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Problem 5 (Projections I). Let V' be a linear space and let P be a projection on V', that
is, a linear map P : V — V such that P? = P. Prove:

(1) R(P)=N(I-P).

(11) V = R(P) ® N(P), where @ denotes the direct sum.
Let ‘H be a Hilbert space. A projection P : H — H is called orthogonal if R(P) L N(P).
(77i) Prove that a projection P : H — H is orthogonal iff P € B(H) and P* = P.

(7v) Let A be a linear subspace of H. Show that there exists a unique orthogonal pro-

jection Py : H — H with R(P4) = A. [Hint: Projection Theorem.|
Let P : H — H be an orthogonal projection.
(v) Calculate o,(P) and o(P).
(vi) Find an explicit expression for Ry(P) = (P — AI)~' whenever \ € p(P).

Problem 6. For w € (*(N) let T, : (*(N) — *(N) be the componentwise multiplication
by w = (wy,ws,...), ie.
TwSL’ = (wlml, WaXg, . .. )

(¢) Show that T, is bounded and calculate its norm.
(77) Find the explicit action of the adjoint 7.

(77i) Find the subsets of w’s in ¢>°(N) for which T}T,, = T,, T, for which T,, = T}, and
for which T, is compact.

(tv) Determine o,(7T,) and prove that o,(T,,) = o(T,).

Problem 7. Let X be a Banach space and let T' € B(X) be bijective. Prove:
(i) o(T™) = ﬁ ={A1eC|)xea(T)}.

(it) If Tz = Az for some A # 0 and x € X, then T 'z = A7z,
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Problem 8. Let X be a Banach space, let T' € B(X), let p(T") be the resolvent set of T'
and for A € p(T) let Ry(T) = (T — M)~ be the resolvent of T at A. Prove the following:

(i) BA(T) = Ru(T) = (A — ) Ra(T) Ry (T for all A, s € p(T).
(17) RA(T) — Rx(S) = RA(T) (S —T) R\(S) for all S € B(X) and X € p(T) N p(95).
(ii7) If A € C is such that [A=Xg| < ||Ra, (T)||7! for some Ao € p(T), then A € p(T) and

o0

RA(T) = 3 (=20)" Rag ().

n=0

(i) Ra(T) = = S0 A7 T for |A] > [T

)
(v) [|RA(T)]| = (dist(\, o(T))) ™! for all X € p(T).
(vi) The map p(T) — B(X), A — Ry(T') is continuous.
)

(vii) The map in (vi) has a derivative, in the sense that

d .1
D) = lim o (Basn(T) = RA(D)

exists in B(X). In fact, LR\(T) = Ry\(T)*.

For more details please visit http://www.math.lmu.de/ gottwald/15FA2/
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