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Problem A (Measurable functional calculus for commuting self-adjoint operators).
For n € N let T1,...,T, be pairwise commuting, bounded, self-adjoint operators on a
separable Hilbert space H, and let S := o(T}) x -+ x 0(T,,) C R"™ The goal of this
exercise is to prove that there exists a unique map ® : My(S) — B(H) such that
(a) ®(1) =1, and ®(my) = T, where mi(t1,...,t,) =t forallk=1,....n

b

® is a linear multiplicative involution.

(b)
() PN < |Iflleo for all f € My(S), i.e. @ is continuous.
()

d) It (fx)r € My(S) converges pointwise to some f € M,(S) and sup,, || fulleoe < 00,
then ®(f,)x — ®(f)x for each x € H.

(e) (f)S = SP(f) for any S € B(H) that commutes with 71, ..., T,.

(i) Prove that for all Borel sets Ay,..., A, C R, the operators x4,(T1),...,xa,(Ty)
commute, where y 4, denotes the characteristic function of A; fori =1,... n.

(17) Define ®( on step functions f over rectangles, i.e. for functions of the form

N
f= ZCZ‘XA(Z')XWXAU), where A,(j) ﬂA,(Cj) =0ifi#£AjVk=1,...,n
1 n

=1

for some N € N ¢; € C and Borel sets Ag) CRforalli=1,..., N, k=1,...,n,
by

N
o(f) = f(T1,...,Th ZZCXAu) Th) -+ x40 (Th) -
i=1

Prove that @ satisfies the properties (a), (b), and (c¢) above.

(77i) Construct the continuous functional calculus on S.

[Hint: Use uniform continuity and part (ii).]
(iv) Construct the measurable functional calculus described by (a) — (e) above.

(v) Prove that there exists a spectral measure £ on R" (to be defined) such that

:/j‘“()\l,...,kn)dE(,\1 ’’’’’ An)
S

for all f € My(S), in particular, T}, = [¢ A\ dEqy,

-----
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(vi) Prove that there exists a finite measure space (M, X, 1), an isometric isomorphism
U:H — L*(M), and bounded measurable functions Fi, ..., F, on M, such that

(UTWU ' 9)(€) = Fi(€) ¢(€)

for p-almost all € € M and all k =1,...,n

Problem B (Measurable functional calculus for normal operators).
Let T' be a normal operator on a separable Hilbert space H.

(1) Prove that there exists a unique map ® : My(o(T")) — B(H) such that

then ®(f,)x — ®(f)x for each x € H.
(e) ®(f)S = SP(f) for any S € B(H) that commutes with 7.

[Hint: Problem 25.]

(i7) There exists a spectral measure G on C (to be defined) such that

n=[, s
for all f € M,(o(T)), in particular, T = fU(T) zdG,.

(#4) There exists a finite measure space (M, X, 1), an isometric isomorphism U : H —
L?(M), and a bounded measurable function F' on M, such that

(UTU 9)(€) = F(§) ¢(¢)

for p-almost all £ € M.



