-dimensional central simple k-algebra. Then the
morphism ¢: A @ AP — Endy(A) mapping a @b to x — axb is an isomorphism.

PROOF. The map ¢ is a nonzero morphism of k-algebras (because Endy(A) # 0, as
A is simple), and its kernel is a two-sided ideal in the ring A ®; A°P, which is simple by
Proposition 2.2.6. Thus ¢ is injective, and bijective for dimensional reasons. g

LEMMA 2.2.10. Let A be a finite-dimensional central simple k-algebra and B C A a
subalgebra. Then there is a natural isomorphism

ZA(B) Qp AP ~ EndB(A)

PRrOOF. Consider the isomorphism ¢: A ®; A°® — Endg(A) of Proposition 2.2.9,
and let C' = (B ®y k) (recall that A is nonzero, being simple). A morphism in Endy(A)
commutes with C if and only if it is B-linear (for the left action on A induced by multi-
plication). Thus

Zagyaor (B @k k) = Zpna, (4)(C) = Endp(A).
To conclude, note that Zag, 400 (B ® k) = Z4(B) @i A°® by Lemma 2.2.3. O

We collect in the next statement useful facts concerning the commutant. Part (iii) is
sometimes referred to as the double centraliser theorem.

PROPOSITION 2.2.11. Let A be a finite-dimensional central simple k-algebra and B a
simple subalgebra of A. Let C = Z4(B).
(i) The ring C is simple.
(ii) Z4(C) = B.
(iv) The centers of B and C' coincide, as subsets of A.
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ProoF. By Proposition 2.1.12, there exist a simple B-module S and integers r,n
such that B ~ S®" and A ~ S®" as B-modules. The k-algebra D = Endg(S)°P is
division by Schur’s Lemma 2.1.2. We have, by Lemma 2.2.10

(2.2.b) C @, A°? ~ Endp(A) ~ Endg(S®") = M,,(Endp(S)) = M, (D°P).
Now, by Lemma 2.1.4 (with R= B and e = 1)
(2.2.c) B = Endg(B)°? ~ Endg(S®")°? = M, (Endg(9))°® = M,(D).

(i): Since M, (D°P) is simple by Remark 2.1.6 and Proposition 2.1.7 (i), it follows
from Proposition 2.2.5 and (2.2.b) that C' is simple.

(ii): Let a = dimg A, b = dimy B, ¢ = dimy, C,d = dimg D, s = dimy S. Taking the
dimensions in (2.2.b) and (2.2.c) yields ac = n?d and b = r?d. Since B ~ S®" and
A~ S®" we have b = rs and a = ns, and therefore ar = bn. Thus

a’b = a®r?d = b*>n?d = blac,
hence a = be.
(iii): Clearly B C Z4(C). The equality follows by dimensional reasons. Indeed, let
a = dimy A,b = dimg B, ¢ = dimy, C, z = dimy, Z4(C). Then by (i) and (ii), we have
bc = a = cz, so that b= z.
(iv): Let R be a subring of A, and S = Z4(R). Then R C Z4(S5), hence

(2.2.d) Z(R)=RNZ4(R)=RNS CZ4(5)NS = Z(S).
Taking R = B in (2.2.d) yields Z(B) C Z(C). Since B = Z4(C) by (iii), taking R = C
in (2.2.d) yields Z(C) C Z(B). O

COROLLARY 2.2.12. Let A be a finite-dimensional central simple k-algebra and B a
central simple subalgebra of A. Then the k-algebra Z4(B) is central simple, and

B ®y Z4(B) ~ A.

PROOF. Let C' = Z4(B). The k-algebra C is central and simple by Proposition 2.2.11
(iv) and (i). The k-linear map B ®; C — A given by b ® ¢ — bc is a morphism of k-
algebras (because B commutes with C'). Its kernel is a two-sided ideal in the ring B®y, C,
which is simple by Proposition 2.2.6. As A # 0, the morphism is injective, and bijective
for dimensional reasons, in view of Proposition 2.2.11 (ii). O

3. Skolem—Noether’s Theorem

A theorem in linear algebra asserts that every automorphism of the matrix algebra
M, (k) is given by conjugation by some matrix. This is a special case of the Skolem-—
Noether’s theorem, which applies to any finite-dimensional central simple algebra. Before
proving this theorem, let us make a couple of observations.

LEMMA 2.3.1. Let A be a finite-dimensional simple k-algebra. Then two A-modules
of finite dimension over k are isomorphic if and only if they have the same dimension
over k.

ProOOF. This follows from Proposition 2.1.12. Indeed let S be a simple A-module.
Then every A-module M of finite dimension over k (which is necessarily finitely generated)
is isomorphic to S¥" for some n € N. Then dimj M = ndim; S, hence the integer n is
determined by dimy M. O
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We will need the following notation. Let h: B — A be a morphism of k-algebras. We
define a B ®;, A°P-module A", by setting A" = A as a k-vector space, with the module
structure given by letting b ® a, where b € B and a € A°, act on A" by x — h(b)za

LEMMA 2.3.2. Let f,g: B — A be morphisms of k-algebras such that AT ~ A9 as
B ®j, A°P-modules. Then there exists an element u € A* such that f(b) = u=tg(b)u for
allb e B.

PROOF. Let ¢: A — A9 be an isomorphism of B®j A°P-modules. Set u = ¢(1) € A.
For any b € B, we have

p(f(0)) = p((b@1)1) = (b 1)p(1) = g(b)u,
p(f(b) = ((1®f(b))1) (1@ f(b)p(1) = uf(b).
To conclude, we prove that v = ¢~1(1) € A is a two-sided inverse of u. We have
p(vu) = ((1 ®@uv) = (1@ u)p(v) =u=p(1),
so that vu = 1, since ¢ is injective. On the other hand
w = (1®v)p(1) =e((1®v)l) =) =1. O

THEOREM 2.3.3 (Skolem—Noether). Let A, B be finite-dimensional simple k-algebras.
Assume that A or B is central. If f,g: B — A are morphisms of k-algebras, there exists
an element u € A* such that f(b) = u~tg(b)u for all b € B.

PRrROOF. The k-algebra B ®) A° is simple by Proposition 2.2.6. As dimj A7 =
dimy A = dimy, A9, by Lemma 2.3.1 the B ®;, A°°-modules A7 and A9 are isomorphic,
and the statement follows from Lemma 2.3.2. 0

COROLLARY 2.3.4. Every automorphism of a finite-dimensional central simple k-
algebra A is inner, i.e. of the form x — a~'xa for some a € AX.

ProOOF. Take B = A and g = id4 in Theorem 2.3.3. U
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EXERCISES

Exercise 2.1. Prove the following converse of Wedderburn’s Theorem: If D is a
division ring and n > 1 an integer, then the ring M, (D) is artinian simple.

Exercise 2.2. In Proposition 1.3.4, we proved the following statement : if Q, Q" are
quaternion algebras over a field k (of characteristic # 2), then

QR Q ~Myk) = Q~Q'".
The proof of “<=” was easy, while the proof of “=" was comparatively difficult (in

particular used Albert’s Theorem). Give a new (short) proof of “=", using “<=” and
the results of §2.1 in the lecture notes.

Exercise 2.3. (i) Show that every nonzero ring admits a simple module.
(ii) Let R be a ring, and M a nonzero R-module. Show that there is a submodule N of
M and a quotient S of N such that S is simple.

Exercise 2.4. Let D be a finite-dimensional central division k-algebra, and n an
integer. Show that M, (k) contains a k-subalgebra isomorphic to D if and only if dimy, D |
n.

Exercise 2.5. Let R be a ring and M an R-module. We are going to prove that the
following conditions are equivalent:
(a) The module M is generated by its simple submodules.
(b) The module M is a direct sum of simple R-modules.
(¢) Every submodule of M is a direct summand.

The R-module M will be called semisimple if it satisfies the above conditions.

(i) Let S; — M for i € I be a collection of morphisms of R-modules, where each S;
is a simple module. When K C I, let us write Sk = @, Si, and denote by Ng
the kernel of Sk — M. Using Zorn’s lemma, show that there is a maximal subset
K C I such that Ng = 0.

(ii) In the situation of (i), show that S; — M and Sk — M have the same image.

(iii) Prove that (a) = (b).
(iv) Prove that (b) = (c). (Hint: use (i) and (ii) for an appropriate collection of
morphisms S; — Q.)

For the rest of the exercise, we assume that (c) holds, and prove (a). So we let M’ be
the submodule of M generated by the simple submodules of M, and choose a submodule
M" such that M’ @ M" = M. We assume that M” # 0 and come to a contradiction. By
Exercise 2.3, we know that there are submodules P C N C M" such that N/P is simple.

(v) Show that N/P is isomorphic to a submodule of N.
(vi) Conclude that (c) = (a).

Exercise 2.6. A ring is called semisimple if it is semisimple as a module over itself
(see the previous exercise). Prove the following assertions:
(i) Every semisimple ring is a finite direct sum of simple modules.
(ii) Every semisimple ring is artinian.
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(iii) Every artinian simple ring is semisimple.

(iv) Every semisimple ring is isomorphic to a product M, (D7) x -+ x M,, (D,), where
D1, ..., D, are division rings and nq,...,n, are integers.

(v) The product of two semisimple rings is semisimple.

(vi) A ring is semisimple if and only if it is a finite product of artinian simple rings.

Exercise 2.7. Let D be a division ring of positive characteristic (i.e. there is a prime
number p such that pD = 0.) Show that every finite subgroup of D* is cyclic. (Hint:
you may use the fact that every subgroup of k™ is cyclic when k is a finite field).
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CHAPTER 3

Central simple algebras and scalars extensions

After extending scalars appropriately, any finite-dimensional central simple algebra
becomes a matrix algebra over a field. So such algebras may be thought of as twisted
forms of matrix algebras, and as such share many of their properties. This point of view
will be further explored in the next chapters.

Much information on the algebra is encoded in the data of which extensions of the
base field transform it into a matrix algebras; such fields are called splitting fields. We
prove the existence of a separable splitting field, a crucial technical result which will allow
us to use Galois theory later on. The index of the algebra is an integer expressing how far
is the algebra from being split. In this chapter we gather basic information concerning
the behaviour of this invariant under field extensions, and how it relates to the degrees
of splitting fields.

We conclude with a definition of the Brauer group, which classifies finite-dimensional
central simple algebras over a given base field.

1. The index

When L/k is a field extension and A a k-algebra, we will denote by Ay, the L-algebra
A R L.

LEMMA 3.1.1. Let A be a k-algebra and L/k a field extension. Then A is a finite-
dimensional central simple k-algebra if and only if Ap is a finite-dimensional central
simple L-algebra.

PRrROOF. Since dimy A = dimy Ay, and Z(Ar) = Z(A) ®x L by Proposition 2.2.4,
the k-algebra A is finite-dimensional (resp. central) if and only if the L-algebra Ay is
so. Observe that the ring L is simple (Remark 2.1.6). Thus the equivalence follows from
Proposition 2.2.5 and Proposition 2.2.6. O

LEMMA 3.1.2. Every finite-dimensional subalgebra of a division k-algebra is division.

PROOF. Let D be a division k-algebra, and B a finite-dimensional subalgebra. Let
b be a nonzero element of B. The k-linear map B — B given by left multiplication by b
is injective, because if = € B is such that bz = 0, then 0 = b~ 'bz = = in D, hence £ = 0
in B. By dimensional reasons, this map is surjective. Thus the element 1 € B lies in its
image, so there is b’ € B such that b’ = 1. Multiplying by b~! on the left, we deduce
that b=1 =¥’ € B. O

ProprosSITION 3.1.3. If k is algebraically closed, the only finite-dimensional division
k-algebra is k.

PROOF. Let D be a finite-dimensional division k-algebra. Pick an element x € D.
The k-subalgebra of D generated by x is commutative, hence a field by Lemma 3.1.2. Tt
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has finite dimension over k, and is thus an algebraic extension of k. By assumption it
must equal k, hence x € k, and finally D = k. O

COROLLARY 3.1.4. If k is algebraically closed, every finite-dimensional simple k-
algebra is isomorphic to My, (k) for some integer n.

ProoF. This follows from Wedderburn’s Theorem 2.1.13 and Proposition 3.1.3. O

COROLLARY 3.1.5. If A is a finite-dimensional central simple k-algebra, the integer
dimy A is a square.

PROOF. Let k be an algebraic closure of k. The k-algebra Az, is finite-dimensional

central simple by Lemma 3.1.1, hence isomorphic to M,, (k) for some integer n by Corol-
lary 3.1.4. Then dimy A = dimg; A; = n?. O

DEFINITION 3.1.6. When A is a finite-dimensional central simple k-algebra, the in-
teger d € N such that d? = dimy A is called the degree of A and denoted deg(A).

Observe that deg(Ar) = deg(A) for any field extension L/k.

DEFINITION 3.1.7. Two finite-dimensional central simple k-algebras A, B are called

Brauer-equivalent if there exist integers m, n and an isomorphism of k-algebras M,,(A) ~
M,,(B).

This defines an equivalence relation on the set of isomorphism classes of finite-
dimensional central simple k-algebras (recall that M, (M,,(A)) ~ M, (A) for any k-
algebra A). Wedderburn’s Theorem 2.1.13 implies that each Brauer-equivalence class
contains exactly one isomorphism class of division algebras.

DEFINITION 3.1.8. When A is a finite-dimensional central simple k-algebra, the degree
of a division algebra Brauer-equivalent to A is called the index of A and denoted ind(A).

Observe that ind(A) divides deg(A), and that ind(A) depends only on the Brauer-
equivalence class of A.

LEMMA 3.1.9. Let A be a finite-dimensional central simple k-algebra, and L/k a field
extension. Then

ind(Ap) | ind(A).

PROOF. Let D be a finite-dimensional central division k-algebra such that A ~
M, (D) for some integer n. Then Ap ~ M, (Dy), hence

ind(Ap) =ind(Dy) | deg(Dyr) = deg(D) = ind(A). O

2. Splitting fields

DEFINITION 3.2.1. A finite-dimensional central simple k-algebra is called split if it is
isomorphic to the matrix algebra M, (k) for some integer n (which must then coincides
with deg(A4)). A field extension L/k is called a splitting field of A if the L-algebra
Ap = A®; L is split.

In this section, we obtain certain bounds on the degree of finite splitting fields, and
prove the existence of such fields having the minimal possible degree.
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PROPOSITION 3.2.2. Let A be a finite-dimensional central simple k-algebra, and L/k
an extension of finite degree m splitting A. Then the algebra A is Brauer-equivalent
(Definition 3.1.8) to a finite-dimensional central simple k-algebra of degree n containing
L as a subalgebra.

PROOF. Let d = deg(A) and V = L®. We view L as a subalgebra of Endy (V)
by mapping | € L to the endomorphism = + lx. The isomorphisms of L-algebras
A% @) L ~ My(L)°? ~ My(L) ~ Endg(V) allow us to view A°P as a k-subalgebra
of Endz(V); in the algebra Endz(V), every element of L commutes with A°P. Let us
view Endz (V) as a subalgebra of Endg(V'), and set B = Zgpq, (v)(A°). Then L C B.
It follows from Proposition 2.2.11 (i) and (iv) that B is a central simple k-algebra. By
Proposition 2.2.11 (ii) we have dimy, A°P - dimy, B = dimy, Endy (V). Since dimj A°? = d?
and dimg V' = dn, we deduce that deg(B) = n. Finally, by Proposition 2.2.9 and Corol-
lary 2.2.12 we have

M 42 (B) ~ B ® Endk(AOP) ~ B®; AP @ A ~ El’ldk(V) Qp A ~ ]\4(171(14)7
so that B is Brauer-equivalent to A. O

COROLLARY 3.2.3. Let A be a finite-dimensional central simple k-algebra, and L/k
be a field extension of finite degree splitting A. Then

ind(A) | [L: k]

PROOF. By the Proposition 3.2.2, we may assume that deg(A) = [L : k]. Then
ind(A) divides deg(A) = [L : k]. O

LEMMA 3.2.4. Let A be a finite-dimensional central simple k-algebra, and L C A a
subalgebra. Assume that L is a field. Then [L : k] | deg(A), with equality if and only if
L=Z4(L).

PROOF. Since L is commutative, we have L C Z4(L). The ring L being simple
(Remark 2.1.6), by Proposition 2.2.11 (ii) we have

deg(A)? = [L : k] - dimy Z4(L) = [L : k]* - dimy, Z4(L),
from which the statement follows. O

PROPOSITION 3.2.5. Let D be a finite-dimensional central division k-algebra, and
L C D a commutative subalgebra. Then L is a field, and the following are equivalent:
(i) L=Zp(L)
(i) L is mazimal among the commutative subalgebras of D.
(#i2) [L: k] = ind(D).
(iv) L splits D.

PRroOOF. The first assertion follows from Lemma 3.1.2.

(i) & (iii) : This has been proved in Lemma 3.2.4.

(iv) = (iii) : Since [L : k] | ind(D) by Lemma 3.2.4, this follows from Corollary 3.2.3.

(i) = (ii) : Any commutative k-subalgebra of D containing L must be contained in
Zp(L).

(ii) =(i) : Let z € Zp(L). The k-subalgebra of D generated by L and z is commu-
tative, hence equals L. Thus x € L.

(i) = (iv) : If L = Zp(L), then (D°P);, ~ Endy (D) by Lemma 2.2.10. Thus L splits
D°P_ hence also D. O
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DEFINITION 3.2.6. A subalgebra L satisfying the equivalent conditions of Proposi-
tion 3.2.5 is called a mazimal subfield.

In view of the characterisation (ii) in Proposition 3.2.5, maximal subfields always
exist in finite-dimensional central division k-algebras (by dimensional reasons).

COROLLARY 3.2.7. Let A be a finite-dimensional central simple k-algebra. Then A
is split by a field extension of k of degree ind(A).

PrOOF. We may assume that A is division, and use the observation just above. [

PROPOSITION 3.2.8. Let A be a finite-dimensional central simple k-algebra, and L/k
a field extension of finite degree. Then

ind(Ap) | ind(A) | [L : k]ind(AL).

PRrROOF. The first divisibility was established in Lemma 3.1.9. By Corollary 3.2.7,
there exists a field extension E/L splitting the L-algebra Ay and such that [E : L] =
ind(Ar). Then E is a splitting field for the k-algebra A, and it follows from Corollary 3.2.3
that

ind(A) | [E: k] =[L:K|[E:L] =[L:klind(Ayp). O
COROLLARY 3.2.9. If D is a finite-dimensional central division k-algebra and L/k a
field extension of finite degree coprime to deg(D), then Dy, is division.
PRrROOF. Proposition 3.2.8 yields
ind(Dy) = ind(D) = deg(D) = deg(Dyr),
which implies that Dy, is division. O
PRrROPOSITION 3.2.10. Let A, B be finite-dimensional central simple k-algebras. Then
ind(A ® B) | ind(A)ind(B) | ind(A @3, B) ged(ind(A)?, ind(B)?).

PRrROOF. By Corollary 3.2.7, there exists an extension L/k splitting the k-algebra A
and such that [L : k] = ind(A). Then (A ®; B)r ~ My(Br), where d = deg(A), hence
ind((A ® B)r) = ind(Br). Applying Proposition 3.2.8 to the k-algebra A ®; B, and
Lemma 3.1.9 to the k-algebra B yields

ind(A®y, B) | [L: k]ind((A® B)r) = ind(A) ind(By) | ind(4) ind(B),

proving the first divisibility. Applying Proposition 3.2.8 to the algebra B, and Proposi-
tion 3.2.8 to the algebra A ®; B yields

ind(B) | [L : k]ind(B) = ind(A) ind((A ®x B)r) | ind(A) ind(A ® B).
Similarly ind(A) | ind(B) ind(A ®;, B), and the second divisibility follows. O

COROLLARY 3.2.11. If D, D’ are finite-dimensional central division k-algebras of co-
prime degrees, then D ®y D' is division.

PROOF. Proposition 3.2.10 yields
ind(D ®; D’) = ind(D) ind(D’) = deg(D) deg(D') = deg(D @y D'),
which implies that D ®;, D’ is division. O
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3. Separable splitting fields

We have seen that every finite-dimensional central simple k-algebra splits over a
finite extension of k (Corollary 3.2.7). In this section, we prove that this extension may
additionally be chosen to be separable.

Recall that an irreducible polynomial P € k[X] is called separable if it has no multiple
root in every field extension of k. Equivalently P is separable if and only if it is prime
to its derivative P’ € k[X]. A field extension L/k is called separable if every element of
L is the root of an irreducible separable polynomial with coefficients in & (in particular
separable will always be algebraic).

PropPOSITION 3.3.1. Let D be a finite-dimensional division k-algebra. If D is not
commutative, then D contains a nontrivial separable field extension of k.

PRrROOF. By Lemma 3.1.2, the k-subalgebra generated by any element of D is a field
(being commutative). Assume for a contradiction that no such field is a nontrivial separa-
ble extension of k. Since algebraic extensions of fields of characteristic zero are separable,
we may assume that k has characteristic p > 0. Let d € D. Since D is finite-dimensional
over k, there is a nonzero polynomial P € k[X] such that P(d) = 0. Since D contains no
nonzero zerodivisors (being division), we may assume that P is irreducible. We may find
a power ¢ of p such that P(X) = Q(X9), where Q € k[Y] and Q ¢ k[Y?]. The polynomial
@ is irreducible (because P is so), hence separable (as it does not lie in k[Y?]). Since
Q(d?) = 0, we must have d? € k, by our assumption.

Let now a € D be such that a ¢ Z(D). Consider the k-algebra automorphism
o: D — D given by x — aza~'. As we have just seen, there is a power g of p such that
a? € k, so that 07 = id. We thus have (¢ —id)? = 0% — id = 0, since k has characteristic
p. Let f be the largest integer such that (o —id)f # 0, and let ¢ € D be such that
(0 —id)¥(¢) # 0. Since a € Z(D), we have o # id, and thus f > 1. Let x = (0 —id)f~!(c)
and y = (¢ —id)?(¢) = o(x) — 2. Since (o —id)f*! =0, we have o(y) = y. Set z = y~'z.
Then

o(z) =o(y) to(x) =y (y+a)=1+=z
As we have seen above, there is a power r of p such that z” € k. Then
Zi=0(")=0()"=014+2)"=1+2"
(as k has characteristic p), a contradiction. O

COROLLARY 3.3.2. Assume that k is separably closed (i.e. admits no nontrivial sep-
arable extension). Then every finite-dimensional division k-algebra is commutative. In
particular, every finite-dimensional central simple k-algebra splits.

PRrROOF. The first statement follows from Proposition 3.3.1. In particular k is the
only finite-dimensional central division k-algebra, which implies the second statement by
Wedderburn’s Theorem 2.1.13. O

THEOREM 3.3.3 (Kothe). Every finite-dimensional central division k-algebra contains
a mazimal subfield which is separable over k.

PROOF. Let D be a finite-dimensional central division k-algebra. Recall that every
commutative subalgebra of D is a field by Lemma 3.1.2. Let L be a commutative sub-
algebra of D, which is maximal among those which are separable as a field extension of
k. Let E = Zp(L). As L is commutative, we have L C E. The L-algebra E is division
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by Lemma 3.1.2. If FE is not commutative, using Proposition 3.3.1 we find a separable
extension L'/L such that L C L' C E. The field extension L'/k is then separable (being
a composite of separable extensions), contradicting the maximality of L. Thus F' is com-
mutative. Therefore E C Zp(F) = L by Proposition 2.2.11 (iii). We have proved that
L=FE = Zp(L), so that L is a maximal subfield. O

COROLLARY 3.3.4. Let A be a finite-dimensional central simple k-algebra. Then A
is split by a separable field extension of k of degree ind(A).

PRrROOF. We may assume that A is division, in which case the statement follows from
Theorem 3.3.3 (in view of Proposition 3.2.5). O

4. Finite division rings, real division algebras

We are now in position to prove two classical results concerning division algebras
over specific fields. Although these results may seem quite different in nature, both
proofs crucially rely on the precise understanding of the finite extensions of the respective
base field (namely F, and R).

THEOREM 3.4.1 (Wedderburn, 1905). Every division ring of finite cardinality is a
field.

PROOF. Let D be a division ring of finite cardinality. Its center k is a field by
Lemma 2.2.2; and denote by ¢ the cardinality of k. Then D is a finite-dimensional central
division k-algebra; let n be its degree. Let L be a maximal subfield of D. Then [L: k] =n
by Proposition 3.2.5 (iii).

For d € D*, the subset K = d"'Ld C D is a k-subalgebra. Moreover the map
L — K given by & — d~'zd is an isomorphism of k-algebras. In particular K is a field
and [K : k] = [L : k] = n. It follows from Proposition 3.2.5 (iii) that K is a maximal
subfield of D. We have thus defined an action of the group D* on the set of maximal
subfields of D.

By the theory of finite fields, the extension L/k is isomorphic to the splitting field
of the polynomial X9" — X € k[X]. Therefore if L' is another maximal subfield of
D, there exists an isomorphism of k-algebras o: L — L’. Applying Skolem—Noether’s
Theorem 2.3.3 to the pair of morphisms L € D and L % L' C D (recall that L is a simple
ring, being a field) shows that there exists e € D* such that L’ = o(L) = e 'Le C D.
This proves that the above action is transitive.

The set N = {d € D*|d"'Ld = L} is a subgroup of D*, and the number of maximal
subfields of D is [D*: N]. Since any element of D is contained in a maximal subfield (by
Proposition 3.2.5 (ii)), the set D* — {1} is the union of the sets K> — {1}, where K runs
over the maximal subfields of D. Thus

[D*:N]-([L*| —=1) > |[DX| =1 = [D* : N] - |N| — 1.

Since N contains L*, we must have [D* : N] =1 and L* = N. We deduce that D = L,
hence D is commutative. O

THEOREM 3.4.2 (Frobenius, 1877). Fvery finite-dimensional division R-algebra is
isomorphic to R, or to C, or to the quaternion R-algebra (—1,—1).

PROOF. Let D be a finite-dimensional division R-algebra, and k its center. Then k
is a finite extension of R, hence k = R or k£ ~ C. In the latter case, we have D ~ C
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by Proposition 3.1.3. So we may assume that & = R. Then D splits over the degree
two extension C/R (by Corollary 3.1.4) hence ind(D) € {1,2} by Corollary 3.2.3. If
ind(D) = 1, then D = R. Otherwise D is a quaternion R-algebra by Corollary 1.2.6; such
an algebra is division if and only if it is isomorphic to (=1, —1) by Example 1.1.18. O

5. The Brauer group, I

Let us denote by [A] the Brauer-equivalence class (Definition 3.1.8) of a finite-dimensional
central simple k-algebra A. In view of Proposition 2.2.9, the operation ([4], [B]) — A®yB
endows the set of equivalence classes with the structure of an abelian group, where

0=k , [Al+[B]=[AexB] , —[A]=[A]

DEFINITION 3.5.1. The group of Brauer-equivalence classes is called the Brauer group
of k, and is denoted by Br(k).

REMARK 3.5.2. When A, B are finite-dimensional central simple k-algebras with B C
A, the Brauer-class of the commutant Z4(B) can be expressed using Corollary 2.2.12:

[24(B)] = [A] — [B] € Br(k),

ExaMPLE 3.5.3. It follows respectively from Corollary 3.3.2, Theorem 3.4.1 and The-
orem 3.4.2 that:
(i) Br(k) = 0 when k is separably closed.
(ii) Br(k) = 0 when k is finite.
(iii) Br(R) =2Z/2.

PropoSITION 3.5.4. Let A, B be finite-dimensional central simple k-algebras such
that [B] belongs to the subgroup generated by [A] in Br(k). Then ind(B) | ind(A).

PROOF. There is an integer i such that A®? = A®y,- - -®y A is Brauer-equivalent to B,
which implies that ind(A®?) = ind(B). By Corollary 3.2.7, we may find an extension L/k
of degree ind(A) splitting A. Then the L-algebra (A®?)} is isomorphic to Ay ®p---®p AL,
hence splits because each Ay, splits. Thus by Lemma 3.1.9

ind(B) = ind(A®%) | [L : k] = ind(A). O

COROLLARY 3.5.5. The index of a finite-dimensional central simple k-algebra A de-
pends only on the subgroup of Br(k) generated by [A].

DEFINITION 3.5.6. If L/k is a field extension, we denote by Br(L/k) the subgroup of
Br(k) consisting of those classes of algebras split by L.

Observe that, if L/k is a field extension, then the map Br(k) — Br(L) given by
[A] — [A ®; L] is a group morphism, whose kernel is Br(L/k).

EXAMPLE 3.5.7. Assume that k has characteristic # 2, and let L = k(y/a) for some
a € k*. Then
Br(L/k) = {[(a,b)],b € k™ }.
Indeed any element of Br(k) is of the form [D], where D is a finite-dimensional central
division k-algebra. If [D] € Br(L/k), then ind(D) € {1,2} by Corollary 3.2.3. In any
case [D] is the class of a quaternion algebra (possibly split), and we conclude using
Proposition 1.2.9.
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Let us observe that split nontrivial finite-dimensional central simple algebras contain
nilpotent elements, which distinguishes them from division algebras:

REMARK 3.5.8. Let A # k be a split finite-dimensional central simple algebra. Then
A contains an element z # 0 such that 22 = 0. Indeed we may assume that A = M,.(k)
for some r > 1, and then take for x the matrix whose only nontrivial entry is 1 in the
upper right corner.

LEMMA 3.5.9. Let L/k be a field extension. Then
Br(L/k) = | JBr(K/k) C Br(k),
K

where K runs over the finitely generated field extensions of k contained in L.

PRrROOF. We show that every finite-dimensional central division k-algebra D splitting
over L splits over a finitely generated subextension of L, proceeding by induction on
the degree of D (for all fields k simultaneously). We may assume that D # k. Then
D ®; L contains an element z # 0 such that 2 = 0 (Remark 3.5.8). Writing z =
di @M+ -+d,® N\, where dy,...,d, € D and \,..., \, € L, we see that x belongs to
D®y, K', where K’ is the subextension of L generated by A1,...,A,. Then D®; K’ is not
division (as it contains the nonzero noninvertible element ), hence is Brauer-equivalent
to a central division algebra of strictly smaller degree, by Wedderburn’s Theorem 2.1.13.
So by induction it splits over a finitely generated extension K of K’. Then K is a finitely
generated extension of k splitting D. O

PRropPOSITION 3.5.10. If L is a purely transcendental extension of k, then
Br(L/k) = 0.

PrOOF. If L = k(t;,i € I), then every element of L belongs to a subextension of
L/k generated by finitely many ¢;’s (such element is a quotient of two polynomials, and a
given polynomial involves only finitely many variables). Therefore every finitely generated
subextension K/k is contained in a subextension of L/k generated by finitely many ¢;’s.
In view of Lemma 3.5.9, we may thus assume that [ is finite. Using induction we reduce
to the case |I| = 1, that is L = k(t). Let D # k be a finite-dimensional central division
k-algebra which splits over k(t). Then D ®j k(t) contains an element x # 0 such that
2?2 = 0 (Remark 3.5.8). We may write

r=> di®(fi/9:)
=1

where d; € D and f;,g; € k[t] for all i. Choosing such a decomposition with n minimal,
we see that the elements d; € D must be linearly independent over k. Multiplying x with
an appropriate element of k[t], we may assume that g; = --- = g, = 1, and that there is
j €{1,...,n} such that f; is not divisible by ¢. In particular x € D ®j, k[t]. Consider the
k-linear map e: D ®y, k[t] — D given by d ® f — df(0). Then

6(1‘) = Zdzfz(O) eD
i=1
is nonzero (as the elements d; are linearly independent over k and f;(0) #0). Aseisa

ring morphism, we have e(z)? = e(x?) = 0. Thus e(z) is a nonzero noninvertible element
of the division algebra D, a contradiction. O
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EXERCISES

Exercise 3.1. The purpose of this exercise is to describe another proof of the fact
that every finite-dimensional central division k-algebra contains a maximal subfield which
is separable over k (Theorem 3.3.3).

(i) Let P =p, X"+ -+pg and Q = ¢, X™+- - -+qo be polynomials in k[X]. Construct
a matrix S € M,, ., (k) having the following property. If A = a,, 1 X™ 1+ +ag
and B = b, 1 X" 1 4+ .- + by are polynomials in k[X], writing

Um+4n—1
Gm—1
a
sl.,™ | =
bnfl
bo
Uo

we have
PA+QB = um+n71Xm+n_1 +--Fu € k[X]

(ii) Assume that p, # 0 and ¢, # 0. Show that P and @ admit a nontrivial common
factor if and only if det S = 0. (The value det S is called the resultant of P and Q.)
(iii) Fix an integer d. Show that there exists a polynomial § € k[Xy,..., X4] such that
d(ag,...,aq) # 0 if and only if the polynomial agX? + --- + ag is separable. (Hint:

a polynomial is separable if and only if it is prime to its derivative.)
Let A be a finite-dimensional k-algebra and a € A. The kernel of the k-algebra
morphism k[X] — A is a principal ideal. Recall that the minimal polynomial of a is the

unique generator of that ideal having leading coeflicient 1.

(iv) Let L/k be a field extension. If P € k[X] is the minimal polynomial of a in the
k-algebra A, show that its image P € L[X] is the minimal polynomial of a ® 1 in
the L-algebra A ®y L.

(v) Let M € M,(k) and x € k[X] its characteristic polynomial. Show that if x is
separable, then y is the minimal polynomial of M.

(vi) Fix an integer n. Show that there exists a polynomial 7 € k[X; ;,1 < ¢, j < n] having
the following property: if M is a matrix in M, (k) having coefficients m; ; € k for
1<4,j <mn,then 7(m11,...,Mpp) # 0 if and only if the minimal polynomial of
M € M, (k) is separable of degree n. (Hint : use (iii) of the previous exercise.)

Let now D be a central division k-algebra of degree n, and F' an algebraic closure of

k.

(vil) Letey,...,e,2 bea k-basis of D. Show that there exists a polynomial p € F[X7,. .., X,2]
having the following property: if x € D has coefficients z1,...,z,2 in the basis
€1,...,en2, then p(z1,...,2,2) # 0 if and only if the minimal polynomial of = in

the k-algebra D is separable of degree n.

(viii) Assume that k is infinite. Let L/k be a field extension and d an integer. Let P €
L[X4,...,X4] be a polynomial. Assume that there exist y1,...,yq € L such that
P(y1,...,ya) # 0. Show that there exist x1,...,x4 € k such that P(x1,...,x4) # 0.
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(Hint: find 21, ..., %, € k by induction on m so that P(x1,...,Zm, Ym+1s---,Yd) 7
0.)

