On the Even Powers of the Antipode of a Finite-Dimensional Hopf Algebra^∗

David E. Radford^† University of Illinois at Chicago Department of Mathematics, Statistics and

Computer Science (m/c 240) 801 South Morgan Street Chicago, IL 60608-7045

Hans-Jürgen Schneider Mathematisches Institut Ludwig-Maximilians-Universität München Theresienstr. 39 D-80333 München, Germany

Abstract The trace of powers of the square of the antipode s^2 of a finitedimensional Hopf algebra A over a field k is studied. It is shown in many cases that the trace function vanishes on s^{2m} when s^{2m} ≠ 1_A. Finer properties of the antipode are related to this phenomenon.

∗Research for this paper was begun at the Colloquio de Hopf Algebras et Quantum Groupes held in LaFalda, Cordoba, Argentina during August 7–13, 1999, continued at the Hopf Algebra Workshop held at MSRI, Berkeley, CA during October 25–29, 1999, and completed at the Mathematisches Institut der Ludwig-Maximilians-Universität München during June of 2000 and July of 2001, with a major revision in July of 2001. The authors express their gratitude for the hospitality and support of the Colloquio and Workshop. The first author was supported during his stay at the Institute by the Graduiertenkolleg. He very gratefully acknowledges the hospitality he received from the Institute and the support he received from the Graduiertenkolleg.

†Research supported in part by NSF Grant DMS 9802178.

Introduction

Let A be a finite-dimensional Hopf algebra with antipode s over a field k. By an earlier result [14, Theorem 1] of the first author the order of s^2 is finite. In this paper we study some of the finer properties of s^2 which are related to the traces tr(s^{2m}) of powers of s^2.

Suppose that t : V −→ V is a linear endomorphism of a finite-dimensional vector space V over k. We say that t satisfies the vanishing trace condition

if whenever m ≥ 0 and t^m ≠ 1_V then tr(t^m) = 0.

Now suppose that V is an algebra over k. We say that t satisfies the strong vanishing trace condition

if whenever m ≥ 0 and t^m ≠ 1_V then tr(t^m∘r(a)) = 0 for all a ∈ V ,

where r(a) : V −→ V is right multiplication by a which is therefore defined by r(a)(x) = xa for all x ∈ V . If t satisfies the strong vanishing trace condition then t satisfies the vanishing trace condition. We show that s^2 satisfies the strong vanishing trace condition in a number of interesting cases.

Research for this paper began with a question raised by Pavel Etingof to a number of Hopf algebraists at a conference held in Durham, England, in the summer of 1999. In our terminology the question was whether or not s^2 satisfies the vanishing trace condition. Investigation of this question led us to formulate the strong vanishing trace condition and to study it connection with Hopf algebra automorphisms of A, in particular with s^2. When the characteristic of k is zero and s^2 satisfies the strong vanishing trace condition, much can be said about s^2, the eigenvalues and eigenspaces of s^2, and there are implications for the algebra structure of A.

The strong vanishing trace condition has implications for classification of finite-dimensional Hopf algebras. For example, under the assumption that s^2 satisfies the strong vanishing trace condition, the classification of all Hopf algebras of dimension p^2, where p is an odd prime, over an algebraically closed field of characteristic zero is complete. See the discussion following Proposition 6.

The strong vanishing trace condition for a linear endomorphism t of A can be expressed in a way which is very useful for us in terms of integrals.

Let Λ ∈ A and λ ∈ A^∗ be left and right integrals for A and A^∗ respectively which satisfy λ(Λ) = 1 and set

ν_A(t) = s(Λ_{(2)})t(Λ_{(1)}).

Then we show in Lemma 3 b) that tr(t∘r(a)) = 0 for all a ∈ A if and only if ν_A(t) = 0. Thus t satisfies the strong vanishing trace condition if and only if whenever m ≥ 0 and t^m ≠ 1_A then ν_A(t^m) = 0.

Our study of the strong vanishing trace condition for s^2 splits very naturally into two cases: s^2 semisimple, and s^2 not semisimple, as a linear endomorphism of A. Suppose that s^2 is not semisimple and that the characteristic of k is not 2. We show in Proposition 3 that either s^2 or s^{∗2} satisfies the strong vanishing trace condition; hence s^2 (and thus s^{∗2}) satisfies the vanishing trace condition.

The case s^2 semisimple is far more interesting. If s^2 = 1_A then s^2 is semisimple and satisfies the strong vanishing trace condition vacuously. We note that s^2 = 1_A if A is either commutative or cocommutative, or if A is semisimple or cosemisimple and the characteristic of k is zero. Our main results when s^2 is semisimple are that s^2 satisfies the strong vanishing trace condition if A is pointed or if A^∗ is pointed. These results follow from Theorem 1 and Theorem 4 respectively.

The ideas developed in this paper enable us to prove Theorem 6 which together with Theorem 1 implies when A is pointed and k is an algebraically closed field of characterictic zero that:

a) The order r of s^2 divides Dim A/Dim B, where B = A_0 is the coradical of A, and the minimal polynomial of s^2 is X^r − 1;

b) The eigenvalues of s^2 are the r^{th} roots of unity in k;

c) The eigenspaces for s^2 all have the same dimension which is Dim A/r;

d) If e is an idempotent of A which satisfies s^2(e) = e then r divides Dim Ae.

The bound described in a) is sharp. When A is pointed it follows from a) that r = Dim A if and only if Dim A = 1.

More generally, Theorem 6 holds for a Hopf algebra automorphism t of A which satisfies the strong vanishing trace condition when k is an algebraically closed field of characteristic zero. Here t replaces s^2 and B is the unique maximal semisimple (and hence the maximal cosemisimple) sub-Hopf algebra of A.

The paper is organized as follows. In Section 1 results are derived for certain linear automorphisms of V when k is algebraically closed, has characteristic zero and t satisfies certain trace conditions. In the next section we study the element ν_A(t) for linear endomorphisms t of A and prove that either ν_A(s^{2m}) = 0 for all m ≥ 0 or ν_A∗ (s^{∗2m}) = 0 for all m ≥ 0 when s^2 is not semisimple and the characteristic of k is not 2. A key step in the proof is the observation that if t is an algebra endomorphism of A and B is a sub-Hopf algebra of A which satisfies t(B) ⊆ B, then ν_B (t|_B ) = 0 implies ν_A(t) = 0. Thereby the proof reduces to the case A or A^∗ is the group algebra k[Z_p] of the cyclic group of order p and the field k has characteristic p > 0.

In Section 3 we show that s^2 satisfies the strong vanishing trace condition when s^2 is semisimple and the coradical A_0 of A is cocommutative. We reduce to the case where A is generated by a, x as an algebra which satisfy the relation xa = qax, where q ∈ k is a root of unity, and whose coproducts are given by Δ(a) = a⊗a and Δ(x) = x⊗a + 1⊗x respectively.

We continue the study of s^2 when it is semisimple in Section 4 and prove that s^2 satisfies the strong vanishing trace condition when the coradical of A^∗ is cocommutative. Our proof is based on the stucture theory of finitedimensional graded Hopf algebras. A key step in the proof is the following observation. Suppose that t is a Hopf algebra endomorphism of A and that I is a nilpotent Hopf ideal of A which satisfies t(I) ⊆ I. Then ν_{A/I} (t̄) = 0 implies ν_A(t) = 0, where t̄ is the Hopf algebra automorphism of A/I induced by t.

In Section 5 we discuss the characters χ_A ∈ A^∗ and x_A ∈ A of the right regular representations of A and A^∗ respectively using the properties of A as a Frobenius algebra. We deduce the trace formula

(Dim A)tr(t^∗|_{χAA}∗ ) = <ν_A∗ (t^∗), ν_A(1_A)>

for Hopf algebra automorphisms t of A. This formula generalizes [6, Equation (6)]. Using the results of Section 4 we show that

x_A =

( Dim A Dim B ) x_B , where B is the sub-Hopf algebra of A generated by the coradical of A.

When the characteristic of k does not divide Dim A then χ_A/Dim A and x_A/Dim A are important non-zero idempotents. For example, when the characteristic of k is zero and A is semisimple then χ_A/Dim A and x_A/Dim A are non-zero two-sided integrals of A^∗ and A respectively.

In Section 6 we examine implications of the ideas developed in this paper for finite-dimensional pointed Hopf algebras over an algebraically closed field of charcteristic zero and we examine implications for the Drinfel’d double. Our discussion of pointed Hopf algebras is based on certain idempotents.

We want to point out that it may very well be true that the square of the antipode of any finite-dimensional Hopf algebra over k satisfies the strong vanishing trace condition. Needless to say we know of no counterexample.

We shall assume that the reader has some familiarity with Hopf algebras [9, 18]. Throughout this paper k is a field.

Finally the authors would like to thank the referee for useful comments.

1 Preliminaries

We begin with several observations about a linear endomorphism t of a finitedimensional vector space V over k. The endomorphism t is semisimple [3, A VII, 8] if each t-stable subspace of V has a t-stable direct summand, or equivalently if the minimal polynomial of t over k has no multiple factors. If k is algebraically closed, then t is semisimple if and only if t is diagonalizable.

