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Abstract.

The quantum probability flux of a particle integrated over time and a distant surface gives the
probability for the particle crossing that surface at some time. The relation between these crossing
probabilities and the usual formula for the scattering cross section is provided by the flux-across-
surfaces theorem, which was conjectured by Combes, Newton and Shtokhamer.! We prove the flux-
across-surfaces theorem for short range potentials and wave functions without energy cutoffs. The
proof is based on the free flux-across-surfaces theorem (Daumer et. al.),2 and on smoothness properties
of generalized eigenfunctions: It is shown that if the potential V(z) decays like |z|™” at infinity with
v > n € IN then the generalized eigenfunctions of the corresponding Hamiltonian —%A +Varen—2
times continuously differentiable with respect to the momentum variable.

PACS: 03.80, 03.65.N, 02.30.Nw

I. Introduction

Potential scattering theory is concerned with the long-time behavior of wave functions ¥,. Its relation to
experiment, i.e.to the definition of the scattering cross section is however only rarely discussed. One such
relation is provided by Dollard’s scattering-into-cones theorem.? It asserts that, assuming asymptotic
completeness of the wave operators, the probability of finding a particle with a wave function ¥, =
e" M, € H,.(H), the absolutely continuous subspace for the Hamiltonian H, in the far future in a
given cone C' C IR? (with vertex at the origin) equals the probability that the quantum mechanical
momentum of the asymptotic outgoing wave W_Ifl\Ilo lies in the same cone,

fim [ @) e = [ WS . 1)

where ~ denotes the Fourier transform, Wy := s limy_ oo eHfte—iHot i the wave operator and H = Ho+V

with the free Hamiltonian Hy = —%A (we choose units such that 7 = m = 1) and the potential V. The



scattering-into-cones theorem is regarded as fundamental for quantum mechanical scattering theory. The
expression for the differential cross-section do/dQ2 = |f(0,¢)|* from the time-independent scattering
theory can be derived from the right-hand side of (1).

Combes, Newton and Shtokhamer! observed, however, that what is relevant for scattering theory
is a formula for the probability that the particle crosses some distant surface at some time during the
scattering process. Heuristically, this probability should be given by integrating the quantum mechanical
probability flux j¥t := Im(¥} V¥,) over the relevant time interval and this surface.?>% Combes, Newton,
and Shtokhamer hence conjectured the flux-across-surfaces theorem

lim dt/ jY ~ndo-:/ Wi o (k)| dk, (2)
0 RY Cx

R—oo

where ¥ is a measurable subset of S;, the sphere with radius 1, RY = {Rz € R? : z € ¥} and
Cs = {\ €R®: 2 € ¥, X >0} is the cone spanned by ¥. (2) was proven by Daumer, Diirr, Goldstein,
and Zanghi? for the case V = 0. Recently (2) has been established for a large class of short-range
potentials by Amrein and Zuleta.” For long-range potentials Amrein and Pearson® showed that the left
hand side of (2) equals the left hand side of (1). (In this case modified wave operators have to be
introduced to define the right hand side of (1) and (2)). However, since the proofs in references 7 and

8 apply the usual time-dependent methods, they have to assume that W_Ifl\Ilo has compact support not
containing the origin. Although this condition is a natural idealization of the experimental situation
often encountered in scattering theory, and these wave functions form a dense set in L?, there are no
physical or mathematical reasons that (2) should hold only for this restricted class of wave functions.
Furthermore there are situations, i.e.the decay of an unstable system, where the physically interesting
wave functions do have momentum support at zero. But the set of wave functions for which (2) holds
can not be enlarged by a simple limiting procedure in L?, since the expression

/ dt/ ¥ ndo
0 RY

is an unbounded sesquilinear form. Therefore the essential propagation estimates have to be proven
directly for wave functions without energy cutoffs. Some results in this directions, so called LP-estimates,
have been established under rather restrictive conditions on the potential.®1° However, these estimates
alone are not sufficient to prove (2).

In this paper we will give an elementary proof of (2) for a class of wave functions without energy
cutoffs. We must assume, however, that the potential is short-range with decay of order |z|=%7¢ ¢ > 0,
at infinity and that it does not have a zero energy resonance or eigenvalue. Qur proof as well as the proof
in reference 7 are based on the results of the free case (V' = 0) established in reference 2. We employ
stationary phase methods and the so called generalized eigenfunctions ®(z, k), which are certain solutions
of the stationary Schrodinger equation (—%A + V() ®(x, k) = k*®(x, k), k € IR®, not belonging to
L*(IR?). This strategy of proof has been put forward in reference 5. We need ®(z, k) to be differentiable
with respect to k as well as to be uniformly bounded in both variables. Furthermore we need that
SUPLemry {0} [0k (2, k)| < (1 + |2]) for some constant ¢ and [ =1,2,3.

In Section 2 the flux-across-surfaces theorem will be established under suitable conditions on the
generalized eigenfunctions. In Section 3 we will prove a theorem on the regularity of the generalized
eigenfunctions, which will, among other things, justify the assumptions made in Section 2: ®(x, k) is n
times partially differentiable with respect to k if V(z) = O(|z|™"727¢) for || — oo and some ¢ > 0.



Moreover, consider a family of Hamiltonians H, := Hy + ¢V, ¢ € IR. Then, if V(z) = O(]z|737¢),!! the
eigenfunctions corresponding to H. are uniformly bounded and their partial derivatives of order n with
respect to k grow not faster than (1 + |z])” except for a discrete set of constants ¢ € TR.

II. The Flux-Across-Surfaces Theorem

We start with notation. Points in position space will be denoted by 2 € IR?, points in momentum space
by k € IR®. By da and dk integration with respect to Lebesgue measure on IR? is understood. For n > 2,
the following conditions on the potential V' will be denoted by (V) :

(V) V:IR® = R and

n

(i) V is locally Holder continuous except at a finite number of singularities.'?