(ix) Conclude that D contains a separable extension of k of degree n. (Hint: observe
that the case when k is finite is easy.)
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CHAPTER 4

Infinite Galois theory

In this chapter, we develop the tools permitting to work with the absolute Galois
group, which is almost always infinite. It is however profinite, and such groups carry a
nontrivial topology. Compared with finite Galois theory, the key point is that one must
systematically keep track of this topology, and in particular restrict one’s attention to
continuous actions of the Galois group. Although most arguments involving the absolute
Galois group can ultimately be reduced to finite Galois theory, this point of view is
extremely useful, and permits a very convenient formulation of many results and proofs.

The chapter concludes with a basic treatment of Galois descent, a technique that
will be ubiquitous in the sequel. The general philosophy is that extending scalars to a
separable closure is a reversible operation, as long as one keeps track of the action of the
absolute Galois group.

1. Profinite sets

We begin this chapter with basic facts and definitions concerning profinite sets, which
will allow us to manipulate infinite Galois groups later on.

DEFINITION 4.1.1. A directed set is a nonempty set A, equipped with a partial order
<, such that for any «, 8 € A, there exists v € A such that a <y and 8 < ~.

DEFINITION 4.1.2. Let (A, <) be a directed set. An inverse system of sets (indexed
by A) consists of:
— for each o € A a set F,,
— for each a < 8 in A amap fgo: Eg — E, (called transition map).
These data must satisfy the following conditions:

(i) For each o € A, we have fo, =idg, .
(ii) For each o < 3 <y, we have fzq 0 f18 = fra-

DEFINITION 4.1.3. The inverse limit of an inverse system (Ey, faq) is defined as

E = {iLnEa = {(ea) € H E, such that fz.(eg) = e, for all @ < § in A}.
acA

It is equipped with projections maps m: E — E, for every o € A, such that fzq o
T3 = T, for all @ < B. It enjoys the following universal property: if so: S — E, is a
collection of maps satisfying fga © sg = so for all a < B, then there is a unique map
s: S — E such that s, =7, 0s for all a € A.

Observe that (E,), (E.,) are inverse systems indexed by the same directed set A and
E!, — E, are maps compatible with the transition maps, there is a unique morphism
{inE(; — @Ea compatible with the projection maps.
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DEFINITION 4.1.4. Let A be directed set, and E the inverse limit of finite sets E,, for
a € A. The profinite topology on the set E, is the topology generated by open subsets of
the form 7, 1{z} for « € A and z € E,, where 7,: E — E, is the projection map.

DEFINITION 4.1.5. A topological space E is called a profinite set if it is an inverse
limit of finite sets F, for a € A, for some directed set A, the topology of FE being the
profinite topology.

Let us fix an inverse system of finite sets F, for a € A, where A is a directed set,
with transition maps f,g, inverse limit E, and projection maps m,: E — E,.

LEMMA 4.1.6. Every open subset of E is a union of subsets of the form w{x} where
aeAandzx e E,.

PrOOF. Let U C E be an open subset, and u € U. By definition of the profinite
topology, there are aq,...,a, € A and z; € E,, for i = 1,...,n such that the set
o {e} e N e, } is contained in U, and contains u. Let us choose o € A such
that a; < o for all i € {1,...,n} (recall that A # @). Set = 7, (u). Then u € m {z}.
On the other hand 7 "{z} C 7 {a;} for all ¢, hence ny' {2} C U. O

LEMMA 4.1.7. FEvery closed subset of a profinite set is profinite.

PROOF. Let F' C E be a closed subset. For each a € A, let F,, = 7o (F), and set
F’ =1lim F,. We may F’ as a subset of F; as such it contains F'. Conversely, let f € F’.
—

For each o € A, let fo, = 7o(f) € Fy. If U is an open neighborhood of f in E, it
contains 7, 1{f,} for some o € A by Lemma 4.1.6. Then 7, {f,} N F # @ as F — F,
is surjective. Thus F' meets every neighborhood of every element of F’. Since F is closed
in E, this implies that F' = F’. The topology induced on the subset F' C F is generated
by the open subsets 7, {z} N F where z € E, and o € A. Such a subset is empty if
x ¢ F,, and coincides with the preimage of x under the projection map F’ — F, when
x € F,. It follows that the induced topology on F' coincides with the profinite topology
on F”. O

LEMMA 4.1.8. The inverse limit of an inverse system of monempty finite sets is
nonempty.

PROOF. Assume that each E, is nonempty. Let us define a subsystem as a collection
of subsets T, C E, for each a € A such that fgo(Ts) C Ty, for each o < 3. Consider
the set 7 of all subsystems (7,) such that each T, is nonempty. We may order such
subsystems by inclusion. Consider a totally ordered family of subsystems (Ty); € T, for
i € I. For a fixed a € A, let us set S, = [;c;(Ta):- Since each (Ty); is nonempty, so
is S, (here we use the finiteness of E,), and therefore S, € 7. Thus by Zorn’s lemma,
there is a (possibly nonunique) minimal element of (7,,) € T.

Consider the subsystem (77,) defined by T,, = (< fsa(T5). Let a € A. Since T,
is finite, we may write T, = fa,0(Ts,) N --- N fz,a(Ts,) where a < B; for i = 1,...,n.
Choose 8 € A such that 3, < § for all i = 1,...,n. Then T}, contains the set fzo(T;)
which is nonempty, since T is nonempty. We have proved that (T},) € 7. By minimality
of (T,), we deduce that (T)) = (Ty); in other words the maps Ty — T, for a < § are
surjective.
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Now let us fix v € A and z € T;,. For o € A, we set

g _ preimage of {z} under T, - T, if v <a,
¢ T, otherwise.

Then (S, ) is a subsystem contained in (75,). By surjectivity of the maps T,, — T, when
v < a, it follows that (S,) € 7. By minimality of (T, ), we deduce that (S,) = (T4).
We have S, = {z}, and thus T}, = {z}. We have proved that each T, is a singleton, say
T, = {zs}. The elements z,, € E, then define an element of {iﬁlEa. O

PROPOSITION 4.1.9. Fwvery profinite set is compact.

PROOF. Let U; for i € I be a family of open subsets covering E. We need to find
a finite subset J C I such that the subsets U; for ¢ € J cover E. While doing so, by
Lemma 4.1.6 we may assume that each U; is of the form 7 '{z;}, where o; € A and
x; € B,.

For each a € A, let F, C FE, be the subset consisting of those elements x such
that foa,(z) # x; for every i € I such that o; < a. Then for any a < 3, we have
f8a(F3) C Fy, hence the sets F, for a € A form an inverse system, whose transition
maps are the restrictions of the maps fza.

Assume that F,, = & for some o € A. Then E, is covered by subsets of the form
Vi = faa{xi}. As E, is finite, it is covered by finitely many such subsets, and thus
E = n;'E, is covered by finitely many subsets of the form 7, 'V; = U;. Thus we are
done in this case.

Therefore we may assume that F, # @ for each a € A. Then lim F,, contains an

pay
element by Lemma 4.1.8. Its image in y € F satisfies m,(y) € Fy C E, for all « € A, and
in particular y belongs to no U;. This contradicts the fact that the subsets U; for i €
cover E. g

REMARK 4.1.10. Proposition 4.1.9 and Lemma 4.1.8 may also be viewed as conse-
quences of Tikhonov’s Theorem, asserting that a product of compact topological spaces
is compact.

REMARK 4.1.11. The sets F, = imm, C E, for an inverse system. Let F' be its
inverse limit. The natural map F' — FE is continuous, open, and bijective, and is therefore
a homeomorphism. Thus (replacing E, with F,) we can always represent a profinite set
as an inverse limit of finite sets in such a way that the projection maps are surjective.
Note that this implies that the transition maps are also surjective.

Conversely:

LEMMA 4.1.12. Assume that each E,, is finite, and that the transition maps Eg — E,
for a < B are surjective. Then the projection maps 7o : E — E, are surjective.

PRrROOF. Fix v € A and = € E,. Define an inverse system by
o preimage of {z} under £, — E, ify<a,
“ Eo otherwise.

Then each F,, is nonempty and finite, hence lim F,, contains an element by Lemma 4.1.8.
«—

Its image in y € E satisfies m,(y) = . O
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2. Profinite groups

We now specialise to the case of profinite groups, and gather the general results that
will be applied to Galois groups.

DEFINITION 4.2.1. When each E, appearing in Definition 4.1.2 is a group and the
transition maps fg, are group morphisms, we say that F, is an inverse system of groups.
Its inverse limit is naturally a group, and the projections maps 7, are group morphisms.
When each FE,, is finite, the topological group F is called a profinite group.

EXAMPLE 4.2.2. Every finite group is a profinite group, whose topology is discrete
(take for A a singleton).

EXAMPLE 4.2.3. Let p be a prime number. The groups Z/p"Z for n € N, together
with the maps Z/p"Z — Z/p™Z for m < n given by (1 mod p™) — (1 mod p™) yield
an inverse system of groups, whose limit is the profinite group denoted by Z,,.

EXAMPLE 4.2.4. The groups Z/nZ for n € N, together with the maps Z/nZ — Z/mZ
for m | n given by (1 mod n) — (1 mod m) yield an inverse system of groups, whose
limit is the profinite group denoted by Z.

Let us fix a profinite group I'. We choose a directed set A and an inverse system
of finite groups I', for a € A such that I' = limI',, and denote by 7,: I' — Ty the
—

projections. We also define the subgroups U, = kerm,. By Remark 4.1.11, we can
assume that each projection morphism 7, is surjective, and thus identify each I',, with
r/U,.

LEMMA 4.2.5. (i) LetU C T be an open subset and w € U. Then there exists o € A
such that uU, C U.
(1i) A subgroup of T is open if and only if it is closed and has finite index.
(#ii) If a subgroup of T' contains an open subgroup, it is open.

PROOF. (i) : By Lemma 4.1.6 there exist « € A and = € E, such that n '{z} is
contained in U and contains u. Then ulU, C w1 {z}.

(ii) : Let U C IT" be an open subgroup, and S its complement in I'. Then S is the union
of the subsets YU for v € S. Such subsets are images of U under a self-homeomorphism
of ' (namely, left multiplication by 7), hence are open, so that S is open, proving that U
is closed. By (i) (with u = 1) the subgroup U contains U, for some « € A. Certainly U,
has finite index in I" (as T'/U, ~T,), so that U has finite index in T

Let now H C T be a closed subgroup of finite index. Its complement is the union of
subsets yvH where 7 runs over a finite subset of I' (a set of representatives of I'/ H), hence
is closed. Thus H is open.

(iii) : Let H C T be a subgroup containing an open subgroup U. Then H = HU
is the union of the subsets hU for h € H. Such subsets are images of U under a self-
homeomorphism of I', hence are open, so that H is open. O

REMARK 4.2.6. Let U be the set of open normal subgroups of I', ordered by letting
U <V when V C U. Then U is a directed set, and the groups I'/U for U € U form an
inverse system of finite groups, whose inverse limit is isomorphic to I', as a topological
group (exercise). Thus every profinite group admits a canonical representation as an
inverse limit.
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DEFINITION 4.2.7. Let p be a prime number. Recall that a finite group is called a
p-group if its cardinality is a power of p. A profinite group is called a pro-p-group if the
index of every open subgroup is a power of p.

LEMMA 4.2.8. The profinite group T' is a pro-p-group if and only if each T, is a
p-group.

ProoFr. If T is a pro-p-group, then |I'y| = |I'/U,| is a power of p. Conversely assume
that each T, is a p-group. Let U be an open subgroup of I'. By Lemma 4.2.5 (i) with
u =1, we find an index « such that U, C U. Let V,, = U/U,. Then the index of U in T’
coincides with the index of V,, in I', hence is a power of p, since I',, is a p-group. 0

DEFINITION 4.2.9. A subgroup P of T" is called a pro-p-Sylow subgroup if all the
following conditions are satisfied:
(i) P is a closed subgroup of T,
(ii) P is a pro-p-group,
(iii) for every open normal subgroup U of T', the image of P in I'/U has index prime to
p.

Observe that if P is a pro-p-Sylow subgroup of I', then the image of P in I'/U is a
p-Sylow subgroup, for every open normal subgroup U of T'.

PROPOSITION 4.2.10. The profinite group T' admits a pro-p-Sylow subgroup.

PROOF. For each o € A, let S, be the set of p-Sylow subgroups of I'y, = I'/U,,
which is finite and nonempty by Sylow’s Theorem. If « < § in A, the map I'g — I'y,
sends elements of Sg to elements of S,, because the image of a p-Sylow subgroup under
a surjective morphism of finite groups is a p-Sylow subgroup (exercise). Thus the sets S,
form an inverse system indexed by A, whose inverse limit S is nonempty by Lemma 4.1.8.
Any element of S is represented by a collection of p-Sylow subgroups P, C ', for a € A,
such that for any o < 8 in A the morphism I'g — I', maps Pg onto P,. The group
P = 1<i£1Pa is naturally a subgroup of I', and is a pro-p-group. The subset P C T is

closed, being the intersection of the preimages of P, C 'y, for a € A (by construction of
the inverse limit). It follows from Lemma 4.1.12 (applied to the system P, for a € A)
that for each a € A the image of P in [, is the p-Sylow subgroup P,. Now any an open
subgroup U of T" contains U,, for some a € A, and the image of P in I'/U coincides with
the image of P, under the surjective morphism I',, = T'/U, — I'/U, and in particular has
index prime to p (exercise). O

LEMMA 4.2.11. Let X be a set with an action of the profinite group I'. The following
conditions are equivalent:

(i) The action map T' x X — X is continuous, for the discrete topology on X.
(ii) Every element of X is fized by some open subgroup of I'.

PrOOF. (i) = (ii) : Let € X. The map I' — X given by g — g -z factors
asI' =T x {z} C T' x X — X (where the last map is the action map), and is thus
continuous by (i). Therefore the preimage of € X is an open subset of I, which by
construction fixes z. This proves (ii).

(ii) = (i) : For z,y € X, we denote by U, , the subset of I' consisting of those
elements v such that yo = y. The set U, , is either empty, or equal to YU, . for some (in
fact, any) v € Uy. The subgroup U, C I' contains an open subgroup by (ii), hence is
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open by Lemma 4.2.5 (iii). Thus U, , is open, being either empty or the image of U, ,
under a self-homeomorphism of I'.  Now the preimage of any y € X under the action
morphism I" x X — X is the union of the subsets U, , x {x} where z runs over X, which
are open since X has the discrete topology. This proves (i). O

DEFINITION 4.2.12. When the conditions of Lemma 4.2.11 are fulfilled, we say that
I' acts continuously on X, or that X is a discrete I'-set. A discrete I'-set equipped with a
I'-equivariant group structure will be called a discrete I'-group. A discrete I'-group whose
underlying group is abelian will be called a discrete I'-module. We define a morphism of
discrete I'-groups, resp. I'-modules, as a I'-equivariant group morphism.

LEMMA 4.2.13. Let X be a discrete I'-set, and F a finite subset of X. Then there
exists an open subgroup of I' fixing each element of F.

Proor. By assumption, each f € F'is fixed by some open subgroup Uy of I'. Then
the open subgroup ﬂfeF Uy of T fixes each element of F. d

We conclude this section with a statement that will be needed later. When a group
acts on a set X, we denote by X the set of elements of X fixed by every element of G.

LEMMA 4.2.14. Let X be a discrete I'-set and n an integer. Then every continuous
map I'™ — X factors through a map (T'/U)™ — XY for some open normal subgroup U of
T. Conversely, any map T™ — X factoring through (I'/U)" — X for some open normal
subgroup U of T is continuous.

Proor. If I — X factors through a map (I'/U)"” — X for some open normal
subgroup U of T, it is continuous, since both maps I'* — (I'/U)™ and (I'/U)" — X are
continuous (for the discrete topology on (I'/U)™).

Let now f: I'™ — X be a continuous map, and Y C X its image. Since I'" is profinite
set (the limit of the inverse system (I',)"), it is compact by Proposition 4.1.9. Therefore
Y is compact. Being also discrete, the set Y is finite. Since X is a discrete I'-set, there is
an open subgroup U’ in T fixing all the elements of Y (Lemma 4.2.13). Shrinking U’, we
may assume that it is normal in T’ (by Lemma 4.2.5 (i) with u = 1). We have achieved
(™) c XV’

For each x € X, the preimage f~'{x} is an open subset of I'". For any g € f~{z},
we may find open subsets Wy,...,W,, of T such that g € Wy x --- x W,, C f~{x}.
Write ¢ = (g1,-.-,9n) € T™ with g1,...,9» € . By Lemma 4.2.5 (i), for each i €
{1,...,n} we may find an open normal subgroup V,, of I such that ¢;V,; C W;. Set
Vy, = Vy1N---NVy, Then g(V,)" is an open subset of f~'{z}. Therefore the set
f~H{x} is covered by the open subsets g(V,)" for g € f~'{z}. As f~'{z} is compact
(being closed in the compact space I'™), it is covered by the subsets g(V,)", where g runs
over some finite subset F, of f~'{z}. The subgroup U” =) ser, Vg 1s open and normal
in I', and so is U"” = [,y U, (recall that Y is finite). Then the right action of (U")"
on I'" stabilises the subset f~'{x} for each z € X, which means that f factors through
" —1"/(U")"™ = (T/U")". Setting U = U’ N U" concludes the proof. O

3. Infinite Galois extensions

In this chapter, we review some aspects of Galois theory, and show that the Galois
group is an example of a profinite group. The only nontrivial fact that we will use without
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proof is the existence of algebraic closures.

When A, B are k-algebras, we will denote by Homy_a14(A, B) the set morphisms of
k-algebras A — B. The group of automorphisms of a k-algebra A will be denoted by
Autk_alg(A).

LEMMA 4.3.1. Let L/k and F/k be field extensions.
(i) If L/k is algebraic, and F is algebraically closed, then Homy_a4(L, F) # @.
(11) If L/k is finite, then |Homy_a14(L, F)| < [L : k.
(iti) If L/k is finite separable, and F' is algebraically closed, then |Homy_a14(L, F)| =
[L: K]

PROOF. (i) : Consider the set of pairs (K, o) where K/k is a subextension of L/k,
and 0: K — F a k-algebra morphism. It is partially ordered by letting (K, o) < (K', o’)
when K C K’ and ¢'|g = 0. It is easy to see that every totally ordered subset admits
an upper bound. By Zorn’s lemma, we find a maximal element (K,0). Let z € L,
and P € K[X] be the minimal polynomial of z over K. Then P has a root y in the
algebraically closed field F'. The subextension E of L/K generated by z is isomorphic
to K[X]/P, and mapping z to y induces a k-algebra morphism F — F extending o. By
maximality of (K, o), we must have K = E, hence z € K, and finally L = K.

(ii) and (iii) : We proceed by induction on [L : k]. Let z € L — k, and P € k[X] the
minimal polynomial of x over k. The subextension K of L/k generated by x is isomorphic
to k[X]/P, and morphisms of k-algebras K — F correspond to roots of P in F'. There are
at most (resp. exactly, if L/k is separable and F' is algebraically closed) deg P = [K : k]
such roots. By induction each morphism of k-algebras K — F admits at most (resp.
exactly) [L : K] extensions to a morphism L — F. There are thus at most (resp. exactly)
[L: K][K : k] = [L : k] morphisms of k-algebras L — F. O

Recall that when a group G acts on a set X, we denote by X the set of elements of
X fixed by every element of G.

PROPOSITION 4.3.2. Let L/k be a finite field extension. Let G be a subgroup of
Auty a1 (L) such that L = k. Then G = Auty_a.(L) and |G| = [L : k].

PROOF. We have [L : k] > |Autg_ag(L)| by Lemma 4.3.1 (iii). In particular G
is finite, and it will suffice to prove that |G| > [L : k]. Let M be the set of maps
G — L, viewed as an k-vector space via pointwise operations. Consider the k-linear map
¢: Loy L — M sending x®y to the map g — xg(y). Assume that the kernel of ¢ contains

a nonzero element v =1 @y + - + 2 @y, where x1,..., 2, y1,...,yr € L. Choose r
minimal with this property. Then z1,...,z, are linearly independent over k. Replacing
v with (1 ®y171)v7 we may assume that y; = 1. Since the elements z1, ..., x, are linearly

independent over k and 0 = p(v)(idy) = 151 + - -+ + Z,y», there exists j € {2,...,r}
such that y; does not lie in k. As k = LY, we may find g € G such that g(y;) # y;. The
element v =1 ® g(y1) + - + = ® g(y,-) also lies in the kernel of ¢, hence so does

v —v —Zx1®y1 Z:m@g% Z% vi — 9(yi))-

This element is nonzero, because xa,...,z, are linearly independent over £ and y; —
g(y;) # 0. We have obtained a contradiction with the minimality of r. This proves that
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 is injective, so that
[L:k])? =dimy L ®; L <dimy M = |G| - [L : k],
and thus |G| > [L : k], as required. O

Recall that an algebraic extension L/k is called normal if the minimal polynomial
over k of every element of L splits into a product of linear factors over L.

LEMMA 4.3.3. Let L/k be a normal field extension and F/k a field extension. Then
all morphisms of k-algebras L — F have the same image.

PROOF. Let P C k[X] be the set of minimal polynomials over k of elements of L,
and F be the set of roots in F' of the elements of P. We prove that F is the common
image. Let o: L — F be a k-algebra morphism. If 2 € L, then o(x) € F is a root of
the minimal polynomial of = over k, proving that o(L) C E. Conversely, let y € E, and
pick P € P such that P(y) = 0. As L/k is normal, we may find z1,...,x, € L such that
P=(X—-2x1) (X —z,) in L[X], hence

0=0(P(y) = (@(P)(y) = (y —o(x1)) - (y —o(zn)) € F,
so that y = o(x;) for some ¢ € {1,...,n}. Thus F C o(L). O

PROPOSITION 4.3.4. Let F'/k be an algebraic field extension. The following are equiv-
alent:

(i) The extension F/k is separable and normal,
(ii) FAutk—a(F) — k.

PRrOOF. (i) = (ii) : Let © € F — k, and P the minimal polynomial of = over k. The
polynomial P splits into a product of linear factors over F' (as F'/k is normal), and has
no multiple root (as F'/k separable). Since P has degree at least two, we find y € F such
that y # x and P(y) = 0. Let K be the subfield of F generated by x over k, and F be
an algebraic closure of F. The morphism of k-algebras k[X]|/P — K given by X — z is
an isomorphism, hence we can define a morphism of k-algebras K — F by x — y. That
morphism extends to a morphism F — F by Lemma 4.3.1 (i), whose image equals F' by
Lemma 4.3.3. We have thus found o € Auty_ai.(F) such that o(z) = y # x, proving (ii).

(ii) = (1) : Let € F. Let S be the set of those o(x) € F, where o runs over
Auty_a15(F). The elements of S are among the roots of the minimal polynomial of = over
k, and in particular S is finite. Consider the polynomial

P=][(x-s) e Fx].
ses
Every 0 € Auty_a15(F) permutes the elements of S, so that
o(P)=[[(X-o(s) =[[(X-s)=P.
seS SES

Thus P = (F[X])Autk—ae(F) = (FAuk—as(F))[X] = k[X]. The minimal polynomial of
over k divides P, hence also splits into a product of pairwise distinct monic linear factors
over F. O

DEFINITION 4.3.5. An algebraic field extension F/k is called Galois if it satisfies
the conditions of Proposition 4.3.4. Its Galois group Gal(F/k) is defined as the group
Autk,alg(F).
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LEMMA 4.3.6. If F/k is a Galois extension and E a subextension of F/k, then the
extension F/E is Galois.

PROOF. Let x € F, and P € k[X], resp. Q € E[X], be the minimal polynomial of
over k, resp. E. Then @ divides P in F[X], hence also splits into a product of pairwise
distinct monic linear factors over F'. O

LEMMA 4.3.7. Let F/k be a Galois extension, and E/k a Galois subextension of F/k.
Then every element of Gal(F'/k) restricts to an element of Gal(E/k), and the induced
morphism Gal(F/k) — Gal(E/k) is surjective.

PrOOF. Let 0 € Gal(F/k). Then o(E) = E by Lemma 4.3.3, proving the first
statement. Let now 7 € Gal(E/k). Let F be an algebraic closure of F. Then the
morphism E = E C F extends to a morphism of k-algebras F — F by Lemma 4.3.1 (i),

whose image equals F' by Lemma 4.3.3. We have thus extended 7 to an element of
Gal(F/k). O

LEMMA 4.3.8. Let F'/k be a Galois extension. Then every finite subset of F' is con-
tained in a finite Galois subextension of F/k.

PROOF. For any = € F, the elements o(z) € F for ¢ € Gal(F/k) are roots of
the minimal polynomial of x over k, hence are in finite number. Thus, if S is a finite
subset of F', the subextension L/k of F'/k generated by the elements o(z), for x € S and
o € Gal(F/k), is finite. Since the extension F/k is Galois, for every y € L — k we may
find o € Gal(F/k) such that o(y) # y (Proposition 4.3.4). But ¢(L) = L by construction
of L, hence o restricts to an element of Auty_a15(L). This proves that the extension L/k
is Galois (Proposition 4.3.4). O

PROPOSITION 4.3.9. Let F/k be a Galois extension. The groups Gal(L/k), where L/k
runs over the finite Galois subextensions of F/k (ordered by inclusion) form an inverse
system of groups, whose inverse limit is isomorphic to Gal(F/k).

PROOF. Let F be the set of finite Galois subextensions of F/k. If L, L' € F, then
we may find L” € F such that L C L” and L’ C L” by Lemma 4.3.8. The morphisms
Gal(L'/k) — Gal(L/k) for L, L' € F with L C L' are given by restricting automorphisms
(see Lemma 4.3.7).

By Lemma 4.3.8 the field F' is the union of the fields L € F. Therefore an automor-
phism of F' is the identity if and only if it restricts to the identity on each L € F. This
implies the injectivity of the natural morphism (see Lemma 4.3.7)

Gal(F/k) = lim Gal(L/k) ¢ ] Gal(L/k).
LeF

Let now o € Gal(L/k) be a family of elements representing an element of lim Gal(L/k).
—

Let x € F. By Lemma 4.3.8, there exists L € F such that x € L. Moreover, if another
extension L' € F contains z, then there exists an extension L” € F containing L and L/,
so that oL (z) = 0" (z) = o' (). Therefore o (z) € F does not depend on the choice
of the extension L € F containing x. We have thus defined a map o: F' — F restricting
to o for each finite Galois subextension L/k of F/k. It is easy to verify that o is indeed
an automorphism of the k-algebra F'. O
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DEFINITION 4.3.10. Let F/k be a Galois extension. By Proposition 4.3.9 the group
Gal(F/k) is profinite. The corresponding topology is called the Krull topology.

THEOREM 4.3.11 (Krull). The associations
Ew Gal(F/E) ; Hw— FH

yield inclusion-reversing, mutually inverse bijections between subextensions E of F/k and

closed subgroups H of Gal(F/k). If E is a subextension of F/k, then
(i) the subgroup Gal(F/E) is open if and only if E/k is finite, in which case
[Gal(F/k) : Gal(F/E)] = [E : k.
(ii) the subgroup Gal(F'/E) is normal if and only if E/k is Galois, in which case
Gal(F/k)/ Gal(F/FE) ~ Gal(E/k).

PrOOF. Let E be a subextension of F/k. By Lemma 4.3.6 we have FS(F/E) = B
If E/k is finite, it is contained in a finite Galois subextension E’ of F'/k by Lemma 4.3.8.
The subgroup Gal(F/E) is then open in Gal(F/k), hence also closed, because it is the
preimage of Gal(E’/E) under the projection Gal(F'/k) — Gal(E’/k) (by definition of the
topology). When the subextension F is arbitrary (not necessarily finite), it is the union
of its finite subextensions, so that Gal(F/E) is an intersection of closed subgroups in
Gal(F/k), hence is closed.

Conversely, let H C Gal(F/k) be a closed subgroup. Let E = FH. Then H C
Gal(F/E). Assume o € Gal(F/E) does not belong to H. By Lemma 4.2.5 (i), the
open complement of H in Gal(F/k) contains a subset of the o Gal(F¥/L), where L is
a finite Galois subextension of F'/k. Let H’ be the image of H under the morphism
Gal(F/k) — Gal(L/k), and set B/ = L¥' = EN L. The extension L/E' is Galois
and H' = Gal(L/E’) by Proposition 4.3.2. In particular we may find h € H such that
hlr = o|r € Gal(L/E’). But then h € H N o Gal(F/L), contradicting the choice of L.
We have proved that H = Gal(F/E).

Now assume that H is an open subgroup of Gal(F/k). By Lemma 4.2.5 (i), there
exists a finite Galois subextension L of F/k such that Gal(F/L) C H. Then F is
contained in FG(F/L) — [, hence is finite.

Let now E/k be a subextension of F/k, and consider the set X = Homy_a15(E, F).
Let F be an algebraic closure of F, and Y = Homy_e(F,F). By Lemma 4.3.1 (i),
every element g € Y may be extended to a morphism of k-algebras h: F — F. The
image of h coincides with ' C F by Lemma 4.3.3, hence h is induced by an element
o € Gal(F/k) such that g is the composite E C F % F C F. This implies that the
map X — Y induced by the inclusion F C F is bijective, and that the natural action
of Gal(F/k) on X is transitive. Since the stabilisator of the inclusion E C F (viewed
as an element of X) is Gal(F/FE), we deduce that X is in bijection with the quotient
Gal(F/k)/ Gal(F/E). Now |Y| = [E : k] by Lemma 4.3.1 (iii), and we conclude that
[Gal(F/k) : Gal(F/E)] = [E : k].

If E/k is a Galois subextension of F/k, the subgroup Gal(F/FE) is normal, being the
kernel of the morphism Gal(F/k) — Gal(E/k). Conversely let H be a normal subgroup
of Gal(F/k), and E = FH. Let x € E. Then for any 0 € Gal(F/k) and h € H, the
automorphism o~ o ho o € Gal(F/k) belongs to H, hence fixes x. Therefore

hoo(z)=coc 'ohoo(z) = o(x),
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proving that o(z) € E. Thus the subfield E C F is stable under the action of Gal(F/k),
so that FAWk-ais(F) ¢ pGal(F/k) — kTt follows that the extension F/k is Galois (Propo-
sition 4.3.4). The isomorphism Gal(F/k)/ Gal(F/E) ~ Gal(E/k) is a consequence of
Lemma 4.3.7. O

In the sequel, the most important example of an infinite Galois extension will be the
separable closure, which we discuss now. Recall that a field is called separably closed if it
admits no nontrivial separable extension. An extension F'/k is called a separable closure
if it is separable and if F is separably closed. Such an extension always exists: we may
take for F' the set of separable elements in a given algebraic closure of k.

LEMMA 4.3.12. Let L/k and F/k be field extensions.

(i) Assume that L is separable over k and that F' is separably closed. Then there exists
a morphism of k-algebras L — F.

(ii) Assume that L is separably closed and that F is separable over k. Then any mor-
phism of k-algebras L — F' is an isomorphism.

PROOF. (i) : Let F be an algebraic closure of F. By Lemma 4.3.1, we find a morphism
of k-algebras o: L — F. Let x € L. Then x is a root of an irreducible separable
polynomial in k[X], and o(z) € F is a root of same polynomial. In particular o(z) is
separable over k, hence belongs to F. Therefore o(L) C F, proving (i).

(ii) : Since every element of F' is separable over k, any morphism of k-algebras L — F
is a separable extension, hence an isomorphism since L is separably closed. 0

PROPOSITION 4.3.13. Ewery separable closure of k is a Galois extension.

PROOF. Let F be a separable closure of k, and « € F' — k. The minimal polynomial
P € k[X] of x over k is separable of degree at least two. Its image in F[X] thus possesses
an irreducible factor @ such that Q(x) # 0. The field F[X]/Q is a separable extension
of F, hence equals F'. It follows that Q = X — y for some y € F distinct from z. Let
K be the subextension of F/k generated by z. Then X +— z induces an isomorphism
of k-algebras k[X]/P ~ K, and we may thus define a morphism of k-algebras K — F
mapping x to y. As F is separable over K, this morphism extends to a morphism of k-
algebras o: F' — F by Lemma 4.3.12 (i), which is an isomorphism by Lemma 4.3.12 (ii).
We have thus constructed o € Autg_aig(F') such that o(x) # x, proving that F' is Galois
(Proposition 4.3.4). O

REMARK 4.3.14. By Lemma 4.3.12, a separable closure of k£ is unique up to an
isomorphism of k-algebras. But by Proposition 4.3.13 and Proposition 4.3.4, such an
isomorphism is nonunique, unless k is separably closed. For this reason, we will usually
fix a separable closure k; of k.

ExAMPLE 4.3.15. Let k be a finite field, and ks a separable closure of k. Then k
has positive characteristic p, and its cardinality ¢ is a power of p. For each n € N — {0},
there is a unique subextension F,, of ks/k having degree n, namely the set of roots of
the polynomial X" — X € k[X]. This polynomial splits into distinct linear factors over
F,, hence F,/k is Galois. The group Gal(F,/k) is cyclic of order n, generated by the
automorphism x — x7. We deduce that (see Example 4.2.4)

Gal(k,/k) = Z.

Finally, the existence of pro-p-Sylow subgroups has the following consequence:
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LEMMA 4.3.16. Let p be a prime number. Then there exists a separable extension
E/k having the following properties:

(i) The degree of every finite separable extension of E is a power of p.
(i) The degree of every finite subextension of E/k is prime to p.

PROOF. Let ks be a separable closure of k, and P a pro-p-Sylow subgroup of Gal(k;/k).
We set E = (k,)F.

(i): Let D/F be a finite separable extension. By Lemma 4.3.12 (i) we may assume
that D C k. By Theorem 4.3.11, the integer [D : E] coincides with the index of the open
subgroup Gal(ks/D) in the pro-p-group P = Gal(ks/E), hence is a power of p.

(ii): Let L/k be a finite subextension of E//k. Then we may find a Galois subextension
F/k of ks/k containing L. Let @ be the image of P under the morphism Gal(k,/k) —
Gal(F/k), and set K = F?. Since by Proposition 4.3.2 we have | Gal(F/k)| = [F :
k] = [F : K|-[K : k] and |Q| = |Gal(F/K)| = [F : K], it follows that [K : k] is
the index of @ in Gal(F/k), hence is prime to p (as P is pro-p-Sylow subgroup). Now
K = (ks)? N F = EN F contains L, hence [L : k] is also prime to p. O

4. Galois descent

Let us fix a Galois extension F'/k and denote by I' the profinite group Gal(F'/k).
When v € I' and A € F, we will write v\ instead of v(\). In this section, we characterise
those F-vector spaces V equipped with a I'-action, which are of the form Vy ®; F for
some k-vector space Vp, and describe how to recover Vy from V.