If t^r = 1_V for some positive integer r, then the smallest such r is called the order of t; otherwise the order of t is said to be infinite. We denote the order of t by order(t) when it is finite. We have remarked that the order of the antipode of a finite-dimensional Hopf algebra over k is finite. If t has finite order then t is semisimple if and only if the characteristic of k does not divide the order of t.

Lemma 1 Suppose that the field k is algebraically closed, has characteristic 0 and that V is a finite-dimensional vector space over k. Assume further that t is a linear automorphism of V with finite order r and that t satisfies the vanishing trace condition. Then:

a) The minimal polynomial for t is X^r − 1.

b) r divides Dim V .

c) The eigenvalues of t are the r^{th} roots of unity in k and each eigenspace has dimension (Dim V )/r.

Proof: We can assume that r > 1. Let p(X) = a_0 + a_1X + · · · + X^ℓ be the minimal polynomial of t. Since t is an automorphism of V necessarily a_0 ≠ 0. Since t^r − 1_V = 0 it follows that ℓ ≤ r. Taking the trace of both sides of the equation 0 = a_01_V + a_1t + · · · + t^ℓ gives tr(t^ℓ) = −a_0(Dim V ) ≠ 0. Therefore ℓ ≥ r. Consequently ℓ = r and X^r − 1 is the minimal polynomial of t.

To complete the proof we first note that the eigenvalues of t are among the r^{th} roots of unity ω_1, . . . , ω_r ∈ k. Let V_ı = Ker (t−ω_ı1_V ) and n_ı = Dim V_ı for all 1 ≤ ı ≤ r. Consider the invertible matrix

A = 1 1 · · · 1 ω_1 ω_2 · · · ω_r . . . . . . ω^{r−1}_1 ω^{r−1}_2 · · · ω^{r−1}_r .

Then A n_1 n_2 . . n_r = Dim V tr(t) . . tr(t^{r−1}) = Dim V 0 . . 0 = A a a . . a for some a ∈ k. The last equation follows from the fact that if G is a finite subgroup of k^∗ of order m > 1 then ∑ g∈G g^ℓ = 0 for all 1 ≤ ℓ < m. Since A is invertible n_1 = · · · = n_r = a; thus ra = Dim V . □

When t has finite order and k is an algebraically closed field of characteristic 0 the dimension of the subspace of fixed points of t divides Dim V by part b) of the previous lemma. The full hypothesis of the lemma is not required for part b).

Lemma 2 Let V be a finite-dimensional vector space over the field k and suppose that k has characteristic 0. Let t be a diagonalizable linear automorphism of V which has finite order r and suppose that tr(t+t^2 +· · ·+t^{r−1}) = 0. Then Dim V = r(Dim U), where U is the subspace of fixed points of t.

Proof: Since t has finite order r and is diagonalizable, V has a basis of eigenvectors for t belonging to r^{th} roots of unity ω_1, . . . , ω_n, where n = DimV . We may assume that ω_1, . . . , ω_s ≠ 1 and that ω_{s+1} = · · · = ω_n = 1. Since

tr(t^ℓ) = ω^ℓ_1 + · · · + ω^ℓ_s + (n − s)

for all 1 ≤ ℓ ≤ r − 1, and ω_ı + · · · + ω^{r−1}_ı = −1 for all 1 ≤ ı ≤ s, it follows that −s + (r − 1)(n − s) = tr(t + t^2 + · · · + t^{r−1}) = 0.

Thus n = r(n − s) which is the conclusion of the lemma. □

Now let A be a finite-dimensional Hopf algebra over k. Recall that a ∈ A is grouplike if Δ(a) = a⊗a and ϵ(a) = 1. The set of grouplike elements G(A) of A is linearly independent and is a multiplicative subgroup of A. Thus the span k[G(A)] of G(A) is the group algebra of G over k. By [10, Theorem 7] the order of G divides Dim A. In particular the order of any a ∈ G(A), denoted by order(a), divides Dim A.

Let g ∈ G(A) and α ∈ G(A^∗) be the distinguished grouplike elements of A and A^∗ respectively. Then

s^4 = ı_g∘(ı_α−1 )^∗ (1)

is the composition of two commuting automorphisms of A, where ı_g is defined by ı_g(x) = gxg^{−1} for all x ∈ A and the automorphism ı_α−1 of A^∗ is defined by ı_α−1 (p) = α^{−1}pα for all p ∈ A^∗. See [14, 16] for example. In particular the order of s^2 is finite and

order(s^2) divides 2 ( lcm(order(g), order(α)) ) (2) by (1). By (2) it follows that s^2 is semisimple if the characteristic of k is not 2 and does not divide order(g), order(α).

2 General Results for ν_A(t) and ν_A(s^{2m}) in the Special Case when s^2 Is not Semisimple

Let A be a finite-dimensional Hopf algebra with antipode s over the field k and let Λ be a fixed non-zero left integral for A. For a linear endomorphism t of A we define ν_A(t) = s(Λ_{(2)})t(Λ_{(1)}). (3)

Since the subspace of left integrals for A is one-dimensional, choosing a different non-zero left integral to define ν_A(t) results in a non-zero scalar multiple of the original.

If ν_A(t) = 0 then tr(t) = 0 by part a) of the next lemma. We are interested in determining when tr(t) = 0 for certain t, specifically when t = s^{2m} for some integer m. For a ∈ A let ℓ(a), r(a) be the endomorphisms of A defined by ℓ(a)(x) = ax and r(a)(x) = xa for all x ∈ A.

First we will see that ν_A(t) = 0 if and only if the traces of certain related endomorphisms vanish. This result has a symmetric form if t is an algebra automorphism which commutes with s. We note that Hopf algebra endomorphisms commute with the antipode.

Lemma 3 Let A be a finite-dimensional Hopf algebra with antipode s over the field k and suppose that t is a linear endomorphism of A. Then:

a) tr(t) = λ(ν_A(t)) = λ(s(Λ_{(2)})t(Λ_{(1)})), where Λ is a left integral for A and λ is a right integral for A^∗ which satisfy λ(Λ) = 1.

b) ν_A(t) = 0 if and only if tr(r(a)∘t) = 0 for all a ∈ A.

c) If t is an algebra automorphism of A then ν_A(t^{−1}) = 0 if and only if tr(l(a)∘t) = 0 for all a ∈ A.

Proof: Let Λ be a left integral for A and λ be a right integral for A^∗ such that λ(Λ) = 1. Then

tr(t) = λ(s(Λ_{(2)})t(Λ_{(1)})) = λ(s(t(Λ_{(2)}))Λ_{(1)}) = λ(t(s(Λ_{(2)}))Λ_{(1)})

for all linear endomorphisms t of A by [16, Theorem 2]. Thus part a) follows.

To show part b) we recall that A^∗ is a free left A-module with basis {λ}, where (a·λ)(x) = λ(xa) for all a, x ∈ A. Therefore (a·λ)(ν_A(t)) = λ(ν_A(t)a) = λ(s(Λ_{(2)})t(Λ_{(1)})a) = λ(s(Λ_{(2)})(r(a)∘t)(Λ_{(1)})) = tr(r(a)∘t) for all a ∈ A. Since A^∗ = A·λ it follows that ν_A(t) = 0 if and only if (a·λ)(ν_A(t)) = 0 for all a ∈ A, or equivalently if and only if tr(r(a)∘t) = 0 for all a ∈ A.

The proof of part c) is similar to that of part b). We note that A^∗ is also a free right A-module with basis {λ}, where (λ·a)(x) = λ(ax) for all a, x ∈ A. Thus using [16, Theorem 2] again we see that tr(l(a)∘t) = λ(at(s(Λ_{(2)}))Λ_{(1)}) = 0 for all a ∈ A if and only if t(s(Λ_{(2)}))Λ_{(1)} = 0, or equivalently, since t is an algebra automorphism of A, 0 = s(Λ_{(2)})t^{−1}(Λ_{(1)}) = ν_A(t^{−1}). □ Since r(ab) = r(b)∘r(a) for all a, b ∈ A, we have as a consequence of part b) of the preceding lemma:

Corollary 1 Let A be a finite-dimensional Hopf algebra over the field k and suppose that t is a linear automorphism of A. If ν_A(t) = 0 then ν_A(r(a)∘t) = 0 for all a ∈ A. □

Suppose t is an algebra automorphism which commutes with s. Since s^{−1} is the antipode of A^{cop}, taking Λ as the non-zero left integral for A^{cop} to define ν_Acop (t) it follows that

ν_Acop (t) = s^{−1}(t(ν_A(t^{−1}))). (4)

Proposition 1 Let A be a finite-dimensional Hopf algebra with antipode s and t be an algebra automorphism of A which commutes with s. Then the following are equivalent:

a) ν_A(t) = 0.

b) ν_A(t^{−1}) = 0.

c) tr(r(a)∘t) = 0 for all a ∈ A.

d) tr(l(a)∘t) = 0 for all a ∈ A.

Proof: By Lemma 3 it follows that a) and c) are equivalent, b) and d) are equivalent. To show that a) and b) are equivalent we apply the equivalence of a) and c) to A^{cop}. Hence ν_A(t) = 0 if and only if ν_Acop (t) = 0. Thus ν_Acop (t) = 0 if and only if ν_A(t^{−1}) = 0 by (4). □

When t = s^2 much more can be said about ν_A(s^2).