(i) V € L*(IR?).
(iii) |V(z)| = O(lz|~"~€) for |#| = oo and some € > 0.

For n = 2 these are the conditions of Ikebe.'® Under these conditions H is self-adjoint on the domain
of Hy. The absolutely continuous part of the spectrum is [0, 00). Furthermore H has neither positive
eigenvalues nor singular continuous spectrum. The wave operators Wi = s — limy_, 40, e HletHol exist
and are complete, i.e. RanWy = Hq(H).

The time dependent wave function will be denoted by ¥, := e~ "H!Wy W, € LZ(IRS). To simplify
notation we will abbreviate ¥, := W_lfl\Ilo for the outgoing asymptotic wave. By S we denote the set
of Schwartz functions.

Zero is said to be a resonance of H if there exists a solution f of —%Af(x) + V(z)f(x) = 0 such that
(1 + |2])="f(x) € L*(IR?) for any v > % and not for v = 0.'* The appearance of zero-energy resonances
or eigenvalues is an exceptional event: H. = Hy + ¢V can have a zero-energy resonance or eigenvalue
only for ¢ in discrete subset of IR.'*

2.1 Theorem. Let the potential satisfy the condition (V), and let zero be neither a resonance nor an
eigenvalue of H. Let ¥, € S. Then ¥, = e_ZHtW+\Ilout is continuously differentiable except at the
singularities of V' and for any measurable ¥ C S; and any T € IR

lim dt/j‘l"(x)%da: lim /dt/ |j‘1”(x)~n|da:/|\f!out(k)|2dk. (3)
R—oo R— o0
T RY T RY Cx

2.2 Remark. The first equality in (3) shows that far away from the scattering center the flux is
essentially outgoing, i.e.that there the particles cross spherical surfaces only once and do not return.
Thus (3) yields the crossing probability of interest.

2.3 Remark. It would be of course more satisfactory if we could prove (3) under a suitably general
condition on Wy, not on Wey. However, the set of wave functions ¥y = Wy WUy for which Theorem
2.1 holds is dense in Hq.(H) since S is dense in L? and Wy : L? — Hu.(H) is unitary. For an explicit
characterization of the domain W, S one would need suitable mapping properties of the wave operators.



Some mapping properties for wave functions without energy cutoffs have been established by Yajima,'®
however, they are not sufficient for our purpose.

2.4 Remark. Due to the so called intertwining property of the wave operators, Wye™ 1ot = = iHI,
and the fact that S is left invariant under the free time evolution, the condition imposed on ¥ in Theorem
2.1 is invariant under the full time evolution: e *#'W, S = W e tHot s = W, S.

As already mentioned we will make use of the generalized eigenfunctions ®(x, k) which diagonalize
H in the same sense as the ordinary plane waves {e**** k € IR} diagonalize Hy. We define ®(x, k) and
state the properties that we will use in the proof of Theorem 2.1 in a proposition:

2.5 Proposition. Let V satisfy (V)a. Then for any k € IR*\ {0} there are unique continuous solutions
Dy(, k) IR? — of the Lippmann-Schwinger equations

o B | eFilkllz—yl o d A
+(r, k) =e —ﬁ/wv(i‘/) +(y, k) dy, (4)
with the boundary conditions limyy|—eo [P+ (2, k) — ¢’*®] = 0, which are also classical solutions of the
stationary Schrodinger equation
1 k?
—§A—|—V(x) Sy (2, k) = E@i(x,k), (5)

such that:
(i) For any compact D C IR®\ {0} the functions ®1(-,-) : IR? x D —C are uniformly continuous.

(ii) For any f € L?(IR?) the generalized Fourier transforms
1 . N
(Fef)(k) = ——=l.im. / QL (z, k) f(x) dx
(2m)?

exist in LZ(IRS).15

(iii) RanFy = L*(IR3) and Fy : Hae(H) — L*(IR?) are unitary and the inverse of Fy is given by
1
(FL'H(z) = —al.i.m./q)i(a:, k)f(k)dk .
(2m)=

(iv) For any f € D(H) NHqe(H) we have

Hf(x) = (fi—l’;_zfif)(x) _ (Qi)%l.i.m./];—Zq)i(l‘,k)(fif)(k) dk (6)
and therefore for any f € Hac(H)
e f) = (FLle T FL ) (@) = ﬁl.i.m./e‘i%%@i(x,k)(fif)(k) dk. (7)



(v) For any f € Ha.(H) the relations Wy f = FL'Ff hold, where F denotes the ordinary Fourier
transform.

(vi) If V satisfies (V)3, then ®4(z, k) are continuously differentiable with respect to k for all € IR3
except at k = 0. The partial derivatives i, @4 (2, k) are continuous in z and k.

If, in addition, zero is not an eigenvalue or resonance of H, then ®4(z, k) is well defined and
continuous for z, k € IR3,
sup  |Py(z, k)| <
z€IR® keIR®

and there 1s a ¢ < oo such that

sup
keR3\{0}

bl )| <1+ I
forl=1,2,3.

The proof of Proposition 2.5,(i)-(v) is due to Tkebe.!3 (vi) is a special case of Theorem 3.1 on the regularity
of generalized eigenfunctions which we shall state and prove in Section 3.