Let us first formalise an argument that will be used repeatedly.

LEMMA 4.4.1. Let U, W be k-vector spaces. Assume that a group G acts by k-linear
automorphisms on U. Then the induced G-action on W @y, U satisfies (W @), U)E =
W @y (UY).

PrROOF. Clearly W ®; (U%) C (W ®;, U)“. Let now e; for i € I be a k-basis of W.
For each i € I, let ef: W — k be the linear map sending an element of W to its i-th
coordinate in the above basis, and consider the k-linear map

WU 2 be U =U.

Then for any © € W ®;, U, we claim that
(4.4.a) =Y e ®ex).
iel
Indeed this is easily verified when z = w ® u for w € W,u € U, and the general case

follows since both sides of the formula are k-linear. Since each map ¢; is G-equivariant,
it maps (W ®; U)¢ into U, and the statement follows from (4.4.a). O

DEFINITION 4.4.2. Let V be an F-vector space. A I'-action on V is called semilinear
ifforallv e Vand A € F and v € I, we have in V'

() = (YA) (yv).
Let V, V' be F-vector equipped with a semilinear I'-action. Then VOV’ and Vg V'
inherit a semilinear I-action. So does Hompg(V,V”), by setting, for f € Homp(V, V') and
vyeTl

(4.4.b) (vN)(w) =7(f(y " u)) forueU.
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LEMMA 4.4.3. Let W be a k-vector space. Then the I'-action on Wp = W & F via
the second factor is semilinear and continuous. The subset (Wg)' of Wr coincides with
W=W®yk.

PROOF. The semilinearity is clear, and the last statement follows from Lemma 4.4.1,
since FT' = k. It only remains to prove the continuity. An arbitrary element w € Wg
is of the form w1 ® \; + - -+ + w, ® A, where wq,...,w, € W and A1,..., A\, € F. By
Lemma 4.3.8, the elements A1, ..., \, are contained in some finite Galois subextension L
of F'/k. Then the subgroup Gal(F'/L) C I is open (Theorem 4.3.11) and fixes w, proving
the continuity (see Lemma 4.2.11). 0

LEMMA 4.4.4 (Dedekind). Let A be a k-algebra and K/k a field extension. Let
01,...,0y be pairwise distinct morphisms of k-algebras A — K. Then the elements

01,...,0p € Homk_alg(A, K) C Homk(A,K) = HOmK(AK,K)
are linearly independent over K. In particular n < dimy A.

PrOOF. Assume that

(4.4.c) aro1+ -+ amom = 0.

where aq,...,a, € K are not all zero. Pick such a relation, where m € {1,...,n} is
minimal. In particular a,, # 0, and m > 1. As o,,, # 0, there exists ¢ € {1,...,m — 1}
such that a; # 0. Since 0; # o, we may find z € A such that o;(z) # o, (2). Since the
maps oy, ..., 0, are multiplicative, it follows from (4.4.c) that

(4.4.d) ay01(z)o1 + -+ + amom (2)om = 0.

Subtracting o,,(z) times Equation (4.4.c) to (4.4.d) yields
a1(01(2) — om(2))o1 + - + am—1(0m-1(2) — om(2))0m-1 = 0.

Since a;(0;(2) — om(z)) # 0, we have found a contradiction with the minimality of m.
The last statement follows from the fact that dimgx Homy(A4,K) = dimg Ag =
dimk A. Il

PROPOSITION 4.4.5 (Galois descent). Let V' be an F-vector space. If T' acts contin-
wously on V by semilinear automorphisms, then the natural morphism VI @, F =V is
bijective.

PROOF. Denote by ¢ the morphism V! ®; F — V. The proof of the injectivity of ¢
is a recast of the proof of Proposition 4.3.2. Namely, assume that the kernel of ¢ contains
a nonzero element v = v, @ A1+ -+ v, @\, withv; € Vi and \; € Fforalli =1,...,r.
Choose r minimal with this property. Then vy,...,v, are linearly independent over k.
Replacing v with )\flv, we may assume that A\; = 1. Since the elements vy, ..., v, are
linearly independent over k and 0 = ¢(v) = Av1 + - -+ + Ay, there exists j € {2,...,7}
such that A; does not lie in k. Since k = F', we may find v € I" such that vA; # \;. By
semilinearity of the I'-action on V', the morphism ¢ is I'-equivariant, hence yv lies in the
kernel of ¢. Thus

U—VUZZUz‘@/\i—Zvi@)%\izzvz‘@(/\i—’Y)\i)
i=1 i=1 i=2
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is in the kernel of . This element is nonzero, because vs, ..., v, are linearly independent
over k and A\; —yA; # 0. We have obtained a contradiction with the minimality of 7.
This proves that ¢ is injective.

Conversely let v € V. By continuity of the I'-action on V', we may find a finite Galois
subextension L of F/k such that v is fixed by Gal(F/L) (see Lemma 4.2.11 and Theo-
rem 4.3.11). Let ey, ..., e, be a basis of the k-vector space L. The group Gal(L/k) has car-
dinality n (Proposition 4.3.2), and by Lemma 4.3.7 we may find preimages vy1,...,7, CT
of the elements of Gal(L/k). Consider the elements

n
(4.4.e) w; = Z(’yiej)(’yiv) eV forj=1,...,n.

i=1
Let v € T'. Since T is the disjoint union of the subsets vy, Gal(F/L),...,~v, Gal(F/L), for
each i € {1,...,n} there is a unique p € {1,...,n} such that ,Y;l,y% € T belongs to the
subgroup Gal(F/L). Therefore, for every j € {1,...,n}, we have

Tw; = Z(V%'ej)(’mv) = Z(Wpej)(ﬁ’pv) = wy,
i=1 p=1

proving that w; € VY. The matrix (viej);; € My,(L) is invertible by Dedekind’s
Lemma 4.4.4. Let m; ; € L be the coefficients of its inverse. By (4.4.¢), we have

n
'yivzg m,; jw; fori=1,...,n.

j=1
These elements lie in the image of ¢ (as each w; belongs to V). There isi € {1,...,n}
such that ~; is the preimage of 1 € Gal(L/k), hence belongs to Gal(F/L) and thus fixes
v. Then v = ;v belongs to the image of ¢. O

REMARK 4.4.6. Let A be an F-algebra. Assume that I' acts continuously by semi-
linear automorphisms on the F-vector space A, and that the multiplication map of A is
compatible with the ['-action, in the sense that

(va)(yb) = v(ab) for all a,b € A.

Then A" is a k-algebra, and the morphism A" ®; F — A is an isomorphism of k-algebras.
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EXERCISES

Exercise 4.1. Let p be a prime number and I a pro-p-group. The purpose of this
exercise is to prove that the index of every subgroup of I" is a power of p, if it is finite.
Let n € N, and write n = p"m, where m is prime to p and r € N.
(i) Consider the subset C,, = {¢"|g € I'}. Show that C,, is closed in T".
Let now g € I'. Let U be an open normal subgroup of T
(ii) Show that g?" € U for some s > 7.
(iii) Show that g?" € C,U. (Hint: Write p” = ap® + bn, with a,b € Z.)
(iv) Deduce that g*" € C,,.
(v) Let H C T be a normal subgroup of index n. Show that C,, C H, and deduce that
I'/H is a finite p-group.
(vi) Conclude.

Exercise 4.2. Let F'/k be a Galois field extension. Let H C Gal(F'/k) be a subgroup,
and H its closure. Show that H is a subgroup, and that FH = F.

Exercise 4.3. Recall that a topological space is called Hausdorff if any two distinct
points are contained in disjoint opens subsets.

(i) Let T’ be a profinite group. We have seen that I' is compact. Show that I' is
Hausdorff and that every open subset of I' containing 1 contains an open normal
subgroup.

Let now G be a compact and Hausdorff topological group. We assume that every open
subset of G containing 1 contains an open normal subgroup. We are going to show that
G is profinite. Let U be the set of open normal subgroups of G, ordered by setting U < V
when V C U.

(ii) Show that the groups G/U for U € U form an inverse system, that the group
H =1im G/U is profinite and that the natural morphism f: G — H is continuous.

—

(iii) Show that f is injective.

(iv) Show that the image of f is dense (i.e. meets every nonempty open subset of H).
(v) Show that f is closed (i.e. f(Z) is closed in H whenever Z is closed in G).

(vi) Conclude that f: G — H is a homeomorphism.
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CHAPTER 5
Etale and Galois algebras

Etale algebras are generalisations of finite separable field extensions, and share many
of their properties. The category of étale algebras has the advantage of begin stable under
extension of scalars, a feature providing a very useful flexibility lacking if one works only
with separable extensions. In this chapter, we show that an étale algebra is the same
thing as a finite set with a continuous action of the absolute Galois group. Shifting the
point of view in this fashion will be central in the next chapter.

In the same spirit, Galois G-algebras, introduced at the end of this chapter, generalise
finite Galois field extensions while being stable under extension of scalars. These algebras
will provide a guiding example, as they constitute a simple type of torsors, objects which
will figure prominently in the next chapter.

This chapter begins with a brief introduction to the language of categories, which
provides a suitable framework to express the above mentioned results.

By contrast with the previous ones, this chapter only deals with commutative alge-
bras, and as such has a slightly different flavour. Its purpose is nonetheless to provide
motivation to develop a more general theory of torsors, that will then be applied to the
noncommutative case.

1. Categories

In this section, we briefly introduce a language that will permit a convenient formula-
tion of certain results. We will not make a very extensive use of it, and so limit ourselves
to very basic considerations leading to the notion of equivalence of categories.

DEFINITION 5.1.1. A category C consists of the following data:

(i) a class of objects,
(ii) for each ordered pair of objects A, B a set of morphisms Hom¢ (A, B),
(iii) a specified element id4 € Hom¢ (A, A) for every A € Ob(C),
(iv) amap (called composition law) Home (A, B) x Home (B, C') — Home (A, C) denoted
by (f,g) — go f, for every objects A, B, C.

We write f: A — B to indicate that f € Home(A, B). These data are subject to the
following axioms

(a) idpof = f = foidy for every f: A — B,
(b) ho(gof)=(hog)o f forevery f: A— B,g: B— C,h: C — D.

A morphism f: A — B in C is called an isomorphism if there exists g: B — A such that
gof=idy and fog=idp.

REMARK 5.1.2. We will often write X € C to mean that X is an object of C.
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REMARK 5.1.3. The meaning of the word “class” in the above definition is left to
the imagination of the reader. Observe that the objects do not necessarily form a set, for
instance in the category Sets defined just below.

ExXaAMPLE 5.1.4. The category Sets is defined by letting its objects be the sets, its
morphisms the maps of sets, the composition law is given by composition of maps. Simi-
larly, one defines the category of groups (denoted by Groups), of abelian groups (denoted
by Ab), of rings, of k-algebras,. ..

When B,C are categories, a functor F: B — C is the data of an object F(B) € C
for every object B € B, and a morphism F(f): F(B) — F(B’) in C for every morphism
f: B — B’ in B, subject to the following conditions:

(a) F(idp) = idz(p) for every B € B,
(b) F(g) o F(f)=F(gof) for every f: B— B’ and g: B’ — B” in B.

When B = C, setting F(B) = B and F(f) = f for all B and f as above defines a
functor idg: B — B.

If F,G: B — C are functors, a morphism of functors (or natural transformation)
p: F — G is the data of a morphism ¢p: F(B) — G(B) in C for every B € B such that
for every morphism f: B — B’ in B, the following diagram commutes

F(B)—"=¢(B)
f(f)i J{g(f)
P, G(B)

When F = G, setting pp = idz(py for all B € B defines a morphism of functors
idg: F — F. Morphisms of functors can be composed in an obvious way. A morphism of
functors ¢: F — G is called an isomorphism if there is a morphism of functors ¢¥: G — F
such that ¢ o ¢ = idr and @ o 1) = idg. Observe that ¢ is an isomorphism if and only if
each pp for B € B is an isomorphism in C.

An equivalence of categories B ~ C is the data of a pair of functors F: B — C and
G: C — B together with a pair of isomorphisms of functors idg — Go F and id¢ — Fog.

Given a category C, the opposite category C°P is defined as follows. The objects of
C°P are the objects of C, and Homcor (A, B) = Home(B, A) for every A, BeC. If AcC
the morphism id4 € Homcor(A, A) corresponds to the morphism idg4 € Home(A, A).
Composition of morphisms is defined by the map
Homgor (A4, B) xHomgeor (B, C') = Home (B, A)xHome (C, B) — Home(C, A) = Homeos (A, C)

where the middle map is the composition map in C.
A contravariant functor B — C is a functor B°? — C. We define in an obvious way the
notions of morphism of contravariant functors, contravariant equivalence of categories,. . .

2. Etale algebras

Let us fix a separable closure ks of k. Let A be a k-algebra. We define
X(A) = HOH’I}C,a]g(A7 ks) = Homks,alg(Aks, ks)
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REMARK 5.2.1. By Remark 4.3.14, the set X(A) does not depend, up to bijection, on
the choice of the separable closure kg of k. In particular its cardinality |X(A)| € NU{co}
does not depend on any choice.

LEMMA 5.2.2. We have |X(A)| < dimy, A.
ProoF. This follows from Dedekind’s Lemma 4.4.4. O

DEFINITION 5.2.3. A commutative k-algebra A is called étale if it is finite-dimensional
and |X(A)| = dimg A. Decreeing that a morphism of étale k-algebras is a morphism of
k-algebras between étale algebras, we define the category of étale k-algebras, which we
denote by Etg.

LEMMA 5.2.4. Let K/k be a field extension. Then the k-algebra K is étale if and only
if the extension K/k is finite and separable.

PROOF. Since K is a field, we have dimy K > 1. Thus if K is étale, then X(K) # &,
hence K can be embedded in kg over k, which implies that K /k is separable. Conversely,
assume that K/k is finite and separable. Let F' be an algebraic closure of k. There are
[K : k] distinct morphisms of k-algebras K — F by Lemma 4.3.1 (iii). Let f: K — F be
a morphism of k-algebras. Let « € K, and let P € k[X] be the minimal polynomial of z
over k. Then P is separable, and f(x) € F is a root of P. Therefore f(z) is separable
over k, hence belongs to ks. We have thus produced [K : k] = dimy K distinct elements
of X(K). O

LEMMA 5.2.5. Let L/k be a field extension and A an étale k-algebra. Then the L-
algebra Ay is étale.

PROOF. Let L; be a separable closure of L. By Lemma 4.3.12 (i) there exists a
morphism of k-algebras o: ks — Ls. Denote by u: ks ® L — L the morphism of k-
algebras given by z @ y — o(x)y for « € ks and y € L. Every morphism of k-algebras
f: A — kg induces a morphism of L-algebras

FrAL 5 (k) = ks @n L2 L,

which fits into the commutative diagram

AL$‘LS

)

A—— ks

aHa@lT

Since o is injective (as ks is a field), we see that if f,g € X(A) are such that f: g, then
f = g. Therefore | X(AL)| > |X(4)| = dimy A = dimyp Af. O

PROPOSITION 5.2.6. Assume that k = ks, and let A be an étale k-algebra. Let M
be the set of maps X(A) — k, with its k-algebra structure given by pointwise operations.
Then the morphism of k-algebras A — M sending a € A to the map f — f(a) is an
isomorphism.

PROOF. Let n = dimy A. By Dedekind’s Lemma 4.4.4, the n elements of X(A) are
linearly independent over k, hence generate the n-dimensional k-vector space Homy (A4, k).
In particular the intersection of their kernels is zero. Thus the morphism of the statement
is injective, hence bijective by dimensional reasons. O
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COROLLARY 5.2.7. If k is separably closed, then every étale k-algebra is isomorphic
to k™ for some integer n.

Recall that an element r of a ring R is called nilpotent if ™ = 0 for some integer n,
and that the ring R is called reduced if it contains no nonzero nilpotent element.

REMARK 5.2.8. Let R, S be rings. Then R x S is reduced if and only if R and S are
reduced. Indeed a pair of nonzero nilpotent elements of R and S give rise to a nonzero
nilpotent element of R x S. Conversely, if r € R (resp. s € S) is nonzero nilpotent, then
(r,0) € R x S (resp. (0,8) € R x S) is so.

LEMMA 5.2.9. An étale k-algebra is reduced.

PROOF. Let A be a finite-dimensional k-algebra. If z is a nilpotent element of A,
every morphism of k-algebras A — ks maps x to zero, hence factors uniquely through the
quotient morphism A — A/xA. In other words, the natural map X(A/zA) — X(A) is
bijective. If x # 0, then

IX(A4)] = |X(A/zA)| < dimg(A/zA) < dimy, A,
and A is not étale. O

LEMMA 5.2.10. Let A, B be finite-dimensional k-algebras.
(i) We have X(A x B) = X(A4) UX(B).
(1i) The k-algebra A x B is étale if and only if the k-algebras A and B are étale.

PROOF. (i) : The surjective morphisms of k-algebras A x B — A and A x B — B
allow us to view X (A) and X(B) as subsets of X(A x B). Let f € X(A x B). The image
of f is a field by Lemma 3.1.2, hence the kernel of f is a maximal ideal m of A x B. There
exist ideals I C A and J C B such that m = I x .J (every ideal of A x B is of this form),
and the maximality of m implies that I = A or J = B, and that I # A or J # B. This
proves that f belongs to exactly one of the subsets X(A) and X(B).

(ii) : Since dimy(Ax B) = dimy, A+dimy, B, this follows from (i) and Lemma 5.2.2. O

PrOPOSITION 5.2.11. FEvery commutative reduced finite-dimensional k-algebra is a
product of field extensions of k.

PROOF. Let A be such an algebra. Let I be the intersection of maximal ideals of
A. Since A is artinian, we can find! a finite set of maximal ideals M of A such that
I = (Nwen m- Consider the natural morphism of k-algebras

Y A= ] A/m.
meM

If m, m’ are distinct elements of M, we have 1 € m+m’. This yields an element ey o € m’
such that em m =1 mod m. The element

em = H emm € A
m’'eM—{m}

has image 1 in A/m, and 0 in A/m’ for m € M — {m}. It follows that the A-module
[Lwens A/m is generated by the elements ¢(ey) for m € M. Since the morphism 1 is
A-linear, we conclude that v is surjective.

Lthe set of maximal ideals of A is actually finite, but we will not need this fact.
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Let now z € I. Then, as A is artinian, we can find n € N such that the elements "
and 2"t generate the same ideal of A. This yields a € A such that 2™ = az™*!, and thus
2™(1 —az) =0. If 1 —az € m for some maximal ideal m of A, then 1 € m+ I = m, hence
m = A, a contradiction. Thus 1 — ax belongs to no maximal ideal of A, in other words
1 —ax € A*. We deduce that " = 0, hence = = 0 since A is reduced. As I = ker, this
proves the injectivity of . a

COROLLARY 5.2.12. Every étale k-algebra is a finite product of field extensions of k.
PRrROOF. This follows from Lemma 5.2.9 and Proposition 5.2.11. O

We are now in position to formulate the main result of this section, we provides
various characterisations of étale algebras.

PROPOSITION 5.2.13. Let A be a finite-dimensional commutative k-algebra, and n =
dimg A. Then the following conditions are equivalent:
(i) The k-algebra A is étale.
(ii) The ks-algebra Ay, is isomorphic to (ks)™.
(i4i) The k-algebra A is isomorphic to a product of separable field extensions of k.
(iv) If k is an algebraic closure of k, then the ring Az is reduced.
(v) If L/k is a field extension, then the ring Ay, is reduced.

PROOF. (i) = (ii) : This follows from Lemma 5.2.5 and Corollary 5.2.7.

(ii) = (i) : The projections (ks)™ — ks yield n distinct elements of X(A).

(iii) = (i) : This follows from Lemma 5.2.10 (ii) and Lemma 5.2.4.

(i) = (v) : This follows from Lemma 5.2.5 and Lemma 5.2.9.

(v) = (iv) : Clear.

(iv) = (iii) : The k-algebra A is a finite product of field extensions by Proposi-
tion 5.2.11. Let K/k be one of these field extensions, and =z € K. Let B be the
k-subalgebra of K generated by . Then B is isomorphic to k[X]/P, where P is the
minimal polynomial of z over k. The ring k[X]|/P ~ By is reduced, being contained
in K3, which is reduced because Ay is so (in view of Remark 5.2.8). This implies that
P € k[X] is separable : indeed if P = (X — a)Q € k[X] where Q € k[X] and a € k
are such that Q(a) = 0, then P | @2, hence @ defines a nonzero nilpotent element of
k[X]/P. O

The characterisations of Proposition 5.2.13 can be used to provide a simple proof of
the fact that the property of being étale “descends” under extension of the base field.

COROLLARY 5.2.14. Let L/k be a field extension and A a k-algebra. If the L-algebra
Ay is étale, then so is the k-algebra A.

PROOF. Let k be an algebraic closure of k, and L an algebraic closure of L. By
Lemma 4.3.12 (i), we may view k as a subfield of L. The ring A7 is reduced by assumption
(and the criterion (v) in Proposition 5.2.13), hence so is its subring Az This proves that
A is étale by the criterion (iv) in Proposition 5.2.13. O

3. Characteristic polynomials in étale algebras

In this section, we provide explicit formulas computing the norm and trace of elements
of étale algebras. As an application, we deduce transitivity properties of the norm and
trace maps. We will consider more generally characteristic polynomials of elements of
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étale algebras, of which the norm and trace are specific coefficients. This permits to
prove statements for the norm and trace simultaneously, as well as generalise them to the
other coefficients of the characteristic polynomial.

DEFINITION 5.3.1. Let A be a finite-dimensional k-algebra, and n = dimy A. The
characteristic polynomial of an element a € A is the polynomial

where [,: A — A is the map given by = — ax (viewed as a k-linear map). Writing this
polynomial as a, X™ + - - -+ ag where ag, ..., a, € k, we define the norm and trace of a as

Ny/i(a) = (=1)"ap and Tru/(a) = —an_1.
Observe that if K/k is a field extension, then for any a € A
CpAK/K(a® 1) = CpA/k(a) S If C K

For any a € A, we have N4/, (a) = det(l,). The properties of the determinant imply
that, for any a,b € A

(5.3.a) Nayx(ab) = Najp(a)Nasr(0) 3 Nas(l) =1
LEMMA 5.3.2. Let A be a finite-dimensional k-algebra, and a € A. Then a € A* if
and only if N 4/1(a) # 0.

PrOOF. It follows from (5.3.a) that Ny/i(a) € k* when a € A*. Conversely if
Na/x(a) # 0, the k-linear map [,: A — A is bijective. Its surjectivity yields an element
b € A such that ab =1, and we conclude using Remark 1.1.11. (|

In particular the norm map induces a group morphism N4/, : A* — k.

PROPOSITION 5.3.3. Let A be an étale k-algebra. Then for any a € A, we have
Cpaml@) = I (X-fa).
fex(4)
In particular
Na/x(a) = H f(a@) and Trap(a)= Z f(a).
feX(A) frex(A)

ProOOF. We may replace k with ks, and thus by Proposition 5.2.6 assume that A
admits a k-basis ey for f € X(A) such that ere, = 0 if f # g and e?c = ey, and for every

acA
a= Z fla)ey.

feX(A)

Then aey = f(a)ey for every f € X(A). Computing the characteristic polynomial using
the basis ey for f € X(A) yields the result. O

COROLLARY 5.3.4. Let K/k be a finite separable field extension and A a finite-
dimensional K-algebra. Then the K-algebra A is étale if and only if the k-algebra A
is €tale. If this is the case, we have

NK/kONA/K:NA/k and Tl"K/kOTI"A/KZTIA/k.
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PROOF. Let K5 be a separable closure of K and denote by X(A/K) the set of mor-
phisms of K-algebras A — K. For each f € X(K) choose a morphism of k-algebras

f: Ky — ky extending f (this is possible by Lemma 4.3.12 (i)). Consider the map
a: X(K) x X(A/K) = X(4) 5 (f,9)= fog.

If f,f € X(K) and g,¢' € X(A/K) are such that fog = f'og': A — k, composing
with the unique morphism of K-algebras K — A we see that f = f’. Therefore f: ]7’,
hence g = ¢’ (by injectivity of f), proving that « is injective.

Now let h € X(A). Let f € X(K) be the restriction of h along the inclusion K C A.
Let us view ks as a K-algebra via f. Then h: A — k, is a morphism of K-algebras,
and f: Ky — ks is an isomorphism of K-algebras by Lemma 4.3.12 (ii). So we may set
g= ffl oh € X(A/K). Then fo g = h, proving that « is surjective.

Thus, using Lemma 5.2.2,

IX(A/K)| - [X(K)] = [X(A)] < dimy A = dimy A- [K : K] = dimg A |[X(K),

we see that the k-algebra A is étale if and only if the K-algebra A is étale.

Assume that this is the case. We use the fact the every element of X(A) is of the form
fogeX(A) for f e X(K) and g € X(A/K). If a € A then, in view of Proposition 5.3.3

NisroNasx(a)= ][ f( 11 g(a))

FeX(K)  geX(A/K)

=[0I II 7eg

FEX(K) geX(A/K)

= [ M

heX(A)
= Nayi(a),
and similarly

Trg ko Tra/k(a Z f( Z g(a))

fEX(K)  geX(A/K)

= > Y Jogla

FEX(K) geX(A/K)

Z h(a

heX (A
= TrA/k( a). O

REMARK 5.3.5. Corollary 5.3.4 can be generalised using other methods to the case
when K/k is a finite field extension and A an arbitrary finite-dimensional k-algebra.

4. Finite sets with a Galois action

Let us write I’ = Gal(ks/k). Let A be a k-algebra. If f € X(A) and v € T, we set
~f =70 f€X(A). This defines a left action of the group I" on the set X(A).

LEMMA 5.4.1. Let A be a finite-dimensional k-algebra. Then the T'-action on X(A)
is continuous (Definition 4.2.12).
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PrOOF. Let f € X(A). Since A is finite-dimensional over k, the subalgebra L =
f(A) C ks is a field (Lemma 3.1.2), of finite degree as an extension of k. The open
subgroup Gal(ks/L) fixes f, and the statement follows from Lemma 4.2.11. O

Let us denote by Fsetsp the category whose objects are finite discrete I'-sets and
morphisms are I'-equivariant maps. We have just seen that X(A) € Fsetsr for any étale
k-algebra A. If p: A — B is a morphism of étale k-algebras, the map X(B) — X(A)
given by f — f o is I'-equivariant, and one sees easily that X defines a contravariant
functor Et;, — Fsetsr.

Let now X be a finite discrete I'-set of cardinality n. The set
M(X) = {maps X — ks}.

is naturally a commutative ks-algebra (via pointwise operations), which is isomorphic to
(ks)™. The I'-actions on ks and X induce a left I'-action on M(X); namely for f € M(X)
and v € I we have

(Yf)(x) =vo f(y'z) forallze X.
Then the fixed subset M(X)! coincides with the subset of I'-equivariant maps X — k.

LEMMA 5.4.2. If X is a finite discrete T'-set, the T'-action on M(X) is continuous
and semilinear (Definition 4.4.2).

PROOF. Let v € T" and f € M(X). For any € X and X\ € kg, we have
(YON(@) =70 Ay 1e) = y(N)yo F(v 1 z) = v\ (v f) (),

so that the I'-action on M(X) is semilinear.

Let now f € M(X). There exists an open subgroup U; (resp. Us) of ' such that
Ui (resp. Usz) acts trivially on the finite set X (resp. f(X)). Then Uy N Uz is an open
subgroup of T" fixing f. O

We deduce from Proposition 4.4.5 that the natural morphism of ks-algebras
(5.4.a) M(X)" @y, ks — M(X)

is bijective. Since M(X) =~ (k4)", we conclude that M(X)!" is an étale k-algebra of dimen-
sion n (see Proposition 5.2.13). To a map of finite discrete I'-sets a: X — Y corresponds
a morphism of étale k-algebras M(Y)I' — M(X)I' given by f + foa, and one sees easily
that M": X +— M(X)" defines a contravariant functor Fsetsp — Ety.

Let A be a k-algebra. If a € A, then the map ®4(a): X(A) — ks given by f +— f(a)
is I'-equivariant. We thus define a morphism of k-algebras
By A— M (X(A)).
LEMMA 5.4.3. Let A be a finite-dimensional k-algebra. Then A is étale if and only
if ®4 is an isomorphism.
PROOF. Since the k-algebra M!(X(A)) is étale, so will be A if ® 4 is an isomorphism.
Conversely if A is étale, the composite

Ay, = A®y by 222E MUK (A)) @ ke 222 M(X(A)) = M(X (A1)

sends a to f — f(a), hence is an isomorphism by Proposition 5.2.6 (applied to the k-
algebra Ay, ). It follows that ® 4 ®j ks is an isomorphism, hence so is ® 4 (exercise). O



65 5. ETALE AND GALOIS ALGEBRAS

We can now establish our first interesting equivalence of categories.

THEOREM 5.4.4. Let T = Gal(ks/k). The functors X and MF define a contravariant
equivalence of categories Ety, >~ Fsetsp.

PROOF. Let X be a finite discrete I'-set. Consider the map
Ty: X — X(M(X))

mapping € X to the morphism of k-algebras M(X)'' — k, given by f + f(x). For
v €T and x € X, we have for all f € M(X)"

Ux(yz)(f) = flyz) =(f (@) = y(¥x (2)(f)),
so that the map Wx is I-equivariant. This map is also injective: if f(z) = f(a’) for all
f € M(X), taking for f the map
1 ify=
ye g DY
0 otherwise,

we see that * = z/. Since the source and target of the map ¥y have the same finite
number of elements, the map ¥ x is bijective.

Conversely, we have seen in Lemma 5.4.3 that the morphism ®4: A — MY (X(A)) is
bijective when A is étale k-algebra.

To conclude note that ¥ and ® in fact define functors. O

The theorem implies that operations on étale algebras correspond bijectively to op-
erations on finite discrete I'-sets, and that properties of objects in one category can be
read off on the other category. Here are a few examples:

REMARK 5.4.5. If XY are finite discrete I'-sets, there are natural I'-equivariant
isomorphisms of k-algebras

ME(XUY)~>MI(X) xMY(Y) 3 MO(X xY)~MI(X) @ MU(Y).

Thus under the equivalence of Theorem 5.4.4 disjoint unions, resp. direct products, of
finite discrete I'-sets correspond to direct products, resp. tensor products, of étale k-
algebras.

REMARK 5.4.6. A nonzero étale k-algebra A is a field if and only if " acts transitively
on the set X(A). Indeed, as A is a product of fields by Corollary 5.2.12, this follows from
Remark 5.4.5.

REMARK 5.4.7. Assume that I' acts trivially on the finite set X. Then M (X) may
be identified with the k-algebra consisting of the maps X — k. In particular M (X) ~ k"
as k-algebra, where n = | X|.

5. Galois algebras

In this section we fix a finite group GG. As before ks denotes a separable closure of k,
and we write I' = Gal(k;/k).

DEFINITION 5.5.1. A commutative k-algebra endowed with a left action of G by
automorphisms of k-algebras will be called a G-algebra (over k). A morphism of G-
algebras is a G-equivariant morphism of k-algebras between G-algebras.
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If A is a G-algebra, then the set X(A) is naturally equipped with a right G-action by
I-equivariant permutations. Explicitly for ¢ € G and f € X(A), we have f-g = fog.
Conversely, if X is discrete I'-set with a right G-action, then M (X) is a G-algebra.

PROPOSITION 5.5.2. Let A be a nonzero étale G-algebra over k. Then the following
are equivalent:
(i) AC =k,
(i) G acts transitively on X(A).

PROOF. We use the correspondence established in Theorem 5.4.4. Let X = X(A),
and consider the discrete I'-set Y = X/G. Since a map Y — k; is the same thing as a
map X — kg which is G-invariant as an element of M(X) = Aj,_, we have

MY(Y) = M'(X/G) = MY(X)C = AC.

It follows that A“ is an étale k-algebra such that X(A%) =Y. Thus A® = k if and only
if Y is a single point, i.e. G acts transitively on X (recall that X is nonempty, since A is
NONZEro). O

DEFINITION 5.5.3. Let A be an étale G-algebra over k. We say that A is a Galois
G-algebra (over k) if the following conditions hold:
(a) AY =k,
(b) dimg A > |G].
A morphism of Galois G-algebras is a morphism of G-algebras between Galois G-algebras.
We have thus defined the category of Galois G-algebras (over k).

If L/k is a field extension, it follows from Lemma 4.4.1, Corollary 5.2.14 and Lemma 5.2.5
that a G-algebra A is Galois over k if and only if Ay, is Galois over L.

LEMMA 5.5.4. Let A be a Galois G-algebra. Then dimy A = |G].

PROOF. Since AY = k, the group G acts transitively on X(A) (Proposition 5.5.2).
Thus, as A is étale, we have dimy A = |X(4)| < |G]. O

LEMMA 5.5.5. Let A be an étale G-algebra. Then the following conditions are equiv-
alent:

(a) The G-algebra A is Galois.
(b) We have X(A) # @ and the G-action on X(A) is simply transitive.

PROOF. A transitive G-action on a set of cardinality |G| is simply transitive, and
conversely any nonempty set with a simply transitive G-action has cardinality |G|. g

LEMMA 5.5.6. Let A be a Galois G-algebra. Then the natural morphism G —
Auty_a15(A) is injective.

PROOF. If g € G acts trivially on A, then g acts trivially on X(A). Since the G-action
on X(A) is simply transitive (Lemma 5.5.5), we must have g = 1. O

ExXAMPLE 5.5.7. Let L/k be a field extension of finite degree. The following may be
deduced from Proposition 4.3.2. If the field extension L/k is Galois, then L is a Galois
Gal(L/k)-algebra over k. Conversely, if L is a G-algebra, then L/k is a Galois field
extension, and the morphism G — Gal(L/k) is bijective.