Proposition 2 Let A be a finite-dimensional Hopf algebra with antipode s over the field k. Then:

a) ν_A(s^2) ≠ 0 if and only if A is semisimple.

b) If the characteristic of k is 0 and m is an integer relatively prime to the order of s^2 then tr(s^{2m}) = 0.

c) Suppose B is a sub-Hopf algebra of A and t is an algebra endomorphism of A which satisfies t(B) ⊆ B. Then ν_B (t|_B ) = 0 implies ν_A(t) = 0.

Proof: Since ν_A(s^2) = s(Λ_{(2)})s^2(Λ_{(1)}) = s(s(Λ_{(1)})Λ_{(2)}) = ϵ(Λ)1, and A is semisimple if and only if ϵ(Λ)1 ≠ 0, part a) follows.

To prove b) we first consider the case when tr(s^2) ≠ 0. Then A is semisimple and cosemisimple by [5, Theorem 2.5], and s^2 = 1_A by [6, Theorem 3]. Hence b) is vacuous in this case. Now we assume that tr(s^2) = 0. We may also assume that k is algebraically closed. Thus s^2 is diagonalizable.

Let r be the order of s^2. Let {x_ı}_{1≤ı≤n} be a basis of A of eigenvectors of s^2. Write s^2(x_ı) = ω^{aı} x_ı for all ı, where ω is a root of unity of order r, and 0 ≤ a_ı < r for all i. Since tr(s^2) = 0 it follows that ω is a root of the polynomial X^{a1} + · · · + X^{an} . Let Φ_r be the minimal polynomial over the rational numbers of a root of unity of order r. Then X^{a1} + · · · + X^{an} = fΦ_r for some polynomial f. Since m is relatively prime to r necessarily ω^m is a root of Φ_r. Thus 0 = ω^{ma1} + · · · + ω^{man} = tr(s^{2m}).

To show part c) we use the fact that A is a free left B-module by [10, Theorem 7]. Choose a basis {m_1, . . . , m_r} for A as a left B-module and write Λ = b_1m_1 + · · · + b_sm_s for some b_1, . . . , b_r ∈ B. Let Λ_B be a non-zero left integral for B. From the equation bΛ = ϵ(b)Λ for all b ∈ B we deduce that b_ı is a left integral for all 1 ≤ ı ≤ r. Thus for each 1 ≤ ı ≤ r we have b_ı = α_ıΛ_B for some α_ı ∈ k. We have shown Λ = Λ_Ba, where a = α_1m_1 + · · · + α_rm_r.

Suppose t is an algebra endomorphism of A which satisfies t(B) ⊆ B. The calculation

s(Λ_{(2)})t(Λ_{(1)}) = s(Λ_{B (2)}a_{(2)})t(Λ_{B (1)}a_{(1)}) = s(a_{(2)})s(Λ_{B (2)})t(Λ_{B (1)})t(a_{(1)})

shows that ν_A(t) = s(a_{(2)})ν_B(t|_B )t(a_{(1)}). Part c) follows from this equation. □

Part b) of the preceding proposition implies that if the order of s^2 is prime and k has characteristic zero then s^2 satisfies the strong vanishing trace condition.

By part c) of the preceding proposition in many cases ν_A(s^{2m}) = 0 when the characteristic of k is positive.

Corollary 2 Let A be a finite-dimensional Hopf algebra with antipode s over the field k which contains non-semisimple sub-Hopf algebra which is either commutative or cocommutative. Then ν_A(s^{2m}) = 0 for all integers m.

Proof: Let B be a sub-Hopf algebra of A which satisfies the hypothesis of the lemma. Since B is commutative or cocommutative s^2|_B = 1_B . Since B is not semisimple ν_B (s^2|_B) = 0 by part a) of Proposition 2. For any integer m note that B is invariant under the algebra map s^{2m} and that ν_B (s^{2m}|_B) = ν_B (1|_B) = ν_B (s^2|_B ) = 0. Hence the Corollary follows from part c) of Proposition 2. □

When s^2 is not a semisimple endomorphism of A, and the characteristic of k is not 2, it is always the case that tr(s^{2m}) = 0.

Proposition 3 Let A be a finite-dimensional Hopf algebra with antipode s over the field k. Suppose that s^2 is not a semisimple endomorphism of A and that the characteristic of k is not 2. Then:

a) Either ν_A(s^{2m}) = 0 for all integers m or ν_A∗ (s^{∗ 2m}) = 0 for all integers m. b) tr(s^{2m}) = 0 for all integers m.

Proof: We may assume that k is algebraically closed. Since the characteristic of k is not 2 and s^2 is not semisimple, it follows that the characteristic of k is p > 2 and p divides order(g) or p divides order(α) by (2). Thus the group algebra k[Z_p] of the cyclic group Z_p of order p over k is a sub-Hopf algebra of A or A^∗. Consequently part a) follows by Corollary 2. Since tr(t^∗) = tr(t) for all linear endomorphisms t of A, part b) follows by part a) and part a) of Lemma 3. □

We end this section with a result on the order of a semisimple coalgebra automorphism.

Lemma 4 Let C be a finite-dimensional coalgebra over the field k and suppose that t is a semisimple coalgebra automorphism of C. Then the order of t is the order of the coalgebra automorphism t|_{C1} of C_1.

Proof: Since t is a coalgebra automorphism of the finite-dimensional coalgebra C, the restriction t|_{Cn} is a coalgebra automorphism of C_n for all n ≥ 0. We may as well assume that t|_{C1} has finite order r. To prove the lemma we need only show that t^r|_C = 1_C , or equivalently that t^r|_{Cn} = 1_{Cn} for all n ≥ 1. The latter we do by induction on n. The case n = 1 follows by the definition of r.

Suppose that n > 1 and t^r|_{Cn−1} = 1_{Cn−1} . Then t^r − 1_C vanishes on C_{n−1}. Therefore

Δ(t^r − 1_C )(C_n) = (t^r⊗t^r − 1_C ⊗1_C )(Δ(C_n))

⊆ ((t^r − 1_C )⊗t^r + 1_C ⊗(t^r − 1_C )) (_n ∑ ı=0 C_{n−ı}⊗C_ı )

⊆ C_n⊗C_0 + C_0⊗C_n.

Thus (t^r − 1_C )(C_n) ⊆ C_1, and consequently (t^r − 1_C )^2(C_n) = (0). The last equation implies that the minimal polynomial m(X) of t|_{Cn} divides (X^r −1)^2. Since t is semisimple the restriction t|_{Cn} is semisimple. Therefore m(X) divides X^r − 1; consequently t^r|_{Cn} − 1_{Cn} = 0 as required. □

3 The Element ν_A(s^{2m}) when s^2 Is Semisimple and A is Pointed

Let A be a finite-dimensional pointed Hopf algebra over the field k and suppose that s^2 is a semisimple endomorphism of A. The purpose of this section is to show that s^2 satisfies the strong vanishing trace condition. To prove this result we will use the following two technical lemmas.

The first lemma involves q-binomial coefficients. Let q be a non-zero element of k. To describe q-binomial coefficients we consider the algebra A over k generated by symbols a, x subject to the relation xa = qax. The a^ıx^ȷ’s where 0 ≤ ı, ȷ form a linear basis for A. For 0 ≤ ı ≤ n the q-binomial coefficient ( n ı ) q is the coefficient of a^{n−ı}x^ı in the expansion of (a + x)^n;

otherwise ( n ı ) q = 0 by definition.

Lemma 5 Let N > 1 and suppose that the field k contains a primitive N^{th} root of unity ω. Then: a) ( N − 1 ℓ ) ω = (−1)^ℓω^{−ℓ(ℓ+1)/2} for all 0 ≤ ℓ ≤ N − 1.

b) If the characteristic of k is p > 0 then ( Np^s − 1 ℓ ) ω = (−1)^ℓω^{−ℓ(ℓ+1)/2}

for all s ≥ 0 and 0 ≤ ℓ ≤ Np^s − 1.

Proof: Part a) follows from the equations 0 = ( N ℓ ) ω = ω^ℓ ( N − 1 ℓ ) ω + ( N − 1 ℓ − 1 ) ω for all 1 ≤ ℓ ≤ N − 1. See [11, pages 691–692] for example. To show part b) we first note that any non-negative integer m has a unique decomposition m = m_DN + m_R, where m_D, m_R are integers and 0 ≤ m_R < N. By part b) of [11, Proposition 1], for example, ( m ℓ ) ω = ( m_R ℓ_R ) ω ( m_D ℓ_D )

for all 0 ≤ ℓ < m, where ( m_D ℓ_D ) is the ordinary binomial symbol. Suppose

that the characteristic of k is p > 0, s ≥ 0 and 0 ≤ ℓ < Np^s. When s = 0 part b) is part a). Thus we may assume s > 0. In this case ( Np^s − 1 ℓ ) ω = ( N − 1 ℓ_R ) ω ( p^s − 1 ℓ_D ) = (−1)^{ℓR} ω^{−ℓR(ℓR+1)/2} ( p^s − 1 ℓ_D )

by part a). Since 0 = ( p^s m ) = ( p^s − 1 m ) + ( p^s − 1 m − 1 ) for all 1 ≤ m < p^s, it

follows that ( p^s − 1 m ) = (−1)^m for all 0 ≤ m < p^s. Therefore ( Np^s − 1 ℓ ) ω = (−1)^{ℓR} ω^{−ℓR(ℓR+1)/2}(−1)^{ℓD} . By considering the parities of N and ℓ_D one can show that this last expression is (−1)^ℓω^{−ℓ(ℓ+1)/2}. □

The proof of the main result of this section reduces to the following special case.

