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Exercise 1. [10 points]

Let ϑ : R → [0, 1] be a smooth function on the real line with ϑ(t) = 1 for t ≤ 1 and ϑ(t) = 0 for t ≥ 2. For d ∈ N,
α ∈ (0, d), and x ∈ Rd \ {0}, we set fα(x) := ϑ(|x|)|x|−α. Decide for which α ∈ (0, d) we have fα ∈ H1(Rd).
Hint: Use the Sobolev inequalities.

Exercise 2. [15 points]

For every ψ ∈ H1(Rd), define:

E [ψ] :=

∫
Rd

dx |∇ψ(x)|2 +

∫
Rd

dxV (x)|ψ(x)|2, (1)

E0 := inf{E [ψ] |ψ ∈ H1(Rd), ‖ψ‖L2 = 1}. (2)

1. Let d ∈ N, d ≥ 3 and V ∈ Ld/2(Rd) is real-valued. Prove that E0 is non-negative, E0 ≥ 0, provided ‖V ‖Ld/2 is
sufficiently small.

2. Let d = 2 and let ε > 0 and assume that V ∈ L1+ε(R2) + L∞(R2) is non-positive, V ≤ 0, and does not vanish
almost everywhere. Prove that E0 < 0.
Hint: Pick some ϑ ∈ C∞(R, [0, 1]) such that ϑ = 1 on (−∞, 1) and ϑ = 0 on [2,∞] and set χR(x) := ϑ( 1

R ln|x|)
for R ≥ 1 and x ∈ R2. Use χR to define a trial function.

3. Find sufficient assumptions on V in dimension d = 1 to have E0 < 0.

Exercise 3. [15 points]

Let E(ρ) be the Thomas-Fermi functional,

ETF(ρ) :=
3

5

∫
R3

dx ρ(x)5/3 −
∫
R3

dx
Z

|x|
ρ(x) +D(ρ, ρ), (3)

where Z > 0 is a fixed parameter and

D(ρ, ρ) :=
1

2

∫
R3

∫
R3

dxdy
ρ(x)ρ(y)

|x− y|
. (4)

1. Prove that ETF(ρ) is a strictly convex functional on the domain CN defined as

CN :=

{
ρ
∣∣ ρ ≥ 0,

∫
R3

ρ <∞, ρ ∈ L5/3(R3)

}
∩
{
ρ
∣∣ ∫

R3

ρ = N

}
(5)

Hint: Use that D(ρ1, ρ2) ≤ D(ρ1, ρ1)
1
2D(ρ2, ρ2)

1
2 .

2. Let

E(N) := inf
ρ∈CN

ETF(ρ), (6)

prove that E(N) is a convex function of N .