67 5. ETALE AND GALOIS ALGEBRAS

ExaMpPLE 5.5.8. Consider the set S consisting of all maps G — k, with the k-algebra
structure given by pointwise operations. The group G naturally acts on S: if f is a map
G — k and g € G, then g - f is the map G — k given by z — f(x - g). The k-algebra S
is isomorphic to k!¢, hence is étale of dimension |G|. Moreover S€ is the set of constant
maps G — k, which coincides with k¥ C S. Therefore S is a Galois G-algebra. We have
X(S) = G with the trivial I'-action (see Remark 5.4.7), and the G-action given by right
multiplication.

The correspondence between étale k-algebras and finite discrete I'-sets admits the
following specialisation to the Galois GG-algebras:

PROPOSITION 5.5.9. The functors X and MY induce a contravariant equivalence
between the categories of Galois G-algebras and the category of nonempty finite discrete
I-sets with a simply transitive G-action.

PROOF. This follows from Lemma 5.5.5 and Theorem 5.4.4. O

COROLLARY 5.5.10. FEwvery morphism of Galois G-algebras is an isomorphism.

PROOF. This is so in the category of nonempty finite discrete I'-sets with a simply
transitive G-action. O

DEFINITION 5.5.11. We say that a Galois G-algebra A is split if I' acts trivially on
the set X(A).

It follows from Proposition 5.5.9 that a Galois G-algebra is split if and only if it is
isomorphic to the algebra S of Example 5.5.8.

Had we defined Galois G-algebras over commutative algebras (as opposed to just
fields), the next statement would assert that a Galois algebra splits when scalars are
extended to itself.

PROPOSITION 5.5.12. Let A be a Galois G-algebra, and consider the split G-algebra S
of Example 5.5.8. Then there is an isomorphism of k-algebras A®y A ~ S ®y A, which is
G-equivariant for the actions via the first factors, and A-linear for the module structures
via the second factors.

PROOF. Let X = X(A). Since G act simply transitively on X, the map a: G x X —
X x X given by (g,z) — (x - g, z) is bijective. It is T'-equivariant, if we let T act trivially
on GG. Under the equivalence of Theorem 5.4.4, this yields an isomorphism of k-algebras
B: A®r A — S® A. Since « is G-equivariant for the right G-actions via the first factors,
it follows that /5 is G-equivariant for the left G-actions via the first factors.

To prove the last statement, note that the composite G x X % X x X — X, where the
last map is the second projection, coincides with the projection G x X — X. Therefore
the composite A - A @ A — S ®; A, where the first map is a — 1 ® a, coincides with
the morphism of k-algebras A — S ® A given by a — 1 ® a. O

Proposition 5.5.12 will be exploited via the next corollary.

COROLLARY 5.5.13. Let A be a Galois G-algebra, and A — K a morphism of k-
algebras, where K is a field. Then the Galois G-algebra Ay over K is split.
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PrROOF. Let f: A — K be the morphism. Since the image of f is a field (by
Lemma 3.1.2), we may replace K with the image of f, and thus assume that f is surjective.
Let I = ker f, so that A/I = K. Then the isomorphism of A-modules f: AR A — S® A
of Proposition 5.5.12 induces an isomorphism of K-vector spaces ': Ay K — S ®; K,
and it follows from Proposition 5.5.12 that 8’ is a morphism of G-algebras over K. [

We conclude this section with formulas expressing traces, resp. norms, in Galois G-
algebras in terms of sums, resp. products, of “conjugates”, which generalise the familiar
case of Galois field extensions.

PROPOSITION 5.5.14. Let A be a Galois G-algebra. Then for any a € A, we have in
E[X] (using the notation of Definition 5.53.1)

CpA/k:(a): H(X—ga)
geG
In particular, we have in k,
Nyi(a) = Hg-a and TrA/k(a):Zg~a.
geG geG

PROOF. Pick an element f in the nonempty set X(A). Then X(A) = {f oglg € G},
hence the formula follows from Proposition 5.3.3. O

DEFINITION 5.5.15. Let H C G be a subgroup and B a H-algebra over k. Consider
the set

Ind% (B) = {maps f: G — B such that f(h-g)=h- f(g) forall g € G,h € H},

viewed as a k-algebra, via pointwise operations on B. If f € Indg(B) and g € G, we
define an element g - f € Indg B by mapping a « € G to f(z-g). This gives Indfl(B) the
structure of a G-algebra.

REMARK 5.5.16. The G-algebra S considered in Example 5.5.8 coincides with Ind% (k).

There are morphisms of H-algebras

(5.5.a) m: nd%(B) =B ; f f(1),

and

(5.5.b) v: B—Id%(B) ; v(b)(g) = g-b ?fg cH forbe Band g € G.
0 ifgéd H

Note that mov = idp.

LEMMA 5.5.17. Let H be a subgroup of G, and B an H-algebra over k. Then the
H-algebra B is Galois if and only if the G-algebra Indg(B) is Galois.

PROOF. Let A = Ind% (B). Observe that the choice of a set of representatives of G/ H
yields an isomorphism of k-algebras A ~ BIG/HI Tt thus follows from Lemma 5.2.10 (ii)
that B is étale if and only if A is so. Moreover

dimy A = dimy, B/l = |G/ H| dim,, B,

so that dimy B = |H| if and only if dimy A = |G|. The morphism 7: A — B of (5.5.a)
induces an isomorphism A% ~ B so that A® = k if and only if B = k. g
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PROPOSITION 5.5.18. Let A be a Galois G-algebra over k.

(i) There exists a morphism of k-algebras f: A — kg, and its image L does not depend
on the choice of f.
(i) The k-algebra L is a Galois field extension of k.
(iii) There exists a subgroup H of G isomorphic to Gal(L/k), and such that A ~ Ind% (L)
(where L is viewed as an H-algebra via the isomorphism Gal(L/k) ~ H ).

PrOOF. Let X = X(A). By Lemma 5.5.5, we may find an element f € X, and
X(A) = {f oglg € G}. For g € G, the morphisms f and f o g have the same image (as
g: A — A is surjective), proving (i).

The finite-dimensional k-algebra L is a field (Lemma 3.1.2), and the surjective mor-
phism of k-algebras ¢: A — L (induced by f) identifies X(L) with the T-orbit ¥ C X of
f (see Remark 5.4.6). Let H C G be the subgroup of elements mapping Y to itself. Then
the morphism ¢ is H-equivariant. Let y,z € Y. Since G acts transitively on X, we may
find g € G such that z = y-g. Then every element of Y is of the form ~y for some v € T,
and we have (yy)-g =7v(y-g) = vz € Y, proving that g € H. Therefore the H-action on
Y is transitive, and in fact simply transitive (because G acts simply transitively on X). It
follows from Proposition 5.5.9 that L is a Galois H-algebra over k. By Example 5.5.7, the
extension L/k is Galois and the H-action on L induces an isomorphism H ~ Gal(L/k)
by Example 5.5.7. We have proved (ii).

We define a morphism of k-algebras ¢: A — Indg (L) by mapping a € A to the map
g+~ ¢(g-a) (which is H-equivariant because ¢ is s0). The morphism 1 is G-equivariant,
since for g € G and a € A, we have

(9-v(a))(z) =v(a)(z-g) =p(x-g-a) =1(g-a)(z) forallzecd,
so that g-4(a) = 1(g-a). Since both A and Ind$(A) are Galois G-algebras, the morphism
¥ has to be an isomorphism (Corollary 5.5.10). This concludes the proof of (iii). O

LEMMA 5.5.19. In the situation of Proposition 5.5.18, the norm maps N,/ and N 4y,
have the same image.

PrOOF. We use the morphisms 7 and v of (5.5.a) and (5.5.b). Let x € L, and
f =v(z) € A. Then, in view of Proposition 5.5.14

Nam(f) =moNap(f) = mlg- )= flg)=> h-z=Nyp().
geG geG heH

This proves that Ny (L) C Ny/z(A). Now the morphism v: L — A allows us the
view A as an L-algebra, and using transitivity of the norms (Corollary 5.3.4), we have
NA/k = NL/k: ONA/L7 so that in particular NA/k(A) C NL/k(L) O
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EXERCISES

Exercise 5.1. Let A be a k-algebra. Recall that X(A) denotes the set k-algebra
morphisms A — kg, where k; is a separable closure of k.
We assume that A is étale.

(i) Let B be a quotient algebra of A. Show that B is étale and that the map X(B) —

X (A) is injective.

(ii) Let B be a subalgebra of A. Show that B is étale and that the map X(A) — X(B)
is surjective. (Hint: assuming that the map is not surjective, produce an element of
the kernel of M(X(B)) - M(X(A).)

(iii) Show that A has only finitely many subalgebras and quotient algebras.

(iv) Assume that k is infinite. Show that there exists a separable polynomial P such
that A ~ k[X]/P. (Hint: to show that A is generated by a single element as a
k-algebra, observe that no k-vector space is a finite union of proper subspaces.)

Exercise 5.2. Let A be a finite-dimensional k-algebra. For an element a € A recall
that Tr/,(a) € k is the trace of the k-linear map A — A given by x — ax.
(i) Show that a finite-dimensional commutative k-algebra A is étale if and only if for
every nonzero a € A there exists b € A such that Tr,/(ab) # 0.
(i) Show that a finite field extension L/k is separable if and only if the map Try /5 L —
k is nonzero.

Exercise 5.3. Let K/k be a field extension. We have seen in Example 5.5.7 that there
is at most one group G (up to isomorphism) such that K is a Galois G-algebra (namely
K/k must be Galois, and G = Gal(K/k)). We give here an example of an algebra A
(which is not field) admitting G-Galois structures for two nonisomorphic groups G.

Let K be a separable quadratic extension of k, and A = K x K.

(i) Define a Z/4-Galois algebra structure on A.
(ii) Define a (Z/2) x (Z/2)-Galois algebra structure on A.

Exercise 5.4. Let k; be a separable closure of k, and I' = Gal(k,/k). Let A
be an étale k-algebra of dimension m. Consider the associated discrete I'-set X =
Homy_a15(A, ks). Let Y C X be the set of those (x1,...,x,) such that z; # x; when
1 # j, with the I'-action given by

Y(x1,. . xn) = (Y21, ..., yT,) fory €T, and xq,...,2, € X.
The symmetric group &,, acts on Y by

o (21, 2Tn) = (To(1), -+ 5 To(n))s

where ¢ € &, and z1,...,x, are pairwise distinct elements of X. Denote by Z the
quotient of Y be the action of the subgroup 2, of even permutations (the kernel of the
signature morphism &,, — Z/2).

(i) Show that Z is a discrete I'-set having two elements.

We denote by A the corresponding étale k-algebra of dimension two; it is called the
discriminant algebra of A.
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Assume now that k has characteristic # 2. Let e1,...,e, be a k-basis of A, let
fi,..., fn be the elements of X, and consider the matrix M = (f;(e;)) € My (ks). Set
u=det M € k.

Let Ty be the subgroup of I' consisting of those elements acting by even permutations on
the set X.
(ii) Let v € I'. Show that yu = u if v € I’y and yu = —u otherwise.
Let d be the determinant of the matrix (Tra,,(ese;)) € M, (k).
(iii) Show that d = u?. (Hint: compute the product M? - M.)
(iv) Conclude that A ~ k[X]/(X? — d).
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CHAPTER 6

Torsors, cocyles, and twisted forms

In this chapter we introduce the notion of torsor (also called principal homogeneous
space), under a group G equipped with a continuous action of the absolute Galois group.
Such objects coincide with G as sets, but carry a different Galois action.

Torsors naturally appear in the study of twisted forms of algebraic objects, that is,
objects defined over a base field, which become isomorphic to a given object (called split)
over the separable closure of the base field. In this situation, the group G is the automor-
phism group of the split object. Examples of twisted forms include étale algebras, Galois
algebras, finite-dimensional central simple algebras, nondegenerate quadratic forms,. ..

A related notion is that of 1-cocyles. These objects provide a more computational
approach to torsors, and admit higher dimensional generalisations which will be explored
in the next chapters. The set of 1-cocyles is endowed with a natural equivalence relation,
so that the set of equivalence classes (called the first cohomology set) is in bijection with
the set of isomorphism classes of twisted forms, or of torsors. An important subtlety is
that twisted forms correspond to torsors, but not to 1-cocyles; this is only true “up to
isomorphism”, and therefore some care is required when working with twisted forms and
1-cocyles. Another pitfall is that, as one might expect, the cohomology of various groups
are related by exact sequences, but these are only sequences of pointed sets. In particular
such sequences only provide information concerning the fiber over the split object.

1. Torsors

In this section T' is a profinite group, and G a discrete T-group (Definition 4.2.12).
We will denote I'-actions on a set by x — vz for v € ', and left, resp. right, G-actions
by  — g -z, resp. x — x - g, for ¢ € G. In particular, the group operation in G will be
denoted by (g,h) — g - h.

DEFINITION 6.1.1. A left G-action on a discrete I'-set X is called compatible if
Y(g-x) =(yvg) (yx) forz e X and g € G.
Similarly, a right G-action on a discrete I'-set X is called compatible if
Y(z-g) = (yz)-(vg) forxze X and g€ G.

DEFINITION 6.1.2. Let P be a discrete I'-set equipped with a compatible right G-
action. We say that P is a G-torsor if P is nonempty and the G-action on P is simply
transitive. A morphism of G-torsors is a map between torsors compatible with the I'- and
G-actions. We have thus defined the category of G-torsors.

Observe that a morphism of G-torsors is always bijective (because of the simple
transitivity of the G-action), and the inverse map is automatically I'- and G-equivariant.
Thus all morphisms of G-torsors are isomorphisms.
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EXAMPLE 6.1.3. Let I' = Gal(ks/k), and G a finite group considered as a discrete
[-group with trivial ['-action. We have seen in Proposition 5.5.9 that the category of
G-torsors is equivalent to the opposite of the category of Galois G-algebras over k.

Let X be a discrete I'-set with a compatible left G-action, and let P be a G-torsor.
We now describe a procedure that yields another discrete I'-set p X, called the twist of X
by P.

DEFINITION 6.1.4. We define an equivalence relation on the set P x X by letting (p, x)
be equivalent to (p-g,9~! - x), whenever p € P,z € X,g € G. The set of equivalence
classes will be denoted by pX.

Setting v(p, z) = (yp,yx) for p € P,z € X,y € I defines a I'-action on the set pX.
LEMMA 6.1.5. The I'-action on pX is continuous.

PROOF. Let (p,z) be an arbitrary element of pX, where p € P and z € X. By
continuity of the I'-actions on P and X, there are open subgroups U and V in I fixing
respectively p and . Then U NV is an open subgroup in I" which fixes (p,z) € pX. O

To each element p € P correspond a bijection
(6.1.a) m: X = pX , z—(pa)
This map is not ['-equivariant in general; in fact we have for any p € P,z € X,v € T,
(6.1.b) Tp(VT) = YY1, ().

Also observe that, for any p € P,z € X, g € G,
(6.1.c) (g - ) = Tpg(x).

Let now F/k be a Galois field extension, and I' = Gal(F/k). Assume that V' is an
F-vector space, equipped with a semilinear continuous left I'-action and a compatible
left G-action by F-automorphisms. Then the set pV is naturally an F-vector space, the
I'-action on pV is semilinear, and for p € P the map m,: V — pV is F-linear. The
set Homg (V, pV) is naturally endowed with a I-action, given by the formula of (4.4.b).
Setting, for g € G and f € Homp(V, pV)

(f-9)(w)=flg-v) forveV,
defines a right G-action on the set Homp(V, pV).
LEMMA 6.1.6. The map P — Hompg(V, pV) given by p — mp, isI'- and G-equivariant.
PROOF. This follows from (6.1.b) and (6.1.c). O

2. Twisted forms

Let us denote by Sep,, the category of separable field extensions' of k, a morphism
between two such extensions being just a morphism of k-algebras. Let F be a functor
Sep;, — Sets. For any L € Sep,,, the group Auty_ais(L) naturally acts on F(L); explicitly
if v € Autg_aig(L) and = € F(L), then vo = F(7y)(z).

Lrecall that for us a separable field extension is algebraic.
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DEFINITION 6.2.1. We will say that F is a sheaf of sets, or simply a k-set (this
terminology is nonstandard), if for all morphisms K — L in Sep, with L/K Galois, the
Gal(L/K)-action on the set F(L) is continuous, and the map

F(K) — F(L)1E5)

is bijective. A morphism of k-sets is just a morphism of functors between k-sets. The
notion of k-groups is defined similarly.

REMARK 6.2.2. Let ks be a separable closure of k, and I' = Gal(ks/k). Observe
that if F a k-set, then F(ks) is a discrete I'-set. Conversely let X be a discrete I'-set.
For L € Sep;, and ¢ € Homy_,4(L, k), let us set X, = XGalks/e(L) et [ — L/
be a morphism in Sep,. By Lemma 4.3.12, there exist ¢ € Homy_a4(L, ks) and ¢’ €
Homy,_a15(L’, ks), and for any such pair there exists o € Gal(ks/k) such that aop = ¢'of.
The action of a on X induces a map X, — X, /. Any other choice for « is of the form
a o~y where v € Gal(ks/¢(L)), hence induces the same map X, — X, . It follows that,
when L € Sep,, is fixed, the sets X, for ¢ € Homy_14(L, k) form a inverse system (here
the set Homy_ai5(L, ks) is directed by letting ¢’ < ¢ for every ¢,¢’). We denote by
F(L) its inverse limit. Observe that the projections F(L) — X, are bijections (all maps
X, = X are bijections)?; taking L = ks and ¢ = id, we obtain a canonical identification
F(ks) = X. Moreover the association L — F(L) naturally defines a k-set F. From the
construction, we see that if F,G are k-sets, then every I'-equivariant map F(ks) — G(ks)
is induced by a unique morphism of k-sets F — G (recall that F(L) = F(k,)“2(ks/L) for
any subextension L of ks /k).

EXAMPLE 6.2.3. Any set (resp. group) X defines a k-set (resp. group) taking the
value X on every separable extension L/k. We will denote again by X this k-set (resp.
group), and refer to it as the constant set (resp. group) X. Note that all Galois group
actions on X are trivial.

EXAMPLE 6.2.4. Let V be a vector space over k. Every morphism E — L in Sep,
induces a group morphism Vg — V7, so that we may define a functor Sep;, — Groups by
L — V. We have proved in Lemma 4.4.3 that this functor is in fact a k-group.

When V' = k, we will denote this k-group by G,. Thus G,(L) = L (as groups) for
any separable extension L/k.

Let us now fix an integer n € N and a collection of integers my, ..., my,, m},...,m, €
N. When V is a vector space over a field K we will write

T(V) = @ Homy (VE™:, vom),
i=1
and if ¢: V — W is an isomorphism of K-vector spaces, we will write

T(p) = @ Homg (97 ")=™, =™): T(V) = T(W).
i=1
If¢: U — V is another isomorphism of K-vector spaces, then

(6.2.a) T(p)oT () =T(po).

2in other words: we may define F(L) = X, because up to a unique bijection, the set X, depends

only on L, and not depend on the choice of ¢: L — ks.
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In fact we thus defined a functor T from the subcategory of K-vector spaces, where
morphisms are the K-automorphisms, to itself.

Let L/k is a field extension, and V a k-vector space. We view V;, = V ®; L as an
L-vector space. Taking K = L in the above construction we obtain an L-vector space
T(Vy). There is a natural k-linear map T'(V) — T(V), and we will denote by z1, € T'(VL)
the image of an element = € T'(V).

REMARK 6.2.5. The natural L-linear map T(V); — T'(V1) need not be an isomor-
phism (unless for instance dimy V' < oo, or L/k is finite).

Let us now fix a Galois extension F/k, and set I' = Gal(F/k).

If W is an F-vector space with a semilinear T'-action, then T'(WW) inherits a semilinear
I-action (see the paragraph just below Definition 4.4.2).

When W, W’ are F-vector spaces, let us denote by Isomp (W, W’) the set of isomor-
phisms of F-vector spaces W — W’. If W, W' are equipped with a semilinear I-action,
the group I" acts on Isomp (W, W') C Homp (W, W’) by the formula (4.4.b).

LEMMA 6.2.6. Let W, W'’ be F-vector spaces with a semilinear T'-action. Then the
morphism Isomp (W, W) — Isomp(T(W), T(W")) given by ¢ — T(p) is I'-equivariant.

PROOF. Let Uy, Uj, Us, Ul be F-vector spaces with a semilinear I'-action, and ¢: Uy —
Us, ¢': Ul — U} be F-linear isomorphisms. Let v € T'. Then clearly v(p ® ¢') =
(ve) @ (v¢') and (e ® ¢') = (v¢) © (7¢'). Let now

Y = Homp (o', ¢"): Homp(Up,U]) — Homp(Us, Uy).
For f € Homp(Uy,Uj), we have

(V) =v(W( 7 ) =70 ot o foyopTonTh = (v¢') o fo (vy),
proving that y9) = Homp((y¢) L, v¢'). In view of the construction of the functor T, this
proves the statement. O

LEMMA 6.2.7. If V is a k-vector space, the natural k-linear map T (V) — T(Vg)
induces an isomorphism T(V) ~ T(Vg)L.

PrRoOOF. Let U,U’ be k-vector spaces. From the I'-equivariant identifications Ur &
Up=UaU")p and Up @p Up = (U ®;, U')p, we deduce that by Lemma 4.4.3

UpeU)'=UaU" and (Up@pUp)'=UeiU'.
Now the T'-action on U induces a I'-action on Homy(U,Uf), and the identification
Homp(Up,Uy) = Homy (U, U}) given by f +— f|y is I'-equivariant. Thus
(Homp (Ur,Up))' = Homg (U, Up)" = Homy, (U, (Up)") = Homy, (U, U),

and the statement follows as above from the construction of 7. O

We now fix a k-vector space S and element s € T'(S). Recall that we fixed a Galois
extension F'/k, and set I' = Gal(F/k).

DEFINITION 6.2.8. An F'/k-twisted form, or simply a twisted form, of (S, s) is a pair
(R,7), where R is a k-vector space and r € T(R) so that there exists an isomorphism of
F-vector spaces ¢: Sp — Ry such that T'(¢)(sp) = rr. A morphism (R,r) — (R',7’)
of twisted forms of (S,s) is an isomorphism of k-vector spaces ¥: R — R’ such that
T(¢)(r) = r'. This defines a category of twisted forms of (.5, s).



77 6. TORSORS, COCYLES, AND TWISTED FORMS

REMARK 6.2.9. The isomorphism ¢ is not part of the data, we only require that it
exists.

Let (R,r) be a twisted form of (S,s). For every separable extension L/k, consider
the set
(L) = { isomorphisms of L-vector spaces ¢: Sp, — Ry, }
such that T'(p)(sp) =rr.

When f: E — L is a morphism in Sep, and ¢ € Z(E), the map Z(f)(¢) = ¢ ®g idy, fits
into the commutative diagram

)

SE
(62b) idg ®ka/ lidR R f
T
S, (£)(e) R,

RE

We have thus defined a functor Z: Sep, — Sets. When necessary, we will use the more
precise notation Z(g ;) for this functor. It follows from the diagram (6.2.b) (with £ = L
and f =) that the action of v € Autg_ag(L) on ¢ € Z(L) is given by

(6.2.¢) v = (idr ®py) 0 p o (ids @y ).

In particular, when L = F we recover the action induced by that on Isomp(Sg, Rp) C
Homp(SF, Rr) (see (4.4.b)).

We will make the following assumption:

There exists a finite subset B C S such that the elements of Z(L)

(6.2.d) are determined by their restrictions to B C Sp.

Note that the assumption (6.2.d) is satisfied when the k-vector space S is finite-dimensional
(taking for B a k-basis of .5).

PROPOSITION 6.2.10. Under the assumption (6.2.d), the functor T is a k-set.

PROOF. Let f: K — L be a morphism in Sep,, so that L/K is Galois, and ¢ € Z(L).
Since Gal(L/K) acts continuously on Ry, (by Lemma 4.4.3), we may find an open normal
subgroup U of Gal(L/K) acting trivially on ¢(b®1) € Ry, for b € B. Then for any v € U
and b € B, we have by (6.2.c)

Yp(b®1) = (idr®py) 0 po (ids @y ) (b @ 1) = p(b @ 1),
so that the subgroup U fixes ¢. We have proved that Z(L) is a discrete Gal(L/K)-set.
Since the morphism idg ®g f: Rx — Ry, is injective, the diagram (6.2.b) (with E =
K) implies that Z(f): Z(K) — Z(L) is injective. Assume now that ¢ lies in Z(L)G21(L/K),
In view of the formula (6.2.c), the morphism ¢: S, — Ry, is Gal(L/K)-invariant. In view
of Lemma 4.4.3, there is an induced K-linear map

w — ngal(L/K): SK N RK,

which is an isomorphism (with inverse (p~1)G2L/K)) We have 1), = ¢ by Propo-
sition 4.4.5, and the condition T'(y)(sy) = rp implies that T'()(sx) = rix (because
T(Rk) — T(Ry) is injective). We have thus constructed an element 1 € Z(K) mapping
to ¢ € Z(L). O
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In the special case (R,r) = (S, s), the functor Z is naturally a k-group that we denote
by Aut(S,s). Thus for every separable extension L/k

Aut(S, s)(L) = {L-automorphisms ¢ of Sy, such that T(¢)(sL) = sL}

In general Z(L) is equipped with a simply transitive right Aut(S,s)(L)-action. Thus
Aut(S, s)(F) is a discrete I-group, and Z(F) is an Aut(S, s)(F)-torsor.

We now start with an Aut(S, s)(F)-torsor P and construct a twisted form (R,7)
of (S,s). Consider the discrete I'-set pSp introduced in Definition 6.1.4. The element
sp € T(SF) is Aut(S, s)(F)-invariant (by definition of Aut(S,s)). It thus follows from
(6.1.c) that its image ' = T'(m,)(sr) € T(pSF) does not depend on the choice of p € P.
The element 1’ is I-invariant, because for v € T’

W =A(T(r)(57) = (T (vsr) by (44D)
=T (ymp)(VsF) by Lemma 6.2.6
= T(wrp)(sF) as sy is defined over k
T(myp)(SF) by Lemma 6.1.6
=7 as r’ does not depend on p.

Setting R = (pSp)', we have a I'-equivariant identification of F-vector spaces Rr = pSp
by Proposition 4.4.5. The element 7’ lies in T(pSp)' = T(Rp)''. By Lemma 6.2.7, this
implies that 7/ = rp for some r € T(R). The choice of an element p € P yields an
isomorphism ¢: Sg NEN pSr = Rp such that T'(¢)(sp) = rrp. We have thus constructed
a twisted form (R, r) of (S,s), which will be denoted by (R(P),r(P)) when necessary.

PROPOSITION 6.2.11. The above defined associations
(R,7) — I(R7T)(F) and P w— (R(P),r(P))

induce an equivalence between the categories of Aut(S, s)(F')-torsors and of twisted forms
of (S,s).

PROOF. Let (R,7) be a twisted form of (S,s), and set P = Z(g ) (F). The isomor-
phism of F-vector spaces

. .
u: Rp L) Sg - pSp = R(P)F

does not depend on the choice of ¢ € P, since for g € Aut(S, s)(F'), we have by (6.1.c)

Tego(p-g) ' =mpogoglop t=my0p .

We have T'(u)(rp) = T(m,)(sp) = r(P)r (by construction of r(P)). The morphism w is
I'-equivariant, since for v € I' we have by (6.2.c) and (6.1.b)
uo (idp ®y) = 1y 0 0~ o (idg ®7)
o (ids@y) o (v 1¢™)
= (idp(py @) 0 Ty-14 © (v e
= (idr(p) ®7) o u,

where we used the independence of u in the choice of ¢ for the last step. In view of
Lemma 4.4.3, the isomorphism u induces an isomorphism u!: R — R(P) of K-vector
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spaces such that T(ul)(r) = r(P). Therefore u' induces an isomorphism of twisted
forms (R,r) ~ (R(P),r(P)).

Conversely, let P be a Aut(S,s)(F)-torsor, and write (R,r) = (R(P),r(P)). It
follows from Lemma 6.1.6 that the map v: P — Z(g,)(F') sending p € P to the map
Sr LN pSF = Rp is an isomorphism of Aut(S, s)(F)-torsors.

To conclude, it only remains to notice that these associations define functors, and
that the isomorphisms u and v are functorial. O

3. Examples of twisted forms

In this section, we provide a few examples of situations where the setting of §6.2
applies. First, note that Proposition 6.2.10 yields many examples of k-groups:

EXAMPLE 6.3.1. Let W be a k-vector of finite dimension. Taking s =0and T(V) =V
yields the k-group GL(W), which satisfies for any separable field extension L/k.

GL(W)(L) = Auty(Wy).
When n is an integer, we write GL,, = GL(k"), as well as G,,, = GL;.

EXAMPLE 6.3.2. More generally, let A be a finite-dimensional k-algebra and S an
A-module, of finite dimension over k. The A-module structure is given by a k-linear map
S®r A — S. After choosing a k-basis of A, we may set (V) = Homg(V ®; A, V). Then

L+ Autga, (Sp)

defines a k-group. When S = A®" we denote this k-group by GL,(A). In particular we
have GL1(A)(L) = (Ar)* for all separable field extensions L/k.

Let us now fix a k-algebra S, which is assumed to be finitely generated (i.e. coincides
with the subalgebra generated by some finite subset). Set (V) = Homy (V ®; V, V). The
multiplication in S defines an element s € T(S), and the condition (6.2.d) is satisfied.
Therefore

L— AUtL—alg(SL)
defines a k-group.

Let A be a k-algebra such that Ap ~ Sg as F-algebras. Then the k-vector space A
together with the product of A, viewed as an element of Homy(A®y A, A), define a twisted
form of (S, s). Conversely, let (R,r) be a twisted form of (S, s). Then r defines a product
R ®, R — R. The induced product on Rp defines a F-algebra structure (isomorphic to
Sr). Since R — Rp is injective, this implies that the product on R is associative (and
commutative if S is so). We claim that

(va)(yb) = v(ab) € Rp  for v €T, and a,b € Rp.

Indeed under the identification F ~ F @ F the automorphism corresponds to v ® v (as
~ is multiplicative), hence y(a ® b) corresponds to (va) ® (vb) under the isomorphism
(R®k R)r ~ Rp ®p Rp. Since rp: (R® R)p ~ Rp ®r Rp — Rp is I-equivariant
(being defined over k), the claim follows. Using the claim, we see that

n=0D1= (D)0 ') =91y ') =971 =1€ Rp,
so that 1 € R C Rp, and it follows that the product on R defines a k-algebra structure.

In conclusion, a twisted form of (S, s) is precisely a k-algebra A (commutative if S is
so) such that Ap ~ Sp as F-algebras. Note that if the twisted form (R,r) corresponds
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to the Aut(S,s)(F)-torsor P under the correspondence of Proposition 6.2.11, then the
k-algebra R may be identified with pSp, with its natural product. We have thus proved:

PROPOSITION 6.3.3. Let S be a finitely generated k-algebra. There is an equivalence
between the category whose objects are the k-algebras A such that Ap ~ Sr as F-algebras,
and morphisms are isomorphisms of k-algebras, and the category of Autp_aig(SF)-torsors.

We now list a few typical applications of Proposition 6.3.3, where F' = ks. Variants
may be obtained by taking F/k an arbitrary Galois extension (yielding classifications of
objects “split by F/k”).

EXAMPLE 6.3.4. (Etales algebras) Etale k-algebras of dimension n are twisted forms
of the k-algebra k™ (see Proposition 5.2.13). The group I' acts trivially on the set X(k™),
which consists of n points. From the equivalence of categories given in Theorem 5.4.4,
it follows that Autg,_aig((ks)™) is the symmetric group &,,. Thus étale k-algebras of
dimension n correspond to &,-torsors (where &,, is given the trivial Gal(k,/k)-action).

EXAMPLE 6.3.5. (Galois G-algebras) Let G be a finite group, viewed as a discrete I'-
group with the trivial Gal(ks/k)-action. Consider the split Galois G-algebra S described
in Example 5.5.8. Its automorphism group is the group of G-equivariant automorphisms
of the set X(S) = G, which coincides with G. Therefore Galois G-algebras correspond to
G-torsors. One may see that the G-torsor corresponding to a G-algebra A is isomorphic
to X(A), thus recovering Proposition 5.5.9.

EXAMPLE 6.3.6. (Quadratic forms) Let n be an integer and assume that the charac-
teristic of k is not 2. A basic result in quadratic form theory asserts that all nondegen-
erate quadratic forms of rank n are twisted forms of the “split” quadratic form ¢ given
by (21,...,2,) — 23 + -+ + 2. For each separable field extension L/k, let O, (L) be
the group of isometries of the quadratic form g;. Then O,, defines a k-group by Proposi-
tion 6.2.10, and O,, (ks)-torsors correspond to isometry classes of nondegenerate quadratic
forms of rank n.

ExaMPLE 6.3.7. (Central simple algebras) Let n be an integer. Setting for each
separable field extension L/k
PGL, (L) = Auty_a15(M, (L))
defines a k-group by Proposition 6.2.10. In view of Corollary 3.3.4, finite-dimensional
central simple k-algebras of degree n correspond to PGL,, (ks )-torsors.

4. 1-cocyles

In this section we fix a profinite group I'. Let G be a discrete I'-group. As before, we
denote by g — g the action on G of v € T" and by (g,h) — g - h the group operation in
G.

DEFINITION 6.4.1. A 1-cocyle of T' with values in G is a continuous map £: I' —» G
(for the discrete topology on G) that we denote by v +— £, and such that

(6.4.a) &vr =& - (7v&) forally,7el.

The set of 1-cocyles I' — G will be denoted by Z'(I',G). We define an equivalence
relation by declaring two 1-cocyles &, n cohomologous if there is a € G such that

Ny = a! &y (ya) forall yeT.
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The set of equivalence classes is denoted by H(T, G).

Assume now that M is a discrete I'-module (we still use the multiplicative notation
for the group operation in M even though it is commutative). Setting for &,n € ZY(T', M)
and y e’
(€ n)y =& Ny,
turns ZY(I', M) into an abelian group, compatibly with the equivalence relation defined
above. Thus H'(T, M) is naturally an abelian group.

REMARK 6.4.2. If £: ' — G is a 1-cocyle, note that £&; = 1, and that
§;1 =7&,-1 forallyel.

REMARK 6.4.3. If the I'-action on the discrete I'-group G is trivial, a 1-cocyle ' = G
is just a continuous group morphism I' — G. Two 1-cocyles are cohomologous if and only
if they are conjugated by an element of G. In particular if M is a discrete ['-module with
trivial T-action, then Z*(I', M) = HY(T', M) is the group of continuous group morphisms
I' - M.