Lemma 6 Let A be a finite-dimensional Hopf algebra with antipode s over the field k generated by non-zero elements a, x which satisfy Δ(a) = a⊗a, Δ(x) = x⊗a + 1⊗x and xa = ωax for some primitive N^{th} root of unity ω ∈ k. Then s^2 satisfies the strong vanishing trace condition.

Proof: Our proof relies on a characterization of A in terms of generators and relations. The details which we do not include here can be filled in using the ideas developed in §1.2–§3 of [11].

Since s^2(a) = a and s^2(x) = ω^{−1}x it follows that s^2(a^ıx^ȷ) = ω^{−ȷ}a^ıx^ȷ, and hence s^{2m}(a^ıx^ȷ) = ω^{−mȷ}a^ıx^ȷ, (5) for all 0 ≤ ı, ȷ. The equation s(x) = −xa^{−1} implies that

s(x^ℓ) = (−1)^ℓω^{(ℓ−1)ℓ/2}x^ℓa^{−ℓ} (6)

for all ℓ ≥ 0.

Now suppose that 1 ≤ m < order(s^2). Since s^{2m}(x) = ω^{−m}x and x ≠ 0 it follows that N > 1.

Let n be the order of a. From the relation xa = ωax we deduce x = xa^n = ω^na^nx. Thus ω^n = 1 since x ≠ 0. This means n = NL for some L ≥ 1. The relation also implies

Δ(x^r) = r∑ ℓ=0 ( r ℓ ) ω x^{r−ℓ} ⊗ a^{r−ℓ}x^ℓ (7) for all r ≥ 0.

For some M > 1 the set of monomials {a^ıx^ȷ | 0 ≤ ı < n, 0 ≤ ȷ < M} is a linear basis for A. Thus Dim A = nM. Let {a^ıx^ȷ | 0 ≤ ı < n, 0 ≤ ȷ < M} be the dual basis for A^∗. Since λ ∈ A^∗ is a right integral if and only if λ(c_{(1)})c_{(2)} = λ(c)1 for all c ∈ A, using (7) it is easy to see that λ = a^{1−M} x^{M−1} is a non-zero right integral for A^∗.

Case 1: The characteristic of k is 0.

In this case M = N, so Dim A = nN. The relations

a^n = 1, xa = ωax, and x^N = α(a^N − 1)

for some α ∈ k hold. Notice that Λ = ( ∑_{n−1} ı=0 a^ı)x^{N−1} is a non-zero left integral for A and that λ(Λ) = 1.

We next compute tr(s^{2m}). Since s^{2m} ≠ 1_A, it follows by (5) that ω^{−m} ≠ 1 and therefore tr(s^{2m}) = n( ∑_{N−1} ȷ=0 ω^{−ȷm}) = 0.

Now let t be an algebra endomorphism of A which satisfies t(a) = a and t(x) = βx for some β ∈ k. We will show that ν_A(t) = tr(t)a^{1−N} x^{N−1}, and thus ν_A(s^{2m}) = 0. Using (7) and part a) of Lemma 5 we calculate

ν_A(t) = s(Λ_{(2)})t(Λ_{(1)}) = n−1∑ ı=0 N−1∑ ℓ=0 ( N − 1 ℓ ) ω s(a^{ı+N−1−ℓ}x^ℓ)t(a^ıx^{N−1−ℓ}) = n−1∑ ı=0 N−1∑ ℓ=0 (−1)^ℓω^{−ℓ(ℓ+1)/2}s(x^ℓ)s(a^{ı+N−1−ℓ})t(a^ı)t(x^{N−1−ℓ}). Now using (6) for each 0 ≤ ı ≤ n − 1 we see that N−1∑ ℓ=0 (−1)^ℓω^{−ℓ(ℓ+1)/2}s(x^ℓ)s(a^{ı+N−1−ℓ})t(a^ı)t(x^{N−1−ℓ}) = N−1∑ ℓ=0 (−1)^ℓω^{−ℓ(ℓ+1)/2}(−1)^ℓω^{(ℓ−1)ℓ/2}β^{N−1−ℓ}x^ℓa^{−ℓ}a^{−ı−N+1+ℓ}a^ıx^{N−1−ℓ} = N−1∑ ℓ=0 ω^{−ℓ}β^{N−1−ℓ}x^ℓa^{−N+1}x^{N−1−ℓ}

= N−1∑ ℓ=0 ω^{−ℓ}ω^{ℓ(−N+1)}β^{N−1−ℓ}a^{−N+1}x^{N−1} = (_{N−1} ∑ ℓ=0 β^{N−1−ℓ} ) a^{−N+1}x^{N−1}. Thus ν_A(t) = tr(t)a^{1−N} x^{N−1}.

We note that the formula ν_A(t) = tr(t)a^{1−N} x^{N−1} can be derived in a simpler fashion. It is not hard to see that s(x^ℓ)s(a^{ı+N−1−ℓ})t(a^ı)t(x^{N−1−ℓ}) is some scalar multiple of a^{1−N} x^{N−1}. Therefore ν_A(t) = ca^{1−N} x^{N−1} for some c ∈ k. Using part a) of Lemma 3 we compute tr(t) = λ(ν_A(t)) = cλ(a^{1−N} x^{n−1}) = c. The positive characteristic case is rather interesting.

Case 2: The characteristic of k is p > 0.

In this case M = Np^r for some r ≥ 0, so Dim A = nNp^r. The relations a^n = 1, xa = ωax, and x^{Npr} = α(a^{Npr} − 1) + α_0x^N + · · · + α_{r−1}x^{Npr−1} for some α, α_0, . . . , α_{r−1} ∈ k hold with the restriction that α_ı ≠ 0 implies that a^{Npr} = a^{Npı} .

We have noted that λ = a^{1−Npr} x^{Npr −1} is a non-zero right integral for A^∗. It is not hard to see that

Λ = ( n−1∑ ı=0 a^ı)(x^{Npr −1} − α_0x^{N−1} − · · · − α_{r−1}x^{Npr−1−1}) is a non-zero left integral for A and that λ(Λ) = 1. The essential calculation is xΛ = (_{n−1} ∑ ı=0 ω^ıa^ı ) ( x^{Npr} − α_0x^N − · · · − α_{r−1}x^{Npr−1} )

= (_{n−1} ∑ ı=0 ω^ıa^ı ) α ( a^{Npr} − 1) )

= α (_{n−1} ∑ ı=0 ω^ıa^{Npr+ı} − n−1∑ ı=0 ω^ıa^ı )

= α (_{n−1} ∑ ı=0 ω^{Npr+ı}a^{Npr+ı} − n−1∑ ı=0 ω^ıa^ı )

= 0 since ω^N = 1 and both sums in the next to the last expression are ∑ ı∈Z_n ω ıa^ı. Let t be an algebra endomorphism of A which satisfies t(a) = a and t(x) = βx for some β ∈ k. For ı ≥ 0 let β_ı = ∑_{Np}ı_{−1} ȷ=0 β^ȷ. We will show that ν_A(t) = a^{1−Npr} ( tr(t)x^{Npr−1} − r−1∑ ı=0 nα_ıβ_ıx^{Npı−1} ) (8) which implies ν_A(s^{2m}) = 0. For let t = s^{2m}. Since ω^{−m} ≠ 1 it follows that β_ı = (1 − ω^{−mNpı} )/(1 − ω^{−m}) = 0 for all 0 ≤ ı and consequently ν_A(s^{2m}) = 0.

Let g ∈ G(A), 0 ≤ ı < r and let c = gx^{Npı−1}. To calculate ν_A(t) we first determine s(c_{(2)})t(c_{(1)}). Following the steps of the calculation of ν_A(t) in the characteristic 0 case, and using part b) of Lemma 5, one can easily deduce that s(c_{(2)})t(c_{(1)}) = β_ıa^{1−Npı} x^{Npı−1}. Since α_ı ≠ 0 implies a^{Npı} = a^{Npr} we have established (8). Our proof of the lemma is complete. □

Lemma 7 Let k be algebraically closed and A be a finite-dimensional pointed Hopf algebra with antipode s over k. Assume that s^2 is semisimple and s^{2m} ≠ 1_A for some m. Then there is a group-like element a ∈ G(A), a non-zero element x ∈ A and a root of unity ρ ∈ k such that

Δ(x) = x ⊗ a + 1 ⊗ x, s^2(x) = ρx and ρ^m ≠ 1.

Proof: By Lemma 4 we have that order(s^2) = order (s^2|_{A1} ). Therefore s^{2m}|_{A1} ≠ 1_{A1} .

For a ∈ G(A) let V_a = {x ∈ A | Δ(x) = x⊗a + 1⊗x} ⊆ A_1. Since A is pointed, A_1 is generated as a left A_0-module by 1 and ∑ a∈G(A) Va. By assumption s^2 is a semisimple endomorphism of A. Therefore s^2 is diagonalizable since k is algebraically closed. Suppose that a ∈ G(A). Since s^2 is a coalgebra endomorphism of A and s^2(g) = g for all g ∈ G(A) it follows that s^2(V_a) ⊆ V_a.

