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Problem 21

Calculate the values of the following periodic continued fractions:

x = cfrac(1, 1 ),

y = cfrac(0, 1, 2, 3, 4 ).

Hint: x satisfies the equation x = 1 + 1
x
. Find a similar equation for y.

Problem 22

Calculate the continued fraction expansions of
√
n2 + 1 and

√
n2 − 1, where n is a

positive integer (n > 1 in the second case).

Problem 23

Let uk/vk and uk+1/vk+1 be two consecutive convergents of the continued fraction
expansion of an irrational number θ ∈ RrQ. Show that at least one of them satisfies
the estimate ∣∣∣θ − ui

vi

∣∣∣ < 1

2v2
i

, i = k or k + 1.

Problem 24

Let oK be the ring of integers in a real quadratic number field K.

a) Complete the prove given in the course for the structure of the group of units in oK
by showing:

There exists a δ > 0 such that for every unit u ∈ o∗K with u > 1 and N(u) = −1 one
has u ≥ 1 + δ.

b) Suppose there exists a unit u with N(u) = −1. Show that also the fundamental unit
ε satisfies N(ε) = −1.
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