LUDWIG (‘%&,

- i ’O/:',’i\\\
LVIU| | )
MUNCHEN MATHEMATISCHES INSTITUT m ‘@
Prof. T. . SORENSEN PhD Winter term 2015/16
S. Gottwald Jan 15, 2016

FuNcTIONAL ANALYSIS I1
ASSIGNMENT 12

Problem 45 (Cyclic Vectors II). Consider the self-adjoint operators A, B in L*([—1,1])
discussed in Problem 44, i.e. Af(z) = zf(x) and Bf(z) = z*f(z). Prove:

(i) L*([-1,1]) = H, & Hs, where H; and H, are Hilbert spaces on which B has a cyclic
vector.

(it) f € L*([—1,1]) is a cyclic vector for A iff f(z) # 0 almost everywhere.

Problem 46 (Unbounded multiplication operators). Let X be a metric space and p a
positive measure on the Borel o-algebra of X such that u(A) < oo for any bounded Borel
set A C X. For a (possibly unbounded) measurable function f : X — C consider the
linear map My in L?(X, i) defined by

D(My) = {p € L’(X,p) | fo € L*(X,p)}
Myp = fo.

(i) D(Mjy) is dense in L*(X, p).
(i) (Mg)* = M.

)
)
(1i7) o(My) =esstan f ={A € C|Ve > 0: p({x € X ||\=f(z)| <e}) >0} .
(iv) A is an eigenvalue of My iff u(f~1({\})) > 0.

)

(v) Let X =R, let p be the Lebesgue measure on R, and let f(x) := x YV € R. Then
the position operator q := M/ is self-adjoint, has no eigenvalues, and o(¢) = R.

Problem 47 (Properties of the adjoint). Let A and B be densely defined operators on a
Hilbert space H. Prove:

(i) (aA)* =aA* VYaeC.

(i7) If D(A+B) = D(A) N D(B) and D(A*+B*) = D(A*) N D(B*) are dense in ‘H then
(A+B)* D A*+DB*.

(17i) If D(AB) is dense, then (AB)* D B*A*.


http://www.math.lmu.de/~sorensen/

(iv) If A C B then A* D B*.
(v) If A is self-adjoint then A has no symmetric extensions.

(vi) N(A*) = R(A)*.

Problem 48 (von Neumann’s Theorem).

(1) Let A be a symmetric operator on a Hilbert space H and assume there exists a map

C : H — H with the following properties:

(a) C is anti-linear (i.e. C(azx +y) = aC(x)+ C(y)).
(b) C is norm-preserving.

() C*=1.

(d)

(e) AC =CAonD(A).

D(A) is invariant under C.

[Remark: A map satisfying (a) — (c) is called a conjugation.]

Prove that A has self-adjoint extensions.

(i) Consider the operator H in L*(R?) given by

D(H) = C5*(R)
(HY)(x) = —A(x) + V(z)p(x) for ae. z € R,

where A = Z i1 0;
has at least one self-adjoint extension.

For more details please visit http://www.math.lmu.de/ gottwald/15FA2/

0? and V € L2 (R?) is real-valued. Show that H is symmetric and
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