Now s^{2m}|_{A1} ≠ 1_{A1} . Since s^2 is an algebra endomorphism, s^{2m}|_{Va} ≠ 1_{Va} for some a ∈ G(A). Since s^2|_{Va} is diagonalizable it follows that s^{2m}(x) ≠ x where x ∈ V_a is an eigenvector for s^2 belonging to some ρ ∈ k. Since s^2 has finite order, ρ is a primitive N^{th} root of unity for some N ≥ 1. Since s^{2m}(x) ≠ x it follows that N > 1 and ρ^m ≠ 1. □

Theorem 1 Let A be a finite-dimensional Hopf algebra with antipode s over the field k. Suppose that s^2 is a semisimple endomorphism of A and that the coradical A_0 of A is cocommutative. Then s^2 satisfies the strong vanishing trace condition.

Proof: Let K be an algebraic closure of k. Since (A⊗K)_0 ⊆ A_0⊗K it follows that the coradical of A⊗K is cocommutative. Thus since K is algebraically closed A⊗K is pointed. To prove the theorem, it is easy to see that we may replace A with A⊗K; thus we will assume that A is pointed.

Suppose that s^{2m} ≠ 1_A. Pick elements a, x ∈ A and ρ according to Lemma 7 and let B = k{a, x} be the subalgebra of A generated by a and x. Then B is a sub-bialgebra of A. The calculations s(a) = a^{−1} and s(x) = −xa^{−1} show that B is a sub-Hopf algebra of A. Using the last equation we calculate s^2(x) = axa^{−1} = ρx. In particular xa = ωax, where ω = ρ^{−1}. Since s^{2m}(x) ≠ x it follows that s^{2m}|_B ≠ 1_B. Therefore ν_B (s^{2m}|_B) = 0 by Lemma 6, and consequently ν_A(s^{2m}) = 0 by part c) of Proposition 2. □

When s^2 is conjugation by a grouplike element, part a) of Proposition 3 can be strengthened a bit in the pointed case.

Corollary 3 Let A be a finite-dimensional Hopf algebra with antipode s over the field k. Suppose that the coradical A_0 of A is cocommutative and that s^2(x) = axa^{−1} for all x ∈ A, where a ∈ G(A). Then s^2 satisfies the strong vanishing trace condition.

Proof: We may assume that k is algebraically closed. If the characteristic of k does not divide order(a) then s^2 is semisimple and Theorem 1 applies. Suppose that the characteristic of k divides order(s^2). Then k has characteristic p ≥ 2 and the group algebra k[Z_p] of the cyclic group Z_p is a sub-Hopf algebra of A; thus Corollary 2 applies. □

A very basic example to which Corollary 3 applies is the Taft (Hopf) algebra T_{n,q}(k), where n is a positive integer and q ∈ k is a primitive n^{th} root of unity [19]. As an algebra T_{n,q}(k) is generated by a, x subject to the relations a^n = 1, x^n = 0 and xa = qax. Thus Dim T_{n,q}(k) = n^2. The coalgebra structure of T_{n,q}(k) is determined by Δ(a) = a⊗a and Δ(x) = x⊗a + 1⊗x.

4 The Element ν_A(s^{2m}) when s^2 is Semisimple and A^∗ is Pointed

Let A be a finite-dimensional Hopf algebra over the field k and let B ⊆ A be a sub-Hopf algebra of A containing the coradical A_0 of A. We begin our discussion with an analysis of the associated graded Hopf algebra gr_B (A).

Recall that if U, V ⊆ A are subspaces, the wedge U ∧V ⊆ A is the inverse image under the comultiplication of U ⊗ A + A ⊗ V . Note that

F_0(A) = B ⊆ F_1(A) = B ∧ B ⊆ F_2(A) = B ∧ B ∧ B ⊆ . . .

is a Hopf algebra filtration of A with ⋃ n≥0 F_n(A) = A. Define F_{−1}(A) = 0 and let

gr_B (A) = ⨁ n≥0 gr_B (A)(n), where gr_B (A)(n) = F_n(A)/F_{n−1}(A) for all n ≥ 0,

be the associated graded Hopf algebra.

The projection π : gr_B (A) → gr_B (A)(0) = B is a Hopf algebra map, and the inclusion map B ⊆ gr_B(A) is a Hopf algebra section of π. Let R = gr_B(A)^{coB} be the right coinvariant elements with respect to the projection π. By definition R = {x ∈ gr_B (A) | (1 ⊗ π)(Δ(x)) = x ⊗ 1}. By [15, Theorem 3] there is an isomorphism of Hopf algebras gr_B(A) ∼= R#B, defined by multiplication in gr_B (A), where R has the structure of a braided Hopf algebra in the category of left Yetter-Drinfeld modules over B. See [9] and the discussion in [2, Section 2].

Lemma 8 Let A be a finite-dimensional Hopf algebra over the field k and suppose that B is a sub-Hopf algebra of A which contains the coradical A_0 of A. Then:

a) R = ⨁ n R(n) with R(n) = R∩gr_B (A)(n) for all n ≥ 0 is a graded Hopf algebra in the braided sense and gr_B(A)(n) ∼= R(n)#B for all n ≥ 0. b) R(n) = {ā ∈ F_n(A)/F_{n−1}(A) | a ∈ F_n(A), Δ(a) − a ⊗ 1 ∈ F_{n−1}(A) ⊗ F_n(A)} for all n ≥ 0.

Proof: Part a) is explained in [2, Lemma 2.1]. To see part b) let a ∈ F_n(A). The residue class ā ∈ F_n(A)/F_{n−1}(A) is in R if and only if ā_{(1)}⊗ā_{(2)} − ā ⊗ 1 ∈ gr_B (A)⊗ (⨁ i≥1 gr_B (A)(i) ) . The last condition means exactly that Δ(a) − a ⊗ 1 is an element in F_{n−1}(A) ⊗ F_n(A). □

We will need the dual of Proposition 1. For all p ∈ A^∗, let R(p) and L(p) be the linear endomorphisms of A defined by R(p)(a) = p(a_{(1)})a_{(2)} and L(p)(a) = a_{(1)}p(a_{(2)}) respectively for all a ∈ A. Note that R(p) and L(p) are the transposes of left and right multiplication respectively by p on A^∗. Since tr(t) = tr(t^∗) for all linear endomorphisms t of A, the dual version of Proposition 1 can be formulated:

Proposition 4 Let A be a finite-dimensional Hopf algebra with antipode s and t be a coalgebra automorphism of A which commutes with s. Then the following are equivalent:

a) ν_A∗ (t^∗) = 0.

b) ν_A∗ (t^{∗−1}) = 0.

c) tr(L(p)∘t) = 0 for all p ∈ A^∗.

d) tr(R(p)∘t) = 0 for all p ∈ A^∗. □ Theorem 2 Let A be a finite-dimensional Hopf algebra over the field k and suppose that B is a sub-Hopf algebra of A containing the coradical of A. Let t a Hopf algebra automorphism of A. Assume t(B) = B, let gr(t) denote the induced Hopf algebra automorphism on gr_B (A) and let R = gr_B (A)^{coB}. Then

tr(L(p)∘t) = tr(gr(t)|_R) · tr((L(p)∘t)|_B)

for all p ∈ A^∗.

Proof: Let n ≥ 1. By part a) of Lemma 8 the multiplication map R(n)#B → gr_B (A)(n) is bijective. Now let ā ∈ R(n), a ∈ F_n(A) and b ∈ B. Then Δ(a) − a ⊗ 1 ∈ F_{n−1}(A) ⊗ F_n(A) by part b) of Lemma 8. Therefore a_{(1)}b_{(1)} ⊗ a_{(2)}b_{(2)} − ab_{(1)} ⊗ b_{(2)} ∈ F_{n−1}(A) ⊗ F_n(A). Hence we compute

gr(L(p))(āb) = a_{(1)}b_{(1)}p(a_{(2)}b_{(2)}) = āb_{(1)}p(b_{(2)}) for all p ∈ A^∗, where gr(L(p)) denotes the induced map on gr_B (A).

We have shown that the induced map gr(L(p)∘t) can be identified with the map (gr(t)|_R)⊗(L(p)∘t)|_B ). This proves tr(gr(L(p)∘t)) = tr(gr(t)|_R) · tr((L(p)∘t)|_B), and the theorem follows since tr(L(p)∘t) = tr(gr(L(p)∘t)). □

Theorem 2 implies an analog of part c) of Proposition 2 under an additional assumption.

Corollary 4 Let A be a finite-dimensional Hopf algebra over the field k. Suppose that I ⊆ A a nilpotent Hopf ideal. Let t be a Hopf algebra automorphism of A such that t(I) ⊆ I and let t̄ denote the induced Hopf algebra automorphism on A/I. If ν_{A/I} (t̄) = 0 then ν_A(t) = 0.

Proof: Let π : A −→ A/I = B be the projection and identify B^∗ with π^∗(B^∗). Since I ⊆ Rad A it follows that the sub-Hopf algebra B^∗ of A^∗ contains the coradical of A^∗. Observe that t̄^∗ = t^∗|_B∗ and L(π(a)) = L(a)|_B∗ for all a ∈ A.

