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Summary. We establish large deviation principles for the stationary and the indi-
vidual empirical fields of Poisson, and certain interacting, random fields of
marked point particles in IR%. The underlying topologies are induced by a class
of not necessarily bounded local functions, and thus finer than the usual weak
topologies. Our methods yield further that the limiting behaviour of conditional
Poisson distributions, as well as certain distributions of Gibbsian type, is gov-
erncd by the maximum entropy principle. We also discuss various applications
and examples.

1 Introduction

The theory of large deviations provides appropriate probabilistic tools for some
fundamental problems of Equilibrium Statistical Mechanics: the existence of
pressure in the thermodynamic limit, its relation to entropy, the typical behav-
iour of extensive quantities under energy constraints, and the equivalence of
Gibbs ensembles. In fact, many of the basic ideas of this theory were developed
first in Statistical Physics, and the progress in the last two decades was mainly
to reveal the universality of these ideas in quite a number of probabilistic areas,
and to find the proper general perspectives and techniques. Although it is only
natural to apply these achievements to the original problems of Statistical
Mechanics, this seems to be done so far only in the context of lattice systems
(see [3, &, 17] and the literature cited there) and not for systems of particles
in Euclidean space. It is true that such continuous systems can be viewed as
lattice systems, but the class of interactions which can be handled in this way
is rather restricted, see [17]. It is the object of this paper to initiate the study
of large deviation principles for continuous systems by means of their own
natural properties, in particular by the powerful theory of Palm measures. (After
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completion of this work we learned that weaker results in the same direction
are obtained independently in a part of [14].)

The basic objects which we consider are the following. Let o be a configura-
tion of particles in RY, ie., in the case of unmarked particles a locally finite
subset of IR (Later on, the particles will be allowed to have a mark describing
their type or internal degrees of freedom.) Also, let (4,) be a fixed sequence
of cubes increasing to R?. We will be concerned with the asymptotic behaviour
of two different types of empirical fields of a configuration w in 4, as n— co.
On the one hand, we consider the familiar stationary empirical fields

(11) Rn,wzlAnl_l j 5.9xm(n)dx-

An

Here we write |4,| for the volume of A4,, 3.: w—w — x denotes the spatial
translation of configurations by the vector —x, and we use the standard trick
of replacing w by the periodic continuation w™ of its restriction to A,. This
periodization has the advantage of making R, , stationary (i.e. invariant under
translations), and makes no difference in the limit n— co. Besides the simple
spatial average appearing in (1.1) one can also form an average over all particle
positions in A,. This idea leads to the measure

(1.2) RYo=141"" Y 500

xewn Ay

which will be called the individual empirical field in A,. Particle-position averages
as in (1.2) are of primary interest in Statistical Physics because the energy per
volume relative to any particle interaction can be written as such an average.
They also play a major role in the statistical analysis of point processes, cf.
[10]. As a matter of fact, RY , is intimately related to R, ,. Namely, RY , is
just the Palm measure of the stationary point random field R, ,,. This key obser-
vation will allow us to obtain all results on the asymptotics of R , as simple
corollaries to the corresponding results for R, ,.

Here is an outline of our main results. Let QoR,; ! denote the distribution
of the random probability measure R,: w — R, ,, when the particle configuration
w is distributed according to the stationary Poisson point random field Q of
a given intensity. Similarly, let Qo(R2)™! be the distribution of the random
measure RY: w— R{ , under Q. Our basic result is a large deviation principle
for the distributions QoR, ! in the limit n— oo. The rate function I is simply
the (negative) specific entropy relative to @, and the underlying topology is
chosen in such a way that the mapping from the stationary point random fields
to their Palm measures becomes continuous, even if the latter are equipped
with the weak* topology associated with the class of all bounded local functions.
The large deviation principle for the sequence Q<(R9) ™! can therefore be derived
from the contraction principle. Also, a general extension principle of large devia-
tion theory allows us to replace the Poisson point random field Q by a point
random field of Gibbsian type at least if the interaction satisfies some (unfortu-
nately rather restrictive) stability condition.

The basic result for Q-R; ! is proven along the general lines of [8]. This
method shows the intimate connection between the principles of large deviations
and maximum entropy. That is, with little additional effort we also obtain a
result on the limiting behaviour of conditional probabilities of Q under condi-
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tions on R, or R?, and of Gibbsian probabilities with periodic boundary condi-
tion. The limits are precisely those which maximize the specific entropy under
the given constraint, or which minimize the specific free energy, thus giving
rise to what is known in Statistical Mechanics as the equivalence of ensembles.

The precise statement of the results above is given in Sect. 3. This section
also contains two applications, namely the principles of large deviations and
maximum entropy for the empirical distribution L, of particle marks and, in
the one-dimensional case, for the empirical process R of particle spacings.
Section 4 contains a number of illustrating examples, including a gas model
of Curie-Weiss type, the Widom-Rowlinson model, and one-dimensional models
with nearest-particle interaction (which are related to renewal processes). Most
proofs are deferred to Sect. 5. In Sect. 2 below we introduce the set-up, recall
a number of basic facts, establish the Palm relation between the empirical fields
R, and R?, and discuss their ergodic behaviour.

2 Preliminaries
2.1 Marked point random fields

To describe random systems of marked points (or particles) in the space IR?

we proceed as follows. Let S=IRY, % be the Borel g-algebra on S, and A the

Lebesgue measure on (S, #g). We often write {4] for A(4). By ¥ we denote
d

the set of all open cubes in § of the form A= [](g;, g;+ p) with g=(qy, ..., g,)€S
i=1

and p>0. p is called the side length of 4. We also let (A4,) be a fixed sequence

of cubes A,c% with side lengths p, such that 4,1 R? as n— co.

Furthermore we introduce a mark space E which is equipped with a complete,
separable metric dg, the associated Borel o-algebra %, and a finite a priori
measure g on E with u(E)>0. The phase space for a particle is X=Sx E. A
standard choice for a product metric dy turns X into a complete separable
metric space with Borel o-algebra %y =% ® Bp.

Examples. (1) If E is a singleton, X can be identified with S. This is the case
when the particles have no mark. The total mass u(E)>0 of u then just plays
the role of an intensity (= particle density) parameter.

(2) If E=1R? and y is a centered Gaussian distribution having a positive multiple
of the identity matrix as covariance matrix, we are in the classical physical
case where each particle is equipped with a velocity having a Maxwellian distri-
bution.

(3) If E=%([0, 0),R?Y and u is the Wiener measure, then each particle is
equipped with a realization of Brownian motion which may be thought of as
a description of its time evolution.

As should be evident from Examples (2) and (3), it is often reasonable to
consider not only bounded functions on E but also unbounded functions satisfy-
ing a suitable growth condition. To this end we fix a measurable function
y: E—[1, o0) which is related to u via the condition

(2.1) ue)=fe¥dpu<oo forall a>0,
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and we shall confine our attention to functions on E which are dominated
by a multiple of y. Clearly, a possible choice is yy =1.

A configuration of marked particles in R? without multiple occupancies
can be described by a pair (&, (u,)..), where the set £ S of occupied places
is locally finite, in that £n A is finite for each Ae%, and u cE is the mark
of the particle at position xeé. It is convenient to describe such a configuration
by the counting measure

(2.2) W= xuy

xeé

on (X, #y). Counting measures of this form (i.e., without multiple occupancies)
are called simple. Thus our configuration space is the set Q of all simple counting
measures on (X, #y). (This choice of Q is natural because the Poisson point
random fields considered later are supported on configurations without multiple
occupancies.) For each Be#y, the counting variable N(B): w - w(B) on Q
describes the number of particles which are such that the pair (position, mark)
belongs to B. In particular, for each Ae%g we write N,=N(A X E) for the
number of particles which are located in 4. Also, for each A€ % and measurable
h: E— [0, «0) we introduce the variable

NE=Ny(h): o— | h(u) o(dx, du).