2.6 Remark. Similar eigenfunction expansions can be obtained also for potentials with slower decay,
but then in general the continuity in k& will not hold any more.1®

Proof [of Theorem 2.1]. Let W, = e W, W, Woye € S. Using Proposition 2.5.(iv), (v) and
n(z, k) := ®4(x, k) — e*® we have that

V() = /e—iéxffout(k)@(x, k) dk
/

The flux generated by this wave function is
iV (x) =Im(a*Va + a*VE 4+ 8*Va + °Vg), (9)

where the differentiability of « is obvious and that of 3 will be established later.
The first part jo = Im(a*Va) is the flux generated by the free time evolution of ¥y, and according
to the free flux-across-surfaces theorem?

oQ

Rlim dt/jo(l‘ t) -ndo= hm /dt/|jo (z,1) n|d0'—/|\Ilout )| dk .
—00

T RY

Therefore to prove (3) we need only show that the last three terms in (9) do not contribute to the flux
across distant surfaces, i.e.that for j; ;= Im(a*Vg3 + *Va + §*V))

hm /dt/|_]1 (z,t) -n|do=0. (10)



For some fixed T > 0 this will follow from the estimates (which we shall prove below)

sup |o(x,t)| <t73fi(Rt) Vt>T (11)
TESR
sup |Va(a, )| <t~ 7fo(Rt) Vt>T, (12)
TESR

where there exists a ¢ < oo such that f;(R,t) satisfy

Rh_}II;o fi(Rt)y=0 Vt>T (13)
and
sup filRjt)y<e (14)
RE[0,00),t>T

for ¢ = 1,2, and there is Ry > 0 such that

) <e=z=———, VR>0 15
sup |Vg(z,t)| < ¢ YR > Ro (16)

TESR R(t+R) ’

for ¢ > T'. Note that the constants in these estimates depend on 7.
Using (11) and (16) we obtain by dominated convergence

oQ

lim //|Im(oz*Vﬁ) ‘n|dodt < lim 471'/ sup R%|o||V3|dt
R—o0 — R TESR
T Sk T

732 hRY
t3R(t + R)

¢ Iim
R— o0

c/ lim wdtzo (17)
J R—oo t2(t + R)

IA

for T' > 0 where we observed that the integrand in (17) is bounded by an integrable function uniformly
in R,
Rf1(R,?)
t3(t+ R)

_3
ct” 2.

IA

The terms |3*Va| and |8*V G| can be treated analogously and thus (10) holds for positive times 7.
According to Remark 2.4, the set of wave functions for which (3) holds as well as the right hand side
of (3) are invariant under finite time shifts:



oQ oQ

lim [ dt / iV (x) -nde = lim [ dt / jqit+T—;(x) -ndo
R—oo R— o0
T RS 7 Rz
—iE2(T-T)§ ’ 3 :
— [ |5 \Ifout(k)‘ dk = ‘\Ifout(k)

Cx

Therefore if (3) holds (for all ¥y € S) for some fixed T', then (3) will hold for all T'; hence (3) is proved
for all T'.

We turn now to the proof of the estimates (11-16). Recalling that a(z,t) = (e=*Ho!W ;) () and,
since V commutes with the free time evolution, Va(z,t) = (e *HeI VW ;) (), we can write

1 Je—y|?
alz,t)= ——— | = Uy, d 18
0= e | (o) dy (13)
and )
e—y|?
Va(z,t) = 5 /eZ 2 VW, dy . 19
(2,1) @nit)® t(y) dy (19)

(11-14) are now immediate consequences of (18) and (19) and the fact that, for every fixed ¢t > T, a(z,)
and Va(z,t) are Schwartz functions.
ilk||z—y]

By (4) n(z, k) = &4 (z, k) — %@ = —% f e_leyl‘/(y)q)_k(y, k) dy and therefore

1 624 ~
Bz, t) = (271_)%/e_ZT\Ilout(k)n(x,k)dk
1 TCIPN e—ilklle—yl
© [ bw | [ e | ai
) _< = x—y|/ =D G (). (y, k) dy
Viy
where .
fla,y,t) = /e—i<%+lkllf—yl>@out(k)q>+(y, k) dk . (21)

The change of order of integration in (20) is justified by Fubini’s theorem. We shall now apply “stationary
phase” methods to estimate (21). We set

L Ftlkle—y
S+ le—yl
d klt - k —ylt~?!
d|k| 2—|—|x—y| 2—|—|l‘—y|t_
Lyl
w = = x—yl.
9 Y



In the following ’ will denote differentiation with respect to |k|. Introducing spherical coordinates, with

d) denoting Lebesgue measure on the unit sphere, we estimate (21):

1 d » -
el = | [ 2 [ Bt o)

1 5 d 1~
L[ [t e e dikaace)

/‘dlk’l[ Wour( k)q)+(y,k)|k|2]

d|k| dQ(k) .

For the second equality in (22) the boundary term from the partial integration at |k| =

(22)

oo vanishes since

it < max(1, ﬁ), Limy | =00 |k|2\flout(k’) =0, and ¥ is bounded according to Proposition 2.5.(vi). The

boundary term at |k| = 0 vanishes since Wyt and @, are bounded and x ~1|k|? < max(|k|?, @) Note

that the differentiability of ®, is ensured by Proposition 2.5.(vi). Next, observe that

d 1
P

1 "
XU
dlk| [ x/

X'?

S ‘

out
‘ X’

l = ' 2 l &
+ ‘?\Ijoutq)q_ + ‘?\Ijouflq)+2|k|‘ .