Suppose that ν_{A/I} (t̄) = 0. Then

tr((L(a)∘t^∗)|_B∗ ) = tr(L(π(a))∘t̄^∗) = tr(t̄∘r(π(a))) = 0

for all a ∈ A by Proposition 4. Now we use Theorem 2 to conclude that tr(t∘r(a)) = tr(L(a)∘t^∗) = 0 for all a ∈ A, whence ν_A(t) = 0 by Proposition 4 again. □

Now we assume that A is pointed and B = A_0. The graded Hopf algebra associated to the coradical filtration will be denoted by gr(A). Our goal is to show in Theorem 2 that tr(gr(t)|_R) = 0 under additional assumptions. We will need the next lemma to reduce to a subalgebra where the trace can easily be computed.

Lemma 9 Let A be a finite-dimensional algebra over the field k and suppose that B a local subalgebra of A with maximal ideal B^+ and B/B^+ ∼= k. Let σ : A → A be an algebra homomorphism such that σ(B^+) ⊆ B^+. Assume that A is free as a left B-module by restriction. If σ is a diagonalizable endomorphism of A, then there exists a σ-stable linear subspace X ⊆ A such that the multiplication in A defines an isomorphism B ⊗ X → A. In particular tr(σ|_B)tr(σ|_X ) = tr(σ).

Proof: Let {a_ı}_{1≤ı≤n} be a left B-basis of A, and let V be the k-span of the a_i’s. Then A = B^+V ⊕ V , and B^+A = (B^+)^2V + B^+V = B^+V is σ-stable. Since σ is diagonalizable, there exists a σ-stable subspace X ⊆ A such that A = B^+V ⊕ X. Since B^+A = B^+V , we deduce form the last equation that B^+V = (B^+)^2V + B^+X from which B^+V ⊆ (B^+)^mV + B^+X follows for all natural numbers m ≥ 1. Since B^+ is a nilpotent ideal of A, we conclude that B^+A = B^+V = B^+X. Therefore A = B^+X ⊕ X, and the multiplication map B ⊗ X → A is surjective, hence bijective since B⊗X and A have the same dimension.

The claim about the traces follows easily. □

Theorem 3 Let A be a finite-dimensional pointed Hopf algebra with antipode s over the field k. Assume that s^2 is semisimple and set R = gr(A)^{coA0} . If m is an integer such that s^{2m} ≠ 1_A then tr(gr(s^{2m})|_R) = 0.

Proof: We may assume that k is algebraically closed. By Lemma 7, there are a group-like element a ∈ G(A), 0 ≠ x ∈ A and a root of unity ρ ∈ k of order N > 1 such that Δ(x) = x ⊗ a + 1 ⊗ x, s^2(x) = ρx, ρ^m ≠ 1. Let g = a^{−1} and y = xa^{−1}. Then Δ(y) = y ⊗ 1 + g ⊗ y and s^2(y) = ρy.

Let z be the residue class of y in gr(A)(1) = A_1/A_0. Then z is non-zero and Δgr_{(A)}(z) = g⊗z +z ⊗1. Hence z ∈ R = gr(A)^{coA0} , Δ_R(z) = 1⊗z +z ⊗1 and δ(z) = g ⊗ z. Here, Δ_R and δ are the comultiplication and the coaction of the Yetter-Drinfeld Hopf algebra R over kG(A). Since gr(s)(z) = −g^{−1}z, we compute (gr(s))^2(z) = g^{−1}zg.

Thus z ∈ P (R) is g-homogeneous and the action of g on z is given by g · z = gzg^{−1} = qz with q = ρ^{−1} a root of unity of order N.

Since gr(A) is finite-dimensional, z ∈ gr(A)(1) is nilpotent. Hence z^n = 0, z^{n−1} ≠ 0 for some n ≥ 2. Then 1, z, . . . , z^{n−1} are linearly independent, and by the q-binomial formula,

0 = Δ_R(z^n) = (z ⊗ 1 + 1 ⊗ z)^n = n−1∑ ı=1 ( n ı ) q z^ı ⊗ z^{n−ı}.

Hence ( n ı ) q = 0 for all 1 ≤ ı ≤ n − 1. Then we know from [11, Corollary 2]

that N divides n, and we obtain

tr(gr(s^{2m})|_{k[z]}) = n−1∑ ı=0 q^{mı} = 0 since q^m ≠ 1 and q^n = 1.

Since k[z] is a local subalgebra of R, tr(gr(s^{2m})|_R) = 0 by Lemma 9. □

Theorem 4 Let A be a finite-dimensional Hopf algebra with antipode s over the field k. Assume that s^2 is semisimple and the coradical of A^∗ is cocommutative. Then s^2 satisfies the strong vanishing trace condition.

Proof: We may assume that k is algebraically closed. Then the theorem follows by duality from Theorem 3, Theorem 2 and Proposition 4. □

5 A Generalization of a Basic Trace Formula

We want to generalize an important trace formula concerning the square of the antipode in [6, Equation (6)] to higher even powers; indeed to Hopf algebra automorphisms of A. It turns out that the elements ν_A(t) are an ingredient of this generalization. Our proof follows the method given in [17, Theorem 3.13], and we formulate the result dually to [5, 6].

Recall that a finite-dimensional algebra A over a field k is a Frobenius algebra if there is a linear function φ : A → k, a natural number n, and there are elements a_ı, b_ı ∈ A for all 1 ≤ ı ≤ n such that x = n∑ ı=1 φ(xa_ı)b_ı for all x ∈ A. (9)

We say that φ is a Frobenius homomorphism and, with an abuse of terminology, that {a_ı}, {b_ı} are dual bases of A.

We note that if (9) holds then the linear map A −→ A^∗ defined by a → φ·a is an isomorphism of right A-modules. In this case A −→ A^∗ defined by a → a·φ is an isomorphism of left A-modules which is also a consequence of x = n∑ ı=1 a_ıφ(b_ıx) for all x ∈ A. (10)

Observe that (9) and (10) are logically equivalent. To see this note that (9) holds if and only if (y·φ)(x) = (y·φ)( n∑ ı=1 φ(xa_ı)b_ı), or (φ·x)(y) = (φ·x)( n∑ ı=1 a_ıφ(b_ıy)), for all x, y ∈ A. The latter holds if and only if (10) holds.

Lemma 10 Let A be a Frobenius algebra over the field k with Frobenius homomorphism φ and dual bases {a_ı}, {b_ı}. Let α ∈ k and v ∈ A such that v^2 = αv, and let t : vA → vA be a linear map. Then

αtr(t) = n∑ ı=1 φ(t(vb_ı)a_ı) = n∑ ı=1 φ(b_ıt(va_ı)).

Proof: For a finite-dimensional vector space V over k we identify V^∗⊗V with End (V ) by (v^∗⊗v)(u) = v^∗(u)v for all v^∗ ∈ V^∗ and v, u ∈ V . It is easy to see that tr(v^∗⊗v) = v^∗(v).

For all x ∈ A we have αvx = v^2x = n∑ ı=1 φ(vxa_ı)vb_ı = n∑ ı=1 va_ıφ(b_ıvx) by (9) and (10) respectively. Thus αt = n∑ ı=1 a_ı·φ⊗t(vb_ı) = n∑ ı=1 φ·b_ı⊗t(va_ı) from which the trace formulas follow. □

Let A be a finite-dimensional Hopf algebra with antipode s, let Λ ∈ A be a left integral of A and let λ ∈ A^∗ be a right integral of A^∗ such that λ(Λ) = 1. Then x = λ(xΛ_{(1)})s(Λ_{(2)}). (11)

We recall the standard proof: For all x ∈ A we compute λ(xΛ_{(1)})s(Λ_{(2)}) = λ(x_{(1)}Λ_{(1)})x_{(2)}Λ_{(2)}s(Λ_{(3)}) = λ(x_{(1)}Λ)x_{(2)} = x, where the first equality holds since λ is a right integral and the last equality follows since Λ is a left integral and λ(Λ) = 1. Thus A is a Frobenius algebra with Frobenius homomorphism λ and dual bases {Λ_{(1)}}, {s(Λ_{(2)})}.

Let χ_A ∈ A^∗ be the character of the regular representation, that is χ_A(x) = tr(l(x)) for all x ∈ A. Since A is a Frobenius algebra Lemma

10 implies that χ_A(x) = tr(r(x)) for all x ∈ A as well. Using this latter formulation of χ_A we see that χ_A(x) = λ(ν_A(1_A)x) for all x ∈ A (12) by part a) of Lemma 3, where Λ is used to define ν_A(1_A).

The isomorphism A ⊗ A → A ⊗ A, x ⊗ y → x_{(1)} ⊗ x_{(2)}y, implies the following well-known identity in A^∗ χ^2_A = (Dim A)χ_A. (13) Now χ_A ∘ t = χ_A for any algebra automorphism t of A, or equivalently T (χ_A) = χ_A, (14) where T = t^∗. In particular S^2(χ_A) = χ_A where S is the antipode of A^∗.