AXE

A particularly important role will be played by the random variables N¥, A<%.
Clearly, if y =1 then N¥=N,. The space Q will be equipped with the s-algebra
F =0a(N(B): Be#y) generated by all counting variables. It is well-known [11]
that & is the Borel o-algebra for the Polish topology 1, which is generated
by the variables w — [gdw where g: X - R is bounded and continuous with
spatially bounded support.

For each 4% we shall consider also the set of configurations of particles
which are located in 4, namely Q,={N,.=0}. Q,is a G; and thus again Polish.
The associated Borel o-field %, on Q, coincides with the restriction of &# to
Q,, and the restriction mapping r;: Q—-Q,, r(w=w(-NnAxE), is F—
Z,-measurable. Furthermore, # =a(| ) r;! 7, ).

nz1

We also need to introduce the shift group @ =(9,),.s acting on Q via
(9, w)(B)=w(B+x), where B+x={(y+x, u): (v, uye B}. The mapping 9: SxQ
- Q, 3(x, w)=9, w, and all §, are measurable [11].

Any probability measure P on (@, %) is called a (simple) marked point random
field on X. We often write P(f) for the P-integral of a measurable function
f on Q. P is said to be stationary if Po9;*=P for each xeS. We say P is
of first y-order if P(NY)< + co for each Ae%. Since for a stationary P the
measure Bg54 — P(NY) is invariant under translations, a stationary P is of
first W-order if and only if there exists a number z¥(P)<oo, the -intensity .
of P such that P(NY)=z¥(P)|4] for all 4e%;. Since Y =1, it then also follows
that P(N)=z(P){4| for all Ae%B; and a finite number z(P) which is called
the intensity of B We denote by & the set of all marked point random fields
on X of first y-order, and we write %, for the set of all stationary point random
fields on X with finite -intensity. The natural o-fields on & and &,, which
we denote by 2 and 2, are defined as the smallest o-fields for which all evalua-
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tion mappings e,: P— P(A), Ae %, are measurable. It is obvious that for each
measurable function f on Q the mapping e;: P— P(f) is also measurable, pro-
vided it is well-defined. X is the Borel o-field for the weak topology 7, on
2 based on the topology 7, and the same holds for X, since &, is 1,,-closed,
cf. [11].

Nevertheless, in this paper we shall consider a finer topology 7, on & defined
as follows. A function f: Q>R is called local if f is measurable relative to
r ', for some Ae%. f will be called tame if | f|<b(1+NY) for some Ae¥
and a constant b< co. We let & denote the linear space of all tame local func-
tions. The topology 74 of local convergence is then defined as the smallest topolo-
gy on # for which the mappings e;: P — P(f), fe.%, are continuous. It follows
easily from the portmanteau theorem that indeed 74 >7,,.

From now on we assume that & is equipped with 7. The 74-closed subset
%, will be equipped with the induced topology. Observe that the y-intensity
functional z¥ and the intensity functional z on £, are 1 ,-continuous.

Next we recall the concept of Palm measure of a stationary marked point
random field. We summarize its basic properties in a remark which can be
proved in complete analogy to the well-known unmarked case [12].

Remark 2.1 For each Pe, there exists a unique finite measure P° on (Q°, #9)
=(E x Q, &y ® F), the Palm measure of P, such that

(2.3) {1 £0x, u, 9, w) w(dx, du) P(dw)=([ f(x, u, w)dx P°(du, d w)
for all measurable functions f: S x E x 2 — [0, o0), and therefore
(2.4) PO(g)={[1c(x) g(u, 9, w) w(dx, du) P(d w)

for all measurable g: E x 2 — [0, o) and arbitrary Ce % with |C|=1. In particu-
lar, P° is supported on the set {(u, w)eE x Q: @ {(0, u)} =1}, and for the marginal
up=P°(+ x Q) of P° on (E, #g) we have

(2.5) P(N(B)=A® up(B) for all Be#y

and P°(E x Q)= pup(E)=2z(P), P°(Yy ® 1)=up(y)=z¥(P). up is called the mark in-
tensity measure of P.

We now consider the mapping z°: P — P® on %,. By definition, P° belongs
to the set .#° of all finite measures on (Q° #°) for which the function y ® 1:
(u, ) > (u) on Q° is integrable. We call a function g: Q° >R local if it is
measurable with respect to #;®r 1%, for some Ae¥, and we write .#° for
the set of all local functions g on Q° which are such that |g|<by ® 1 for some
b< oo. The topology 4o of local convergence on .#° is defined as the smallest
topology on .#° for which the mappings e,: m > m(g), g€ £°, on .#° are continu-
ous. We also equip .#° with the evaluation c-algebra X° generated by the
mappings e, AeF°.

Remark 2.2 The mapping n°: % — .#° defined by n°(P)= P° is affine, injective,
measurable and 7, — T go-continuous.
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Proof. 1t follows readily from (2.4) that n° is affine and measurable. Also, for
any ge % and bounded C the inner integral on the right side of (2.4) belongs
to % This shows that n° is continuous. Finally, (2.3) implies that P can be
recovered from P°, ¢f. Lemma 12.1.1T1 of [2]. [

2.2 The empirical fields

For each n and weQ, we denote by w®™ the periodic continuation of w; ie.,

o™= 3% 9w Observe that the mapping w — w®™ is &, ~ F-measurable. The
iepn, 24

associated stationary empirical field R, , is defined by Eq. (1.1). The definition

of the individual empirical field R¢ ,, however, becomes more subtle in the pres-

ence of a mark space E. RS is now defined as a measure on QU rather than

on . Namely, in the notation of (2.2),

(26) Rr(z),a) = |An| -t j 5(u,9xw(")) Cl)(d X, d u) = l An | -t Z 5(ux,.9xw(")) .

Ap X E xe&

Remark 2.3 For all n and @ we have
(1) Ry o€, RO, M0 2¥(R, ) =| 4,1 " NY, (@);
(2) R,: >R, , i8 #,,— Zg-measurable, and
RY: w—R},is #, — X -measurable;
(3) R?,, is the Palm measure of R, ,,.

Proof. (1) The stationarity of R, follows from the periodicity of w®. By
Remark 2.1 and assertion (3), z¥(R, ,)=R2, (W ®1)=|4,| ' o(l, ®Y)=
| 4,1~ NY (o) which is finite because w(4, x E) is finite.

(2) Obvious.

(3) We verify Eq. (2.3). Let f: Sx Ex Q >R, be measurable. Then

| 4,1 §§ (6w, 8.0 L(dx, du) R, ,(d{)
= [ [fx=y.u 9, 0") 0™ (dx,du)dy

n

=Y [[fx+i—yu 9 0" wdx dudy.

iepnZ? An
This equals

[§fc—y,u 3, 0™ w(dx,du)dy
s

because 9, ;0™ =3, o™ for all iep,Z". Since Lebesgue measure is reflection
invariant we arrive at the expression

o u 9,0 dyw(dx, du)
=4, [ f,u, ) dyRy (du,dl). O
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The remark above shows that the periodization of @ has great technical
advantages. In the topology of local convergence the effect of this periodization
becomes negligible if n— o0, as we will now show. It will be convenient to
consider R, as an r; ' %, -measurable function on Q.

Remark 2.4 For each fe ¥ and Ped,,
2.7 IR, (f)=14,17" | fo9,dx]|-0
An

in I} (P)-norm as n— c0.

Proof. Let Ae% be such that f is r;'#;-measurable and |f|<b(1+ NY) for
some b>0. Then f(9,w)=f(3,0™) for all n and x such that 4+xcA, and
all we Q. Writing 94, =|{xe4,: (4+x)\4,+0}|, we thus obtain

IRy o(f)—14,17" | f(8,0)dx|

S[4,0710 | 2+ NYi o (@) + NY, o (0) dx.