Since X = (3 + |z — y[t=!)~ < 2, we obtain for the first term

dk <

1 ~
/ ‘ XIZ X//\Ijoutq)+

[Wous (k)|

y,keR? L L
kl<3 k1> 5

dk’<C4

Analogously we get for the second and fourth term in (23)
‘ outq)+

1
/ ‘; outq)-l-

By Proposition 2.5.(vi) the third term satisfies a bound linear in |y|:

/‘ ! Aoutq)/

Combining the four estimates we arrive at

dk < ¢y and /

sup  |® (y, k)| < es(1+[yl]).
kEIF{3\{0}

1+ [yl

1
[f @y ) <e—(1+y)) =g,

which inserted into (20) yields

sup |®(y, k)| /de / 2o (k)| dk | < ey

(23)

(24)

(25)



Viy
sup |B(z,t)] = sup i/ ) fa,y,t) dy
TESR TESR ( 2 |x—y|
)+ [y
< ¢ sup/ dy . 26
N hr=r e 2
Now, substituting z = z — v,
V), [ WealitlsD
|z = yl(§ + = — ) 21(5 +121)

l2]< L2l

V)l + o)
v P —L

lo—y|> 15!
Ll
4 2
< sup |V(z—2)|(1+|e— / ﬂ-|| d|z]
zEBm 4 +| |
2

_|_

||

(3

where B, denotes the ball with radius = in IR centered at the origin. Since V() = O(|z|~*~¢) for some
€>0,

1
Eremzry AL LY

sup [V (z = 2)[(1+ |2 — 2) < ef| 7
ZEBM

for |z| sufficiently large. Using

§ 2
z t t 0
dz=46+1l — | <6+t ——-1) =
/Ot—i—z FEoH n<t+5)— + <t+5 ) TS

we compute

||2

+||

O\
M|H

Finally [ |V (y)|(1+ |y|) dy < oo so that altogether

5 |z]? 1
sup |B(z,t)] < ¢ sup <|x| 3 +
vESR v€SR e fz|(t+ [z])

C

R+ R)



We now show that the same bound holds for sup,cs, [VG(2,t)| and R > Rg, where Ry is chosen such
that all singularities of V' lie in the ball with radius Ry. Then

1 V (ke Y
VB, 1) < (27)% /|x_(yy)|2/e Gkl yl)‘I’out(k)qM(y,k)dkdy‘
(21)5 /|;/(y§/| /e—i(kT%Hkllx—yU|k|\fjout(k)q)+(y’k) dk’dy‘, (28)
E -

where the exchange of differentiation and integration will be justified below. The second term can be
treated analogously to |5(z,1)], since also |k|Woyut (k) € S. The first term can as well be estimated along
the same lines: in Equation (26) |z — y|? will appear in the denominator instead of |z — y|, which leads
to a stronger bound than (27).

To get (28) from (20) we note that according to Proposition 2.5 ®(-, k) is a classical solution of the
stationary Schrodinger equation. Thus ®(+, k) as well as 5(+, k) are differentiable with respect to & except
at the singularities of V. We will show that

1 e~ ilkllz—yl
Ve k) = V. (—ﬁ [ v<y><1>+<y,k>dy)

AL (L) V(1) (3, k) dy (29)

|z —

and that therefore
[Van(z, k)| < e1 + calk] (30)

for some ¢1, ca < co. Then changing the order of differentiation and integration in the first line of (20) is
justified by dominated convergence and (28) follows for all  which are not singularities of V.

To get (29) for some zg € IR? which is no singularity of V', we split the domain of integration into
Bsgr(zg) = {y € IR® : |zg — y| < 2R} and its complement BSp(%g), where R is chosen such that
Bag(zo) contains no singularity of V. Then one can change the order of integration and differentiation
in the BSg(xo) term, since there the integrand is bounded by an integrable function uniformly in # for
z € Br(xo). To see that the Bap(xg) term can be made arbitrary small by appropriately choosing R, we
write down the difference quotient for this term. Using that supyc g, (z) (V(y)®4(y, k) < ¢ < o0 and

that |re’® — (r + Ar)e!0+29) | < |rAf| 4 |Ar| we compute

. 1 e—ilkllete—yl  —ilkllz—y]
lim L / ( )V<y><1>+<y,k>dy
le|=0 |e]

lz+e—yl  |r—y
2R(170)
o —ilkllete=yl |y _ o] — e—ilklle—y] _
< lim e / ¢ |z —yl—e |z + € yl‘dy
le|—0 €] |+ € — yllz — y]
Bar(zo)

1 —y|lk
mlo [ Lo,

<
le|—0 |e] |2+ ¢ — yllz — yl
Bar(zo)

10



k 1
< lim e / ( k] + ) dy < ;127 R,
e[ =0 [z +e—yl  |ete—ylle—yl

Bar(zo
where the last inequality is justified by elementary integrations. The bound (30) can be obtained by a

simple calculation.
From that we also conclude that W,(z) is differentiable outside the singularities of V() since a and

3 are.
O

2.7 Remark. We used the domain ¥, € S to simplify the proof and avoid tedious estimates.

A more detailed analysis of the proof shows that Theorem 2.1 also holds for ¥, € L? such that
(1+ k’z)#(l + A)%\Tlout € L? for some p > % and q > %. Then (1 + kz)%(l + A)%e_i%t\flout e 1? for

all £ € IR and this is enough regularity to prove the free theorem as well as our estimates.

III. Regularity of the Generalized Eigenfunctions

In this Section we will prove a theorem about the generalized eigenfunctions that connects the differ-
entiability of ®(x, k) with respect to k& with the behavior of the potential at infinity and gives uniform
bounds on ®(x, k) and its partial derivatives. At the end of the section we state two simple corollaries
that show other applications of our results.

3.1 Theorem. Let the potential satisfy the condition (V)y, for some n > 3, n € IN. Then

i) ®y(z,) e Cn? IR?\ {0}) for all z € IR® and the partial derivatives 02 ®4 (2, k), |o| < n— 2, are
k
continuous with respect to x and k7

(i) If, in addition, zero is not an eigenvalue or a resonance of H, then

sup  |Py(z, k)| <
z€IR® keIR®

and for any « with |a| < n — 2 there is a ¢, < 0o such that

sup  |0F®4 (2, k)| < ca(l + |2l
keR3\{0}

3.2 Remark. Proposition 2.5.(vi) follows from Theorem 3.1 by taking n = 3.

Proof [of Theorem 3.1].  To simplify notation we will give the proof for ®, (z, k) =: ®(x, k) since
the proof for ®_(x, k) is exactly the same apart from the change of some signs.

