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Exercise 1. [10 points]

1. Let p > 1, 1/p+ 1/p′ = 1 and let A denotes an arbitrary measurable set of finite measure. Prove that

‖f‖p,ω := sup
A
|A|−1/p

′
∫
A

|f(x)| dx,

is a norm in the space

Lpω(Rn) :=

{
f mesurable

∣∣ sup
α>0

α|{x : |f(x)| > α}|1/p <∞
}
.

2. Define

〈f〉p,w := sup
α>0

α|{x : |f(x)| > α}|1/p. (1)

Prove that for p > 1, there exist two constants C1 and C2, independent of f such that

C1〈f〉p,ω ≤ ‖f‖p,ω ≤ C1〈f〉p,ω. (2)

Exercise 2. [10 points]

Let f ∈ Lp(Rn), h ∈ Lr(Rn), g ∈ Lqω(Rn), with ∞ > p, q, r > 1 and 1/p+ 1/q + 1/r = 2, prove that∣∣∣∣∫
Rn

∫
Rn

f(x)g(x− y)h(y) dxdy

∣∣∣∣ ≤ C(p, q, r, n)‖f‖p‖g‖q,ω‖h‖r, (3)

for some constant C(p, q, r, n).

Exercise 3. [10 points]

Let f ∈ Lp(Rn), g ∈ Lqω(Rn) with ∞ > p, q > 1. Prove that

‖g ∗ f‖r ≤
1

q′

(
n

|Sn−1|

)1/q

C(n, n/q, p)‖g‖q,ω‖f‖p, (4)

with 1/p+ 1/q = 1 + 1/r.

Exercise 4. [10 points]

Let 0 < λ < n and let f ∈ L2n/(2n−λ)(Rn), with f 6= 0. Prove that that∫
Rn

∫
Rn

f(x)|x− y|−λf(y) dxdy > 0. (5)