Ay
Since |4, ™! |04, —0 as n— oo, it is sufficient to prove that
JNYs (™) + NY, (@) P(dw)=22"(P)|4]
for all Pe#, and xe&S. But clearly P(NY, )=2z%(P)|4|. On the other hand,
JNYys (™) P(dw)=P(Nf, )=2*(P)|4s,l,

where 4, ,={yed,: y+ied+x for some iep,Z*}. Since |4, ,|=|4+x|=|4],
the remark follows. [

The empirical fields R, and R? exhibit the expected ergodic behaviour as
n — co. Indeed, suppose PeZ, is ergodic, i.e., P is extreme in %,. Wiener’s multi-
dimensional mean ergodic theorem then implies that

|47 | fo8,dx—>P(f) in L'(P)

for all feL!(P). By the last remark this implies that R,(f)— P(f) in L'(P) for
all fe % It follows that

(2.8) T4—1lim R,=P in P-probability.

In view of Remarks 2.2 and 2.3 we also obtain that

(2.9) Tgo— lim R2=P°  in P-probability.

n—>o0

The aim of this paper is to show that the convergence in (2.8) and (2.9)
is exponentially fast, at least if P is a Poisson point random field or not too
far away from such a field. The speed of this convergence can be described
in terms of specific entropy.
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2.3 Poisson random fields and specific entropy

We let Q denote the Poisson point random field on X with intensily measure
A® u. By definition, Q is the unique (simple) marked point random field such
that, for any choice of disjoint and spatially bounded sets By, ..., B, in %y,
the counting variables N(B,), ..., N(B,) are independent and Poisson distributed
with parameters A® u(B,), ..., A® u(B,). It is easily seen that u,=p and thus
z(Q)=pu(E), cf. (2.5). Note also that under Q the marks of all particles are iid
with distribution p/u(E). Later on, we will also consider Poisson random fields
with a mark intensity measure v different from p. We then shall write Q¥ for
the sake of distinction. Thus Q=0*

Next, we introduce the specific entropy of any Ped, relative to Q. For
each Ae% we write P,=Por;" for the projection onto (,, %#,). The relative
entropy of two measures on the same measurable space is defined by

v JBA—f+flogf) if a=fB
(210 I B )_{oo else.
It is well known and easy to see that I(x; f)=0 with equality if and only if
a=f. For probability measures « and § we have

(2.11) I(2; B)=sup [a(g)—log f(e*)],

where the sup extends over all bounded measurable functions g on the underlying
space. A proof of (2.11) can be found in [19], for example. It follows readily
from (2.10) that I(x; ) equals «(1) times the relative entropy of the normalized
measures o/a(1) and /B(1), plus the relative entropy of the Poisson distributions
with parameters o(1) resp. B(1). The (negative) specific entropy or mean entropy
of any Pe%, is now defined as

(2.12) I(Py=1lim | 4,|™" I(Py,; Q4,)-

n—>o0

The following properties of I can be proved in the same way as the analogous
results for lattice systems, cf. [7].

Remark 2.5 (1) For all Pe%,,

(2.13) I(Py=sup|4|™" I(Py; Q)
Ae¥

In particular, I(P) does not depend on the choice of the sequence (A4,).
(2) The functional I: %, — [0, co] is affine.

A further fundamental property of I is stated in the next proposition which
will be proved in Sect. 5.1.

Proposition 2.6 The level sets {I<c} are compact and sequentially compact in
T4. Thus I is lower semicontinuous relative to 14 and any coarser topology on
1779
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3 Statement of results
3.1 Large deviations

Our main result is a large deviation principle for R, relative to Q. Large deviation
principles for R? and certain Gibbsian point random fields then follow as an
immediate consequence. In fact, we state these principles in the more general
form of Laplace approximation, i.e., we consider exponential integrals of func-
tionals F(R,) of R,, or of functions which are asymptotically close to such func-
tionals. To simplify the statement we introduce the following concept. We say
that {(F,), F} is an asymptotic empirical functional, if F: % —(— o0, 0] is a
function satisfying F= —b(1+z¥) for some finite constant b, and (F) is a
sequence of &, -measurable functions F,: £, — (— o0, co] such that

(3.1) [|4,17 E,—F (R <05 (1+2*(R,)

for a sequence 6% —0. Here we use the convention oo—oo=0. For each
F: %) —(— o0, o] we let F**° and F,, denote the semicontinuous regularizations
of F. That is, F,_ is the largest lower semicontinuous minorant and F"*° the
lowest upper semicontinuous majorant of F.

Theorem 3.1 For any asymptotic empirical functional {(E,), F},

(3.2) limsup [4,]” "' logQ,, (exp(—F)) < —inf[I +F]
and
(3.3) liminf|A4,|™! log Q4 (exp(—F,))= —inf [1 + F*<].

Theorem 3.1 will be proved in Sect. 5.3. As an application we obtain a similar
result for functionals of the individual empirical fields R?. Since R%=nr°(R,),
this simply amounts to considering asymptotic empirical functionals with an
F of the form F=Gon° for some G: #°—(— o0, w]. In other words, we only
need to apply the contraction principle [19] to the continuous injection =°.
This gives the following result.

Corollary 3.2 Consider an asymptotic empirical functional of the form
{(G,), Gor®} for some G: M° —(— o0, 00]. Then

lim sup IAn I -t log QAn (exp(~ Gn)) é —inf [IO + Glsc]

and
lim inf|4,|"* log Q4 (exp(—G,))Z —inf [I° + G*],

n—> o0

where I°: #° — [0, 0] is defined by

(3.4) 10 (m):{I(P) if m=P° for a (necessarily unique) Pc,

+o0  else.

I° has t yo-compact level sets.
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It is important to note that Theorem 3.1 and Corollary 3.2 can be extended
immediately to the case where the Poisson random fields Q4 are replaced by
marked point random fields of Gibbsian type allowing for a dependence of
particles. These are defined in terms of an asymptotic empirical functional
{(F,), F} via the formula

(3.35) Q5=QAM(9_F")_1 e fr 04,

For more details on this straightforward extension we refer to Corollary 1.5
of [8], and to Boltzmann’s principle in [3] and [21]. Some applications will
be discussed in Sect. 4.

3.2 The maximum entropy principle

As we have noted in the introduction, the large deviation principle is intimately
related to the maximum entropy principle which refers to the asymptotic behav-
iour of the Gibbsian measures Qf as n— co. In this context it is convenient
to think of Qf as an element of 2 which is supported on @, , and it is worthwhile
to note that Q is equal to a conditional probability of the form Q, (-|R,eK)
with KeZy when F,= 00 1z 41

Theorem 3.3 Let {(F,), F} be an asymptotic empirical functional and suppose that
each F, is a function of R,. If, in addition,

(3.6) inf [I + F.]=inf [I + F*] < oo

then (QF) is sequentially compact, and each accumulation point QF, of (QF) is
the barycenter of a Borel probability measure on the compact set

3.7) MF={Pe#,: 1(P)+ F(P)=inf [I + F,.]}.

By the last sentence we mean that QF =[P w(dP) for a probability measure
w on the Borel g-algebra on M. Note that such an integral representation
makes sense because the evaluation mapping e, is continuous for Ae U r 17,
and thus Borel measurable for all Ae #. Ac¥

Condition (3.6) is clearly satisfied when F is continuous and not identically
+ 00 on {I<oo}. It is also satisfied when F is convex and {F** <o} {I <o}
+0; see, e.g., [8, 21]. If MF is a singleton (which certainly holds when F is
strictly convex) then (QF) converges to the unique element of M. As an immedi-
ate consequence of Theorem 3.3 we obtain again its counterpart for functionals
of the individual empirical fields R2.

Corollary 3.4 Consider an asymptotic empirical functional of the form
{(G,), Gor®}, where G: M° ~(— o0, 0], and suppose each G, is a function of
R,or RS If

(3.8) inf[I° + Gy, ] = inf[I° + G**] < oo,

then (QF) is sequentially compact, and each accumulation point of (QF) is the
barycenter of a Borel probability measure on the compact set

(3.9) MS={PeP,: I(P)+ Gy, (P*)=inf [I°+ G,;.]}.
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The corollary above can be used to prove the asymptotic equivalence of micro-
canonical and grand canonical Gibbs distributions for suitable interactions. We
do not go into this here because the arguments are similar to the lattice case
discussed in [3, 8]. Some specific examples will be considered in Sect. 4.