The structure of the proof will be as follows: First we introduce some notation and results from Ikebe
and Povzner that we will use frequently. Then part (i) of Theorem 3.1 is shown for |a| = 1 involving
several lemmas and results proven in the appendix. The generalization to |o| > 1 will be sketched
afterwards.

11



In the proof of part (ii) of Theorem 3.1 we will establish boundedness of ®(x, k) for k near zero and
for |k| — oo separately in two propositions.

We start with an investigation of Equation (4). If ®(x, k) = €**' 4 5(x, k) is a continuous solution of
the Lippmann-Schwinger equation (4) with limy, . n(z, k) = 0 for k € IR?, then 5(x, k) is a solution of
the integral equation

o-ilklle—yl .
n(w, k) = _% / Wv(y) [ Y 4 n(y, k)] dy (31)

and 1(-, k) € Coo(IR?). Therefore Equation (31) is examined on the Banach space B = C.,(IR?), the
set of continuous functions vanishing at infinity, equipped with the norm || f||p = sup,crs |f(2)|. £(B)
denotes the space of bounded linear operators mapping B into itself, equipped with the operator norm.
Following Tkebe!'® we define the linear operators Ty € £(B), k € IR®, by

7 1 e~ ilkllz—yl p )
M) = 5= [ GV W . (52
Since we will make use of some results of Ikebe and Povzner, we state them as a lemma:
3.3 Lemma. Let the potential satisfy the condition (V)3. Then:
(i) The operator T}, € £L(B) defined in (32) is compact for all k € IR®.
(ii) Let f(x) be a bounded continuous function on TR?, then
.\ 1 e—ilkllz—yl p
(#) = —5— / Wv(y)f(y) y
is an element of B for all k € IR® and h(z) = O(|z|™") for |z| = co.
(iii) Let
1 e—ilklle—yl . .
ki=—— | — FY dy = (Tre*
k) = —g= [ Ve = (1) (),
then g(-, k) € B for all k € IR and g(-, k) is continuous with respect to k.
(iv) Let f(-, k) € B be a solution of the homogeneous equation f(-, k) = Ty f(-, k) for k € R®. If [k| > 0
then f =0 and if k = 0 then (—%A + V() f(x,0) =0.

(v) The map T : R® = L(B), k +— T}, is continuous.

For the proofs of (i), (ii), (iii) and (iv) see Tkebel3, for the proof of (v) see Povzner!®.

Since we will use similar reasoning, we will briefly repeat ITkebe’s proof of the existence of continuous
solutions of Equation (31) starting from Lemma 3.3. Equation (31) now reads

According to Lemma 3.3.(iv) the homogeneous equation n(-, k) = Tin(-, k) has only the trivial solution

n(xz, k) = 0if k #£ 0. Thus 1 is not an eigenvalue of T}, and therefore 1 is in the resolvent set since T} is
compact,'? i.e. (1 —T;)~! € L£(B) exists. The unique solution of (31) for |k| > 0 is then given by

12



(k)= (1=Ti) " g( k). (34)
Since £(B) is a Banach algebra in which the map A — A~! is continuous,!® from Lemma 3.3.(v) it
follows that (1 — T})~?! is continuous in k. Thus, since according to Lemma 3.3.(iii) g(-, k) is continuous
with respect to k, we have that n(z, k) is continuous with respect to k.

We will now prove part (i) of Theorem 3.1 for |a| = 1 and assume (V). The generalization to o] > 1
will then be immediate. Consider arbitrary I € {1,2,3} and k° € IR\ {0}. We use the following notation:
k; denotes the [-th cartesian coordinate of a vector k¥ € IR? and k; the tuple of the other coordinates.
Symbolically we will write k = (k;, k7).

By (formally) differentiating (31) we obtain

_ 9 LI Y P
%ln(x,k’) = aklg(ﬂﬁ,/f)Jr27T|k| € V(y)n(y, k) dy
1 e—ilklle—yl 9
—g/wv(y)ﬁ—klﬁ(y, k)dy. (35)

Assume that for k, € I, := [k} — 0;, k) + §;] and kre Iy = [k’lg -9, kl9 + ;] where ; and d; are chosen
such that in particular 0 ¢ I := I; x I, the equation

ki
) ok .
ek = oo )+ g [ IV | [ el )i+t 02,0 |
kP
L k) d 36
—%/ ooy VW by, (36)

which arises from (35) by substituting n(z, k) = :[f E(x, (K], k;)) dk] + n(z, (k, k7)), has a continuous
1
solution &(x, k). Integrating (36) with respect to k; and using Fubini’s theorem we get

/ E(e, (K k), = gle, k) — gl (K, )

ki

I

1 e~ilkllz—yl l 1" " 0
_ﬁ/v(y) eyl /5(3/, (ke b)) dki” & nly, (ki k) [ dy
k0 kP

= g(l‘,k’) _g($’ (klo’kl_))

L ey i
+5/WV(3/)77(3/, (ki kr)) dy

ky

L[ emilklla—yl

—ﬁ/ﬁ‘/(y) /5(3/, (K, kp) dki +n(y, (k' k) | dy.- (37)
k‘D

1

13



Since n(z, (k}, k7)) is a solution of (31) the second and third term of the right hand side of (37) combine

to —n(z, (klo, k7)). Therefore (37) simply reads

n(e, (k' kp)) + ; €( (}, kr)) dk] =
e—ilklle—yl k
e (n<y, (k) + [ el (kl',k,—))dk,’) &y

9(m, ) - |z =yl l

In other words, if £(x, k) is a continuous solution of (36) then the function f(x,k) = n(x, (k{, k) +