By the same argument, for any grouplike element ϕ ∈ A^∗, χ_A = χ_Aϕ, (15) since for all a ∈ A, (χ_Aϕ)(a) = χ_A(a_{(1)})ϕ(a_{(2)}) = χ_A(a_{(1)}ϕ(a_{(2)})), and a → a_{(1)}ϕ(a_{(2)}) is an algebra automorphism of A.

For clarity we will use the notation ⟨p, x⟩ = p(x) for all p ∈ A^∗ and x ∈ A. Theorem 5 Let A be a finite-dimensional Hopf algebra over the field k, let Λ ∈ A be a left integral of A and let λ ∈ A^∗ be a right integral of A^∗ such that λ(Λ) = 1. Let T be a Hopf algebra automorphism of A^∗. Then (Dim A) tr(T |_{χAA}∗ ) = ⟨ν_A∗ (T ), ν_A(1_A)⟩, where Λ is used to define ν_A(1_A) and S^{−1}(λ) to define ν_A∗ (T ). Proof: We first note that S(ν_A∗ (T )) = T (λ_{(2)})S(λ_{(1)}) (16) since S and T commute. It follows that ~Λ : A^∗ → k defined by ~Λ(p) = p(Λ) for all p ∈ A^∗ is a Frobenius homomorphism of A^∗ with dual bases {S(λ_{(1)})}, {λ_{(2)}}; verify (10) using the fact that ~Λ is a left integral for A^{∗∗} and that λ is a right integral for A^∗. Using (14) we observe that T defines an endomorphism of χ_AA^∗. Hence we get from Lemma 10 and (13) with v = χ_A

(Dim A) tr(T |_{χAA}∗ )) = ~Λ(T (χ_Aλ_{(2)})S(λ_{(1)})) = ⟨χ_AT (λ_{(2)})S(λ_{(1)}), Λ⟩ = ⟨χ_AS(ν_A∗ (T )), Λ⟩ by (16) = χ_A(Λ_{(1)})⟨ν_A∗ (T ), s(Λ_{(2)})⟩ = ⟨ν_A∗ (T ), χ_A(Λ_{(1)})s(Λ_{(2)})⟩ = ⟨ν_A∗ (T ), λ(ν_A(1_A)Λ_{(1)})s(Λ_{(2)})⟩ by (12) = ⟨ν_A∗ (T ), ν_A(1_A)⟩ by (11). □ If T = S^2 then the trace formula of Theorem 5 is the trace formula in [6, Equation (6)] since ⟨ν_A∗ (S^2), ν_A(1_A)⟩ = ⟨λ(1)ε, S(Λ_{(2)})Λ_{(1)}⟩ = λ(1)ε(Λ).

For a finite-dimensional Hopf algebra A over the field k let x_A = χ_A∗∗ ∈ A^{∗∗} = A. Thus x_A is determined by p(x_A) = tr(R(p)) for all p ∈ A^∗, or by p(x_A) = tr(L(p)) for all p ∈ A^∗. Suppose that B is a sub-Hopf algebra of A. Then A is a free left (or right) B-module by [10, Theorem 7]. Thus Dim B divides Dim A which means that Dim A/Dim B is an integer.

We end this section by describing the relationship between x_A and x_B , where B is the sub-Hopf algebra of A generated by the coradical of A. Proposition 5 Let A be a finite-dimensional Hopf algebra over the field k and suppose that B is the sub-Hopf algebra of A generated by the coradical of A. Then x_A =

( Dim A Dim B ) x_B . Proof: By Theorem 2 we have p(x_A) = tr(gr(1_A)|_R)p(x_B ) for all p ∈ A^∗. Since R⊗B ≃ A as vector spaces and gr(1_A|_R) = 1_R the proposition follows. □ 6 Applications to Hopf Algebra Automorphisms t and Further Results on ν_A(t)

Suppose that t is a Hopf algebra automorphism of A which has finite order and assume that t satisfies the strong vanishing trace condition. In this section we study t with particular emphasis on the case t = s^2. Our discussion is based on the following general lemma.

Lemma 11 Let t be an algebra automorphism of a finite-dimensional algebra A over a field k of characteristic zero. Suppose that t has finite order r and satisfies the strong vanishing trace condition. If e is an idempotent of A and t(e) = e then r divides Dim Ae.

Proof: We may assume that k is algebraically closed and that e ≠ 0. Since t is an algebra endomorphism of A and t(e) = e, the idempotent endomorphism r(e) of A and t commute. In particular t(Ae) ⊆ Ae.

Now tr(t^m|_{Ae}) = tr(t^m∘r(e)) for all m ≥ 0. Since t satisfies the strong vanishing trace condition it thus follows that t|_{Ae} satisfies the vanishing trace condition. Since Ae ≠ (0) it follows that t|_{Ae} has finite order r. Our conclusion that r divides Dim Ae now follows by Lemma 1. □

Let A be a finite-dimensional Hopf algebra over k and let n ≥ 0. Then the sum of all subcoalgebras C of A which are invariant under s^2 and satisfy s^{2n}|_C = 1_C is in fact a sub-Hopf algebra of A. Thus A has a unique sub-Hopf algebra B maximal with respect to the property that s^{2n}|_B = 1_B.

Now suppose that the characteristic of k is zero. Since A is semisimple if and only if s^2|_A = 1_A by [6], we conclude that A contains a unique maximal semisimple sub-Hopf algebra which we denote by A_s. As an immediate consequence of Lemma 11:

Corollary 5 Let A be a finite-dimensional Hopf algebra with antipode s over a field k of characteristic zero, let A_s be the unique maximal semisimple sub- Hopf algebra of A, suppose that s^2 has order r and that s^2 satisfies the strong vanishing trace condition. Then r divides Dim Ae for all idempotents e ∈ A_s. □ The dimension of the unique maximal semisimple Hopf-subalgebra of a finite-dimensional Hopf algebra A over a field of characteristic zero is related to the order of a Hopf algebra automorphism of A which satisfies the strong vanishing trace condition.

Theorem 6 Let A be a finite-dimensional Hopf algebra over a field of characteristic zero, let B = A_s be the unique maximal semisimple sub-Hopf algebra of A, suppose that t is a Hopf algebra automorphism of A of finite order r and t also satisfies the strong vanishing trace condition. Then a) r divides Dim A/Dim B, and the minimal polynomial of t is X^r − 1.

b) The eigenvalues of t are the r^{th} roots of unity in k.

c) The eigenspaces for t all have the same dimension which is (Dim A)/r.

d) If e is an idempotent of A which satisfies t(e) = e then r divides Dim Ae.

Proof: Let e be a left integral for B which satisfies ϵ(e) = 1. The calculation e^2 = ϵ(e)e = e shows that e is an idempotent of A. By assumption t is a Hopf algebra automorphisms of A. Thus t(B) is a semisimple sub-Hopf algebra of A which means that t(B) ⊆ B by the maximalilty and uniqueness of B. As a consequence t|_B is a Hopf algebra automorphism of B from which t(e) = e follows. At this point we conclude that r divides Dim Ae by Lemma 11.

To calculate Dim Ae we use the fact that A is a free right B-module. Let {m_1, . . . , m_s} be a basis for A as a free right B-module. The calculation Ae = (m_1B⊕ · · · ⊕m_sB)e = m_1Be⊕ · · · ⊕m_sBe = km_1⊕ · · · ⊕km_s shows that Dim Ae = s = Dim A/Dim B.

Thus we have shown the first half of part a). The second half of a) and parts b) and c) are consequences of Lemma 1. Part d) follows by Lemma 11. □ Corollary 6 Let A be a finite-dimensional pointed Hopf algebra over a field of characteristic zero with coradical B = A_0, and suppose that s^2 has order r. Then a) – d) in Theorem 6 hold for t = s^2. In particular,

r divides Dim A/Dim A_0,

and r = Dim A if and only if A = k1.

Proof: Since A is pointed, A_s = A_0 and Theorem 6 applies by Theorem 1.

To see that r = Dim A if and only if A = k1, suppose that r = Dim A. Then each eigenspace for s^2 is one-dimensional by part b). In particular 1 is the only grouplike element in A. Let Λ be a non-zero left integral for A. Then s^2(Λ) = α(g)Λ, where α ∈ G(A^∗) and g ∈ G(A). See [16] for example.

Therefore g = 1 and consequently α(g) = 1. This means Λ ∈ k1, which is equivalent to A = k1.

Another way to see this is to note that if Dim A_0 = 1 then A_1 = A_0, for otherwise A would contain a non-zero primitive element which is impossible in characteristic zero since A is finite-dimensional. In this case A_0 = A_1 = · · · = A. □ For the Taft algebras r = Dim A/Dim A_0. Thus the estimate of Corollary 6 on the order of s^2 is sharp in the case of pointed Hopf algebras.

In the general case much less is known. By (2) it follows that

order(s^2) divides 2(Dim A).