Let £: I' — G be a 1-cocyle. Let X be a discrete I'-set with a compatible left G-action
(Definition 6.1.1), denoted by (g,x) + g - 2. For v € ' and x € X, we set

(6.4.b) yrex =&y - (yz) € XL

A straight-forward verification show that this defines a I'-action on X. Any z € X is
fixed by some open subgroup V' C T' (for the original action), and the 1-cocyle £ factors
through the quotient map I' — T'/U for some open subgroup U C I' by Lemma 4.2.14.

Then v« = « for all v € U NV, which proves the I'-action defined in (6.4.b) is
continuous.

DEFINITION 6.4.4. The action defined in (6.4.b) is called the I'-action twisted by the
1-cocyle £&. The set X equipped with that action is a discrete I'-set, that we denote by
eX.

Now let a € G, and consider the 1-cocycle £': I' — G defined by

& = a~ - & - (ya) foryel.
A straight-forward computation shows that the left action of @ on X induces an isomor-

phism of discrete I'-sets ¢ X — ¢ X. This shows that twisting the action by cohomologous
1-cocyles yields isomorphic discrete I'-sets.

REMARK 6.4.5. The above isomorphism depends on the choice of a (and not just on
the elements ¢, £’), hence we cannot define a discrete I'-set (X for £ € H (', G).

PROPOSITION 6.4.6. Let G be a discrete T'-group. The set H*(T',G) is naturally in
bijection with the set of isomorphism classes of G-torsors.

ProoF. This follows from (i), (ii), (iii) in the more precise Lemma 6.4.7 below. O

LEMMA 6.4.7. Let G be a discrete I'-group. We view G as a discrete I'-set, with the
left G-action given by the group operation in G. Then
(i) Let £: T — G be a 1-cocyle. Then the group operation in G induces a right G-action
on ¢G, and ¢G is a G-torsor.
(i1) Every G-torsor is isomorphic to ¢G for some 1-cocycle §: T' — G.
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(i11) Let &,& be 1-cocycles T' — G. Then (G ~ ¢ G as G-torsors if and only if € and &
are cohomologuous.
(iv) Let P be a G-torsor and p € P. Then there is a unique map &: I' — G such that
yp=p-& for ally € I'. The map £ is a 1-cocycle such that P ~ ¢G as G-torsors.
(v) Let X be a discrete T'-set with a compatible left G-action. Let&: T' — G be a 1-cocyle,
and P =¢G. Then pX ~ ¢X as discrete I'-sets.

PROOF. (i): We need to check that the G-action on itself given by right multiplication
is compatible with the twisted I'-action. Indeed, for g,h € G and v € T', we have

Yre(g-h) =& - (v(g-h)) =& - (vg) - (yh) = (v *¢ g) - v(h).
(iv): The first statement follows from the simple transitivity of the G-action on P.
If U is an open normal subgroup of " acting trivially on p, then ¢ factors as I'/U — G,
so that the map ¢ is continuous by Lemma 4.2.14. For v, 7 € I", we have

1p=7(p-&) = () (&) =p-& - (767),
so that &, = &, - (v&,), proving that £ is 1-cocyle. The map ¢G — P given by g — p- g
is G-equivariant for the right G-actions. It is also I'-equivariant, since for any v € I and
g € G, we have
p-(Y*eg)=p-&-(v9) = () - (vg) =(p- 9)-
The map ¢G — P is thus a morphism of G-torsors, hence an isomorphism.
(ii): Since a torsor in nonempty by definition, this follows from (iv).

The proofs of (iii) and (v) will rely on the following computation. Let £: I' — G be a
1-cocyle, and ¢: G¢ — P an isomorphism of G-torsors. Set p = (1) € P. Since v1 =1
in G, we have in P

P =70(1) = p(y*e 1) = o(& - (V1) = (&5 - 1) = p(1- &) = (1) - & =p- &5

(iii): One implication has already been observed just below Definition 6.4.4. For the
converse, set P = G¢ above. We obtain 5; ~(yp) =y *erp=p- &, so that £ and & are
cohomologous.

(v): We use the relation yp = p - & obtained above. In view of (6.1.b) and (6.1.c),
we have, for any z € X and v € T,

7Tp(7 *¢ T) = Wp(g’y “(yx)) = Tp-&, (yx) = va(’)’x) = ’)’Wp(x)-
This proves that the map m,: X — pX induces a I'-equivariant bijection (X — pX. [0

DEFINITION 6.4.8. A pointed set is a set equipped with a distinguished element. We
will denote by {*} the pointed set consisting of a single element. A morphism of pointed
sets is a map sending the distinguished element to the distinguished element. The image
of such a map is naturally a pointed set; the kernel of a morphism of pointed sets is the
preimage of the distinguished element. We say that a sequence of pointed sets

Ag Lo oy Ly Iy g

is exact if for each ¢ = 1,...,n the kernel of f; coincides with the image of f;_1, as
subgroups of A4;.

When A is a discrete I'-group, the set H'(T', A) is naturally pointed, the distinguished
element being given by the class of the 1-cocycle v — 1.
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REMARK 6.4.9. Let A, B be discrete I'-groups. Then the pointed set H'(I', A x B)
is naturally isomorphic to H*(TI', A) x HY(T, B).

Composing 1-cocyles I' = A with a morphism of discrete I'-groups f: A — B yields
a morphism of pointed sets

fo: HYT',A) — HY(T', B).
If A and B are I'modules, then f, is a group morphism.

PROPOSITION 6.4.10. Let B be a discrete I'-group, and A C B a discrete I'-subgroup.
Denote by C' = B/A the quotient of B by action of A given by right multiplication. Then
C is a discrete I'-set, and we have an ezxact sequence of pointed sets

{s} > A" = B" = c" % HY(T, A) » H\(T, B).

For c € CV, the class §(c) € H'(T', A) is represented by the 1-cocyle sending v € T to
b=1(yb) € A C B, where b € B is any preimage of c. The preimage of ¢ € CT under the
map B — C is naturally an A-torsor, whose class in H'(T', A) is &(c).

PROOF. We explain only the last statement, the rest being straight-forward. Denote
by F C B the preimage of ¢. Then b € F, and each element of F' is of the form ba for
a unique a € A, so that F' is an A-torsor. It follows from Lemma 6.4.7 (iv) that the
corresponding element of H!(T, A) is 6(c). O

COROLLARY 6.4.11. In the situation of Proposition 6.4.10, the kernel of HY (T, A) —
HY(T, B) is isomorphic to the quotient of the pointed set CT by the left action of BY.

PROOF. Let ¢,¢ € CF, with preimages b,b’ € B. We have §(c) = §(¢') if and only
if the 1-cocyles v +— b~1(yb) and ~y +— b'~1(yb’) are cohomologuous, which means that
there exists a € A such that '~1(y0') = a='b=1(yba) for all v € T, or equivalently
ba~'b~' € BT. This is equivalent to the existence of 3 € BT such that Sc = ¢ in
Cr. O

PROPOSITION 6.4.12. Any exact sequence of discrete I'-groups

1-A—-B—->C—1
induces an exact sequence of pointed sets
{s} > A" = B" = c" % HY(T, A) » H'(T, B) » H'(T,C).

The morphism of pointed sets ¢ is the one described in Proposition 6.4.10; it is a group
morphism if A is a discrete I'-module.

Proor. This is clear. 0
COROLLARY 6.4.13. Any exact sequence of discrete I'-modules
1-A—-B—-C—1
induces an exact sequence of groups
1 A" = B - o' & HY(T, A) » HY(T, B) — HY(T,C).
The morphism § is the one described in Proposition 6.4.10.
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We say that a k-group G acts on a k-set X if G(L) acts on X (L) for every separable
extension L/k, compatibly with the morphisms G(L) — G(L') and X (L) — X (L), for
every morphism L — L' in Sepy,.

DEFINITION 6.4.14. Let G be a k-group. A k-set X with an action of G is called a
G-torsor if for every separable closure F of k, the Gal(F/k)-set X (F') is a G(F)-torsor. A
morphism of G-torsors is a morphism of functors between G-torsors which is compatible

with the G-actions. The set of isomorphism classes of G-torsors will be denoted by
HY(k,G).

REMARK 6.4.15. Let X be a k-set with a G-action. If F,F’ are separable closures
of k, there exists an isomorphism ¢: F — F’ which yields a bijection X (F) — X (F’)
compatible with the G(F)- and G(F')-actions. Therefore X is a G-torsor as soon as
X (ks) is a G(ks)-torsor for some separable closure kg/k. In this case, it follows from
Remark 6.2.2 and Proposition 6.4.6 that there is a canonical identification

H'(k,G) = H'(Gal(ks/k), G(ks)).
DEFINITION 6.4.16. Let f: H — G be a morphism of k-groups. The kernel of f is
the k-subgroup ker f C G, defined by setting for every separable field extension L/k
(ker f)(L) = ker(H(L) — G(L)).
DEFINITION 6.4.17. When A, B, C are k-groups, an exact sequence
1-A—-B—->C—1

is the data of morphisms of k-groups A — B and B — C such that for every separable
closure F' of k, the sequence of groups

11— A(F)— B(F) = C(F)—1
is exact.

Note that in the above situation the morphism B(k) — C(k) need not be surjective.
In fact, by Proposition 6.4.12, there is an induced exact sequence of pointed sets

{*} = A(k) —» B(k) = C(k) = H'(k,A) — H'(k,B) — H'(k,C).
Finally, we come back to the setting of §6.2, and note the following consequence of

Proposition 6.2.11 in terms of 1-cocyles:

PROPOSITION 6.4.18. Let F/k be a Galois extension, and I' = Gal(F/k). Isomor-
phism classes of F'/k-twisted forms of (S, s) correspond to elements of H' (T', Aut(S, s)(F)).

If £: T — Aut(S, s)(F) is a 1-cocyle, the corresponding (up to isomorphism,) twisted
form (R,r) may be constructed by setting

R={zx e Splz =& - (yx) for ally €T}

andr =sp € T(R) C T(SF).

Conversely let (R,r) be a twisted form of (S,s). Choose an isomorphism ¢: Sp —
Rp such that T(p)(sp) = rp. A 1l-cocyle corresponding to (R,r) is given by the map
' = Aut(S, s)(F) sending v € T' to the composite

ids ®y~* idp ® -1
SFL)SF&RFL)RFW—)SF
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PRrROOF. The first statement follows from Proposition 6.4.6 and Proposition 6.2.11.
The explicit description of R follows from Lemma 6.4.7 (v), and the explicit description
of the 1-cocyle follows from Lemma 6.4.7 (iv) (in view of the formula (6.2.c)). O

EXAMPLE 6.4.19. (Etales algebras.) The set of isomorphism classes of étale k-algebras
of dimension n is H'(k,&,,), where &,, is considered as a constant k-group. In view of
Remark 6.4.3, this is the set of continuous group morphisms Gal(k;/k) — &,, modulo
conjugation by elements of &,,.

EXAMPLE 6.4.20. (Galois G-algebras.) Let G be a finite group, viewed as a constant
k-group. The set of isomorphism classes of Galois G-algebras is in bijection with H!(k, G).
Since T" acts trivially on G, this is the set of continuous group morphisms Gal(ks/k) = G
modulo conjugation by elements of G (Remark 6.4.3). In particular, if G is abelian, this
is the set of continuous group morphisms Gal(ks/k) — G.
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EXERCISES

Exercise 6.1. Let I be a profinite group, and f: A — B be a morphism of I'-groups.
Composing 1-cocyles with f yields a map f.: H*(I', A) — H(T, B) . Describe this map
in terms of torsors.

Exercise 6.2. (i) Let V be a k-vector space of finite dimension n, and f: VxV —
k be a k-bilinear form. We assume that f(x,2) = 0for allx € V (i.e. f is alternated)
and that the k-linear map V' — Homy(V, k) sending x to the map y — f(z,y) is
bijective (i.e. f is nondegenerate). Show that n is even, and that V admits a
k-basis ey, ..., e, such that f(egri+1,e242) = 1 and f(eart2,e2-+1) = —1 for all
0 <r<n/2 and f(e;,e;) = 0 for all other values of 4, j.
(ii) Let 7 € N— 0 and consider the matrix (where blank entries are zero)

J = -10 € Moy, (k).

0 1
-1 0

Show that letting, for every separable field extension L/k,
Spoy (L) = {M € My, (L)|M'JM = J},
where M denotes the transpose of M, defines a k-group Sp,,. such that H'(k, Sp,,.) =

{*}.

Exercise 6.3. For every separable extension L/k denote by L[X] the polynomial
algebra in one variable over L, and set

G(L) = Auty_ag(L[X]).

Extension of scalars yields a map G(L) — G(L') for every morphism L — L’ of separable
extensions of k.

(i) Show that G defines a k-group.
(ii) Show that every element of G(L) is of the form X — aX + b, where a € L™ and
belL.
(iii) Show that we have an exact sequence of k-groups

1-G,—-G— G, — 1.

(iv) Show that H'(k,G) = {x}.
(v) Let A be a k-algebra such that Ay, ~ L[X] as L-algebra, for some separable extension
L/k. Show that A ~ k[X] as k-algebra.

We have thus proved that the k-algebra k[X] admits no nontrivial twisted forms. We
now give an example a nontrivial “inseparable twisted form” of k[X], that is a k-algebra
B such that B # k[X] and Bg ~ K[X] for some nonseparable extension K /k.

Let us assume that k has positive characteristic p, and that a € k is such that a # bP
for all b € k. We consider the k-algebra B = k[U,V]/(UP — aV? - V).
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(vi) Show that there exists an algebraic field extension K/k such that Bx ~ K[X] as
K-algebra.
(vii) Show that B is not isomorphic to k[X] as k-algebra.
(viii) For every prime p, give an example of a field k of characteristic p, together with an
element a € k such that a # b for all b € k.
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CHAPTER 7

Applications of torsors theory

In this chapter, we apply the theory of twisted forms that we have just presented.
The simplest applications are the classical Kummer and Artin—Schreier theories, which
describe torsors under cyclic groups (in the presence of enough roots of unity in the base
field), that is, Galois algebras under those groups. These theories are consequences of the
so-called Hilbert’s Theorem 90 (and its additive counterpart), a central result which is
the basis of many computations of Galois cohomology sets.

The rest of the chapter concerns central simple algebras. As we have seen, such
algebras of degree m correspond to torsors under the group PGL,. Thus algebras of
different degrees have classes in the first cohomology set of different groups. We first
briefly explain how to relate these cohomology sets in order to understand the tensor
product of central simple algebras in terms of 1-cocyles.

The next application concerns the so-called cyclic algebras. Those algebras may be
thought of as higher degrees generalisations of quaternion algebras, and provide a concrete
way of constructing central simple algebras. This section culminates with a computation
of the relative Brauer group of a cyclic Galois extension.

The last application is a construction of the reduced norm and trace, which are twisted
versions of the determinant and trace of matrices. The reduced norm may be thought
of as a higher degree generalisation of the quaternion norm. We relate the image of the
reduced norm to the images of the norms of splitting fields of finite degrees.

1. Kummer theory

Let V be a finite-dimensional k-vector space. Recall from Example 6.3.1 that GL(V)
denotes the k-group defined by GL(V)(L) = Auty (V) for any separable field extension
L/k.

PropPOSITION 7.1.1 (Hilbert’s Theorem 90). For any Galois field extension F/k, we
have HY(Gal(F/k), GL(V)(F)) = {x}. In particular H'(k,GL(V)) = {*}.

ProOF. This follows at once from Proposition 6.4.18, since all twisted forms of the
k-vector space V' have the same dimension, hence are isomorphic. O

The above statement is in fact due to Speiser. The following consequence is the
original form of Hilbert’s Theorem 90.

COROLLARY 7.1.2. Let L/k be a Galois field extension of finite degree such that
Gal(L/k) is cyclic generated by o. Let a € L. Then N (a) = 1 if and only if o =
(¢8)B~L for some B € L.

PROOF. Let n = [L : k]. Recall that, by Proposition 5.5.14,

n—1

N k() = aloa)--- (" a).
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Certainly N,/ ((08)87") =1 for all 8 € L. Conversely, assume that Ny /,(a) = 1. Then
the map

¢: Gal(L/k) = L* ; o' aloa) - (o' !
is a 1-cocyle. By Hilbert’s Theorem 90 (Proposition 7.1.1), this 1-cocyle is cohomologous
to the trivial 1-cocyle. This yields an element 3 € L* such that £,: = (¢°8)3! for all 4,

and the statement follows by taking ¢ = 1. O

a)

DEFINITION 7.1.3. Let n € N — {0}. We denote by pu,, the kernel of the morphism of
k-groups G,, — G,, given by x — x™. Thus u, is a k-group such that, for any separable
field extension L/k, we have

pn(L) = {z € L 2" = 1}.

LEMMA 7.1.4. Assume that n is not divisible by the characteristic of k. Then we have
an ezxact sequence of k-groups

1= i — Gy 22" G — 1.

PRrROOF. We only need to prove surjectivity of the last morphism. If a € k), then
the polynomial X™ — a is separable (its derivative nX"~! is nonzero by the assumption),
hence has a root in b € k. The element b is the required preimage of a. a

PROPOSITION 7.1.5 (Kummer’s theory). Assume that n is not divisible by the char-
acteristic of k. Then there is a natural group isomorphism

KX SR~ HY (),

mapping a € k* to the class of the 1-cocyle v — (ya)a™t, where a € kg is any element
such that o™ = a.

Every pun,(ks)-torsor is isomorphic to {x € ks|a™ = a}, where w € u,(ks) acts by
x — wz, for a uniquely determined element a € k> /k*"™.

PrOOF. By Proposition 6.4.12, the exact sequence of k-groups of Lemma 7.1.4 yields
an exact sequence of groups (Corollary 6.4.13)

1= pn(k) = & 2255 12 S HY(k, ) — H(k, Gy).
The group on the right is trivial by Hilbert’s Theorem 90 (Proposition 7.1.1), so the
required isomorphism is induced by §. The remaining statements follow from the explicit
descriptions of § provided in Proposition 6.4.10. O

COROLLARY 7.1.6. Assume that k contains a root of unity w of order n. Then
HY(k,Z/n) ~ k* kX"

The class of an element a € k* corresponds to the isomorphism class of the Galois Z/n-
algebra R, = k[X]/(X™ — a), with the action of i € Z/n given by X > w'X.

PROOF. The assumption implies that n is not divisible by the characteristic of k, and
yields an isomorphism of Gal(ks/k)-groups Z/n — i, (ks) given by i — w'. Sending f €
X(R,) to f(X) € ky induces an isomorphism of Z/n-torsors X(R,) ~ {z € kq|a" = a},
where i € Z/n acts by x — w'z. Since dimy R, = n, this implies that R, is the Galois
Z/n-algebra (unique up to isomorphism) corresponding to the p, (ks)-torsor {z € kq|a™ =
a}, where w acts by 2 — wz. Thus the statement follows from Proposition 7.1.5. g
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2. Artin—Schreier theory

Proposition 7.1.1 has the following “additive” counterpart. The proof given here relies
in the interpretation of H'(k,G,) as the set of isomorphisms classes of twisted forms of
a particular object. A different, purely cohomological proof will be given later.

PROPOSITION 7.2.1. We have H'(k,G,) = {*}.

PRrROOF. For a vector space V over a field K, we set
T(V)=V ®Homg(V, K).
Consider the k-vector space S = k?. The element s = (1,0) € S and the map o €
Homyg (S, k) given by o(x,y) = y for all z,y € k define an element (s,0) € T(S). We

will abuse the notation and denote the pair (S, (s,0)) by (S,s,0). Let F/k be a Galois
extension and I' = Gal(F/k). Any element ¢ € Aut(S,s,o)(F) is given by a matrix

Qg bw)
€ My (F).
(cw dy 2(F)

The condition ¢(sp) = sp means that a, = 1 and ¢, = 0. The condition op o p = op
means that d, = 1 and ¢, = 0. The remaining coefficient b, may be freely chosen in F
(observe that the matrix will always be invertible), and we have, for any z,y € F,

o(x,y) = (z + byy, y).
If ¢ is another automorphism of (Sg, sg,or), we have byoy = by, + by. This proves that
Aut(S, s, 0)(F) is the group F. Moreover if v € Gal(F/k), and v = (id ®7)opo(id @y~1),
we have for any z,y € F

U(a,y) = ([dey) o p(v e,y y) = (i[den) (Y + by Ty, v TY) = (@4 (1p)y, ),
so that by, = vb,. We have proved that the discrete I'-group Aut(S, s, o)(F') is isomorphic
to G4 (F).

Let now (R,7,p) be a twisted forms of (S,s,0) over k. Note that the elements r
and p are nonzero, since they are so after extending scalars to F'. Also p(r) = 0, since
o(s) = 0. Let e € R be such that p(e) = 1, and f € S such that o(f) = 1. Then the
family (r,e), resp. (s, f), is a k-basis of R, resp. S. The k-linear map S — R given by
s+ r and f — e is then an isomorphism of twisted forms (S, s,0) — (R, 7, p). We have
proved that all twisted forms of (S, s, o) are isomorphic. Therefore by Proposition 6.4.18
we have

H'(Gal(k,/k), Aut(S, s,0)(ks)) = H' (k,G4) = {*}. O

LEMMA 7.2.2. If k has characteristic p > 0, we have an exact sequence of k-groups

1=Z/p— Gy B G, — 1,
where, for every separable field extension L/k,
p:L—>L ; zw—af—zx.

PrOOF. Note that g defines a morphism of k-groups, and that ker p: L — L coincides
with the prime field F, C L for every separable field extension L/k. Thus ker g is
isomorphic to the constant group Z/p. The morphism g: ks — ks is surjective because
for any a € kg the polynomial X? — X — a € k,[X] is separable (its derivative is the

constant nonzero polynomial —1), so that if b € kg is a root of that polynomial, we have
p(b) = a. O
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PROPOSITION 7.2.3 (Artin—Schreier’s theory). Assume that k has characteristic p >
0. Then there is a natural group isomorphism

k/p(k) = H' (k,Z/p),
mapping a € k to the class of the 1-cocyle v — ya — a, where a € kg is any element such
that o — o = a.

Every Z/p-torsor is isomorphic to {x € kg|a? —x = a}, where i € Z/p acts by
x> x+1, for a uniquely determined a € k/p(k).

PRrOOF. By Proposition 6.4.12, the exact sequence of k-groups of Lemma 7.2.2 yields
an exact sequence of groups (Corollary 6.4.13)

15 Z/p— kS kS H (K Z/p) — H(k,G,).

The group on the right is trivial by Proposition 7.2.1, so the required isomorphism is
induced by §. The remaining statements follow from the explicit descriptions of § provided
in Proposition 6.4.10. g

COROLLARY 7.2.4. Assume that k has characteristic p > 0. Every Galois Z/p-algebra
is isomorphic to T, = k[X]/(X? — X — a) for a uniquely determined a € k/p(k), where
the action of i € Z/p given by X — X +i.

ProOOF. Sending f € X(T,) to f(X) € ks induces an isomorphism of Z/p-torsors
X(Ty) ~ {x € ks|z? — x = a}, where i € Z/p acts by x + x + . Since dimy T,, = p, this
implies that T, is the Galois Z/p-algebra (unique up to isomorphism) corresponding to the
Z/p-torsor {x € ks|zP —x = a}. Thus the statement follows from Proposition 7.2.3. O

3. Tensor product and 1-cocyles

In this short section, we explain how the tensor product of central simple algebras
can be expressed in terms of 1-cocycles.

Let n € N and L/k be a separable extension. Recall that we have defined PGL,, (L) =
Auty_a5(M,(L)). Since every automorphism of M, (L) is inner by Skolem-Noether’s
Theorem 2.3.3, and the center of M, (L) is L, we have an exact sequence of groups

(7.3.a) 1— L* = GL,(L) - PGL,(L) — 1,

where the map GL,,(L) — PGL,, (L) sends an invertible matrix A to the automorphism
of M, (L) given by M + AM A~1. This yields an exact sequence of k-groups

(7.3.b) 1-G,, — GL, - PGL, — 1.

Let m,n € N — 0 and consider the k-vector spaces V = k™ and W = k™. For any
separable extension L/k, we may define a group morphism

GL(V)(L) x GL(W)(L) = GL(V @, W)(L) ; (p,%) = @1

This yields a morphism of k-groups GL,, x GL,, — GL,,, fitting into a commutative
diagram of k-groups, having exact rows

1—G,, xG, — GL,, xGL,, — PGL,,, x PGL,, ——1

wo T
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where the vertical map on the left is the group operation in Gy,.
Let us denote by [A] € H!(k,PGL,) the class of a finite-dimensional central simple
k-algebra of degree n.

ProPOSITION 7.3.1. Let A, B be a finite-dimensional central simple k-algebras, and
m = deg(A),n = deg(B). Then ([A],[B]) is mapped to [A ®; B] under the composite

H'(k,PGL,,) x H*(k,PGL,) — H'(k,PGL,, x PGL,,) — H'(k,PGL,.,,).

PROOF. We use the explicit description given at the end of Proposition 6.4.18: if

01 My, (ks) — Ag, is any isomorphism of ks-algebras, the class [A] € H!(k,PGL,,) is
represented by the 1-cocyle

a: Gal(ks/k) — Autg, —alg(Mp(ks)) ;3 Y=o, =¢ toyopoy ™t

Similarly if 1: M, (ks) — Ay, is any isomorphism of k,-algebras, the class [B] € H*(k,PGL,,)
is represented by the l-cocyle 8, = ¢! o~ o o~~!. The image of ([A],[B]) in
H'(k,PGL,,,) under the composite of the statement is thus represented by 1-cocyle
oy ® B. Now, the isomorphisms ¢ and 1 induce an isomorphism of ks-algebras

M'mn(ks) - Mm(ks) ®ks Mrb(ks) &) Aks (gkrS Bks = (A QR B)k37
so that the [A ®; B] € H'(k,PGL,,,) is represented by the 1-cocycle m, = (¢ @ ¥) "' o
yo(p®1p)ovy~t. Since m, = ay ® B, for all v € Gal(ks/k), the statement follows. [

4. Cyclic algebras

We are now in position to define and study higher-dimensional analogs of quaternion
algebras, called cyclic algebras.

Let n € N— 0. When L is a Galois Z/n-algebra over k, we will denote by p: L — L
the action of 1 € Z/n.

DEFINITION 7.4.1. Let L be a Galois Z/n-algebra over k, and a € k. We define the

k-algebra
n—1 .
(L,a) =P L
i=0

where the element z, that we call the standard element, is subject to the relations
z"=a and zl=p(l)zforallle L.
Algebras of the form (L, a) for L and a as above are called cyclic algebras.

Observe that dimy (L, a) = n?, and that if K/k is a field extension we have (Lk,a) ~
(Lya)k.
LEMMA 7.4.2. Let A be a k-algebra containing L as a subalgebra and o € A such that
a"=a and ol=p(l)a forallle L.

Then there exists a unique morphism of k-algebras (L,a) — A mapping z to «, whose
restriction on L is the inclusion L C A.

PROOF. This is clear from the definition of (L, a). O

The next statement asserts that the isomorphism class of the k-algebra (L, a) depends
only on the class of a in k* /k*™:
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LEMMA 7.4.3. Let L be a Galois Z/n-algebra over k and a € k*. For any b € k>,
we have (L,a) ~ (L,ab™) as k-algebras.

PROOF. Let z, resp. y, be the standard element of (L, a), resp. (L,ab™). In view of
Lemma 7.4.2, we may define mutually inverse isomorphisms (L, a) ~ (L, ab™) by z + b1y
and y — bz. 0

For a € k*, consider the matrix (blank entries are zero)

0 --- 0 a
1 0
Zy = ) | e My (k).
1 0

Using the notation diag for the diagonal matrices, observe that
(74.a) (Z,)" = diag(a,...,a)
and that, if z1,...,z, € k, then
(7.4.0) Zy - diag(xy, ..., 2,) - Z,F = diag(zn, 21, ..., Tp_1).

PROPOSITION 7.4.4. Let L be a Galois Z/n-algebra over k and a € k*.

(i) The k-algebra (L,a) is central and simple.

(i) If the Galois Z/n-algebra L is split, then (L,a) ~ My (k).

(i1i) If a € k*™, then (L,a) ~ M, (k).

(iv) Let T = Gal(ks/k) and X\: T — Z/n be a 1-cocyle whose class in H(T',Z/n) is the
class of the Galois Z/n-algebra L. Then the class of the finite-dimensional central
simple k-algebra (L,a) in H*(U,PGL,(ks)) is given by the 1-cocycle z, o \, where
za: Z)n — PGL, (ks) is the group morphism mapping 1 € Z/n to the automorphism
of M, (ks) given by M v~ Z,MZ;*.

ProoF. Cousider the k-algebra B = k™ with the Z/n-action given by
px1,...,xn) = (Tn, X1y, Tn_1) for zq,... 2, €EK.
Then B is a split Galois Z/n-algebra. By Lemma 7.4.2, in view of (7.4.b) and (7.4.a) we
may define a morphism of k-algebras ¢: (B, a) — M, (k) by
(1,...,2pn) € L — diag(z1,...,z,) and z+— Z,.
Let j € {1,...,n} and uj; = (01,5,...,0,,;) € B (where 0, ; is the Kronecker delta). For

i€{l,...,n}, we have
R
A€jn4j—i lf] < 7,
where e, , denotes the matrix in M, (k) whose only nonzero entry is in position (u,v)
and has value 1. It follows that ¢ is surjective, hence bijective by dimensional reasons.
We have proved that the k-algebra (B, a) is isomorphic to M, (k).
(ii): Since all split Galois Z/n-algebras are isomorphic to one another, this follows
from the above observation.
(i): This follows from (ii) by extending scalars to k4 (in view of Lemma 3.1.1).
(iii): Sending ! € L to the endomorphism of L given by z + lz induces a morphism
of k-algebras 7: L — Endy(L). This morphism is injective, since 7({)(1) = [. We may



95 7. APPLICATIONS OF TORSORS THEORY

thus view L as a subalgebra of Endy(L). We may apply Lemma 7.4.2 with A = End (L)
and a = p, since o™ = p” =id, and for any [ € L

aor(l)(z) = p(iz) = p)p(x) = T(p(1) o) forallz € L,

so that awo (7(1)) = 7(p(1)) o . We obtain a morphism of k-algebras (L,1) — Endy (L),
which is injective by simplicity of (L,1) (obtained in (i)), and bijective by dimensional
reasons. We conclude using Lemma 7.4.3, and choosing an isomorphism Endj(L) ~
M, (k) (corresponding to a k-basis of L).

(iv): Upon replacing L with an isomorphic Galois Z/n-algebra, we may assume that
Ly, = By, as ks-algebras, with the I'-action given by twisting the action on Bj_ by the
1-cocyle A. Consider the isomorphism of ks-algebras

Phkg

¢: (By,,a) = (B,a)r, —> My(ks).

Let v € . Then v acts trivially on z € (B,a) C (B,a), and on ¢(z) = Z, € M, (k) C
M, (ks). Moreover &, (M) = 727 M- Z; ™ for every M € M, (ks). Therefore, twisting
the T-action on M, (ks) by the 1-cocyle &€ = z, 0o A\: I’ = PGL,, (ks), we have

Vre 0(2) = 2y (V0(2)) - 2o = 2y Lo 237 = Za = 6(2) = $(72).
If = (z1,...,2,) € Bi, = (ks)", we have for any v € T’

Y =pN (yen, . yen) = pN (),
We also have ¢(yz) = yé(x), and, in view of (7.4.b)

vxe d(x) = 237 - (d(y)) - Z. 2 = ¢(p™ (va)) = oy xa @).
We have proved that the composite

(Loa)y, = (Ly,,a) = (B, a) % ¢ My (k)

is T-equivariant, hence induces an isomorphism of k-algebras (L,a) ~ (¢(M,(ks)))', as
required. O

REMARK 7.4.5. If w € k* is a root of unity of order n, then Galois Z/n-algebras
are classified by elements of k* /k*™ by Corollary 7.1.6, hence we may associate a cyclic
algebra to each pair (a,b) € (k*/k*™)? (which depends on the choice of w). When n = 2
and k has characteristic different from two (thus w = —1), this is of course the quaternion
algebra (a,b) of Definition 1.1.1. This suggests how to define quaternion algebras when &
has characteristic two: in this case Artin—Schreier theory (Proposition 7.2.3) asserts that
Galois Z/2-algebras are classified by k/p(k), so that one may associate a cyclic algebra
of degree 2 to each pair in (k/p(k)) x (KX /k*?).

PROPOSITION 7.4.6. Let K be a Galois 7Z/m-algebra over k, and r € N — 0. Set

L/n (K) overk (see Lemma 5.5.17).

n = rm, and consider the Galois Z/n-algebra L = IndZ/m

Then for any a € k*
(L,a) ~ M,(A) where A= (K,a).

PROOF. Recall that L is the k-algebra of those maps f: Z/n — K such that f(i+r) =
7(f(7)), where 7: K — K is the action of 1 € Z/m. We define a morphism of k-algebras
L — M,(A) by sending a map f € L to the matrix diag(f(0),...,f(1 —r)). This
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morphism is visibly injective. Letting z € A = (K,a) be the standard element, we
consider the matrix (blank entries are zero)

1 0
Z = . .| € M.(A).
1 0

Then Z" = diag(z, ..., 2) € M,(A) coincides with z € A C M,.(A), hence Z" = Z™ = a.
Now for zg,...,z._1 € A, we have
7 - diag(zo, . .., xr—1) = diag(r(xr—1),z0, . . ., Tr—2) - Z.
The image of f € L under the action of 1 € Z/n is the map g € L given by g(i) = f(i+1)
for i € Z/n. Setting x; = f(—i) for i =0,...,r — 1, and noting that 7(f(1—7r)) = f(1) =
9(0)
Z - diag(f(0),..., f(r — 1)) = diag(g(0),...,9(1 — 1)) - Z.

Therefore by Lemma 7.4.2 there exists a morphism of k-algebras (L, a) — M, (A) sending
the standard element to Z, and restricting to f — diag(f(0),..., f(1 —r)) on L. This
morphism is injective (as (L,a) is simple and M, (A) is nonzero), hence bijective by
dimensional reasons. O

LEMMA 7.4.7. Let a,b € k*. Then there exists an invertible element U € M, (k) ®y
M, (k) such that

Zo® Zy =U 21 @ Zap)U € M, (k) @) M, (k).