:Dl &(w, (ky, k7)) dk; is a solution of Equation (31). Since (31) has a unique solution in B we may conclude
1

that f(x,k) = n(x, k), i.e.that O, n(x, k) = £(x, k) for + € IR® and k € I once we have shown that
We show now that equation (36) has a solution &(x, k) which is continuous with respect to z € R?
and k € I such that n(-, (k, k7)) + f -, (kj, kp)) dkj € B. From the physical argument that ®(x, k) ~

ethe 4 ¢ llklll “ for |#] = o0 we expect |Vk77(x, k)| ~ eil¥llzl x| = 0o, to be a uniformly bounded function,

but we will only show that [Vin(x, k)| < e(1+ |2])° for any s > 0. We start by multiplying equation (36)
by ()~ == (14 |z])~*, s > 0:

~ 1 —ilk|lz—yl ~
Eok) = (@) Ol k) = = / mwwway,mdy

ik e—ilklle— yl

e [ / Elw, (K, Kk + () n(w, (K, K0) |y (39)

To see that &(z, k) = <x>sg(x, k) < (1l +|z|)*, we show that (38) has a unique solution in

B :={f(x,k) € C(IR® x I) : lim sup|f(x, k)| =0}

|z|—oo kel

In the appendix we prove that B equipped with the norm || f||5 = sup,ems rer [f(z, k)| is a Banach space
(see Lemma A.1) and that for f € B the operators

_ e—ilkllz-y]
TNk = 5= [ T VO dy.

~ ik e—ilklle—yl

Theh) = gogn [ S Vb dy,
k) = [t b k)

belong to ﬁ(é) if s > 0 is chosen such that ()°V () still satisfies (V)3 (see Lemma A.2).
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Noting that (2)™*d,g(z, k) and (z)~*n(=, (k?, k7)) belong to B (see Lemma A.2), equation (38) can
be written as

€= () Ohg + T'RE+T()*n(-, (k] k) + TE.

—S

where (-)7* denotes the operator of multiplication with (x)~* in B. To prove that this equation has a

unique solution in B we show that (1— ) LeL(B ) exists and that

E= (=D () Og + TV 0l (), k) + (1 = T) M T'RE (39)

has a unique solution. The former will be content of Lemma 3.4, and to see the latter note that according
to Lemma A.2.(i)

10—~ D) TRl 3, < 10 =T T 3,261

(B

Also ||(1 — T)_1||£(§) and ||T’||£(§) depend on 4§ since the space B itself depends on §;. But the norm
of these operators decreases as ¢; decreases since according to Lemma A.1.(ii) and the constructions
in the proofs of Lemma A.2 and Lemma 3.4 ||T’||£(§) < supger |75l emy and ||(1 — T)_1||£(§) <

supger||(1 = T;) 7 |z (py. Thus one can choose §; such that

(1= T)"'"T"K <1.

£(B)

Then (39) has a unique solution gE B since (1— T)—lfff( is a contraction in a complete metric space.

Now &(z, k) = <x>sg(x,k') is a solution of (36) and f(x, k) = n(x, (k{, ky) f x, (ki kp))dk] is a
solution of (31). Recall that to conclude f(z, k) = n(x, k), i.e.that & is the partlal derlvatlve of 1 with
respect to ki, we need to show f(-, k) € B. By construction sup,¢; [£(x, k))| = O(|z|*) for |2| = oo and
therefore also |f(z, k)| = O(|#|°) for any k € I. Thus writing V(2)f(z, k) = (&)*V (x) (x)"* f(x, k) and
observing that ()°V (z) satisfies (V)3 and (x)7° f(z, k) is bounded we use Lemma 3.3.(ii) to conclude
that f(-, k) € B.

To complete the proof of part (i) for |a] = 1 we need to show the following lemma:
3.4 Lemma. (1-— T)_l € ﬁ(é) exists.
Proof.  First we show that (1 —7}3)~! € £(B) exists, where T} := (-7*T;(:)* € L(B). Since (z)*V (z)
meets the requirements of Lemma 3.3 and multiplication by (#)~° is a bounded operation on B, T}} is

compact. Therefore (1 — 7;)~" exists if the homogeneous equation (1 — 73)f, = 0 has only the trivial
solution f; = 0. Now let f; € B be a solution of the homogeneous equation which explicitly reads

e—ilkllz—y
£0) = (1)) = =5 [ =V £ dy

2w )|z —y

Then f(z) := (x)* fs(x) is a solution of

e—ilklle—y
fo) = 3= | e Vs
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and Lemma 3.3.(ii) implies f € B since (x)*V (z) satisfies (V)3 and (z)7* f(x) is bounded. Using Lemma
3.3.(iv) we conclude that f(z) = fs(z) = 0 for k # 0. Therefore (1 — 73)~! exists for any k € I. The
continuity of (1 —73)~! with respect to k follows again from the continuity of (1 — 7}).

Using Lemma A.1.(ii) we define the operator (1 — T)_l € E(E) Since (1 —T5)(1 - T¢)™t = (1 —
T~ M1 —=1T¢) =1holds for all k € I, also (1—=T)(1 =T)"' = (1 —=T)~'(1 = T) = 1 holds.

O

It is now easy to prove the existence of higher order derivatives by induction. From the proof for

|a] = 1 we conclude that if n(z, k) € B is a solution of (31) then (x)7°dg,n(x, k) is given by the unique

solution £(x, k) in B of

ik [ eilklle=yl
lek) = (@) Ouslen) + =ik [ eV )y
[ ekl
5= | Ty Ve dy

for any k € IR® \ {0}. In general, assume that 5(z,-) € CP(IR®\ {0}) for some p < n — 2 and that
(z)=*=PH192n(x, k), |a| = p, is given by the unique solution &(z, k) of

(e k) = (x)7 P ORg(x, k) + O (Thn) (x, k) — (ThOgm) (x, k)]
HITIE) (2, k) (40)

in B, where T/,f-l'p_1 is given by

stpoi o 1 e~ ilkllz—yl stp_1
T D) = =g [ e W) ) dy.