3.3 Application to the empirical distribution of marks

Let .#y denote the space of all finite measures v on (E, #p) with v(})< oo,
equipped with the topology 7., which is generated by the space % of all
measurable functions h: E—>R with |h|<by for some b< 0. For each n=1
and we, of the form (2.2) let

(3.10) Lyo=|4,1""[3,0(dx, du)=|4,]"" Y. 6, €.

xeé

denote the empirical mark intensity measure of w in 4,. L,: w— L, , is related
to the other empirical fields via the identity

(3.11) L,=ng(Ry)=mgen’(R,) =g,

Here mg: J4° — M, is the marginal projection defined by ng(m)=m(- x ), and
Ug, 1is as in Remark 2.1. By the definitions of 740 and 74 _, 7 is continuous.

We consider the relative entropy functional Ip: 4 — [0, «o] defined by
I.(v)=1(v; u), ve M. Iy is convex and strictly convex on its effective domain
{Ig< + }. The significance of Iy becomes clear from the proposition below
which will be proved in Sect. 5.2.

Proposition 3.5 If ve. 4 then for each PeZ, with up=v we have
(.12 I(P)=1,(P)+1x(v),

where 1, denotes the specific entropy relative to the Poisson point random field
Q" on X with intensity measure A® v. Hence

(3.13) ;M= inf I(P),

PePoiup=v
and Q" is the unique probability law in %, attaining the infimum. In particular,
I has compact level sets.

As an obvious consequence of this proposition and Corollaries 3.2 and 3.4 we
obtain the following large deviation principle of Sanov-type and a limit theorem
of Csiszar-type; cf. [1].

Corollary 3.6 Let H: My—(— 00, ] be such that HZ —be, for some b<
and, for each nz=1, H,: Q, —(— o0, co] a measurable function such that

(3.14) 104,17 H,— H(L)/1+ L, ) - 0
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as n— co. Then

lim sup ‘Anl_ ! IOg QAn(eXp(_Hn))é Minf[IE_i_Hlsc]
and
liminf|4,|”" logQ, (exp(—H,)) = —inf[I;+ H™].

n—>ow

Suppose in addition that each H, is a function of L, and H satisfies
(3.15) infl{lg+ Hy, | =inf[I; + H*] < co.

Then (QF) is sequentially compact, and each accumulation point of (Q¥) has the
form { Q7 w(dv) with a Borel probability measure w on the compact set {Iy+ H,q,
=min}.

3.4 Application to one-dimensional systems

We will now specialize our results to the case of space dimension d=1. Thus
S=IR, the real line. We confine ourselves to the case of unmarked particles.
Hence E is assumed to be a singleton, so that X can be identified with S=R
and Q° with ©, and Q is the Poisson point process on R with intensity z:=u(E)
>0. We are interested in the sequence of spacings between the particles. First
we recall that, for each Pe&,, P° is supported on the set

Q% = {we: 0({0}) =1, w(— 0, 0)=w(0, )= o0},

cf. [11]. For each we Q% we let o(w)=(0,(w));.z denote the sequence of spacings
between the particles of w. By definition,

o (w)=min{x>0: o({x})=1},

0 1(@)=06%,+..+.+s0) for iz1, and similarly for i<0. The mapping o:
o — o (w) is a bimeasurable bijection from Q% onto the sequence space Q* =
(0, c0)? with its usual o-algebra [11]. For each Pe &, we let P¥ =P%:¢ ™! denote
the image of P° under o. It is well-known [11] that P* is invariant under
the shift = on Q¥. Hence P*e#F, the set of all finite t-invariant measures
on Q% We equip .# with the evaluation s-algebra and the topology Tes
induced by the class #* of all bounded cylinder functions on 2%.

Remark 3.7 The mapping n*: 2, —» % defined by n* (P)= P* is affine, measur-
able, T, — T g«-continuous, and injective with image

¥ (Py)={pedF: p=0 or p(r)=1}.

Here r;: Q% —(0, 00) is the projection onto the i-th coordinate.

Proof. We only prove the continuity of n* because all other assertions are
obvious or well-known [11]. So let he ¥ *. By z-invariance, we may assume
that h only depends on the coordinates 1, ..., k. For each ¢>0, the mapping
R=hoo 1, 4 +mey on Q° is F, measurable and thus belongs to £°.
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Remark 2.2 therefore implies that the mapping P — P°(h,) on %, is continuous.
But

sup |[P*(h)—P°(h)| S|kl sup p(ri+...+r>10)
(Ze)

PePg pen*
sklhl/t.

Hence P — P*(h) is a uniform limit of continuous functions. [J
For each n=1 and weQ, we consider the empirical spacing process R,
k
=n*(R, ). More explicitly, if o= ) 8, with x, <...<x, and (x,);.zis the canon-

i=1
ical enumeration of the points of ™ then

k
(3.16) RY,=14,71 Y0
i=1

j=

(Xi4 5417 Xi+jdic 2

Up to the intensity factor w(4,)/|4,], Ry, thus equals the average of the Dirac
measures at the finitely many translates of the periodic sequence of spacings
between the particles of Q™. We define a functional I*: .#* — [0, oo] by setting
I*(p)=zif p=0,

1
(3.17) I#(p)=p(1),}im 1a, /P (1); 7%

if p(1)>0 and p(r,)=1, and I* (p)=oco0 if p¢n*(2). In (3.17), 7y stands for the
exponential distribution on (0, co) with parameter z=pu(E), and p; 4
=po(ry,...,r) " *. This means that, in the nontrivial case, I¥(p) is precisely
the (negative) specific entropy of the normalized measure p/p(1) relative to v,
times the total mass p(1) of p. The significance of I*(p) comes from the following
result of Papangelou [15]; cf. also [2].

Proposition 3.8 For each Pe%,, I(P)=I1"(P*).

(As a matter of fact, this equation is proved in [15] under two hypotheses
(I) and (II) which can be shown to hold except when I(P)=co=I1%(P¥). We
omit the details.) The following corollary to Theorems 3.1 and 3.3 is now immedi-
ate.

Corollary 3.9 In the setting described above, let G: MF —{— o0, co] be such
that G(p)z —b(1+ p(1)) for some b< oo and, for eachn=1, G,: Q, —(— 0, ©]
a measurable function such that

(14,17 G, =GR/ +]4,] " N, )| -0
as n— oo. Then

limsup |4, "' logQ, (e” %)< —inf[I* + Gy, ]
and
liminf|4,|™' logQ, (e~ %)= —inf [I* + G**].

n— oo
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If, in addition, each G, is a function of R, and the right sides of the preceding
inequalities are equal and finite then (QP) is sequentially compact and each accumu-
lation point of (QF) has the form [P, w(dp) with a Borel probability measure
w on the compact set {I*+ G, ,=min}. Here P, is the unique element of %,
with n*(B)=p.

4 Examples

This section contains some typical applications of the results above. In the
first three examples, the underlying asymptotic empirical functionals only depend
on the empirical mark intensity measures L,; so these examples refer to Corol-
lary 3.6. The subsequent examples are devoted to the more interesting case of
particle systems with a position-dependent interaction which can be expressed
in terms of the individual empirical fields RY.

Example 4.1 The ideal gas. Here we consider Example (2) of Sect. 2.1. That
is, we set E=IR? and think of the elements veE as the possible velocities of
the particles. The a priori mark distribution p is the standard Maxwellian veloci-
ty distribution, i.e., u(dv)=Q2n)~4* exp[ —|v|*/2] dv. (We refrain from consider-
ing the more general case of dispersion #1 and intensity 1 because this gives
no additional insight.) A natural choice for the growth function ¥ is Y (v)=1+4|v],
veE. We are going to apply Corollary 3.6 to functionals H on .#; which only
depend on the intensity v(E)=0 and the (normalized) mean m(v)=v(v)/v(E) of
ve Hy. Here we write v for the identity function on E, and we leave m(v) unde-
fined when v=0. Note that for each n=1 and weQ, , L, ,(E) is just the particle
density of w in A4,, whereas m(L, ,) is the average velocity (=the velocity of
the barycenter) of the particles in w. We consider the events

A,={weQ, ra<L, ,(E)<b,|m(L, )| >c},
where 0<a<b< o0 and 0Z ¢ < o0. These correspond to the set
K={vedy: a<v(E)<b, |m(v)|>c}.