PROOF. Let eq,...,e, be a k-basis of V = k™. Letting U correspond to the endo-
morphism of V ®; V given by
R e if 2 > ‘,
T
a e ®@e;  ifi <y,
one verifies that Z, ® Z;, and U~ (Z; @ Z,,)U both correspond to the endomorphism of
V ® V given by
eir1®ejr1  ifi<nandj<n,
_ ifj<i—n,
e dej— aer®ejt1 1] Z "
beir1 ® ey ifi<j=n,
abe; ® ey ifi=j5=n.

PROPOSITION 7.4.8. Let L be a Galois Z/n-algebra over k and a,b € k*. Then
(L,a) ®p (L,b) ~ M, (k) ® (L, ab).

PROOF. As usual, we identify M, (k) @ M, (k) with M,2(k), which yields a group
morphism
PGLy(ks) x PGLy(ks) = PGLp2(ks) 3 (fi9) = f®g.
Let U € M2 (k) be as in Lemma 7.4.7, and u € PGL,2(k) C PGL,2(k;) be the automor-
phism given by M + U~'MU. Then for every M € M,:(k) and i € Z/n,

(Z1 @ Zap)'M(Z1 @ Zap) ' = U(Zy @ Zp)' U MU (Z, @ Zy)"'U 1.
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We now apply Proposition 7.4.4 and use its notation. The above formula implies that,
for all i € Z/n, we have in PGL,2 (k)

(7.4.c) (21 ® 2ap) (@) = ™t - (24 (1) @ 2(4)) - u.

Since U is defined over k, the automorphism w is I-invariant, so that (7.4.c) shows that
the 1-cocyles (2, ® 2) o A and (21 ® 24p) © A in Z} (T, PGL,2(ks)) are cohomologous,
hence represent isomorphic k-algebras. Since (L, 1) ~ M, (k) (Proposition 7.4.4 (iii)), the
statement follows from Proposition 7.3.1. O

REMARK 7.4.9. It follows from Proposition 7.4.8 and Proposition 7.4.4 (iii) that the
finite-dimensional central simple algebra (L, a)®" splits.

LEMMA 7.4.10. Let L be a Galois Z/n-algebra and a € k™. Assume that L is a
field. Consider the cyclic algebra (L,a) and its standard element z € (L,a). Let i €
{0,...,n—1}. Any element x € (L,a) such that p'(l)x = xl for alll € L is of the form
uz® for some u € L.

PROOF. Write = 29 + 212+ -+ - + 25,127~ ! with zj € Lforall j=0,...,n— 1.
The condition p*(l)z = zl implies that

n—1 n—1 n—1 n—1
Zpi(l)szj = ijzjl = Z zipl (1)) = ij(l)mjzj,
3=0 3=0 §=0 3=0

so that p'(l)z; = p/()x; for all j = 0,...,n — 1. Let j € {0,...,n — 1} be such that
z; # 0. Then z; € L*, and thus p’(l) = p?(1) for all | € L. Therefore p*~J = id,, which
implies that ¢ = j in view of Lemma 5.5.6. O

PROPOSITION 7.4.11. Let L be a Galois Z/n-algebra over k and a,b € k*. Then the
k-algebras (L,a) and (L,b) are isomorphic if and only if ab=! € Np/k(LX).

PRrOOF. By Proposition 5.5.18, Proposition 7.4.6 and Lemma 5.5.19 we may assume
that L is a field (recall that Brauer-equivalent central simple k-algebras of the same
finite dimension are isomorphic, by Wedderburn’s Theorem 2.1.13). Let y and z be the
respective standard elements of (L,a) and (L,b). For any v € L, we have (uz)" =
up(u) -+ p"1(u)2", so that by Proposition 5.5.14

(7.4.d) (uz)™ = bNp i (u).

Now assume that u € L* is such that a = bNp, /,(u). Then (uz)" = a by (7.4.d), so
that by Lemma 7.4.2 we may define a morphism of k-algebras ¢: (L, a) — (L, b) satisfying
o(y) = uz and ¢(I) =1 for all [ € L. This morphism is injective by simplicity of (L, a),
and an isomorphism by dimensional reasons.

Conversely, assume given an isomorphism of k-algebras ¢: (L,a) — (L,b). The ring
L is simple by Remark 2.1.6. Applying Skolem—Noether’s Theorem 2.3.3 to the inclusion
L C (L,b) and the composite L C (L,a) < (L,b) we obtain an element v € (L, b) such
that vo(l)v~! =1 for all | € L. Replacing ¢ by the isomorphism z + vp(z)v~!, we may
assume that ¢(l) =1 for alll € L. Then for all [ € L

eyl = oyl) = e(p(y) = p(D)e(y),

so that by Lemma 7.4.10 (with ¢ = 1) we have ¢(y) = uz for some u € L. Then, by
(7.4.d),

a=¢y") =ey)" = (uz)" =bNp/k(u). O
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PROPOSITION 7.4.12. Let L be a Galois Z/n-algebra over k and A a finite-dimensional
central simple k-algebra of degree n containing L as a subalgebra. Assume that L is a
field. Then there exists a € k* such that A ~ (L, a).

PROOF. Thering L being simple (Remark 2.1.6), by Skolem—Noether’s Theorem 2.3.3
applied the morphisms L C A and L £ L C A, we find v € A such that ala™" = p(I)
for all I € L. Let @ = ™. Then a € Z4(L) (as p™ = idg). Since L = Z4(L) by
Lemma 3.2.4, it follows that a € L. We have

pla) = a taa = o ta"a = " = q,

hence a € L%™ = k. By Lemma 7.4.2, we may define a morphism of k-algebras
v: (L,a) — A satisfying ¢(z) = a and ¢(l) = [ for I € L. This morphism is injec-
tive by simplicity of (L, a), and bijective by dimensional reasons. O

THEOREM 7.4.13. Let L be a Galois Z/n-algebra. Assume that L is a field. Then
mapping a € k™ to the cyclic algebra (L, a) yields a group isomorphism

k*/Np/k(L™) ~Br(L/k).

PROOF. Mapping a to (L,a) induces a group morphism k* — Br(k) by Proposi-
tion 7.4.8. The image of this morphism is contained in Br(L/k) by Corollary 5.5.13 and
Proposition 7.4.4 (ii). This morphism induces an injective morphism £ /Ny, /. (L*) —

Br(L/k) by Proposition 7.4.11. Its surjectivity is obtained by combining Proposition 3.2.2
with Proposition 7.4.12. g

COROLLARY 7.4.14. If L/k is a finite Galois extension such that Gal(L/k) is cyclic,
then

Br(L/k) ~= k™ /N, (L*).

PROOF. Choosing a generator of Gal(L/k) makes L a Galois Z/n-algebra over k,
where n = [L : k] (Example 5.5.7), and we may apply Theorem 7.4.13. O
5. The reduced characteristic polynomial

When L is a field and n an integer, we denote by
xr: M,(L) = L[X] ; M~ det(XI, — M)

the map sending a matrix to its characteristic polynomial (where I,, € M, (k) is the unit
matrix). Observe that, for any field extension FE/L the following diagram commutes

M,(L)— >

(7.5.2) l l

M, (E) —X& E

DEeFINITION 7.5.1. Let A be a k-algebra, and M an A-module of finite dimension
over k. The characteristic polynomial of an element a € A is the polynomial

Cpayila) = det(Xida —1,) € k[X],

where l,: M — M is the map given by x — ax (viewed as a k-linear map).
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Observe that if f: M — N is an isomorphism of A-modules, then I, = fol,o f~!
for any a € A, so that
(7.5.b) CpM/k(a> = CpN/k(a)'

If M, N are A-modules of finite dimensions over k, then for any a € A

(7.5.c) Cramen/k(a) = Cpyyyi(a) Coyyi(a).

Finally, if ¢: B — A is a morphism of k-algebras, and M an A-module of finite dimension
over k, we may view M as a B-module using ¢, and we have I, = l;) for any b € B, so
that

(7.5.d) Cpar/i(b) = Cpagyi(p(D))-
LEMMA 7.5.2. For any M € M, (k), we have x.(M)" = Cpys, 1y /x(M).

PROOF. For 1 < 4,5 < n, let us set x4 (,—1); = €ij € Mu(k) (the matrix whose
only nonzero entry is 1, in the position (7, j)). The elements z1, ..., z,2 form a k-basis of
M, (k). If M € M,(k) has coefficients m; ; € k, we have

n n n
Mz (n_1y = Mep; = g mj j€; jer,l = g mi keil = E M kTit (n—1)l

ij=1 i=1 i=1

showing that, in the basis x1, ..., 2,2, the matrix of the map M, (k) — M, (k) given by
r— Mz is

M 0 --- 0
0O M --- 0
o --- 0 M
Its characteristic polynomial is xj(M)™. O

LEMMA 7.5.3. Let A be a finite-dimensional simple k-algebra. If f,g: A — M, (k)
are morphisms of k-algebras, then xx o f = xrog: A — k[X].

PrOOF. By Skolem—Noether’s Theorem 2.3.3 there exists b € M,, (k) such that f(a) =
b=lg(a)b for all a € A, so that the matrices f(a) and g(a) have the same characteristic
polynomial. O

LEMMA 7.54. Let A be a finite-dimensional central simple k-algebra, and F/k a
Galois extension. Let f: Ap — M, (F) be a morphism of F-algebras. Then the composite

A= Ap L M, (F) 25 FIX]
has image contained in k[X].

PROOF. Let I' = Gal(F/k). In view of the diagram (7.5.a) when F = L and v € T,
the map xp: M,(F) — F is I'-equivariant. If v € T', the map g: Ap — M, (F) given
by z + v~ f(yx) is a morphism of F-algebras, hence by Lemma 7.5.3 we have for any
x € Ap,

xr o f(z) =xrog(x) = xr(y" f(yz)) =77 (xr o f(72))-
Thus the morphism xr o f is I'-equivariant, hence maps A = (Ar)" to k[X] = (F[X])
(see Lemma 4.4.3). O
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Let now A be a finite-dimensional central simple k-algebra of degree n. Choose a
Galois extension F'/k and a morphism of F-algebras f: Ap — M, (F) (this is possible,
since Ay, ~ M, (ks)). Let a € A. The polynomial xr o f(a ® 1) € F[X] belongs to k[X]
by Lemma 7.5.4. Let now F’/k be a Galois extension and f’: Ap: — M, (F’') a morphism
of F’-algebras. Let E be a separable closure of F’. Then F can be embedded into FE by
Lemma 4.3.12; and using Lemma 7.5.3 and the commutativity of the diagram (7.5.a), we
have in k[X] C E[X]

xrofla®l)=xgpo fp(a®l)=xpo fpla®l)=xp o f(a®]l).
This proves that the map
(7.5.€) A—=Ek[X] ; a—=xrofla®l)
does not depend on the choices of the Galois extension F/k and the morphism f: Ap —

DEFINITION 7.5.5. The map (7.5.e) is called the reduced characteristic polynomial
and denoted by
Cprd,: A — E[X].
Writing this map as a, X™ + - - - + ag where ag, ..., a, are maps A — k and n = deg(A),
we define the reduced norm and reduced trace as

Nrdg = (=1)"ag and Trdyg = —an—;.

By construction, when A = M, (k), the reduced characteristic polynomial (resp.
reduced trace, reduced norm) coincides with the characteristic polynomial (resp. trace,
norm) of matrices.

If L/k is a separable field extension, it also follows from the construction that the
following diagram commutes

A&>k[X}

(7.5.6) i l
Cprd 4
Ap L L[X]

PROPOSITION 7.5.6. Let A be a finite-dimensional central simple k-algebra of degree
n

(i) For any a € A, we have Cpy,i(a) = Cprds(a)”™. In particular
Ny/i(a) = Nrda(a)" and Try/n(a) =nTrda(a).
(#i) Let L be a subalgebra of A, and assume that L is a field. Then n = r[L : k| for some
integer v, and for any | € L we have Cprd 4 (1) = Cpy,(1)". In particular
Nrda(l) = Npp(D)" and Trda(l) = r Try 5 (0).
PROOF. (i) : Let f: Ap — M,(F) be an isomorphism of F-algebras, where F/k is
a Galois extension. Then Cp,/,(a) € k[X] maps to Cpy, p(a®1) € F[X]. By (7.5.b),
(7.5.d) and Lemma 7.5.2, we have in k[X] C F[X]
Cpa, rla®1) =Cpy, (pyrofla®l) = (xro fla®1))" = Cprd(a)".

(ii) : The first statement follows from Lemma 3.2.4. Let d = [L : k]. Since n? =
dimy A = d-dimy, A, we have dim; A = r2d = nr. Thus the L-vector space A is isomorphic
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to L¥"", and it follows from (7.5.b), (7.5.c) and (7.5.d) that Cp4 (1) = Cpy ,(1)"". By
(i), we deduce that Cprd 4 (I)" = Cpy,/,(1)"". We conclude using Lemma 7.5.7 below. [J

LEMMA 7.5.7. Let P,Q € k[X] be monic polynomials, and s € N — {0} such that
P*=Q°. Then P = Q.

PRrROOF. Let R be the set of monic irreducible polynomials in k[X]. Since k[X] is
factorial, there are uniquely determined integers pg, qr for each R € R such that

p=]]r= ; Q=] r™
RER RER

For each R € R, we have spr = sqg, hence pr = qr, and P = Q. O

We will be mostly interested in the reduced norm. Let us first collect some of its
elementary properties.

LEMMA 7.5.8. Let A be a finite-dimensional central simple k-algebra.

(i) For any a,b € A, we have Nrd4(ab) = Nrd4(a) Nrd4(b).
(i) We have Nrd4 (1) = 1.

PROOF. Extending scalars, we may assume that A ~ M, (k). Since the map Nrdy, (1)
sends a matrix to its determinant, the lemma follows from the properties of the determi-
nant. O

PROPOSITION 7.5.9. Let A be a finite-dimensional central simple k-algebra, and a €
A. Then a € A* if and only if Nrda(a) # 0.

PRrROOF. If ¢ € A*, then Nrd4(a) must be nonzero by Lemma 7.5.8. Conversely
assume that Nrd4(a) # 0. Then N4,,(a) # 0 by Proposition 7.5.6 (i), hence left multi-
plication by a is an isomorphism A — A. In particular 1 lies in its image, showing that
a admits a right inverse, which is also a left inverse by Remark 1.1.11. g

Let A be a finite-dimensional central simple k-algebra. Recall from Example 6.3.2
that the k-group GL;(A) is defined by setting GL1(A)(L) = (A)* for every separable
field extension L/k. The reduced norms induce group morphisms Nrda, : (Ap)* — L*
by Lemma 7.5.8, and thus, by the commutativity of the diagram (7.5.f), a morphism of
k-groups

Nrdg: GL1(A4) — G-

DEFINITION 7.5.10. We define the k-group SL;(A) as the kernel of the morphism
Nrdy: GLy(A4) — G-

LEMMA 7.5.11. We have an exact sequence of k-groups
1 - SL1(A) = GLy(A) 244 G, — 1.
PROOF. There exists an isomorphism of ks-algebras M, (ks) ~ Ay, for some n. The

Nrd 4
composite GLy,(ks) ~ (A, )¢ ——= kX sends a matrix to its determinant, and is
therefore surjective. O

PROPOSITION 7.5.12. Let A be a finite-dimensional central simple k-algebra. Then
H'(k,GL1(A)) = {x}.
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Proor. If M is an A-module such that the Ay -module M} is isomorphic to Ag_,
then dimy M = dimy A, so that the A-module M is isomorphic to A by Lemma 2.3.1.
Therefore all twisted forms of the A-module A are isomorphic, and the statement follows
from Proposition 6.4.18 g

COROLLARY 7.5.13. Let A be a finite-dimensional central simple k-algebra. There is
a natural isomorphism of pointed sets

H'(k,SL1(A)) ~ k*/Nrda(A*).

PROOF. In view of the sequence of Lemma 7.5.11, this follows by combining Propo-
sition 7.5.12 with Corollary 6.4.11. g

LEMMA 7.5.14. The subset Nrd4(A*) C k™ depends only on the Brauer-equivalence
class of the finite-dimensional central simple k-algebra A.

PrROOF. When R is aring and r an integer, a matrix P € M,.(R) is called permutation
if there exists a permutation o € &, such that the (4, j)-th coefficient of P is equal to 1
if j = 0(4) and zero otherwise. Such o is then unique, and we define the signature € of P
in {—1,1} as the signature of the permutation o. If R is a field, then det(P) = e.

In order to prove the statement, by Wedderburn’s Theorem 2.1.13, we may assume
that A = M, (D) for some finite-dimensional central simple division k-algebra D and
integer n. It will suffice to prove that Nrdp(D*) = Nrd4(A*). The same proof as over
fields shows that every matrix in M,,(D) = A can be made upper triangular by elementary
rows operations. Any invertible upper triangular matrix can then be made diagonal by
elementary rows operations. This implies that the group A* is generated by elementary
matrices (those matrices whose diagonal coefficients are equal to 1, and having a unique
nonzero coefficient off the diagonal), diagonal matrices, and permutation matrices.

Let now F/k be a Galois extension and ¢: Dp — My(F) and isomorphism of F-
algebras. Consider the isomorphism of F-algebras f: M, (My(F)) — Muq(F) given by
viewing a matrix with coefficients in My(F') as a block matrix with coefficients in F.
If By,...,B, € My(F), then det(f(diag(Bi,...,Bn)) = det(By)---det(B,). If E €
M, (M4(F)) is an elementary matrix, then f(E) is an upper or lower triangular matrix
whose diagonal coefficients are equal to 1, so that det(f(E)) = 1. If P € M, (My(F)) is
a permutation matrix with signature € € {—1,1}, then f(P) € Mgy, (F) is a permutation
matrix with signature £, so that det(f(P)) = e? = det(el,) (where Iy = 1 € My(F) is
the unit matrix). We deduce that the composite

AX = My (D)* € Mo(Dp) 2P0 0, (My(F)) L5 Mya(F) &5 F

(being multiplicative) has the same image as the composite
D* C Dp & My(F) 2% F
(observe that eIy € My(F) is the image of € € k* C D* under ¢), as required. O
PROPOSITION 7.5.15. Let A be a finite-dimensional central simple k-algebra. Then

Nrda(A¥) = JNp/u(L*) C k*
L

where L/k runs over the extensions of finite degree splitting A.
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PrOOF. C : By Lemma 7.5.14, we may assume that A is division. Let a € A. Then
any a € A is contained in some maximal subfield L of A, and Nrd4(a) = Np/,(a) by
Proposition 7.5.6 (ii).

D : Let L/k be a splitting field of A. By Proposition 3.2.2 and Lemma 7.5.14, we
may assume that L C A and that deg(A) = [L : k]. It then follows from Proposition 7.5.6
(i) that Nz, (L*) C Nrda(AX) in k. O
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EXERCISES

Exercise 7.1. We have seen in Corollary 1.2.6 that central simple k-algebra of degree
2 are cyclic (in fact quaternion algebras) when k has characteristic # 2. In this exercise,
we consider the case when the characteristic of k is arbitrary.

(i) Let D be a finite-dimensional central division k-algebra of degree 2. Show that D
contains a Galois Z/2-algebra as a k-subalgebra, and deduce that D is cyclic.
(ii) Conclude that every finite-dimensional central simple k-algebra of degree 2 is cyclic.

Exercise 7.2. Let A be a finite-dimensional central simple k-algebra.
(i) Show that the map

v:Ax A=k

is a symmetric k-bilinear form.
(ii) Show that the form v is nondegenerate, i.e. that the set

{a € A|Trda(az) =0 for all z € A}

;i (a,b) — Trda(ab)

is reduced to {0}.

Exercise 7.3. Let A be a finite-dimensional central simple k-algebra of degree n.
Let € A and P = Cprd 4 (z) € k[X] its reduced characteristic polynomial.
(i) Show that P(x) =0 € A.
(ii) Assume that z € A%, and let Q = Cprd 4 (z~!) € k[X]. Show that

P(X) = (=X)"-Nrda(z) - QX ") € k[X] C k[X, X1

Exercise 7.4. Let D be a finite-dimensional central division k-algebra of degree 3.
When E C D is a subset, we write

E+ ={z € D|Trdp(ex) =0 for all e € E}.

(i) If V C D is a k-subspace, show that dimj, V+ = 9—dim; V. (Hint: Use Exercise 7.3.)

(ii) Let K be a commutative k-subalgebra of D. Show that K = k or that K/k is a
field extension of degree 3.

(iii) Let # € D* be such that Trdp(z) = Trdp(z~!) = 0. Show that 2® = Nrdp(z) €
k C D. (Hint: Use Exercise 7.3.)

(iv) Let E C D be a maximal subfield. Find z € D—k such that Trdp(z) = Trdp(27') =
0. (Hint: Pick a nonzero element u; € E*, and find uy € {u;*}* N E such that
ug &€ urk. Set z = ulugl.)

(v) Let F be the k-subalgebra of D generated by z. Find y € D — F such that

Trdp(yz) = Trdp(yz?) = Trdp(z 'y ™) = Trdp(z 2y~ 1) = 0.
(Hint: Pick v; € FX — F. Let V = {71,272}, and find a nonzero vy € (v;V)NF.
Set y = vy 'vy.)

(vi) Let L be the k-subalgebra of D generated by y. Show that zyz~! commutes with y
and deduce that zyz~! € L. (Hint: Show that Nrdp(y2z?) Nrdp(z~!) = Nrdp(yz),
and expand using (iii).)

(vii) Show that y — zyz~! defines a structure of Galois Z/3-algebra on L.
(viii) Deduce that D is cyclic.
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(ix) Conclude that every finite-dimensional central simple k-algebra of degree 3 is cyclic
(this is a theorem of Wedderburn?).

Exercise 7.5. Let n > 1 be an integer, and w € k a root of unity of order n. Let
a,b € k*. Consider the Galois Z/n-algebra R, = k[X]/(X™ — a), where i € Z/n acts by
X — w'X. Up to isomorphism R, depends only on the class of a in k*/k*" (and on n
and the choice of w). Let us denote the cyclic algebra (R,,b) by (a,b),,.

(i) Show that (a,b), =~ ((b,a),)°P.
(ii) If a # 1, show that (1 — a,a), ~ M, (k).
We define the extension K = k({/a) as the splitting field of the polynomial X" —a € k[X].
(iii) Show that the extension K/k is Galois, that Gal(L/k) ~ Z/m for some m dividing
n, and that R, = Ind;/""
(iv) Prove the “reciprocity law”:

a € Ny vyp) 5 (VD)) <= b € Ny yay i (k(Va)).

(K) under that isomorphism.

Lon the other hand, one may construct central simple algebras of degree 4 (over an appropriate field)
which are not cyclic.
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CHAPTER 8

The Brauer group and 2-cocycles

In this chapter, we define the second cohomology group of a commutative discrete
group equipped with a continuous action of a profinite group, using a concrete approach
in terms of cocycles. A more sophisticated approach will be developed in the next chapter,
but this will not make this chapter obsolete. In fact, it is crucial to use this down-to-earth
approach in order to make the connections with first cohomology sets of noncommutative
groups, that is, with torsors.

We have seen that central simple algebras of degree n may be described using the
first cohomology set of PGL,,. We will obtain an alternative description of the Brauer
group, as the second cohomology group of G,,. It is in fact a recurring situation that
objects can be described either as low-degree cohomology of a complicated group, or as
higher-degree cohomology of a simpler group. This new description of the Brauer group
has several advantages; in particular this is a group on the nose, and the classes of algebras
of different degrees live in the same cohomology set.

In this chapter we only prove that the Brauer group can be embedded into the
second cohomology group of G,,. This fact still has substantial consequences that can be
expressed in an elementary fashion involving central simple algebras, but are difficult to
prove without cohomology. In particular we show that the class of every central simple
algebra is torsion in the Brauer group, and that its order (called the period of the algebra)
divides its index. We deduce a primary decomposition theorem for division algebras, due
to Brauer.

It is actually not very difficult to finish the identification Brauer group with the
second cohomology group of G,,, using the methods of this chapter via the so-called
crossed-product construction. We prefer to leave this result to the next chapters, where
more sophisticated methods will allow us to give a somewhat more natural proof.

1. 2-cocyles

We fix a profinite group I'. We will still use the multiplicative notation for the group
laws of discrete I'-modules, even though they is commutative.

DEFINITION 8.1.1. Let M be a discrete I'-module. A 2-cocyle of T" with values in M
is a continuous map a: I' x I' = M (for the discrete topology on M) that we denote by
(0,7) — g, and such that

(8.1.a) (Yao,7) - Qyor = Qyor -y, forall v,o,7 €T

We denote the set of 2-cocycles of T' with values in M by Z2(I', M). It is naturally an
abelian group, for the operation defined by setting, for £,7 € Z2(T', M)

(6 ’ 77)0,7' =&or  Noyr for all o,7 €T
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A continuous map 5: I' xI' = M, denoted by (o, T) — Bo. -, is called a 2-coboundary
if there exists a continuous map a: I' — M, denoted by ¢ — a,, such that

Bor = a - (0ay) -a,} forallo,7 €T,

A straightforward computation shows that a 2-coboundary is automatically a 2-cocyle,
and the set of 2-coboundaries, denoted by B2(T', M), is a subgroup of Z%(I', M). We
define

H*(I',M) = Z*(T', M)/B*(T, M).
Two 2-cocyles in Z2(T', M) are called cohomologous if they have the same class in H2(T", M).

Composing 2-cocycles with a morphism of discrete I'-modules f: A — B yields a
group morphism
fo: H*(I',A) — H*(T', B).
PRrROPOSITION 8.1.2. Let B be a discrete I'-group and A C B a discrete T'-subgroup

such that a-b="0-a for alla € A and b € B. Then the quotient C = B/A is a discrete
I-group, and there is an exact sequence of pointed sets

2
{s} > A" = B" - c" & HY(T, A) » H'(T, B) — H'T,C) 5 HX(T, A).
If v € HY(T,C) is represented by a 1-cocyle &: T — C, then §%(x) € H*(T, A) is repre-
sented by the 2-cocycle a: T’ x I' = A defined by setting
Ag,r = Bo - (087) - ;7—1 foro, T €T,

where B: I' = B is any continuous map such that 8, € B maps to & € C for all y €T

PROOF. First note that such a continuous map 3 exists. Indeed choosing a preimage
s(c) € B of each ¢ € C defines a map s: C' — B, which is continuous because C' has the

discrete topology, and we may take § = so¢&.
Next observe that o, , belongs to A C B, because its image in C'is &, - (¢&,) &} =1,

as & is a 1-cocyle. The continuity of « follows from Lemma 4.2.14, for if 8 factors as /U —
BY for some open normal subgroup U of T, then « factors as (I'/U) x (T'/U) — BY. Now,

for v,0,7 € T, we have in A C B

(’Yacr,'r) Oy o7 = (’yaa,r) : B’y . (’Yﬂa‘l‘) : ’?crl'r
= ﬁ'y : (’7040,7') : ('7/807) : ';alr

proving that a belongs to Z2?(T', A). The image of « in Z%(T', B) is visibly a 2-coboundary.
If g': T' — B is another map lifting £, then for each v € T' we have 3, = a, - ,,
where a, € A. Thus, for 0,7 € I', we have in A

O‘:m- = ﬁfr : (Uﬂ‘/r) : /81/7';1 =a, - (0a;) - az;rl By (0fr) - ;71 =a, - (0a;) - az;rl " Qo1

proving that o’ and a are cohomologous. We have proved that the class of a in H%(T', A)
does not depend on the choice of the map .
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Now assume that £ : T' — C is cohomologous to £. Then there is ¢ € C such that
g =ct¢& - (ye) forall y eI

Let b € B be a preimage of C. Then the map 8': I' — B defined by setting 3/ =
b=l B, - (vb) for all v € I is a lifting of ¢, and for o, 7 € T', we have in A
By (087) Bz = b1 By (ab) - (ab71) - (07) - (07b) - (b7 Bor - (07D)) ™
=01 By (0B:)-Bt-b
= b71 Qg b= Ao 1)
as a,,, is central in B. We have proved that the class of o in H?(T, A) depends only on
the class of ¢ in HY(T, C).

Assume that « is a 2-coboundary. Then there exists a continuous map a: I' — A
such that, for all o,7 € T,

Bo - (0f-) - ;7—1 =a, - (0a.) 'a;-z}-
Setting ¢, = 8, -a;l for v € T" defines a continuous map (: I' = B. This map is 1-cocycle,
since for all o, 7 € T,

Co (UCT) = B - a(:l : (O'Bfr) : (Ua‘r)_1 = Bor - CL;} = Cor-
Since for v € T, the element a. lies in A = ker(B — ('), the image of ¢, in C is §,. Thus
the class of ¢ in H'(I', B) maps to the class of £ in H!(T',C), proving the exactness of
the sequence at H(T', ('), and the rest was established in Corollary 6.4.13. O

COROLLARY 8.1.3. Let B be a discrete I'-module and A C B a discrete I'-submodule.
Let C = B/A. Then the exact sequence of Proposition 8.1.2 may be extended to an exact
sequence of groups

1—-A" - B" - C" - HY(I',A) - HY(T',B) — H'(T,C) — H*(T', A) — H*(T, B).

PrROOF. In view of Corollary 6.4.13 and Proposition 8.1.2, the only point to verify
is exactness at H%(T', A). From the explicit description of the map §2 given in Corol-
lary 6.4.13, it is clear that the composite H'(T',C) — H?*(T', A) — H*(T, B) is trivial.
Let now a: I' x I' = A be a 2-cocyle whose image in Z2(T, B) is a 2-coboundary. This
means that there exists a continuous map §: I' — B such that

Qor = By (0B;) - B, forall o,7 €.

oT

Since a takes values in A C B, the image of 3, - (¢3;) - 85} in C vanishes for every

o,7 € I', which proves that the composite ¢: T’ 5B Cisa 1-cocyle. It follows
from the explicit formula for the map 42 given in Proposition 8.1.2 that the class of ¢ in
HY(T,C) is mapped to the class of a in H?(T, A). 0

REMARK 8.1.4. The exact sequence of Corollary 8.1.3 can be further extended on the
right using the morphism H?(I', B) — H?(T, C).
The exact sequence of Proposition 8.1.2 is functorial in the following sense. To a

commutative diagram of discrete I'-groups with exact rows

1 A B C 1

Ll

1 A B’ c’ 1
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such that a-b="b-aforalla € A,b € B, resp. a € A’,b € B’, corresponds a commutative
diagram of pointed sets with exact rows

{x} —-A' —B' —~ C' — H'(T',A) — HY(I',B) — HY(,C) — H?(T', A)

N T T T

{x} - A" - B" - (C" — HY(,A") — H\(I',B") — HY(T',C") — H*(T, A").

This assertion may be verified using the explicit formula for the connecting maps ¢ (see
Proposition 6.4.10) and §2.

If G is a k-group such that G(k;) is abelian, we will write
H?(k,G) = H*(Gal(k,/k), G(ks)).

Thus if
1-A—-B—->C—1

is an exact sequence of k-groups such that a-b="b-a for all a € A(ks) and b € B(ks), we
have by Proposition 8.1.2 an exact sequence of pointed sets

(4} = A(k) = B(K) = C(k) & H'(k, A) — H'(k, B) — H'(k,C) 5 H?(k, A)
which is functorial in the sense described above.
2. The Brauer group, II

Recall from §7.3 that every finite-dimensional central simple k-algebra A of degree n
has a class [A] € H'(k,PGL,,). The short exact sequence of k-groups (see (7.3.b))

1-G,, - GL, - PGL, — 1.
yields by Proposition 8.1.2 an exact sequence of pointed sets
(8.2.2) H'(k,GL,) — H'(k,PGL,) = H2(k,G).
We will use the additive notation in the abelian group H?(k, G,,).

LEMMA 8.2.1. Let A be a finite-dimensional central simple k-algebra of degree n.
Then §,[A] = 0 in H?(k,G,,) if and only if A is split.

PROOF. Since 4,, is a morphism of pointed sets, we have §,[4] = 0 when A is
split. The converse follows from the exact sequence (8.2.a), since H'(k, GL,,) vanishes by
Hilbert’s Theorem 90 (Proposition 7.1.1). O

LEMMA 8.2.2. Let A, B be finite-dimensional central simple k-algebras. Set m =
deg(A) and n = deg(B). Then

Sm([A]) + 60 ([B]) = Smn([A ®1 B]) € H?(k, Gyn)

PROOF. By Proposition 8.1.2 (and the discussion below it), the diagram (7.3.c) yields
a commutative diagram

HY(k,PGL,,) x H'(k,PGL,) —> H'(k,PGL,, x PGL,) —> H'(k, PGLy.,,)

(5m,5n)i J/ J{émn

H?(k,G,,) x H?*(k,G,,) H?(k,G,, x Gy,) H?(k,G,,)
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Since the map G,, X G,, = G,, in the diagram (7.3.c) is the group operation of G,,,
it follows that the lower composite in the above diagram is the operation in the group
H?(k,G,). The upper composite maps ([A],[B]) to [A ®; B] by Proposition 7.3.1, and
the statement follows. O

PROPOSITION 8.2.3. Mapping a finite-dimensional central simple k-algebra A to the
element dqeg(a)([A]) yield an injective group morphism

Br(k) — H?*(k,G,,).

PROOF. Let A be a finite-dimensional central simple k-algebra of degree m. Since
On([Mn(K)]) = 0 for any integer n, it follows from Lemma 8.2.2 that d,,[A] = dpn(My(A)).
Thus A + §,,[A] induces a map Br(k) — H?(k,G,,) which is injective by Lemma 8.2.1,
and a group morphism by Lemma 8.2.2. d

REMARK 8.2.4. We will prove later that this morphism is in fact bijective.

3. The period

THEOREM 8.3.1. Let A be a finite-dimensional central simple k-algebra. Then ind(A)-
[A] =0 in Br(k).

PrROOF. We may assume that A is division, and let n = ind(A) = deg(A4). The
commutative diagram of k-groups with exact rows (where det: GL, — G,, denotes the
morphism of k-groups sending a matrix to its determinant, and n: G,, — G,, is the
morphism z — z™)

1—G,, —GL, —=PGL,, ——1

Fe

1 Gp —— Gy, 1 1

gives rise to a commutative diagram of pointed sets
HY(k, PGL,) 2> H2(k,G,,)
{x} ——— H?(k,Gmn)

It follows that nd, ([A]) = 0 in H2(k,G,,), so that by Proposition 8.2.3 we have n[A] = 0
in Br(k). O

COROLLARY 8.3.2. For every finite-dimensional central simple k-algebra A, there
ezist integers r,n € N — {0} such that A®™ ~ M, (k).