Then one can prove by exactly the same method as in the case |a| = 1 that dx,&(x, k) exists: Equation
(40) is analogous to (33) where g is replaced by (z)~* =P+ [0%g(x, k) + 02 (Tkn)(z, k) — (1302 n)(x, k)] € B
and T}, by Tks-l'p_l. As long as (y)*tP=1V(y) satisfies (V)3 the proof of differentiability of the solution of
(40) can be done along the same lines as for |o| = 1.

Proof [of part (ii) of Theorem 3.1].  From the continuity of ® and the fact that limy,| . (®(z, k) —
'R Ty = 0 for all k # 0 Tkebe already concluded that for compact D C TR? \ {0}

sup  |®(z, k)] < o0
reR3 keD

holds. Tt remains to examine the cases k¥ — 0 and |k| = oco. If H has a zero-energy resonance or
eigenvalue, according to Jensen and Kato,'* the spectral density is singular at £ = 0. Since the spectral
density and the generalized eigenfunctions are closely related,?® we expect that in this case also the
generalized eigenfunctions become singular at k£ = 0.

But assuming that H has neither a resonance nor an eigenvalue at F = 0, the eigenfunctions are
uniformly bounded near & = 0:

3.5 Proposition. Let the potential satisfy (V), for some n > 3. If H has no zero-energy resonance or
eigenvalue, then for any compact D C IR?
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sup  |®(z, k)] < o0
rze€R3 keD

and for any o with || < n — 2 there is a ¢, < oo such that

sup |98 ®(x, k)| < co(l 4+ |z])l*
keD\{0}

Proof. If H has no zero-energy resonance or eigenvalue the homogeneous equation f = 7Ty f has no
solution in B since, according to Lemma 3.3, under the conditions (V)3 any solution of f = Ty f is
a solution of (—%A + V(2))f(z) = 0 with f(z) = O(|z|=!). And a solution f € B of Hf = 0 with
f(z) = O(|z|Y) is in particular a resonance. Thus either f € L? i.e.zero is an eigenvalue, or f ¢ L%
but then zero is a resonance.

Thus (1 —Tk)~! exists for all k € D and, recalling n(x, k) = ((1 — Ti)~tg)(z, k),

sup  [n(z, k)| = sup [[nlls < sup |[(1 = Te) ™ e llorllp < oo,
z€R® keD keD keD

since ||(1 — Tk)_1||£(3) is a continuous function on a compact set and therefore bounded. Recalling
®(x, k) = e'*% 4+ n(zx, k) the proof of the first statement is complete.

The bounds for the partial derivatives near zero also follow from the fact that (1 —7Tp)~! exists if zero
is neither a resonance nor an eigenvalue of H. To see this we introduce spherical coordinates (|k|,w),
|k| € (0,00) and w € S? for k. If we replace Ok, |k| = k;/|k| = w - &; in Equation (40), it has a unique
solution (-, |k|,w) € B also for |k| = 0. Thus limjg|—0 gn(x, |k|,w) exists for all w € S?. As in the first
part of this proof

oo (z, b
sup % < sup 1€ (o, ||, )| < o,
seR® keD\ {0} (T) s€R3,|k|€[0,R],weS?

for some R such that D C Kg, follows from the fact that &(-, |k|,w) € B depends continuously on k.
Noting |9g e 7| = |z{ x5 25?e™m 7| < (x)!*] completes the proof.
O
To prove the uniform bound on ® and its derivatives it remains to examine their behavior for large k.
This can be done using the Born series. As expected on physical grounds the generalized eigenfunctions
for large momentum are essentially plane waves:

3.6 Proposition. Let the potential V satisfy (V)y for some n > 3. Then

lim sup <x>_|a||3;?<b(l‘, k) — ope* =0
|k|_>ooxEIR3

for every |a| < n — 2.

Proof. First we will show that the function n(z, k) = ®(z, k) — e'* converges uniformly to zero for

|k| = oo. Recall (34):
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(k)= (1=Te) " g( k).

We shall show that limjy|e0 ||9(-, #)||3 = 0, but we have no simple control of the norm of (1 —7;)~*, for
example in terms of the Born series, since

v
[Tk|lz(B) = sup /Mdy: const.
rz€IR? |l‘ - y|

does not depend on |k|. Following Zemach and Klein?! we iterate Equation (33) once and obtain

(k) =g( k) + Teg( k) + Tin( k) (41)

with the formal solution

(k) = (1= T2) " g (, k) + Thg (- k) - (42)
If equation (41) has a unique solution it must equal the unique solution of (33) since any solution of (33)
is clearly also a solution of (41). We shall now first establish that a) (1 — 77)~! — 1 for |k| = oo and
then that b) ||g(-, k) + Tkg(-, k)||p — 0 for |k] — oo, since then

dim e < im0 =T e (o k) + Tea(-.R)ls = 0.

a) follows from

3.7 Lemma. Let V € L' N L? then
i [7Ele(r) = 0. (43)
(43) also holds, if T}? is understood as an operator on bounded continuous functions.
Now |k| can be chosen such that ||T7||z(p) < 1 and then (1 —7;)~! is given as the norm convergent

Born series:

oQ

(=T = 3 (TR

n=0

Thus hm|k|—>oo ||(1 — Tkz)_l — 1||£(B) =0.