In view of our choice of i, we have 1€.%,; and ve %¢. Hence K is tz-open,
and its closure is obtained by admitting equality in the inequalities defining K.

Let u,, be the Gauss distribution on E with mean meR? and standard covari-
ance. Following the strategy of the proof of Proposition 3.5 it is easy to show
that, for each ¢=0, g u,, is the unique measure minimizing Iy among all ve.#;
with v(E)=q and m(v)=m, and this minimum is given by J(g, |m|), where

J(qo’”)=1—q+q10gq+qr2/2, q,r=0.

We thus can conclude that (3.15) holds for H= o0 1., and Corollary 1.6 yields
that

lim lAn | -t lOg QAn(An) = - J(q*’ C)

and
Te—lim Q, (+[4,)=0%:=[ Q7" p(dm).
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Here g*=(e”“/*va)A b, and p, stands for the normalized surface measure on
the sphere {|-|=c}. (For the second assertion we use the fact that the conditional
distributions Q4 (+|A4,) are invariant under simultaneous rotation of all veloci-
ties.) It is no surprise that the limiting measure Q* is a mixture of Poisson
point random fields with Maxwellian velocity distributions with means of modu-
lus ¢, but is less obvious and interesting to note that the intensity g*=z(Q%*) .
depends on the choice of ¢. This shows that the condition of untypically large
average velocities favours small particle nambers. []

Example 4.2 A Curie-Weiss gas model. Here we let E be the unit sphere in
R4 and the elements seE are thought of as the possible spins of the particles.
We let u denote the normalized surface measure (resp., for d =1, the equidistribu-
tion) on E, and we set y=1. We are interested in the functional H on 4
defined by

H)=—|v(0)I*/2v(E)  (ve\{0}),

where ¢: E — E stands for the identity map. For v=0 we set H(v)=0. H is
continuous and satisfies H(v)= —v(E)/2 for all ve #;. Foreachn=1 and weQ,
we define H,(w)=|4,| H(L,,,). More explicitly, if o= é, ,, with a finite non-
empty £« A4, and s e E then xel

H,(w)=—(card &)™ 1% Y s,-s,.

x,yel

Thus H, is the Hamiltonian of a system of spinning particles in A, where any
two particles x, ye¢ interact with an exchange energy —(card¢)™'s,-s,. We
will apply Corollary 3.6 to the functions {(8 H,), f H}, where f>0 is a tempera-
ture parameter. So we need to determine min[I;+ fH] and the measures on
E for which this minimum is attained. To this end we introduce the probability
measures

p=e"? p/u(e"),  heR"

It is easy to see that for each meR? with |m|<1 there exists some h=h(m)cR?
with g, (0)=m. Now let ve.#; and suppose v is not supported on a single
point. Writing g =v(E), we can find an heR” such that v(¢)=q u,(0). A straight-
forward computation yields

(4.1) 1)+ BHE)=1(v; q 1)+ (g 1h)),

where J; is defined as follows. Let o,: E—[—1, 1] denote the projection on
the first coordinate and set ¢(r)=log u(¢"*'), reR. By rotational invariance of
p we have | u,(0)|=¢@'(|h]) for all heR%. Now J;: [0, o0)? — [0, co) is given by

“4.2) Jp(g, r)=1—q+qlog q+q P4(r)

with @5(r)=r ¢’ (") —B ¢’ (r)?/2— ¢ (r).

From (4.1) we conclude that inf[Iz+pH]=infJ; and {Ip+fH=min}
={q my: Jy(q, |h])=min}. To find the minimal points of J; we first seek those
of @;. Since Pp(r)=¢"(r)[r—PF¢'(r)] and ¢"(r) is the variance of o, relative
to Uy, 0,..., 0y P3(r) can only vanish when ¢’(r)=r/p. This equation always admits
the solution r=0. If d=1 or d=3, a result of Ellis and Newman [4] shows
that ¢’ is concave on [0, o0). Since ¢ (0)=u(o})—3 u(c?)? <0, this implies that
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the function r— ¢'(r)/r is strictly decreasing on [0, o). In the case d=2, the
same conclusion can be derived by means of an explicit expansion of e?. Conse-
quently, if ¢”(0)<1/p then @j(r)=0 only when r=0, whereas in the case ¢"(0)
>1/p there exists a unique r*=r(f)>0 such that ¢'(r*)=r*/f and thereby
D4 (r*) <0=@4(0). Noticing further that ¢”(0)=pu(c})=u(c|*)/d=1/d we end
up with the following conclusion:

For 0= B=d, @, attains its minimum O precisely at r=0, whence J; reaches
its minimum 0 exactly when g=1, r=0. In the case f>d, @, has a negative
minimum which is attained at r* only, and {J;=min}={(¢g*, r*)}, where g*=
q(B)y=exp [ —@4(r*)] > 1. Corollary 3.6 thus implies that

. _ B 0 if 0<p=d
1 BH,y = U,
lim |4,/ 10g 0, (¢ {qm oot
and
(0 for 0<B=<d,
lim O, {Q*==§Q"*“hp,*(dh) for f>d.

Here p,. stands for the normalized surface measure on the sphere {heR%:
|h|=r*}, and we have used that Q8 is invariant under simultancous rotation
of ali spins. Hence, at the critical point f=d there is not only a transition
of the average magnetization of typical configurations from 0 to the modulus
m(B)= ¢ (r(p))>0, but also a change of the particle density from 1 to g{f)> 1.
To conclude, we remark that the behaviour of ¢(ff) and m(p) near the critical
point is given by

4B -1~ (B—dp and m(p)~d @ +2) (B as Bl

We also note that the results above can easily be extended to the case when
the spin space E equals the whole R? and y is suitably chosen. []

Example 4.3 Brownian particles with constraints on the displacement of their
barycenter. In this example we set E={{e% ([0, 1],IRY: {(0)=0}. Each (€E
is interpreted as a possible time evolution of a particle; that is, a particle at
position x with mark { is considered to move along the path (x+{{t)o<,<1
during the time interval [0, 1]. E is equipped with the uniform metric and the
Wiener measure y on the associated Borel o-algebra %,. We choose the growth
function Y({)=1+ ||, where ||+| is the sup-norm. By abuse of notation, we
also use the symbol {(t) to denote the projection mapping { > {(f)on E, 0<¢<1.
We consider the expected path n(V)=W({C(1)/v(E)o<,<1 of any ve#y, v+0.
Since |{(t)| £ for all t, the dominated convergence theorem shows that n(v)eE
for all 0% ve.#,. Moreover, it is easily seen that the mapping v —n(v) on .#;\ {0}
becomes continuous if E is equipped with the topology of pointwise convergence.
Let % < E be open in this topology and define

A,={Ny =1,n(L)e%}.