COROLLARY 8.3.3. Let L/k be a field extension of finite degree. Then the map
Br(L/k) — Br(L/k) given by multiplication by [L : k] is zero.

ProoOF. This follows from Corollary 3.2.3 and Theorem 8.3.1. g

PROPOSITION 8.3.4. Assume that the field k has positive characteristic p and is perfect

(i.e. every algebraic extension of k is separable). Then the map Br(k) — Br(k) given by
multiplication by p is an isomorphism.
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ProOOF. The map kS — kJ given by z — 2P is injective because ks has characteris-
tic p, and surjective because ks is algebraically closed. It follows that multiplication by
p is bijective in H?(Gal(ks/k),kX) = H?(k,G,,), hence injective in Br(k) by Proposi-
tion 8.2.3. Now for every element = € Br(k), there exists a nonzero integer n such that
nx = 0 by Theorem 8.3.1. If n = pm for some integer m, we must have mz = 0, as mul-
tiplication by p is injective in Br(k). We may thus assume that n is prime to p. Writing
1 = un + vp with u,v € Z, we have x = unz + vpr = p(vz), proving that multiplication
by p is surjective in Br(k). d

DEFINITION 8.3.5. Let A be a finite-dimensional central simple k-algebra. The order
of the class of A in the group Br(k) is called the period of A, and is denoted by per(A).

The period of A is thus the smallest integer n > 0 such that A®™ splits. By Theo-
rem 8.3.1, we have

(8.3.a) per(A) | ind(A).
The next proposition is reminiscent of Proposition 3.2.8.

PROPOSITION 8.3.6. Let A be a finite-dimensional central simple k-algebra, and L/k
a field extension of finite degree. Then

per(Ar) | per(A) | [L : k] per(Ar).

PrOOF. The first divisibility is clear. The element per(Ayr) - [A] belongs to Br(L/k),
hence [L : k|per(AL) - [A] = 0 in Br(k) by Corollary 8.3.3, which yields the second
divisibility. O

PROPOSITION 8.3.7. Let A be a finite-dimensional central simple k-algebra. Then the
integers per(A) and ind(A) have the same prime divisors.

PROOF. In view of (8.3.a), every prime divisor of per(A) certainly divides ind(A).
Conversely, let p be a prime divisor of ind(A). Let L/k be a separable field extension
splitting A and such that [L : k] = ind(A) (see Corollary 3.3.4). Then L is contained
in some finite Galois extension E/k by Lemma 4.3.8. Let H be a p-Sylow subgroup of
Gal(E/k), and set K = Efl. Then [K : k] is prime to p and [E : K] is a power of p. The
integer ind(A) divides the product [K : k]ind(Ak) by Proposition 3.2.8, hence ind(Ak)
is divisible by p. Moreover ind(Ag) divides [E : K] (by Corollary 3.2.3), hence ind(Ak)
is a power of p. Thus per(Ag) is a power of p by (8.3.a). Since Ak is not split (as its
index is divisible by p), it follows that per(Ax) # 1, so that p | per(Ak) | per(A). O

PROPOSITION 8.3.8 (Brauer). Let D be a finite-dimensional central division k-algebra.
Write
ind(D) =q1 - qn
where qi,...,qy are powers of pairwise distinct prime numbers. Then there are finite-
dimensional central division k-algebras D; such that ind(D;) = ¢; fori=1,...,n and
D >~Dy Q- Qp Dy.

PRrROOF. For i = 1,...,n, let p; be the prime divisor of ¢;. By Theorem 8.3.1 we

may write per(D) = by --- by, where b; | g; for each ¢ = 1,...,n. The elements r; =
per(D)/b; fori = 1,...,n are coprime, hence there exist integers aq, ..., a, € Z such that
air1+---+apr, = 1. Foreachi =1,...,n, let D; be a finite-dimensional central division

k-algebra whose class in Br(k) is a;r; - [D]. Then D ®y - - - ® D,, is Brauer equivalent to
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D. Also, for each i =1,...,n we have per(D;) | b; (as b;-[D;] = a; per(D)-[D] = 0), hence
ind(D;) is a power of p; by Proposition 8.3.7. It follows from Corollary 3.2.11 (applied
n — 1 times) that the k-algebra D; ®y - - - ® D, is division, hence isomorphic to D. Since
ind(Dy)---ind(Dy,) = q1 - - - qn, we see that ind(D;) = ¢; for all i = 1,...,n (by looking
at the p;-adic valuation). O
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CHAPTER 9

Cohomology of groups

In this chapter we present the classical construction of group cohomology (with
abelian coefficients) using homological methods. The aim is to define cohomology groups
in degrees higher than two, in a way which permits to extend the long exact sequences
obtained earlier.

The main purpose of this machinery is to produce (infinite) long exact sequences of
cohomology groups from short exact sequences of coefficients groups. Besides, this ap-
proach has two important consequences, including for cohomology groups in degrees 1 and
2; both of those can be obtained directly in low degrees, but the homological approach is
particularly effective in these situations. The first such consequence is Shapiro’s Lemma
computing the cohomology coinduced modules. Like Hilbert’s Theorem 90, this lemma
provides vanishing results, which are at the basis of many computations of Galois coho-
mology groups. The second consequence is the construction of corestriction morphisms,
together with the associated projection formula. This is a very useful tool when trying
to control torsion phenomena in the cohomology groups and passing to subgroups (the
so-called “transfer” or “restriction-corestriction” arguments).

We start with the cohomology of finite groups, and more generally, discrete groups.
This is done using projective resolutions of the module Z equipped with the trivial group
action. The cohomology of profinite groups (the main case of interest for Galois coho-
mology) can then be obtained as the direct limit of the cohomology of its finite quotients.
These cohomology groups cannot simply be constructed using projective resolutions as in
the finite case, because such resolutions need not exist in the category of discrete mod-
ules when the group is not discrete. They could, however, be constructed directly using
injective resolutions of the coefficient module, a strategy that is not pursued here.

1. Projective Resolutions

In this section, we fix a (unital associative) ring R. As before, an R-module means a
left R-module.

DEFINITION 9.1.1. An R-module P is called projective if for every surjective R-module
morphism M — N, the natural morphism Hompg(P, M) — Hompg(P, N) is surjective.

LEMMA 9.1.2. Fvery direct summand of a projective R-module is projective.

PrROOF. Let P be a projective R-module, and B a direct summand of P. Let M — N
be a surjective morphism of R-modules and f: B — N a morphism of R-modules. By
projectivity of P, the composite P — B — N lifts to a morphism P — M. Then the
composite B — P — M is a lifting of f. We have proved that B is projective. 0

PROPOSITION 9.1.3. An R-module is projective if and only if it is a direct summand
of a free module.
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ProOF. Let P be a projective R-module. Let F' be the free R-module on the basis e,
for p € P. The morphism of R-modules f: F' — P given by e, + p is visibly surjective.
By projectivity of P, we find a morphism of R-modules s: P — F such that fos=idp.
We have proved that P is a direct summand of F.

Let now L be a free R-module, with basis [, for « € A. Let M — N be a surjective
morphism of R-modules and f: L — N a morphism of R-modules. For each o € A, pick
a preimage my, € M of f(l,) € N. Then [, — m, defines a morphism of R-modules
F — M such that the composite FF — M — N is f. We have proved that L is projective,
and conclude using Lemma 9.1.2. O

DEFINITION 9.1.4. A chain complex (of R-modules) C' is a collection of R-modules
C; and morphisms of R-modules diC: C; — C;_4 for i € Z, satisfying

d 1 0df =0 forallicZ.

The chain complex C is called ezact if kerdS = imd{,, for all i € Z. A morphism of
chain complexes f: C'— C’ is a collection of morphisms f;: C; — C/ such that

fici0d® =d o f; forallicZ.

DEFINITION 9.1.5. Let M be an R-module. A resolution C — M is a chain complex
C such that C; = 0 for i < 0, together with a morphism Cy — M such that the augmented
chain complex

o= C=>Ch—-M—0

is exact. A resolution C' — M is said to be projective if each C; is so.
LEMMA 9.1.6. Every R-module admits a projective resolution.

PROOF. Let M be an R-module. Set M = P_; and P; = 0 for ¢ < —1. We proceed
by induction, and assume that the exact sequence P, - P;,_ 1 — --- — FPp - P_1 — 0 is
constructed for some ¢ > —1. Let N = ker(P; — P,_1), and let P;;11 be the free module
on the basis e, for n € N. Then P;;; is projective by Proposition 9.1.3. The morphism
of R-modules P;y; — N given by sending e, + n is surjective, and the composite
P11 — N C P; fits into the required exact sequence. O

DEFINITION 9.1.7. We say that the morphisms of chain complexes f,g: C — C" are
homotopic if there exists a collection of morphisms s;: C; — C;; for i € Z such that

c’ C
fi—gi=di 08 +si_10d;.

A morphism of chain complexes f: M — N is a homotopy equivalence if there exists a
morphism of chain complexes g: N — M such that f o g is homotopic to the identity of
N and g o f is homotopic to the identity of M.

PrOPOSITION 9.1.8. Let E and P be chain complexes of R-modules. Assume that
(Z) Pi:EiZOfOTi<—1.
(i) P; is projective for i > 0.
(ii) E is exact.
Let g: P_1 — E_1 be a morphism of R-modules. Then there exists a morphism of chain
complezes of R-modules f: P — E such that f_1 = g. This morphism is unique up to
homotopy.
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PrOOF. We construct f;: P; — E; inductively, starting with f_; = ¢g. Assume that
¢ > 0 and that f;_; is constructed. The composite f;_1 o df: P, — E;_1 has image
contained into ker d¥ |, because

df 1o fim10dl = fiigodl odl =0.

By exactness of the chain complex F, the morphism E; — kerd? ; induced by d¥ is
surjective, hence by projectivity of P;, we may find a morphism of R-modules f;: P, — F;
such that dlE ofi=fi_10 df.

Now let f, f': P — E be two morphisms of chain complexes extending g. We con-
struct for each i € Z a morphism of R-modules s;: P; — E; 1 such that

fi—fi/:d{i1 08; +8i—1 OdZP
by induction on i. We let s; = 0 for ¢ < —1. Assume that s;_; is constructed. Then

di o (fi = f)) = (ficr = fi_y) 0 df
:dfosi,lodf—i—si,goclfil Odf-D

:diEosi—lodip7

so that the morphism (f; — f/) — s;_1 o dY: P; — E; has image in ker d”. By exactness

K3
of the chain complex E, the morphism E;,; — kerd? is surjective. By projectivity of

P;, we obtain a morphism s;: P; — E;y1 such that df, os; = (f; — f/) — si—1 0 dl’, as

7

required. O

COROLLARY 9.1.9. Let M be an R-module, and let P — M and P' — M projective
resolutions. Then there exists a morphism of chain complexes P — P’ such that the
composites Py — Py — M and Py — M coincide. Such a morphism is unique up to
homotopy, and is a homotopy equivalence.

ProoF. By Proposition 9.1.8, the identity of M extends to morphisms of chain
complexes P — P’ and P’ — P, which are unique up to homotopy. The composite
P — P’ — P and the identity of P are both extensions of the identity of M. They
must be homotopic by the unicity part of Proposition 9.1.8. For the same reason, the
composite P’ — P — P’ is homotopic to the identity of P’. O

2. Cochain complexes

DEFINITION 9.2.1. A cochain complex (of R-modules) C'is a collection of R-modules
C" and morphisms of R-modules di: C* — C*! for i € Z, called coboundary morphisms,
satisfying

ditodi, =0 forallicZ.
The R-module
H'(C) =kerd./imd} "
is called the i-th cohomology of the cochain complex C. A morphism of cochain complexes
f: C — C"is a collection of morphisms of R-modules f: C* — C’* such that
fflrody =di o ft forallicZ.

Such a morphism induces morphisms of R-modules H*(C) — H*(C") for all i € Z.
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DEFINITION 9.2.2. We say that the morphisms of cochain complexes f,g: C — C’
are homotopic if there is a collection of morphisms s*: C* — C”*~! for i € Z such that

fi—g' = clic_/1 os' 4+ s odl.
A morphism of cochain complexes f: C — C’ is a homotopy equivalence if there exists a

morphism of cochain complexes g: C’ — C such that f o g is homotopic to the identity
of C'" and g o f is homotopic to the identity of C.

PROPOSITION 9.2.3. Homotopic morphisms induce the same morphism in cohomol-
0gy.
PRrROOF. In the notation of Definition 9.2.2, the morphism diCTl o s* has image con-

tained in im d,' and the kernel of the morphism s'*! o d%, contains ker d%,. These mor-
phisms thus induce the zero morphism in cohomology by construction. O

COROLLARY 9.2.4. A homotopy equivalence induces isomorphisms in cohomology.
DEFINITION 9.2.5. A sequence of cochain complexes
00" -C—C"=0
is called ezxact if the sequence
0=C"=C'—=C" =0
is exact for each i € Z.
PROPOSITION 9.2.6. An exact sequence of cochain complexes of R-modules
0-C"-C—-C"=0
induces an exact sequence of R-modules
= HTYC"Y - HY(C') — HY(C) — H(C") — HTY(C) — - -

Given a commutative diagram of cochain complezxes of R-modules

0 c’ C c” 0
0 D’ D D" 0

having exact rows, the induced diagram of R-modules

. 5 Hifl(cu) Hz(cl) Hz(c) Hi(ou) Hi+1(c’/) ..

T T N

. Hi—l(D//) HZ(D/) HZ(D) HZ(D//) Hi—i—l(D/) ..
s commutative.

PRrROOF. (The is the so-called “snake lemma”; details are left as an exercise.) Given
a € H'=1(C"), choose a representative b € C”*~1 such that dic_,,l(b) = 0. Pick a preimage
c € C 1 of b, and let e = d;'(c) € C*. Then e is mapped to zero in C”%, hence is
the image of an element f € C"*. One may then check that the class of f in H*(C")
does not depend on any of the choices made, and that the map 9: H*=1(C") — H*(C")
given sending x to the class of f is a morphism of R-modules fitting into the above exact
sequences and diagrams. O
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3. Cohomology of discrete groups

In this section G is a group (endowed with the discrete topology). We consider the ring
Z|G] defined as the free abelian group on the basis e, for g € G, with the multiplication
given by ege, = egp, for g,h € G. Observe that a Z[G]-module structure on an abelian
group A is the same thing as an action of the group G by group automorphisms, the
action of g € G corresponding to left multiplication by e, € Z[G]. In order to lighten
the notation, we will usually denote the element e, € Z[G] simply by g. We will use the
additive notation for the group action on a Z[G]-module A, and denote the action of an
element g € G on A by x — gz.

The cohomology groups. Let A be Z[G]-module and C' a chain complex of Z[G]-
modules. We denote by Homgyq(C, A) the cochain complex of of abelian groups (i.e.
Z-modules) such that (Homgq(C, A))" = Homy g (C;, A) for all i € Z, and

[G](C,A) : HomZ[G] (Ci, A) — HOHIZ[G} (Ci+17 A)

dzHomZ
is the morphism induced by composition with dg_l.

A morphism of chain complexes of Z[G]-modules f: C — C’ induces a morphism of
cochain complexes of abelian groups

Homz[g] (f, A) : HomZ[G] (C/, A) — Homz[g] (C, A)

If f is homotopic to g, then Homgy e (f, A) is homotopic to Homgzg (g, A). Thus a homo-
topy equivalence C' — C” induces a homotopy equivalence Homgz)(C’, A) — Homg g (C, A),
and therefore isomorphisms H?(Homgzg(C’, A)) — H9(Homgzg)(C, A)) for all ¢ by Corol-
lary 9.2.4.

DEFINITION 9.3.1. Let A be a Z|G]-module. We view Z as a Z[G]-module with
trivial G-action, and choose a projective resolution P — Z. By the discussion above and
Corollary 9.1.9, for each ¢ € Z the group H?(Homg g (P, A)) is independent of the choice
of the projective resolution P, up to a canonical isomorphism. We denote this group by

H(G, A).
It follows from the construction that H?(G, A) = 0 for ¢ < 0.

REMARK 9.3.2. If G = 1, then H(G, A) = A and H(G, A) = 0 for all ¢ > 0. Indeed
a projective resolution P of Z is given by setting Py = Z and P; = 0 for i # 0, where the
morphism Py — Z is the identity.

LEMMA 9.3.3. For every Z|G]-module A, we have H(G, A) = A“.

PROOF. Observe that A9 = Homg (%, A). Let P — Z be a projective resolution,
as Z|G)-module. The exact sequence of Z[G]-modules

P—-P—-7Z—=0
induces an exact sequence of abelian groups (exercise)
0 — Homg (%, A) — Homg g (Po, A) — Homgg(P1, A),
so that
Homy¢(Z, A) = ker(Homgzq)(Py, A) — Homgg)(Py, A)) = H°(Homgg)(P, A)). O
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Let now f: A — A’ be a morphism of Z[G]-modules. Composition with f induces a
morphism of cochain complex of abelian groups

Homyg¢ (P, A) — Homg ¢ (P, A")
and thus morphisms of abelian groups for all ¢
fo: HY(G,A) —» HY(G, A").
Observe that for every ¢, the map
Homy (A, A") — Homz(HY(G, A), HI(G,A")) ; [~ f

is a morphism of abelian groups, and that the associations A — HY9(G, A) and f — f.
define a functor from the category of Z[G]-modules to the category of abelian groups.

PROPOSITION 9.3.4. Every exact sequence of Z|G]-modules
0—-A—=-B—-C—=0
induces an exact sequence of abelian groups
o= HT™YG,C) — HY(G,A) — HY(G,B) — HY(G,C) — - --

Given a commutative diagram of Z|G]-modules

0 A B C 0
0 A B’ c’ 0

having exact rows, the induced diagram of abelian groups

o — > H7Y(G,C) — HY(G, A) — HY(G,B) — H(G,C) —> -+

| | l |

. *>Hq*1(G,C’) —— HY(G,A") —— HYG,B") —— HY(G,C") —— - --
is commutative.

PROOF. Let P — Z be a projective resolution. Since each Z[G]-modules P; is pro-
jective, we have an exact sequence of cochain complexes of abelian groups

0— Homz[g](P, A) — Homz[g](P, B) — Homz[g] (P, C) — 0.

The statement (including the fact that the long exact sequence obtained does not depend
on the choice of P) is then a consequence of Proposition 9.2.6. O

REMARK 9.3.5. Let A, B be Z[G]-modules, and set B = A @& C. Then the mor-
phisms A - B — A and C — B — C induce decompositions H4(G, B) = H1(G,A) &
HY(G,C) as abelian groups for each ¢ > 0. In this case the connecting homomorphisms
HIY (G, C) — HY(G, A) appearing in Proposition 9.3.4 are zero.

Let now ¢: G — G’ be a group morphism and A a Z|G’]-module. We may view any
Z|G']-module as a Z[G]-module using 1. Choose a projective resolution P of the Z[G]-
module Z, and a projective resolution P’ of the Z[G']-module Z. Then by Proposition 9.1.8
there exists a morphism of chain complexes of Z[G]-modules f: P — P’, which is unique
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up to homotopy. This morphism induces a morphism of cochain complexes of abelian
groups
/ , Homy;g(f,A)
Homgz(P’, A) = Homgg(P', A) ———— Homgg (P, A).
Taking the cohomology, we obtain morphisms of abelian groups
v*: HY(G',A) - HY(G, A)

for all ¢, which does not depend on the choices of P, P’ or f by Proposition 9.2.3.
In particular, when H C G is a subgroup, we have thus constructed the restriction
morphisms
Res$: HY(G,A) — HI(H,A).

Explicit resolutions. We now describe a canonical projective resolution of the Z[G]-
module Z (endowed with the trivial G-action). For each i € N, let L; be the free abelian
group on the basis GiT1. A G-action is given by g(go, ..., 9:) = (990, - - -,99:). The Z[G]-
module L; is free, a basis being given by the elements (1, g1,...,g;). For ¢ > 1, consider
the morphism of abelian groups d{“: L; — L;_; defined by

df (9059 = (=1} (g0 Gjs -+ 90);
j=0
where the notation §; means that the element g; is omitted. Let us write L; = 0 for
i < —1 and dF = 0 for i < 0. We have thus constructed a chain complex of Z[G]-modules
L. We define a morphism of abelian groups €: Lo — Z by (go) — 1 for all gg € G. Note
that ¢ is a morphism of Z[G]-modules for the trivial G-action on Z, and that € o d = 0.
Let us define a chain complex of Z[G]-modules L by setting L; = L; for i # —1 and

L_, = Z with the trivial G-action, together with dF = dF for i #0, and df = e.
LEMMA 9.3.6. The complex L is ezact.
PrROOF. Consider the group morphisms (which are not Z[G]-linear in general!)
sit Li = Liga: (90,---59:) = (1,905 -- - 9i)
for 4 > 0. Let s_1: Z :NZ_l — Zo be given by n — n(1), and set s; = 0 for i < —1.
Then df, o s; + s;—1 0df =idg for all 4, which implies the statement. O
REMARK 9.3.7. We just proved that Lis homotopic to 0, when viewed as a complex
of Z-modules. Of course, this is in general not true as a complex of Z[G]-modules.

When A is a Z|G]-module, we obtain a cochain complex of abelian groups C(G, A) =
Homg ¢ (L, A). For i € Z, we thus have

Cl(Gv A) = HomZ[G] (Lza A)7
and set 4 ‘ ‘ 4
Z'(G,A) =kerdy (g 4y and B'(G,A) =imdgg 4
Since each L; is free, hence L is a projective resolution of the Z[G]-module Z (Lemma 9.3.6),
it follows that ‘ ‘ ‘
H'(G,A)=Z'(G,A)/B* (G, A).
For gi1,...,9; € G, the elements

(91,90 = (1,01,9192, -, 91 Gi)
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for a basis of the Z|[G]-module L;. An element f € C*(G, A) then corresponds to a map
a: G* — A given by

(gla cee agi) = Qgy,...9; = f[gla cee 7gi]'
The element dg, . 4(f) € C*F1(G, A) is then given by the map b: G**' — A defined by

EXAMPLE 9.3.8 (1-cocyles). An element &: g — ay of C*(G, A) belongs to Z'(G, A)
if and only if g1&g, — &g, + & = 0 for all g1,92 € G, which is exactly (6.4.a) written
additively. The element & belongs to B'(G, A) if and only if there exists a € A such that
&9, = g1a — a for all g1 € G, which means that the 1-cocyle ¢ is cohomologous to the
trivial 1-cocyle. Thus we recover the group H'(G, A) defined earlier when G is finite.

EXAMPLE 9.3.9 (2-cocyles). An element a: (g,h) + ag, of C%(G,A) belongs to
Z%(G, A) if and only if

0= g10yg,,9; = ¥g1 92,95 + Qg1 9295 — Qgy,g

for all ¢1,¢92,93 € G, which is exactly (8.1.a) written additively. The element o belongs
to B%(G, A) if and only if there exists a map a: G — A denoted by g — a4 such that

Qg g, = J1Qg, — g, g, T+ Qg

for all g1,g2 € G, which means that the 2-cocyle « is a 2-coboundary. Thus we recover
the group H?(G, A) defined earlier when G is finite.

REMARK 9.3.10. Under the identifications of Example 9.3.8 and Example 9.3.9, the
long exact sequence of Proposition 8.1.2 coincides with the relevant part of the long exact
sequence of Proposition 9.3.4 (this may be checked using (9.3.a)).

EXAMPLE 9.3.11 (Cohomology of cyclic groups). Assume that the group G is finite
and cyclic, generated by o. Consider the elements

N=> geZlG] ; D=o-1€Z[]

We define a projective resolution C' of the Z[G]-module Z as follows. Set C; = 0 if
i < 0and C; = Z[G] if i > 0. For i > 0, the morphism d¢: C; — C;_; is defined as
the multiplication with D if 4 is odd, and the multiplication with N if ¢ is even. The
morphism Cy = Z[G] — Z is given by g — 1 for all g € G. One verifies easily that the
complex C' is exact (observe that Z[G] ~ Z[X]/(X™ — 1) with ¢ — X and n = |G]).

Let now A be a Z[G]-module. Then for i > 0, we have Homg(C;, A) = A, and the
morphism Homgzq(C;, A) — Homgq(Ciq1, A) corresponds to the endomorphism of A
given by the action of N if i is odd, and by the action of D if i is even. Noting that A% is
the kernel of D: A — A, and letting y A be the kernel of N: A — A, we obtain for ¢ > 0

AG/NA if ¢ is even,

HY(G,A) =
( ) {NA/DA if ¢ is odd.
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Coinduced modules.

DEFINITION 9.3.12. Let H be a subgroup of G, and B a Z[H]-module. We define a

Z|G]-module
M§;(B) = Homyu)(Z[G], B),

where the G-action is defined by letting ¢gf: Z[G] — B be the map given by = — f(zg),
when g € G and f: Z[G] — B.

Equivalently, one may think of M%(B) as the set of maps f: G — B such that
f(hz) = hf(x) for all h € H and x € G, with the group structure given by pointwise
operations on B, and the G-action given by (¢f)(x) = f(zg) for g,x € G.

EXAMPLE 9.3.13. Assume that G is finite, and let S be the split Galois G-algebra
of Example 5.5.8 over the field k. Then S ~ M%(k) as Z|G]-modules. Moreover, a map
G — k is invertible in S if and only if it takes values in k*. Thus S* ~ M%(k*) as
Z|G]-modules.

Let H be a subgroup of G, and B a Z[H]-module. We consider the morphism of

Z[H)-modules
p: M§(B) = B 5 fr f(1),

LEMMA 9.3.14. Let H be a subgroup of G. Let A be a Z|G]-module and B o Z[H]-

module. Then the morphism of abelian groups
Homgz¢ (A, M%(B)) — Homgzg)(A,B) 5 frrpof
18 bijective.

PROOF. Let us construct the inverse morphism. Let ¢: A — B be a morphism
of Z[H]-modules. Consider the map 1: A — M%(B) sending a € A to the mor-
phism of Z[H]-modules Z[G] — B given by g — ¢(ga). The map 1 is a morphism
of Z|G]-modules, so that ¢ + 1) defines a morphism of abelian groups Homgzx (4, B) —
Homyzg) (A, M5 (B)).

Clearly pot) = ¢. Conversely, assume that ¢ = pof for some f € Homgz g (A, Mg(B))
Then for any a € A and g € G,

¥(a)(g) = ¢(ga) = p(f(ga)) = p(g(f(a))) = (9(f(a)))(1) = f(a)(g)
so that ¥ = f. O
PROPOSITION 9.3.15 (Shapiro’s Lemma). Let H be a subgroup of G and B a Z[H|-
module. Then the composite
HY(G,MG(B) "5 po(H, MG (B) 25 HO(H, B)
is bijective, for every q > 0.

PrOOF. The Z[H]-module Z[G] is free, a basis being given by (the elements corre-
sponding to) a set of representatives of G/H. It follows from Proposition 9.1.3 that any
projective Z[G]-module is also projective as a Z[H]|-module. Thus if P is a projective
resolution of the Z[G]-module Z, it is also a projective resolution of the Z[H]-module Z.
Lemma 9.3.14 shows that that morphism of complexes of abelian groups

Homyg) (P, M (B)) — Homgz (P, M$;(B)) — Homy (P, B)

is an isomorphism, and the result follows by passing to cohomology. O
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COROLLARY 9.3.16. Let B be an abelian group. Then HY(G,M%(B)) =0 for ¢ > 0.
Proor. This follows from Remark 9.3.2 and Proposition 9.3.15. g

Now assume that H C G is a subgroup of finite index, and let A be a Z[G]-module.
Let f € MG (A). If X C G is a set of representatives of G/H, consider the element

(9.3.b) u= Z zf(z™!) € A

rzeX
From the fact that f is a morphism of Z[H]-modules follows that u does not depend on
the choice of the set of representatives X C G. If g € G, then

dagh@ )= af@ g =9 Y ufly")=gu

rzeX rzeX yeg—1X

since g7'X C G is again a set of representatives of G/H. We have thus defined a
morphism of Z[G]-modules

(9.3.c) p: MG(A) = A ; feu
which using Proposition 9.3.15 induces the corestriction morphisms for all ¢
Cores$: HI(H,A) = HI(G,M%(A)) £ HY(G, A).

PROPOSITION 9.3.17. Let H be a subgroup of finite index in G. Let A be a Z|G]-

module. Then the composite
HUG, A) BE5, fag, ) S5, goq, a)

coincides with multiplication by [G : H], for every q > 0.

PROOF. Consider the morphism of Z[G]-modules

o: A— MG(A)

sending a € A to the map G — A given by g — ga. Since p o o is the identity of the
Z[H]-module A, it follows from Proposition 9.3.15 that the induced morphism

HY(G, A) 25 HI(G,M%(A)) = HI(H, A)
coincides with Res%. Now it follows from the formula (9.3.b) that the composite
ASMEUA) S A
is multiplication by [G : H]. O
COROLLARY 9.3.18. Let H be a subgroup of finite index in G and A a Z[G]-module.

If the morphism A — A given by multiplication by [G : H] is bijective, then the maps
Res$: HY(G, A) — HI(H, A) are injective for all ¢ > 0.

PROOF. Denote by f: A — A the morphism given by multiplication by [G : H].
Then the morphisms HY(G, A) — H?(G, A) given by (f~1). and f. are mutually inverse.
Since the morphism f, is given by multiplication by [G : H] in HY(G, A), it follows from
Proposition 9.3.17 that Res$ must be injective. O

COROLLARY 9.3.19. If G is finite, then the morphisms H1(G,A) — HY(G, A) given
by multiplication by |G| are zero for all ¢ > 0.
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PROOF. By Proposition 9.3.17 multiplication by |G| in HY(G, A) factors through
H4(1, A), which vanishes when ¢ > 0 by Remark 9.3.2. O

4. Cohomology of profinite groups

Direct limits. We now discuss the notion of direct limit, which is in a sense dual to
the notion of inverse limit introduced in §4.1. Here we will limit ourselves to the case of
abelian groups.

DEFINITION 9.4.1. Let (A, <) be a directed set (Definition 4.1.1). A direct system of
abelian groups (indexed by .A) is the data of:

— for each o € A an abelian group E,,
— for each o < 8 in A a group morphism fo3: E, — Eg (called transition mor-
phism).
These data must satisfy the following conditions:
(i) For each o € A, we have fo, =idg, .
(ii) For each a < 8 <y in A, we have fz, 0 fag = fary-

DEFINITION 9.4.2. The direct limit of a direct system of abelian groups (Ey, fos) is

defined as
E =lim B, = (@Ea)/F
acA

where F is the subgroup generated by the elements z — f,3(z), for z € E, and o < S in
A.

The direct limit F is equipped with group morphisms ¢, : E, — E for every a € A,
such that tg 0 fog = to for all < B in A. It enjoys the following universal property: if
Sq: Eoq — S for a € A is a collection of group morphisms satisfying sg o fo3 = s, for all
a < fin A, then there is a unique map s: F — S such that s, = so, for all a € A.

LEMMA 9.4.3. Let (E,) be a direct system of abelian groups indexed by the directed
set A, and let E its direct limit.
(i) We have E = J,c 4 ta(Ea)-
(i1) For all o € A we have ker 1o = J, <z ker fog.

PROOF. (i) : By construction, any element e € E may be written as tq, (e1) + -+ +
Lo, (en) for some a; € A and e; € E,, for i = 1,...,n. As A is directed, we may find
a € A such that a; < aforalli=1,...,n. Then

e=ta,(€1) + -+ ta,(en) = talfaraler) + -+ fa,alen))

belongs to tq(Ey).

(ii) : Certainly ker fog C kert, for all & < 8 in A. Conversely, let « € ker¢,. Then
we may find indices a; < §; in A and elements x; € E,, for i = 1,...,n such that
(9.4.a) x = Z(azZ — fosp: (i) € @ E,.

i=1 yeA

Pick 8 € A such that « < g and 8; < f for all ¢ = 1,...,n. The morphisms f,3 for
7 < B in A define a morphism ¢g: .5 Ey — Eg. Taking the image of (9.4.a) under
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g yields

n

fap(@) = (faup(@i) = f5,8 0 faup.(2:) = 0. O

i=1

EXAMPLE 9.4.4. Let A be an abelian group. Let (A, <) be a directed set, and A, C A
a collection of subgroups such that A, C Ag whenever a < . Then the family A, defines
a direct system, where the transition morphisms are the inclusions A, C Ag. It follows
from Lemma 9.4.3 that the natural group morphism liLnAa — A is injective, and its

image coincides with (J,c 4 Aa-
Observe that if (E,), (E)) are direct systems of abelian groups indexed by the same

directed set A, and E/, — E, for all & € A are group morphisms compatible with the
transition maps, there is a unique group morphism lim E/, — lim E,, compatible with the
— —

morphisms ¢4,

PROPOSITION 9.4.5. Let A be a directed set, and (Ey), (EL), (E!) direct systems of
abelian groups indexed by A. Assume given exact sequence of groups

E/, - E,— E
for all o € A, compatibly with the transition morphisms. Then the induced sequence
thEg — hgl E, — thE’a’

18 exact.

PROOF. By Lemma 9.4.3 (i), every element z € H_H}lEa is represented by e € F, for
some o € A. Let " € E/ be the image of e. If the image of x in thE;/ vanishes, then by

Lemma 9.4.3 (ii) there exists 5 > « in A such that the image of e” vanishes in E, which

implies that the image of e in Ejp is the image of an element ¢’ € Ej, by the assumption

of exactness. The image of ¢’ in lim E/, defines the required preimage of . O
—

Let now C, be a cochain complex of abelian groups for each a € A, where A is a
directed set. Assume given for each ov < 8 in A a morphism of complexes foz: Co = Cpg,
such that foo =idg, for all a € A, and fgy 0 fog = fay for all @ < § <y in A. Then
for each n € Z the collection (C?) is an inverse system of abelian groups indexed by
A, and we may define a cochain complex of abelian groups C by setting C™ = 11_1(}110;1

and dg = limdy  for each n € Z. There are natural morphisms of complexes of abelian
Hldo,
groups C,, — C for all a € A.

