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Problem 41 (Operator convex functions). Let H be a Hilbert space. A continuous real-
valued function f on an interval I C R is called operator convex (on I) if for any A € [0, 1]
we have f(AMA+(1-N)B) < Af(A) + (1-\) f(B) for any pair A, B € B(H) of self-adjoint
operators with ¢(A) C I and o(B) C I. Prove:

(i) A continuous real-valued function f is operator convex iff f(2+2) < L(f(A)+f(B))
for any pair A, B € B(H) of self-adjoint operators with spectrum in I.

(it) f:R — R,t > t* is operator convex on every interval.
(i17) f:[0,00) = R, ¢+ t3 is not operator convex on [0, 00).

(tw) f: R — Rt +— |t| is not operator convex on any interval that contains a neigh-
bourhood of zero.

(v) f:(0,00) = R, ¢ttt is operator convex on (0, c0).

Problem 42. Let ‘H be a Hilbert space and A € B(#H) be self-adjoint. Prove:

(1) The operator U(t) := €4 constructed via the functional calculus is unitary for all
t € R, and
Uty =U(-t), Ut)U(s) =U(t+s) Vt,seR.

(77) The operator-valued function ¢ — U(t) defined in (i) is differentiable with respect
to the operator norm topology, and U’(t) = tAU(t) for all t € R.

(173) For A € o(A) we have ||[(A—XI)~Y| = dist(\, o(A)) L.

Problem 43. Let A be the integral operator on L?([0, 1]) given by

Af(z) = / min(z,y) f(y) dy.

(1) Prove that A is bounded and self-adjoint.

(i7) Find a measure space (M, u), an isomorphism U : L*([0,1]) — L?*(M, p), and a
bounded measurable function F' : M — R such that UAU* : L*(M, u) — L*(M, 1)
is the operator of multiplication by F.


http://www.math.lmu.de/~sorensen/

Problem 44 (Cyclic vectors I).

(1) An N x N Hermitian matrix has a cyclic vector iff its eigenvalues are all distinct.

(ii) Consider the self-adjoint operators A, B on L*([—1, 1]), where A is the multiplication
by z — z and B is the multiplication by z + z%. Prove:

(a) f:[-1,1] = R,z +— 1is a cyclic vector of A.
(b) The characteristic function x[o ] is not a cyclic vector of A.

(c) B does not have any cyclic vectors.

For more details please visit http://www.math.lmu.de/ gottwald/15FA2/


http://www.math.lmu.de/~gottwald/15FA2/