We assume that the characteristic of k is zero and introduce the element x_A of Section 5 into our discussion. Let B be the sub-Hopf algebra of A generated by the coradical of A. Since ϵ(x_A) = (Dim A)1 ≠ 0 it follows that x_A ≠ 0. Now x_A = (Dim A/Dim B)x_B by Proposition 5. Thus the idempotent x_A/Dim A = x_B /Dim B ∈ B. Mimicking the proof of Theorem 6 one can easily show that:

Proposition 6 Let A be a finite-dimensional Hopf algebra over a field k of characteristic zero. Suppose that t is a Hopf algebra automorphism of A of finite order r and that t satisfies the strong vanishing trace condition. Let B be the sub-Hopf algebra of A generated by the coradical of A. Then r divides (Dim A Dim Bx_B )/Dim B. □

Let A_s be the unique maximal semisimple sub-Hopf algebra of A. Since semisimple Hopf algebras in characteristic zero are also cosemisimple [5, Theorem 3.3], we conclude that A_s ⊆ A_0 ⊆ B, where B is the sub-Hopf algebra of A generated by the coradical of A. Thus A_s = B if and only if A_0 is a sub-Hopf algebra of A. In this case x_A = (Dim A/Dim B)x_B is a non-zero left integral of B by [7, Proposition 9] since s^2 = 1_A; thus Dim Bx_A = 1 and the conclusions of Theorem 6 and Proposition 6 are the same.

There are interesting connections between the strong vanishing trace condition and the classification problem for finite-dimensional Hopf algebras A of dimension p^2, where p is an odd prime, over an algebraically closed field of characteristic zero. Let s be the antipode of A. By the results of [1] the Hopf algebra A is the group algebra of Z_p2 or Z_p×Z_p over k, or is a Taft algebra T_{n,k}(q), or s^2 has order 2p. If s^2 satisfies the strong vanishing trace condition then the last possibility is ruled out.

Let A be any Hopf algebra over k. The subspace of fixed points of s^2 is a subalgebra of B of A. If A is finite-dimensional and pointed, and k is an algebraically closed field of characteristic 0, then Dim B divides Dim A by part b) of Theorem 6. Generally A is not a free (left) B-module.

Example 1 Let A be a finite-dimensional unimodular Hopf algebra with antipode s over k, and suppose that s^2 ≠ 1_A. Then A is not a free left module over the subalgebra B of fixed points of s^2.

To see this, let Λ be a non-zero two-sided integral for A. Then s(Λ) = Λ. Therefore Λ ∈ B. Now s^2 ≠ 1_A implies that B ≠ A. Suppose {m_1, . . . , m_r} is a basis for A as a left B-module. Then r > 1 and ϵ(m_ı) ≠ 0 for some 1 ≤ ı ≤ r. We may assume that ϵ(m_1) ≠ 0. Since ϵ(m_2)Λm_1 −ϵ(m_1)Λm_2 = 0 determines a non-trivial dependency relation among m_1, . . . , m_r, it follows that A can not be a free left B-module.

There are an abundance of examples which satisfy the hypothesis of Example 1. Let A be any finite-dimensional Hopf algebra over k whose antipode s satisfies s^2 ≠ 1_A. Then the quantum double D(A) of A satisfies the hypothesis of Example 1.

Let A be finite-dimensional Hopf algebra over any field k. Recall that D(A) = A^{∗ cop}⊗A as coalgebras. One way of describing the multiplication in D(A) is by the formula

(p⊗a)(q⊗b) = p(a_{(1)}⇀q↼s^{−1}(a_{(3)}))⊗a_{(2)}b

for all p, q ∈ A^∗ and a, b ∈ A. The antipode s of D(A) is given by s(p⊗a) = s((p⊗1)(ϵ⊗a)) = (ϵ⊗s(a))(S^{−1}(p)⊗1), where s is the antipode of A and S = s^∗. Observe that s^2 = S^{−2}⊗s^2. Thus s^2 is a semisimple endomorphism of A if and only if s is a semisimple endomorphism of D(A).

Let λ be a left integral for A^∗ and Λ be a right integral for A. Then λ⊗Λ is a two-sided integral for D(A) by part a) of [12, Theorem 4]. Let t be Hopf algebra automorphism of A and set T = t^∗. Then T^{−1}⊗t is a Hopf algebra automorphism of D(A). We leave the reader with the short exercise of establishing

ν_{D(A)}(T^{−1}⊗t) = ( s(Λ_{(4)})⇀(S^{−1}∘T^{−1}(ν_A∗ (T )))↼Λ_{(2)} ) ⊗s(Λ_{(3)})t(Λ_{(1)}), (17)

where ν_A∗ (T ) is defined with respect to the left integral λ for A^∗.

Regard A and A^{∗ cop} as sub-Hopf algebras of D(A) by the identifications a = ϵ⊗a and p = p⊗1 for all a ∈ A and p ∈ A^∗. Let t be a Hopf algebra automorphism of A and consider the Hopf algebra automorphism T^{−1}⊗t of D(A), where T = t^∗. Observe that (T^{−1}⊗t)|_A = t and (T^{−1}⊗t)|_A∗cop = T^{−1}. Now ν_A∗ (T ) = 0 if and only if ν_A∗ cop (T^{−1}) = 0 by (4). Thus either ν_A(t) = 0 or ν_A∗ (T ) = 0 implies that ν_{D(A)}(T^{−1}⊗t) = 0 by part c) of Proposition 2.

Proposition 7 Let A be a finite-dimensional Hopf algebra over any field k, suppose that t is a Hopf algebra automorphism of A and let T = t^∗. Then the Hopf algebra automorphism T^{−1}⊗t of D(A) satisfies the following:

a) If t satisfies the vanishing trace condition then so does T^{−1}⊗t.

b) If either t or T satisfies the strong vanishing trace condition then so does T^{−1}⊗t.

Proof: In light of the comments above we need only note that tr((T^{−1}⊗t)^m) = tr(T^{−m})tr(t^m) for all m ≥ 0. □

Introducing (17) into the discussion at this point we deduce some information about ν_A∗ (T ) when ν_A(t) = 0.

Proposition 8 Let A be a finite-dimensional Hopf algebra with antipode s over the field k and suppose that t is a Hopf algebra automorphism of A. If ν_A(t) = 0 then ( s(Λ_{(4)})⇀(S^{−1}∘T^{−1}(ν_A∗ (T )))↼Λ_{(2)} ) ⊗s(Λ_{(3)})t(Λ_{(1)}) = 0,

where Λ is a right integral for A, S = s^∗ and T = t^∗. □

For a Hopf algebra automorphism t of A it may very well be the case that ν_A(t) = 0 and ν_A∗ (t^∗) ≠ 0. For example, suppose that A is a finitedimensional Hopf algebra which is not semisimple whose dual A^∗ is semisimple. Case in point, the group algebra k[Z_p] of the cyclic group of order p over k when the characteristic of k is p ≥ 2. Then ν_A(s^2) = 0 and ν_A∗ (s^{2 ∗}) ≠ 0 by part a) of Proposition 2.

References

[1] N. Andruskiewitsch and H.-J. Schneider, Hopf algebras of order p^2 and braided Hopf algebras of order p, J. of Algebra 199 (1998), 430–454.

[2] N. Andruskiewitsch and H.-J. Schneider, Lifting of quantum linear spaces and pointed Hopf algebras of order p^3, J. Algebra 209 (1998), 658–691.

[3] N. Bourbaki, Algèbre, Chapitres 4 à 7, Masson, 1981.

[4] P. Etingof and S. Gelaki, On finite-dimensional semisimple and cosemisimple Hopf algebras in positive characteristic, International Mathematics Research Notices 16 (1998), 851–864.

[5] R. G. Larson and D. E. Radford, Finite-dimensional cosemisimple Hopf algebras in characteristic 0 are semisimple, J. Algebra 117 (1988), 267– 289.

[6] R. G. Larson and D. E. Radford, Semisimple cosemisimple Hopf algebras, Amer. J. Math. 110 (1988), 187–195.

[7] R. G. Larson and M. E. Sweedler, An associative orthogonal bilinear form for Hopf algebrtas, Amer. J. Math. 91 (1969), 75–94.

[8] A. Masuoka, On Hopf algebras with cocommutative coradicals, J. Algebra 144 (1991), 451–466.

[9] S. Montgomery, Hopf algebras and their actions on rings, CBMS Lecture Notes 82, Amer. Math. Soc., 1993.

[10] W. D.Nichols and M. B. Zoeller, A Hopf algebra freeness theorem, Amer.

J. of Math. 111 (1989), 381–385.

[11] D. E. Radford, Finite-dimensional simple-pointed Hopf algebras, J. Algebra 211 (1999), 686–710.

[12] D. E. Radford, Minimal quasitriangular Hopf algebras, J. Algebra 157 (1993), 285–315.

[13] D. E. Radford, The group of automorphisms of a semisimple Hopf algebra over a field of characteristic 0 is finite, Amer. J. of Math. 112 (1990), 331–357.

[14] D. E. Radford, The order of the antipode of a finite-dimensional Hopf algebra is finite, Amer. J. of Math. 98 (1976), 333–355.

[15] D. E. Radford, The structure of Hopf algebras with a projection, J.

Algebra 92(1985), 322–347.

[16] D. E. Radford, The trace function and Hopf algebras. J. Algebra 163 (1994), 583–622.

[17] H.-J. Schneider, Lectures on Hopf algebras, (1995), Trabajos de Matematica 31/95 (FaMAF).

[18] Moss Sweedler, ”Hopf Algebras”, W. A. Benjamin, New York, 1969.

[19] E. J. Taft, The order of the antipode of a finite dimensional Hopf algebra, Proc. Natl. Acad. Sci. USA 68 (1971), 2631–2633.