Note that for each w= ) 8., . ,€Q,,

xeé

N(Ly,o)=(card &)™ 3 L (Do<i<1

xe&
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describes the path of displacements of the gravicenter of the particles in .
So A4, is the event that this path belongs to the prescribed set . To apply
Corollary 3.6 we recall that, for each neE, I takes a finite value on {ve./#y:
v(E)=1, n(v)=n} if and only if # is absolutely continuous, and in this case
we have

min Ip({veMy: v(E)=1, n(v)=n})=J():=% [ 171> dt
0

and the unique measure attaining this minimum is u,, the Wiener measure
with mean 7, i.e., with deterministic drift #. This is a well-known fact in connec-
tion with Schilder’s theorem on large deviations of Brownian motion; see, for
example, [5]. Using the remark below (2.11} we conclude that

minlg({vedy:v=0 or n(v)=n})=1—e"7®

with unique minimizing measure v=e~’® y,, provided neE is absolutely contin-
uous. Suppose now % is convex and contains an absolutely continuous # with
J ()< oo. Then c*:=min J(cl ¥)=inf J (%) < o0, and there exists a unique n*ecl %
with J (7*)=c*. Setting u*=e ™ U, we thus obtain from Corollary 3.6 that

vy~ lim Q, (-]4,)=0".

n—> o

We note again that the condition of an untypical displacement of the barycenter
leads to a lowering of the intensity from the a priori value 1 to the value
e . O

So far we only considered functionals of the empirical mark distribution
L, which contains no information on the position of the particles. We now
turn to the more general case of functionals of the individual empirical fields
RY. Namely, we consider asymptotic empirical functionals {(G,), G} with a func-
tional G of the form G=e,°n°: P— P°(g) on %, where g: (u, ©) > g(u, ) is
a function on Q° which should be interpreted as the contribution of a particle
at the origin of type u to the total energy of all particles of w. Formally, this
includes the case when G, is the Hamiltonian (with periodic boundary condition)
relative to a translation invariant pair interaction. Unfortunately, the associated
function g fails to be bounded even if the pair interaction is bounded with
bounded support, so that this important case does not fit directly into our
setting. Fortunately, it is not too difficult to adapt our techniques to the case
of hard core interactions [9], and using some ideas of [14] one can also treat
the case of superstable interactions. Here we will discuss two other interesting
types of interaction which are covered by the results of this paper.

Example 4.4 The Widom-Rowlinson model. This is a model of possibly penetrat-
ing balls whose interaction depends on their degree of penetration. Let B denote
the unit ball (or any other bounded figure) in R? and E=[0, q] for some g>0.
A particle at position x with mark reE is visualized as the ball x4 rB with
center x and radius r. We set =1 and let u be any finite measure on E.
For each n=1 and we, we consider the expression

Gn(w)zl U (X+7'B)nl— Z I(X+VB),,’

(x.r)ew {x,r}ew
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which measures the degree of overlap of the periodized balls
(x+rB),={yed,: y+iex+rB for some iep,Z*}

with (x, r)ew. Here we have identified w with its support. G,(w) is the Hamilton-
ian of Widom and Rowlinson [20] in 4, with periodic boundary condition.
As we will see below, the one-particle contribution to G,(w) is given by the
function

g o)y=— [[1-oB@) *1dy,

rB

where (r, 0)eQ° and B(y)={(x, )eS x E: yex+rB} corresponds to the set of
all balls containing y. We note first that w(B(y))=1 whenever (0, r)ew and
yerB. Hence 0=g= —q¢*|B| and thereby ge #°. The associated functional
G: P— P°(g) on &, is therefore continuous. Using (2.3) and the reflection invar-
iance of Lebesgue measure, we see that this functional is given by

G(P)=—{{1,5(—x)[1—o(B(—x))" "] dx P°(dr, dw)
=~ L+ sO[1—0(BO) ] w(dx, dr) P(dw)
= —P(l{N(B(O)); 1}[N(B(0))“ 1])
=P(N(B(0))=1)—P(N(B(0))).

In particular, for each n=1 and weQ, we find

|4,l GR, )= § [1{9yw<m(3(0)); 13— '93; ™ BO)]dy=G,(w)
An

We consider the asymptotic empirical functionals {(8G,), f G}, where >0 is
a temperature parameter. (Note that Widom-Rowlinson Hamiltonians with
other than periodic boundary conditions would also satisfy (3.1).) First, Corol-
lary 3.2 asserts that the “pressure”

p(B)=1lim |4,]" " logQ,,(e™"%)

nR—> 0

exists and equals —inf[I°+ Be,]. This is usually called the Gibbs variational
formula. Using the extension of Theorem 3.1 which was mentioned around (3.5),
we obtain further that the distribution of R, under the periodic Gibbs distribu-
tion QFfY satisfies a large deviation principle with rate function I**=1+8G
+p(f). Finally, Corollary 3.4 shows that each accumulation point of the
sequence (Q£€) belongs to the convex compact set M#%={J#¢=0}. M*¢ coin-
cides with the set of all Gibbs measures for the Widom-Rowlinson interaction
at inverse temperature f. To see this one might identify Q with (@, ;)0 by
subdividing § into disjoint unit cells, and then apply the variational principle
of Lanford and Ruelle, cf. Theorem 15.39 of [7]. In particular, if d=1 or §
is small we may conclude from Theorems 8.39 and 8.7 of [7] that M#€¢ contains
a unique element F;. Thus in this case Q4¢— B as n— o0, and F; is also the
limit of microcanonical Gibbs distributions; cf. the discussion in Sect. 2.3 of
[8]. On the other hand, it is known [18, 20] that M*¢ is not a singleton when
dz2, B is large, and u=z9, for some specific large number z=2z(f)>0. This
is the reason for the physical interest in this model. O
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Example 4.5 One-dimensional systems with nearest-particle interaction. Here we
consider the setting of Sect. 3.4, ie, d=1 and E is a singleton. We fix any
bounded measurable function ¢: (0, co)— IR (which is not constant Lcbesgue-
almost everywhere) and look at the functions

Gn:IAnl RS((DOO—I):lAnI Rf(q)orl)

k

on Q, ,nz1. Foreachnand w= ) 6,62, withx, <...<x, we have
i=1

k-1

G,(w)= Z @11 —X)+ (X1 +Ppy—Xp).-

H

That is, G, is the Hamiltonian in 4, with periodic boundary condition for
the interaction potential ¢ between nearest particles. We are interested in the
events

(4.3) A,={weQ, : G,(w)>aw(d,)}

that the interaction energy per particle exceeds a given number a. Clearly, 4,=
{R}¥eK,}, where

K,={ped’: p(peor))>ap(l)}.

K, is convex and t 4 «-open. To apply Corollary 3.9 we note first that
inlfl#(p)zinf{pl(l) Ipi/p(1);7): p1(n)=1, pr(@)>ap, (1)}
PERq
=inf{a(r)” " I(a; y): a(@)>a}.

Here r stands for the identity map on (0, ), the first infimum extends over
all finite measures p, on (0, 0} which are the one-dimensional marginal of
some peK,n {I* < oo} and the second over all probability measures « on (0, o)
with the stated properties. (Note that a(r) < co whenever I(x; y) < 00.) To identify
the second infimum we introduce the function

(4.4) c(b)=inf{I(x; y): (¢)=Db},

where @=(p, r), beR? and the inf extends over all probability measures o
on (0,00) with a(@)=>b. Clearly, c(b)=0 with equality precisely for
b=y(@)=(y(¢), 1/2). It is well-known that

4.5) c(b)=sup[t-b—logy(e 9],
relR2

and c¢ is essentially strictly convex and essentially smooth, cf. [16]. Moreover,
for each beint {c < o0} the supremum in (4.5) is reached precisely for t=grad c(b),
and the associated measure y,=e"'? y/y(e"?) is the unique « attaining the infimum
in (4.4). Finally, if ae(ess-inf ¢, ess-sup @) then there exists some m>0 with
(a, meint{c< oo}, and thus a unique m,>0 which minimizes the function
m— c(a, m)/m. Also, using the essential strict convexity of ¢ and the fact that
c((@), z~1)=0 one readily sees that the function J: a - c(a, m,)/m, is strictly
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increasing on (y(@), ess-sup ¢), and the essential smoothness of ¢ implies that
J is continuous. It is also easy to check that J(a)<z for all these a. Combining
all these facts we can conclude that

inf I*(p)= min I*(p)=c(a, m,)/m,=J(a),

pekK, peclK,

and the unique measure pecl K, minimizing I* is p=m; ' (Jgraqe(a,my)* Corol-
lary 3.9 thus gives the following result: If y(¢p)<a<ess-sup ¢ and A4, is defined
by (4.3) then

lim |4,|” " log 04, (4,)=—J(a)
and
lim Q4 (*|4)=£F,

n—* oo

where Ped, is the stationary renewal process with spacing distribution
Varadea,my- 1NOte that the second component of gradc(a, m,) equals J(a)>0,
whence m, is larger than the value of m which minimizes c(a,-). This means
that the spacing distribution of P, is not the distribution o which minimizes
I(2; v) under the constraint a(¢)= a, but a distribution with a larger expectation.
In other words, the intensity of P, is smaller than one might expect at a first
sight. O

The preceding example is only one of the simplest applications of Corol-
lary 3.9. More generally, one can consider conditional probabilities involving
functions of two subsequent spacings, and show that these converge to Wold
processes (with a Markovian distribution of spacings). Even more generally,
it is also clear how point processes with a Gibbsian distribution of spacings
appear as limits of suitable conditional Poisson distributions.