COROLLARY 9.4.6. Letn € Z. In the above situation, the induced morphisms H"(Cy) —
H™(C) yield an isomorphism of abelian groups

h_H}H (Cq) — H™(C).
PRrROOF. Consider the subgroups of C™
Z" =kerdy ; B"=imd}"
as well as the subgroups of C,, for a € A,

Zl =kerdg, i BI=imd} .
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Proposition 9.4.5 shows that the morphism lim Z], — C™ induces an isomorphism lim Z, —
— —
Z". The morphism dg;l factors as C7~! — B7 — C7, hence dj; ' factors a O™~ —
lim B! — C™. By Proposition 9.4.5 the morphism C"~1 — lim B} is surjective, and the
— —
morphism lim B}, — C" is injective. It follows that the morphism lim B}, — C™ induces
— —

an isomorphism lim B} — B™. We thus obtain a commutative diagram of abelian groups
—

0 ——1lim B} ——1limZ} —— lim H"(C,) —=0
— — —

L i

0 B" z" H™(C)

0

where the left and middle vertical arrows are isomorphisms. The lower row is exact by
definition of the cohomology groups, and the upper row is exact by Proposition 9.4.5.
It follows from a diagram chase (the “5-lemma”) that the right vertical arrow is an
isomorphism, proving the corollary. O

Continuous cohomology. We now fix a profinite group I'. Let A be a discrete
-module.

DEFINITION 9.4.7. Let n € N. Let C™(T', A) be the group of maps I'* — A which are
continuous for the discrete topology on A. Denoting by I'gjs be the group I' endowed with
the discrete topology, we may view C"(T', A) as a subgroup of C"(Tgis, A) (the group of
all maps '™ — A). The morphism d": C™(Tgis, A) — C" 1 (Tgis, A) (see (9.3.a)) maps
C™(T, A) into C"*1(T", A). We have thus constructed a cochain complex of abelian groups
C(T, A), and we denote by H™(T', A) its cohomology groups.

REMARK 9.4.8. As observed in Example 9.3.8 and Example 9.3.9, we recover the
cohomology groups previously defined for n = 0,1, 2.

PROPOSITION 9.4.9. An exact sequence of discrete I'-modules
0+>A—-B—-C—0
induces an exact sequence of abelian groups
o= HTYT,C) - HYT,A) - HY(T',B) — HYT',C) — - -

Given a commutative diagram of discrete I'-modules

0 A B C 0
0 A B’ c’ 0

having exact rows, the induced diagram of abelian groups

i —s HI"YT,C) —— HYT,A) —— HY(T,B) — HI(T,C) — - -

| | l |

---—>H‘I—1(F,C') —>Hq(F,A/) —>Hq(F,B') HHQ(F,C/) ...

is commutative.
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ProoF. This will follow from Proposition 9.2.6 once we have proved that the se-
quences of cochain complexes

0—-C"T,A) —-Cc"(I',B) - C"(I,C) =0

are exact. The only nontrivial point is the surjectivity of the last morphism. To prove this,
choose a map (not a group morphism!) C' — B such that the composite C — B — C'is the
identity. This map is continuous for the discrete topologies (as is any map), hence induces
amap C"(I',C) — C™(T, B) such that the composite C™(I",C) — C™(I", B) — C™(I", C)
is the identity. This concludes the proof. O

PROPOSITION 9.4.10. Let A be a directed set, and U, for a € A an inverse system of
open normal subgroups of T' (where transition maps are the inclusions). Assume that each
open normal subgroup of T' contains U, for some o € A. Let A be a discrete I'-module,
and for each a € A let A, C AY> be a discrete T'-submodule. Assume that A, C Ag for
each a < B in A, and that A =, 4 Aa-

Then there are natural identifications

lim C"(T/Ua, Aa) = C™(T,A) and lim H(T /Uy, Aq) = H" (I, A).

PrROOF. We may view C"(I'/U,, A,) as a subgroup of C™(Tgs, A), and identify
lii{lC"(F/Ua,Aa) with (J, C"(I'/Ua, Aa) (Example 9.4.4). By Lemma 4.2.14, every
f € C™(T,A) lies in C*(T'/Ugs, AV#) for some € A. Since the image of f is fi-
nite (because I'/Ugs is finite), it is contained in A, for some § < a. This proves that
U, C"(T /Uy, As) = C™(T', A), so that hﬂ)lC”(F/Ua,Aa) = C™"(T", A). Since this iden-
tification is compatible with the coboundary morphisms, we may conclude using Corol-
lary 9.4.6. g

Let H C T be a closed subgroup and A a discrete I'-module. The natural morphisms
CYI'y,A) — CI(H,A) are compatible with the coboundary morphisms, hence induce
morphisms in cohomology, for every ¢ > 0

Resy,: HY(T', A) — HI(H, A).

Observe that every open normal subgroup of H contains a subgroup of the form UNH,
where U is an open normal subgroup of I" (this follows from Lemma 4.2.5 (i)). Thus it
follows from Proposition 9.4.10 that Resk, : H4(T', A) — H9(H, A) may be identified with
the direct limit of the morphisms

r/U
(9.4.b) Resy/ oyt HI(D/U, AY) — HI(H/(U N H), A7),
where U runs over the open normal subgroups of T'.

PROPOSITION 9.4.11. Let H C T be a closed subgroup and A a discrete I'-module. As-
sume that for each open normal subgroup U of T', the map AY — AV given by multiplica-
tion by [L/U : H/(U N H)) is bijective. Then the morphism Resyy : HI(I', A) — HI(H, A)
1s injective for every q.

PROOF. Since each morphism (9.4.b) is injective by Corollary 9.3.18, the statement
follows from Proposition 9.4.5 (in view of observation just above). O

Let now B be a H-module. We let M (B) be the set of continuous maps f: I' — B
such that f(hz) = hf(z) for all h € H and z € T', with the group structure given by
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pointwise operations on B, and the T'-action given by (gf)(z) = f(zg) for g,x € T.
Every element f € MII; (B) factors as I'/U — B for some normal open subgroup U of T’
(see Lemma 4.2.14), hence is fixed by U. We have thus constructed a discrete I'-module
MY (B). Observe that M} (B) is naturally a Tgs-submodule of MR(B) We define a
morphism of H-modules

p: My(B) = B 5 fw f(1).

PROPOSITION 9.4.12 (Shapiro’s Lemma — profinite version). Let H CT' be a closed
subgroup and B a H-module. Then for every q the composite

eSF
HI(T, My (B)) =2 H(H, M} (B)) £ H(H, B)
s bijective.

PROOF. Let U be an open normal subgroup of I', and let f € Ml;I(B) Then f €
MY (B)Y if and only if f: T — B factors through the quotient T'/U. Assume that
fe MI;I(B)U, and set V=UNH. Forany u € V and z € I we have v = 2 'ux € U,
hence

f(x) = (wf)(z) = f(uz) = uf(z),
proving that the image of f is contained in BY. This yields an identification, as I'/U-

modules
M/ (BY) = My (B)Y.

H/V
We may thus view the morphism p: MY (B) — B as the direct limit of the morphisms
p: MEI//[{, (BV) — BV considered in §9.3. Now each composite

Resl;l//[‘]/

HY(H/V,MY(BY) 2 HY(H/V, BY)

HYT /UMY (BY)) v

H/V
is an isomorphism by Proposition 9.3.15, and the statement follows by passing to the
limit, in view of Proposition 9.4.10. |

Assume now that H C T is an open subgroup, and let A be a discrete I'-module. We
define a map

(9.4.c) prMp(A) > A 5 fe Y af(@h),
reX

where X C T' is a set of representatives of I'/H. We show as before (see just below
the formula (9.3.b)) that p is a morphism of discrete I'-modules which does not depend
on the choice of X. Alternatively, we may deduce these facts from §9.3, since the map
1 above factors as ML (A4) C Mg‘; (A) — A, where the last map is the morphism of
[gis-modules p defined in (9.3.c). Using Proposition 9.4.12 we obtain for each ¢ the
corestriction morphism

Coresly: HI(H,A) = HI(T, M5 (A)) 25 HI(T, A).

PROPOSITION 9.4.13. Let H be an open subgroup of I' and A a discrete I'-module.
Then for every q the composite

eSF OreSF
HYT, A) 21, g, 4) S0, gar, A)
coincides with multiplication by [T : HJ.
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PROOF. Consider the morphism of discrete I'-modules o: A — MY (A) sending a € A
to the map I' — A given by v +— ~a. Since p o o is the identity of the discrete H-module
A, it follows from Proposition 9.4.12 that the induced morphism

HYT,A) 2 HID, MY (A)) = HI(H, A)
coincides with Resk;. Now it follows from the formula (9.4.c) that the composite
ASMLA) S A
is multiplication by [I": H]. O
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CHAPTER 10

Cohomological dimension

In the final chapter, we apply the homological methods of the previous chapter. We
first finish the proof of the identification of the Brauer group with the second cohomology
of G,,, using Shapiro’s Lemma. We deduce the existence of corestriction morphisms
(sometimes called transfer maps) for Brauer groups. When L/k is a finite separable
extension, this morphism associates to each finite-dimensional central simple L-algebra a
central division k-algebra.

Next we briefly discuss the notions of cohomological dimension of a profinite group,
and of a field. This concept encodes the complexity of a field from a certain cohomological
point of view. The first interesting case is that of fields of cohomological dimension at
most one. We provide several characterisation of such fields, including the fact that the
Brauer group of every of its separable extension vanishes.

The source of most classical examples of such fields are the so-called Cy-fields, also
called “quasi-algebraically closed fields”. We prove that Cj-fields have cohomological
dimension at most one (the converse does not hold, but seeing this requires some work).
Finite fields are C1-fields by Chevalley-Warning’s Theorem, which provides another reason
for the commutativity of finite division rings (Wedderburn’s Theorem proved earlier). The
chapter ends with a proof of Tsen’s Theorem (assuming basic algebraic geometry), which
asserts that fields of transcendence degree one over an algebraically closed field are C;-
fields, providing another interesting example of vanishing of Brauer groups. The third
important examples of C-fields, which will not be discussed, are the complete discretely
valued fields with algebraically closed residue fields, for instance power series fields over
an algebraically closed field.

1. The Brauer group, IIT

LEMMA 10.1.1. Let L/k be a finite Galois extension of degree m, and set G =
Gal(L/k). Then the connecting morphism of pointed sets

HY(G,PGL,(L)) — H*(G, L")
arising from the sequence (7.3.a) is bijective.

PROOF. As in Lemma 8.2.1, injectivity follows from the vanishing of H'(G, GL, (L))
by Hilbert’s Theorem 90 (Proposition 7.1.1). Let us denote by K the field L equipped
with the trivial G-action. Sending an element of a € K to the endomorphism z — ax
of Ky, yields an injective morphism of L-algebras K; — Endy (K} ). Choosing a basis of
K, we thus view Ky, as an L-subalgebra of M, (L). This yields a commutative diagram
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of G-groups, having exact rows
11— L —— (Kp)* —— (K)*/L* ——=1
1——L* —— GL,(L) ——PGL, (L) ——1

and thus by Proposition 8.1.2 and Corollary 8.1.3 a commutative diagram of pointed sets,
where the upper row is exact

HYG,(Kp)* /L) — H*(G, L") — H*(G, (KL)*)
(10.1.a) J{ l—
HY(G,PGL, (L)) — H2(G, L)

Now, we may view K; = Ly as a Galois G-algebra over K, which is split by Corol-
lary 5.5.13. Tt follows from Example 9.3.13 that (Lx)* ~ MY (K*) as Z[G]-modules,
hence by Shapiro’s Lemma (Corollary 9.3.16), we have

H*(G,(Kp)*) = H*(G, (Lx)*) = 1.

In view of the diagram (10.1.a), we deduce that the map H'(G, PGL, (L)) — H*(G,L*)
is surjective. O

ProPOSITION 10.1.2. The morphism of Proposition 8.2.3 is a group isomorphism
Br(k) ~ H?*(k,G,,).

PRrROOF. Injectivity has been proved in Proposition 8.2.3. By Lemma 4.2.14, every
2-cocycle Gal(ks/k) x Gal(ks/k) — kJ factors as a 2-cocyle a: Gal(L/k) x Gal(L/k) —
(kx)Galks /L) — X where L/k is a finite Galois extension. Let n = [L : k] and
G = Gal(L/k). By Lemma 10.1.1, the class of o in H?*(G, L*) admits a preimage in
H'(G,PGL, (L)), whose image in H!(k,PGL,) is the required preimage of the class of
the original 2-cocyle in H?(k,G,,) (here we have used Remark 9.3.10). O

COROLLARY 10.1.3. Ifn is an integer prime to the characteristic of k, then the kernel
of the morphism Br(k) — Br(k) given by multiplication by n is isomorphic to H?(k, ).

PROOF. The exact sequence of Lemma 7.1.4 yields an exact sequence of pointed sets
HY(k,G,,) — H*(k,pun) — H*(k,G,,) & H*(k,G,,).

Since H'(k,G,,) = {*} by Hilbert’s Theorem 90 (Proposition 7.1.1), the statement follows
from the identification of Proposition 10.1.2. O

Let L/k be a finite separable extension. The morphism
Coresgoy /) : HA(Gal(ks /L), k) — H?(Gal(ks k), k)
yields, in view of Proposition 10.1.2, a group morphism

Coresy, /. Br(L) — Br(k).
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PROPOSITION 10.1.4. Let L/k be a finite separable extension. Then the composite

Coresy, /5,

Br(k) — Br(L) Br(k)

is multiplication by [L : k).
PRrOOF. This follows from Proposition 9.4.13. U

REMARK 10.1.5. Proposition 10.1.4 yields a new proof of Theorem 8.3.1. Indeed by
Corollary 3.3.4, we find a separable extension L/k of degree ind(A) splitting A, so that
ind(A) - [A] = [L : k] - [A] = Coresy,/1([AL]) = 0 by Proposition 10.1.4.

2. Cohomological dimension

In this section we fix a profinite group I'. Let p be a prime number. When A is an
abelian group, let us denote by A{p} C A the subgroup of those a € A such that p"a =0
for some integer n. We say that A is of p-primary torsion if A{p} = A, and that A has no
p-primary torsion if A{p} = 0. We say that a discrete I'-module is of p-primary torsion
if the underlying abelian group is so.

DEFINITION 10.2.1. We define the p-cohomological dimension of I' as
inf{n € NJHY(T', A) = 0 for all ¢ > n and discrete I'-modules A of p-primary torsion},

and denoted by cd,(I') € N U {oco}. The cohomological dimension of T, denoted by
cd(T") € NU {00}, is defined as the supremum of the p-cohomological dimensions of T,
where p runs over the prime numbers.

Observe that
cdp(T") = sup{q € NJHY(T", A) # 0 for some discrete I'-module A of p-primary torsion}.

LEMMA 10.2.2. Let H C T be a closed subgroup, and B a discrete H-module. If B is
of p-primary torsion, so is My (B).

PROOF. Every element f € My (B) is a continuous map I' — B. The image f(I') is
compact by Proposition 4.1.9 and discrete (as B is so), hence finite. Therefore f(T') C B
is annihilated by some power of p, hence so is f. O

LEMMA 10.2.3. Ifn € N is such that H"*Y(T', A) = 0 for all discrete I'-modules A of
p-primary torsion, then cdy(I') < n.

PROOF. We prove that H?(T', A) = 0 for all discrete I'-modules A of p-primary torsion
when ¢ > n. We proceed by induction on ¢, the case ¢ = n + 1 being the assumption.
Let A be a discrete T-module of p-primary torsion. The map o: A — M} (A) sending
a € A to the map I' — A given by v — ~a is an injective group morphism, allowing us
to view A as a discrete T-submodule of MY (A4). Since the discrete T-module M} (A) is
of p-primary torsion (Lemma 10.2.2), so is its quotient @ = M} (A)/A. Part of the long
exact sequence of Proposition 9.4.9 reads

HYT,Q) — HYT, A) — HIT, ML (A))

(A)) = H9(1,A) = 0 by Shapiro’s Lemma (Proposition 9.4.12), and
by induction, we conclude that H9(I", A) = 0, as required. O

Since HY(I', M}
HiY([,Q) =0
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LEMMA 10.2.4. Let T be a pro-p-group and A a discrete T'-module of p-primary tor-
sion. If A # 0, then A admits a discrete T'-submodule isomorphic to Z/p with trivial
I-action.

PROOF. Let a be a nonzero element of A, and U an open normal subgroup of I' acting
trivially on a. The set E = {va,~ € I'} is finite, since it admits a transitive action of the
finite group I'/U. The subgroup B C A generated by E is a discrete I'-submodule, and
the T-action on B factors through the finite quotient G = I'/U. The assumption that A
is of p-primary torsion implies that B is finite and that |B| is a power of p. Since G is
a finite p-group and B # 0, it follows that BY # 0 (otherwise B would be the disjoint
union of {0} and nontrivial orbits of the p-group G, which have cardinality divisible by
p). Let b be a nonzero element of B, and n the smallest integer such that p™b = 0. Then
p"~1b generates a subgroup of B¢ isomorphic to Z/p, which is a discrete I'-submodule of
A having trivial I'-action. O

LEMMA 10.2.5. Let T be a pro-p-group. Consider Z/p as a discrete T'-module with
trivial action. If n € N is such that H"*'(I',Z/p) = 0 then cd,(T) < n.

PrROOF. Let A be a discrete I'-module of p-primary torsion. By Lemma 10.2.3, it will
suffice to prove that H" (T, A) = 0. Assume that H""1(T", A) # 0. We order the set S
of discrete I'-submodules of A by inclusion. If (A,) is a totally ordered subset of S, then
B =, Aa is a discrete I'-module, and we have by Proposition 9.4.10

H" (T, B) = lim H" (T, A,).
—

Thus if H"tY(T, A,) = 0 for all , we have H"*1(I', B) = 0. Applying Zorn’s lemma,
we obtain a maximal discrete I-submodule B of A such that H"*(I', B) = 0. Then
A # B. By Lemma 10.2.4, the discrete I'-module A/B contains a discrete I'-submodule
isomorphic to Z/p. This yields a discrete I-submodule C' of A fitting into an exact
sequence of discrete I'-modules

0—-B—-C—Z/p—D0.
Part of the associated long exact sequence of Proposition 9.4.9 reads
H" YT, B) - H"™(T",C) — H""Y(T,Z/p).

The extreme terms vanish, hence so does the middle one, contradicting the maximality
of B. O

LEMMA 10.2.6. Let H C T be a closed subgroup.

(i) We have cdp(H) < cdp(T).
(it) If for each open normal subgroup U of T, the index [T'/U : H/(U N H)] is prime to
p, then cd,(H) = c¢dp(T).

PROOF. (i): Let B be a discrete H-module of p-primary torsion such that H?(H, B) #
0. Then C = MI;I(B) is a discrete T-module of p-primary torsion (Lemma 10.2.2) such
that H4(T', C') # 0 by Shapiro’s Lemma (Proposition 9.4.12).

(ii): Let A be a discrete I'-module of p-primary torsion such that H?(T', A) # 0. Tt
follows from Proposition 9.4.11 that H9(I", A) — H9(H, A) is injective, hence HI(T", A) #
0. O



137 10. COHOMOLOGICAL DIMENSION

The additive version of Hilbert’s Theorem 90 (Proposition 7.2.1) admits a gener-
alisation to cohomology groups of higher degrees, given just below. This contrasts
with the usual (multiplicative) version of this theorem (Proposition 7.1.1), since already
H?(k,G,,) = Br(k) can be nontrivial (Proposition 10.1.2).

PROPOSITION 10.2.7. We have H1(k,G,) =0 for all ¢ > 1.

PRrROOF. Let L/k be a finite Galois extension and G = Gal(L/k). Let K be the field
L with trivial G-action. Then the Galois G-algebra Ly over K is split (Corollary 5.5.13),
hence Lix ~ MY (K) as Z[G]-modules (Example 9.3.13), so that HY(G,Lg) = 0 by
Shapiro’s Lemma (Corollary 9.3.16). Now the k-vector space k is a direct summand of K,
hence the Z[G]-module L is a direct summand of Lg. It follows that the group H?(G, L)
is a direct summand of H?(G, Lx) = 0 (see Remark 9.3.5), hence vanishes. Passing to
the limit over all such L yields the result. O

REMARK 10.2.8. The normal basis theorem asserts that, in fact, we have L ~ M (k)
as Z|G)-module, when L/k is a finite Galois extension and G = Gal(L/k).

COROLLARY 10.2.9. Let k be a field of characteristicp > 0. Then cd,(Gal(ks/k)) < 1.

PROOF. Let P be a pro-p-Sylow subgroup of Gal(ks/k) (see Proposition 4.2.10).
Then cd,(Gal(ks/k)) = cd,(P) by Lemma 10.2.6 (ii). Replacing k with (ks)¥, we may
thus assume that Gal(ks/k) is a pro-p-group.

The exact sequence of k-groups of Lemma 7.2.2 yields an exact sequence

HY(k,G,) — H*(k,Z/p) — H*(k,G,).

The extreme terms vanish by Proposition 10.2.7, hence so does the middle one, which
proves the statement by Lemma 10.2.5. O

PRrROPOSITION 10.2.10. Let p be a prime number. The following are equivalent.

(i) For all separable field extensions K/k, the group Br(K) has no p-primary torsion.
(i) The norm map Ny i : L™ — K* is surjective for all separable field extensions K/k
and Galois extensions L/K such that [L : K] = p.

If the characteristic of k is not equal to p, these conditions are equivalent to:
(i11) We have cdp(Gal(ks/k)) < 1.

PrOOF. (i) = (ii) : Let @ = K*/Np /x(L*). We may view L as a Galois Z/p-
algebra over K (Example 5.5.7), so that @ injects into Br(K) by Proposition 7.4.11.
Moreover we have 7 = Ny /k(x) for any x € K, which implies that @ is of p-primary
torsion. By (i) the group @ is trivial, which means that Ny 5 : L* — K* is surjective.

(ii) = (i) : We may assume that K = k. Let E/k be as in Lemma 4.3.16. Since
every finite subextension of E/k has degree prime to p, it follows from Lemma 3.5.9 and
Corollary 8.3.3 that for each element « € Br(E/k) there exists an integer m prime to p
such that ma = 0. This implies that Br(F/k) has no p-primary torsion.

We now prove that Br(E) = 0, which will imply that Br(k) = Br(E/k) has no p-
primary torsion, as required. If Br(F) # 0, there exists a finite Galois extension L/FE
such that Br(L/E) # 0. Let us choose L/FE minimal with this property, in the sense
that Br(F/E) = 0 for all Galois subextensions F//E of L/E such that F' # L. Since
Gal(L/FE) is a nontrivial finite p-group (by Lemma 4.3.16), it contains a normal subgroup
H isomorphic to Z/p. Then F = L is a Galois extension of E. Since Gal(L/F) ~ Z/p, it
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follows from (ii) and Theorem 7.4.13 that Br(L/F') = 0. Therefore Br(L/E) = Br(F/E),
contradicting the choice of L.

(ili) = (i) : If @ € Br(k) is such that p”"a = 0 for some integer n, it is the image
of an element of H2(k, pyn) = H?(Gal(ks/k), pipn (ks)) by Corollary 10.1.3. The discrete
Gal(ks/k)-module fi,n (ks) is of p-primary torsion, hence H?(Gal(ks/k), pupn (ks)) = 0 by
(iii), and thus a = 0.

(i) = (iii) : Let P be a pro-p-Sylow subgroup of Gal(ks/k) (see Proposition 4.2.10).
Then cd,(Gal(ks/k)) = cd,(P) by Lemma 10.2.6 (ii). Replacing k with (ks)©, we may
thus assume that Gal(ks/k) is a pro-p-group. Let us write X? — 1 = (X — 1)Q € k[X],
where @ € k[X]. Then @ is a separable polynomial of degree p — 1. We claim that Q
has a root in k. Indeed, otherwise ks/k would contain a subextension L/k such that
1 < [L : k] < p. The index of the open subgroup Gal(ks/L) of Gal(ks/k) is a power of
p (because Gal(k,/k) is a pro-p-group), and coincides with [L : k| (by Theorem 4.3.11),
contradicting the relations 1 < [L : k] < p.

Therefore k must contain a root of unity of order p (a root of @), so that Z/p ~ u, as
k-groups. Since H?(k, u,) = 0 by (i) and Corollary 10.1.3, it follows that H?(k,Z/p) = 0,
which implies that c¢d,(Gal(ks/k)) < 1 by Lemma 10.2.5. O

PROPOSITION 10.2.11. The following are equivalent:

(i) We have cd(Gal(ks/k)) <1, and if k is of characteristic p > 0 the group Br(K) has
no p-primary torsion for every separable extension K/k.
(ii) For every separable extension K/k, we have Br(K) = 0.
(i4i) For every separable extension K/k, and every finite Galois extension L/ K, the norm
map Np g L™ — K* is surjective.

PRrROOF. Let K/k be a separable extension. We claim that Br(K) = 0 if and only
Br(K) has no p-primary torsion for every prime p. Indeed by Theorem 8.3.1 for any
z € Br(K), there exists a nonzero element n € N such that nz = 0. Let us assume that n
is chosen minimal. If z # 0, then we may write n = pm for some prime p and integer m.
Then ma € Br(K){p}, hence vanishes if Br(K) has no p-primary torsion, contradicting
the minimality of n. This proves the claim.

In view of Proposition 10.2.10 and Corollary 10.2.9, it will thus suffice to prove
that the condition (iii) holds if it holds under the additional assumption that [L : K] is
prime. First assume that G = Gal(L/K) is a p-group for some prime p, and proceed by
induction on [L : K], the case [L : K] = 1 being trivial. If [L : K] > 1, there exists a
normal subgroup H C G such that G/H ~ Z/p. Let E = L. Then the extension E/K
is Galois and Gal(E/K) ~ Z/p, hence Ng,x: E* — K* is surjective by assumption.
By the induction hypothesis Ny p: L* — E* is also surjective. By transitivity of the
norm maps (Corollary 5.3.4) we deduce that Ny g : L* — K* is surjective, concluding
the inductive proof.

We now return to the general case, when Gal(L/K) is arbitrary. Let n = [L : K]
and x € K*. Then there exists an integer m > 0 such that 2™ € N,k (L*) (because
2" = Np/k(x)). Let us pick m minimal. If m > 1, then m = pu for some prime number
p and integer u. Let H be a p-Sylow subgroup of Gal(L/K), and consider the subfield
E=L" Tetd=[E:K]and y = 2% € K*. By the case considered above, we know
that Ny p: L™ — E* is surjective. Thus y € Ny, (L) C E*. Using the transitivity of
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the norm maps (Corollary 5.3.4) we obtain
y" = Ng/k(y) € Ng/goNp p(L*) = Ny /e (L*).

Since y? = 2™ € N,k (L*) and d is prime to p, we deduce that y € Ny /g (L*). Asy = z"
with u < m, this contradicts the minimality of m. Thus m =1 and 2 € Ny /i (L>*). O

DEFINITION 10.2.12. We say that the field k has dimension < 1 if it satisfies the
conditions of Proposition 10.2.11.

REMARK 10.2.13. Note that if the field k is perfect, then k£ has dimension < 1 if and
only if the profinite group Gal(k/k,) has cohomological dimension < 1. This follows from
the fact that Br(k) has no p-primary torsion when k is a perfect field of characteristic p
(see Proposition 8.3.4).

3. C,-fields

DEFINITION 10.3.1. The field k is called a C;-field if for every homogeneous polyno-
mial P € k[Xq,...,X,] of degree d < n, there exist 1, ...,z, € ksuch that P(x1,...,2,) =
0 and at least one x; is nonzero.

DEFINITION 10.3.2. Let R — S be a morphism of commutative rings. Assume that
the R-module S is free of finite rank. For any s € S, denote by l5: S — S the map given
by x + sz, and define Ng/r(s) = det(l) € R.

LEMMA 10.3.3. In the situation of Definition 10.3.2, let eq,...,e, be an R-basis of
S. Then there exists a homogeneous polynomial D of degree r having coefficients in R,
and such that for any s1,...,s- € R we have

Ng/r(sie1+---+spe.) = D(s1,...,5,).

PROOF. Set s = sije; + -+ + spe,. The determinant of a matrix in M, (R) is a
homogeneous polynomial of degree r in the coefficients of the matrix, with coefficients in
R (this follows for instance from the Leibniz formula). The coefficients of the matrix in
M, (R) of the endomorphism I (say in the basis ej,...,e,) are R-linear combinations of
the elements sq,...,s,. The statement follows. O

LEMMA 10.3.4. Let R — S be a morphism of commutative k-algebras such that the
R-module S is free of finite rank. Let p: B — k be a morphism of commutative k-algebras.
Then the following diagram commutes

ids ®@¢
S®r B S
N(S®k3)/(R®kB)l J{NS/R
idr ®¢
R®, B R

PROOF. Let x € S ®; B. Let eq,...,e, be a basis of the R-module S. Let M €
M,.(R) be the matrix of ljiqs gy (2): S — S in that basis, and N € M,.(R ®, B) be the
matrix of I,: S ®; B — S ®; B in the basis e; ® 1,...,e, ® 1. Then M is the image
of N under the morphism M, (R ® B) — M,(R) induced by by the ring morphism
idr ®p. Since the determinant of matrices commutes with morphisms of commutative
rings (being given by a universal polynomial in the coefficients of the matrix), it follows
that (idg ®p)(det N) = det M. This proves the lemma. O



10. COHOMOLOGICAL DIMENSION 140

LEMMA 10.3.5. If k is a C1-field, then so is every algebraic field extension of k.

PROOF. Let L/k be an algebraic extension, and f € L[X;,...,X,] a homogeneous
polynomial of degree d < n. While searching for a nonzero element (z1,...,z,) € L"
such that P(zq,...,2,) = 0, we may replace L with the subextension of k generated
by the finitely many coefficients of f, and thus assume that L/k is finite. Let eq,..., e,
be a k-basis of L. Consider the variables Y; ; for ¢ € {1,...,7} and j € {1,...,n}, and
denote the polynomial k-algebra (resp. L-algebra) in these variables by k[Y] (resp. L[Y]).
Consider the polynomial

(10.3.a) g= Zgl-ei = f(ZeiYm, R Z&'Yi,n) e L[Y],
i=1 i=1 i=1

where each g; € k[Y] is homogeneous of degree d. Then Ny} k[v)(g) is a homogeneous

polynomial of degree r in the variables g1, ..., g, by Lemma 10.3.3, hence a homogeneous
polynomial of degree dr in the nr variables Yj1,...,Y;,. Since dr < nr and k is a
Ch-field, it follows that there exist elements 4y 1,...,¥r, € k not all zero such that
(10.3.b) 0= (Nppyy/ey)(9) Wi, Yrn)-

Applying Lemma 10.3.4 to the morphism ¢: k[Y] — k given by Y;; — y;; for i €
{1,...,r} and j € {1,...,n}, we obtain
(Noy e (@) Wa,ts - Yrn) = Nojw(9Wa, - - Yrn))-

This element vanishes by (10.3.b), which implies that g(y1 1, ..., ¥rn) = 0 (see Lemma 5.3.2).
For je{l,--- ,n}, let z; = e1y1; +--- +eyr; € L. Using (10.3.a), we conclude that

T T
0=9W1,1,--,Yrn) = f(zeiyi717~--7zeiyi,n) = f(z1,...,2) € L,
i=1 i=1

where at least one of z1,..., 2, € L is nonzero. O

PROPOSITION 10.3.6. If k is a Cy-field, then k has dimension < 1 (in the sense of
Definition 10.2.12).

Proor. By Lemma 10.3.5, it will suffice to prove that Ny ;. L* — k* is surjective
when L/k is a finite Galois extension. Let a € k™, and choose a k-basis eq,...,eq of L.
Let us write k[X] = k[X1,...,X4] and L[X] = L[X1,...,X4]. Then the polynomial in
d + 1 variables

d
P =ay? — Ny (ZXiei) e kY, X1, ..., X4,
i=1

is homogeneous of degree d by Lemma 10.3.3. Since k is a Ci-field, we find elements
Y,T1,...,24 € k which are not all zero and satisfy P(y,z1,...,2q4) = 0. Applying
Lemma 10.3.4 to the morphism ¢: k[Y, X3,..., X4] = k given by Y — y and X; — z; for
i=1,...,d, we obtain ay? = Nz i(z), where = w1eq +--- +x4eq € L. If y = 0, then
Ny k(@) =0, hence z = 0 (see Lemma 5.3.2). Thus y # 0, and Ny /. (zy ') = a. O

ProPOSITION 10.3.7 (Chevalley-Warning). FEvery finite field is a C1-field.

PROOF. This can be proved by elementary (and clever) manipulations, see e.g. [Ser73,
1,§2]. O
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PROPOSITION 10.3.8 (Tsen). Assume that k is algebraically closed, and consider its
purely transcendental extension in one variable k(t). Then k(t) is a C1-field.

PROOF. Let f € k(t)[X1,...,Xn] a homogeneous polynomial of degree d < n. While
searching for a nonzero element (x1,...,x,) € k(t)" such that f(x1,...,2,) =0, we may
replace multiply f with any power of ¢, and thus assume that f € k[t][Xq,..., X,]. Let
r be the maximal degree (as a polynomial in t) of a coefficient in k[t] of f. Since d < n,
we may find an integer N such that dN +r < n(NN + 1). For each i = 1,...,n consider
the polynomial

N
]Di = ZXi,jtj S k[Xi’O, . 7Xi,N]~
=0

Then
dN+r

f(P17"'7Pn) = Z fl(Xl,OwnaXn,N)tl?
=0

where each f; is a homogeneous polynomial (of degree d). Since k is algebraically closed,
there exists elements 1, ..., 2, n € k not all zero and such that f;(z1,0,...,2pn) =0
foralll =0,...,dN+r (this follows from basic algebraic geometry, see e.g. [Har77,1.1.13
and 1.7.2]: the intersection of a hypersurfaces in the projective space P’ is nonempty when
b>a; herea=dN+r+1and b=n(N+1)). O
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EXERCISES

Exercise 10.1. Let k be an algebraic closure of k. We first assume that k/k is finite
of prime order p, where p is unequal to the characteristic of k.
(i) Show that k contains a root of unity of order p.
(ii) Show that the extension k/k is generated by an element a such that a = o € k.
(iii) Show that Br(k/k) ~ H?(k,Z/p) and k* /k*P ~ H'(k,Z/p), and that each of these
groups is isomorphic to Z/p. (Hint: Use the computation of the cohomology of finite
cyclic groups.)
(iv) Deduce that Ng/k(ﬁx) = kP,
(v) Show that Ng ;. (ar) = (—1)P~1a.
(vi) Deduce that p = 2, that —1 is not a square in k, and that k ~ k[X]/(X? + 1).
We now assume that k/k is finite (of possibly nonprime order) and that k has char-
acteristic zero.
(vii) Assume that —1 is a square in k. Show that k = k.
(viii) Assume that —1 is not a square in k. Show that k ~ k[X]/(X? + 1).
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