5 Proofs
5.1 Equiintegrability of tame local functions

Here we deal with some problems which arise from the fact that the class &
defining the topology t4 on %, contains all tame, rather than only all bounded,
local functions. (Recall that it is this choice of ¥ which makes the Palm mapping
7°: P— P° continuous.) Namely, we will show that, for each 4e% and ¢>0,
the function NY is equiintegrable relative to all P in the level set {I<c}. In
particular, this will give us the compactness of {I<c} in the topology t,. We
shall use the following easily verified properties of the Poisson random field Q.

Lemma 5.1 For all bounded Ac%Bg and measurable functions h: E — [0, o),

(5.1 Q(exp[§ Ny log NyJ)< o0
and
(5.2 O(exp Ny(m)=exp[| 4] u(e"—1)].

Here is the above-mentioned resuit on the equiintegrability of NY.
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Lemma 5.2 For each ¢20, ¢>0, and bounded Ac%Bg there exists some
b=b(c, &, 4)< oo such that for all Pe{I<c}

P(NY 1{1\1'5J > ) <&

Proof. Let ¢, &, A be given and Pe{I<c} arbitrary. We set a=4|4|c/e. In
view of assumption (2.1) and the dominated convergence theorem, there exists
a number s> 0 such that

Si—plexplay 1y gl —1)<ea/4|4].

From formulas (2.11) and (2.13) we can conclude that for each r; ' #,-measurable
function =0

(5.3) P(f)—logQ(e")<I(P; Q)= 4]c.
Applying this to f=a N, (¥ 1. 4) and using (5.2) we obtain that
PN, Ly ) S| 4] ca+ 4] 3a<s/2.
Setting f=3% N, log N, in (5.3) and using (5.1) we find further that
P(Nylog NJ)<2|A4|c+2logQexp[§ NylogN,])
=:¢y < 00.
Hence, for sufficiently large n we have
P(Ny1y,>p)=ci/logn<e/ds.
Observe now that
NY<sNy+ Ny ly>s)-
We thus can write
P(NY Liys > ) S5 P(Ny Logw =)+ PN (U 1gy5 )

<SP(Nyliy,>m)+snP(NY>b)+e/2
<3&/4+5nP(NY)/b.

On the other hand,
P(NY)SsP(N)+¢/2=sn+3g/d=:c,.

The lemma thus follows by choosing b so large that sne,/b<e/d. [

The lemma above is an essential ingredient of our arguments. Here we will
use it to show that the level sets of I are compact in our topology 7.

Proof of Proposition 2.6 It follows immediately from (2.13) and (2.11) that I
is lower semicontinuous. Hence, its level sets are closed. To prove their compact-
ness we let ¥ denote the space of all bounded local functions and 74, the
associated topology on %,. By the same arguments as in Propositions 15.14,
4.9 and 4.15 of [7] it follows that the level sets of [ are compact and sequentially
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compact in Tg,. (Note that any additive set function on the algebra  }r;'%,

Ae¥
which is g-additive on each r;'#, admits a unique extension to a measure
on & because each (2, %,) is standard Borel) It is thus sufficient to show
that the topologies 74, and 7, coincide on {I<c} for any ¢=0. So let fe ¥
and Ae% be such that | /| <b(1 + NY) for some b < o0. For each neN, the func-
tion f,=f 1 <,y then belongs to &*, and Lemma 5.2 shows that e, converges
to e, uniformly on {I=c} as n— co. Hence e, is Tg4s-continuous on {I<c},
and this implies that 1o =14, on {I<c}. [

5.2 Comparison of different Poisson random fields

In this subsection we study the relationship between Q and Q” for an arbitrary
ve#y. In particular, we shall prove Proposition 3.5. The basic fact is stated
in the lemma below.

Lemma 5.3 Suppose ve #y is u-continuous with density h. Then, for each bounded
AedBg, Q) is Q »~continuous with density

(5-4) fi=exp[Ny(log h)+| 4| (u(E)—v(E))].

Here we use the convention that f} =0 on the set {N(4 x {h=0})>0}.
Proof. Obvious. []

Proof of Proposition 3.5 Let ve #y and Ped, with up=v be given. To begin,
we note that if I(P)<oo then v<pu. Indeed, for each Cedg with |C|=1 we
have B.<Q. because I(F; Qc) S I(P). Therefore, if Be%; is such that u(B)=0
then Q(N{CxB))=0 and thus v(B)=up(B)=P(N(C x B))=0. Consequently,
both sides of (3.12) are infinite except when v<yu. We thus can assume that
v<u with a density h.

Let A% be given. By the definition of £} in (5.4),

P,(f}>0)=P(N(4 x {h=0})=0)=1

because P(N (4 x {h=0}))=|4|v(h=0)=0. Hence P,<Q, if and only if P, <Q},
and in this case we have

I(By; Q4)=Fs(log dF,/d Q}+1og £)
=1(P; QY+ 2@ v(1,®logh)+|A4|(u(E)—v(E))
=I(Py; Q)+ A Ig(v).
This identity holds trivially if neither P,<Q, nor P,<Q’. Dividing by |4| and

taking the sup over 4 we arrive at (3.12). The rest of the proposition is obvious
because I,{P) 20 with equality if and only if P=Q". [J
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5.3 Large deviations for R,

We will now prove our first main result, Theorem 3.1. So let {(F,), F} be an
asymptotic empirical functional. Our first step consists in showing that there
is no loss in assuming that F=1+2z¥ and F,=0 for all n.

Lemma 5.4 Let belR and define
F*=F+b(1+2%), E*=F,+b(4,|+N}).

Also, let Q* = Q" be the Poisson point random field with mark intensity measure
p*=e"y, and I*=I,. the corresponding specific entropy functional. Then
{(E¥), F*} is an asymptotic empirical functional, and inequalities (3.2) and (3.3)
hold if and only if they hold for the starred quantities.

Proof. The first claim is obvious. Next, Lemma 5.3 shows that
| 4,17 log Q% (e™™)=c+|4,]"  log Q4 (e” ™),

where ¢=u(E)—p*(E)—b. On the other hand, since I, (P) is independent of
Q resp. Q* we conclude from (3.12) and (2.10) that

I*=I—c—b(1+2%.

Since z¥ is continuous, F¥ =F +b(1+2z¥) and thus I*+ FX=I+F,—c, and
a similar identity holds for the upper semicontinuous regularization. The lemma
is now obvious. [

By hypothesis on {(F,), F}, the constant b in Lemma 5.4 can be chosen so
large that F*>1+2z%. We thus can and will assume that F=1+z¥. We can
also assume that 6f <1 for all n. It then follows from (3.1) that F,>0 for all n.

We first derive the upper bound (3.2). We follow the lines of [8] but need
to go into the details because of some additional technicalities. We can assume
that Q, (¢”)>0 for all n. The measures Qf in (3.5) are thus well-defined.
By (2.10),

(5.5) — (4,17 Jog Q4 (€™ )= 4,171 1(Q7; Qu,)+] 4. ™" Qi (F).

We thus seek a lower bound of the expressions on the right. To deal with
the first term we introduce the measure

(5.6) OF=14,1"" [ QF-9; dx,
An
where Qf = *Zde 09; ! is the shift-periodic point random field with period
iepn
p.=14,]*"" relative to which the configurations in the disjoint blocks A,+1i,
iep, Z°, are iid with distribution QF.
Lemma 5.5 For all n, 052, and I(05)<| 4,17 1(QF; Q).

As a matter of fact, the preceding inequality is even an identity, as can be
shown using convex analysis or an analogue of Theorem 15.20 of [7]. We do
not need this fact here.
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Proof. Clearly, O is stationary. Moreover, since F,=0 we have Qf <¢,0 a, for
some ¢, < oo and thus

On(N$)=0n(N¥)<c, QN ) =c, | 4,] u(¥) < 0.

Hence Q7 has finite y-intensity.

In view of the product structure of QFc8; 1, I(QF-9;1) (as defined by the
limit (2.12)) exists and equals a,={4,|"" I(QF; 0, ); cf. the proof of Proposi-
tion 16.34 of [7]. It is also easily seen that for each A% and xS

I(Qr28: Vas QI 14T " 4y,

where A™"={yeS: ds(y, 4)<diam 4,}. Letting 4 run through the sequence (4,)
we thus conclude from the dominated convergence theorem that

ay=lim | A |74, I(Qh 095 g Q) d x.
k= An

By (2.11), relative entropy is a measure convex function of its first argument.
The last expression is therefore not less than

gim | A7t I((Qf)/lk; QAR):I(QE)'

This proves the second assertion of the lemma. []

To estimate the second term on the right side of (5.5) we introduce the
lower convex envelope

(5.7) F=sup{e,: fe %, e, <F}
of F.
Lemma 5.6 For all n we have
| 4,17 QN (B)Z F(Qy R,)— 0, (1+45),

Where Qf Rn =§Rn,w Qf(d (D)G@@ and qf:z'l’(Qg Rn)

Proof. Since all R, , are stationary, so is their mixture Qf R,. Its y-intensity
is given by

(07 R) =05 (2 (R)=|4,]"" QR (NY)
which is finite because F,=0. Thus Qf R,e%,. Also, for each fe # with e,<F
we obtain from (3.1) that
| 4,17 BZ R, (f)— 0, (1 +2*(R,).
Integrating this with respect to Qf and taking the supremum over f we
arrive at the stated inequality. []

The next step consists in showing that the measures 0% and QF R, are asymp-
totically identical.
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Lemma 5.7 Suppose that lim sup 1(0F) < co. Then

n—o

lim [0 (f)—QF R.(f)1=0

n—ow

for all fe %.

Proof. Let fe # be given and Ae% be such that f is r; ' #-measurable and
| f1£b(1+NY) for some b< co. Proceeding as in the proof of Remark 2.4 we
then find that

10x ()~ Q5 Ry()]
S14,17 § 10029 +[1f 8 0™) Of([dw)] dx

o4,
<2b| 4,7 04,1 4+2b 14,17 [ OF(NYs)dx

a4,

because

INYs (@) Q7 (d )= 07 (N, )= 05 (N4 ).
For any a>0 we may write further
IAnI—-l j. QAf(NA.I,+x)dx
04

éal/lnl_l laAnl_I_[Anl_l j Qrf(]VAw+x1{N'i’Hx>a})dx
An

=a|A,|”" [04,1+ 05 (NY 1w, > )-

By Lemma 5.2, the last term can be made arbitrarily small (uniformly in n)
by choosing a sufficiently large. The lemma thus follows by letting first n— oo
and then a - 0. []

Lemma 5.8

limsup|4,| ' logQ, (e” )< —inf[I+ F].

n—r oo

Proof. Suppose the contrary. Then there exists a number c<inf[/+ F] such
that

— 4,17 log Q4 (e™ ) <c
for infinitely many n. Equation (5.5) and Lemmas 5.5 and 5.6 then imply that
(5.8) HON+E(QF R)— 4 (1+qp)<c

for these n. Since F>1+z¥ and 1+z¥=e; for f=1+ N¢c ¥, we have F=1+z¥
and thus F(QF R,)— % (1 +¢%)=0. Hence I(QF) < c for infinitely many n. Proposi-
tion 2.6 now implies the existence of a subsequence (07 ),»; which converges
to some Pe{I<c}. By Lemma 5.7, P is also the limit of the sequence (QF, R, )i 1-

Hence g} — z¥(P)< oo and therefore 6% (1+gF)— 0 as k — 0. Letting n=mn;, — oo
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in (5.8) and using the lower semicontinuity of I and F we thus find that I(P)
+ F(P)Zc, in contradiction to the choice of c. [

The upper bound (3.2) follows immediately from the last and the next lemma.
Lemma 5.9 inf [+ Fl=inf[I+ F,].

The proof of the corresponding Lemma 4.5 in [8] only rests on some general
structural properties which hold also in the present setting.

We now turn to the lower bound (3.3). Its proof follows a standard device
which is outlined in [ 5], for example. We mention some details because addition-
al care is needed. We must show that

(5.9) liminf| 4, * logQ, (e )= —[I1(P)+ F=*(P)]

n—>w

for each Pe, for which the expression on the right is finite. We can assume
that P is ergodic relative to ©. Indeed, if P, is defined by formula (5.6) with
OF replaced by P, then I(B)<I(P) by an analogue of Lemma 5.5, and thus
P, — P by an analogue of Lemma 5.7 combined with Remark 2.5. Thus for each
£>0 there is some n with

I(P)+ F*¢(P)+¢>I(B)+ F*(B),

and it is easily seen that each P, is ergodic.

Next, it follows from (2.8) and McMillan’s theorem in the version of Fritz
[6] or Nguyen and Zessin [13] that, for each ¢>0, Py (4,,)—1 as n—o0,
where

Ay ={F(R)<F"(P)+e dP; [dQ, Sexp|A,|(I(P)+e)}.

Thus we can write, using Jensen’s inequality in the last step,

14,17 10g Q4,67 2] 4,17 log Qe 71y, )
2 —F*°(P)—I(P)—2¢+|4,) ™" log B, (e Il ® g, )
= -‘Fusc(P)_I(P)—zs_érI:(l +ZW(P) I)An(An,z)-l)—l_!Anl—l 10g1)/1n(An,a)'

In the limit n— oo, ¢ —» 0 we arrive at (5.9).

5.4 The maximum entropy principle

In this final subsection we shall prove Theorem 3.3. As we have stated in the
introduction, this proof is based on the very same ideas as that of the upper
bound (3.2). First of all, it follows from (3.3) and hypothesis (3.6) that Q, (e~ ")
>0 eventually. The measures QF in (3.5) are thus well-defined for all sufficiently
large n. Next, we can again assume without loss that F=1+z¥ and F,20 for
these n. For, if {(F¥), F*} and Q* are defined as in Lemma 5.4 then (Q*)f" =0
for all n for which QF is defined, and (M*)f" = M” because I*+ F¥ and I+ F,,
differ only by a finite constant; cf. the proof of Lemma 5.4.
By Eq. (5.5) and Lemmas 5.5 and 5.6,

HOF)+F(QiR,)~ 0 (1+qD) =S —|4,] 7" logQ, (e ™).
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Combining this inequality with the lower bound (3.3), hypothesis (3.6), and Lem-
ma 5.9 we obtain

(5.10) lim sup[Z(5)+ F(Qy R,)— 5 (1 +4;)]

n—>oc

Sinf[I+ F]< 0.

Since F>1+z* and thus F=1+z% and 65 <1 eventually, this implies that OF
eventually belongs to a level set of I. Proposition 2.6 thus shows that a suitable
subsequence Q,,k converges to some Qf e%,. For any such subsequence (nk)
and QFf, we conclude from Lemma 5.7 that also O} R, — QF, and thereby gf,
—z¥(Qf )< o, as k— oo. Since I and F are lower semicontinuous, we therefore
obtain from (5.10) that I(Q%)+ F(Q%)<inf [I+ F]. That is, Q% belongs to the
compact set {I+F=min}. By Lemma 4.8 of [8] this set consists of all bary-
centers of Borel probability measures on M* ={I + F . =min}. Therefore it only
remains to observe that the sequences (OF) and (QF) have the same set of accumu-
lation points. This follows from Lemma 5.7 and the fact that, under our hypothe-
seson F,, Of R,=0F onr; ' %, ; cf. Lemma 4.6 of [8]. The proof of Theorem 3.3
is thus complete.
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