Proof [of Lemma 3.7]. We compute for f € B

e~ ilkllz—yl e—ilklly—2|
TN = g [ V) [ Ve dsdy

| — yl ly — 2|
1 /V( Y )/ e—ilkl(lx—y|+|y—2|)v( dyd
4 |z —ylly — =z
—MHxMHyAR/ By
= 4# |x [” A e W]
. \%
= 1 / = IV (w2, |k]) dz
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Zemach and Klein?! showed that for V € C3(IR%)

lim  sup |1V (x,z, |k])| =

[k]| =00 4 ,2€IR3

i.e. that limyg| e || 77| 2(5) = 0 holds for V € C}(IR?).
Potentials V € L' N L? will be approximated in the following norm:

v = sup [ 2
zeR® |l‘—y

V V
i< s [y [T,
R3 |z -yl c€R?

T€ |x - y|

Observing that

lz—y|<1 lz—y|>1
<e (Ve + [|VI][L2) < o0, (44)

where we used Schwarz’s inequality for the ||V]||z> term, we conclude that, since any V € L' N L? can
be approximated by a function U € C¢ simultaneously in L' and LZnorm, this is also true for the
I[| - ]l[-norm. Thus we get the following bound for the norm of 7}:

) 1 e—ilklle—yl
1120l = s | [ S m (V) - V) + V)
e—ilklly—:|

I‘Z

< IIfIIBIIIVIII(IIIV Ulll+ sup |19 (x, ,|k|)|)~

The first term in the brackets becomes small for appropriately chosen U € C3 while the second one
converges to zero for k| — oo.

O

We now proceed to b) namely that limy—o0 |[g(-, k) + Thg(-, k)| = 0. By Trg(x, k) = TZe** and

Lemma 3.7 limy| o0 [|[ Tk g(-, k)||B = 0 follows immediately. To get the analogous statement for g(-, k) we
assume first again V € C3(IR?). Then

1 e—ilklle— yl .
k — —ik-(¢—y) 4
okl = g | [ S Ve ’
1 e—i|k||z|(1+cos€)
< o /TV(x—z)dz
8<80
1 V(e —2)|
— —d 45
+27T/ |z] : (45)
9>60
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holds. Herein @ denotes the angle between z = (x — y) and k. Stationary phase methods on the first term
yields

1 1 d .
- = " —ilk||z]|(14cosh) _
o / ilk](1 + cos 0) <d|z|e )V(x 2|zl d]z]da(z)

o

1 1 . d
- - —ilkl|lz](14cost) [ _ dlz1dQ
o /i|k|(1+cos9)e <d|z|v(x ZW') [21dS2(z)

0< 8o
1 1 d
<—— [ |—V(x-
_27T|k'|(1—|—cos€0)/‘d|z| (= 2)J2]

c |k|— o0

< -
S (0 teosty) 0

d|z|dQ(2)

where 4
a7V (& = 2)lz]

3 dz=c< oo

sup /
zeR3
was used. This follows directly from V € C}.
The second term in (45) is an integration over a cone with opening angle #y where the potential in
the integrand has compact support, is bounded and displaced by —z. Thus

E

lim sup / Mdzgc lim |sinf|dé =0
>0 ? 0

fo—m relR3 |Z| 0T Jg

and limyg| o0 SUP s |9(x, k)] = 0 follows. To get this for V' € L' N L? we approximate V by U € Cy as
in Lemma 3.7.

Analogously we show that (z)~1%|92®(x, k) — 9ge™*@| vanish uniformly for |k| — oo. According to the
proof of part (i) of Theorem 3.1 d¢n(z, k) is obtained as the unique solution of (40) in B. For large |k|
the operator (1— (Tg"’p_l)z)_1 with p = || can be expanded in terms of the Born series and the solution
of the modified equation is given by

& = (U= (@I O + 0 Ten — T
+ TN T 9 + O Ten — ThOE])

It can be shown by the same methods as in the case of g(#, k) that the term, on which (1 — (Tg"’p_l)z)_1
acts, uniformly approaches zero for |k| — oo, which completes the proof of the proposition.
O
The uniform boundedness of & as well as the bounds on its partial derivatives with respect to k now
follow from Proposition 3.5 and Proposition 3.6.
O
We will end this section with two corollaries to Theorem 3.1 and Proposition 3.6: The first one states
that the Riemann-Lebesgue lemma holds also for the generalized Fourier transformation and its inverse.
Furthermore, the differentiability of the generalized Fourier transform of a function is connected to its
decay as in the case of the ordinary Fourier transform. Related results can be found in a work by Isozaki.??
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3.8 Corollary. Let V satisfy (V), with some n > 3 and let zero not be an eigenvalue or resonance of
H. Then, for any N < n — 2 and any f such that () f € L*(IR?) Fyf and Fi'f are in CN(IR?) and
OfFaf € Coo(IR?) and OFFL' f € Coo(IR?) for all a with |a| < N.

Proof. Let (z)Vf € L' 0<|a|< N, then e.g.

o _ o 1 * _ 1 P (g ) dz
EENW = st w0 k’)f(x)dx——%g/ﬁk%( B(e)d
1 a —ik-x
= (271-)%/ake f(=z) da:—l— %/3kn+ (z) dx (46)

is bounded and continuous since |0F®% (x, k)| is bounded by calx)?l according to Theorem 3.1 and
<x>|°‘|f € L'. Furthermore, the first term in the second line belongs to Co by the ordinary Riemann-
Lebesgue lemma and the second term belongs to Cy, since (x)~1%l|92 0 (x, k)| tends uniformly to zero
for |k| = oo according to Proposition 3.6.
O
The second corollary concerns the so called T-matrix, an object widely discussed in quantum mechan-
ical scattering theory. Let V satisfy (V)s, then the T-matrix T(-,-) is defined by

T(k, k) = (27r)—3/e—ik'fV(x)<1>_(x, k') de . (47)

There are several results about the analyticity of the T-matrix for potentials with exponential decay.??
The following corollary gives sufficient conditions for T(k, ¥') to be continuously differentiable.

3.9 Corollary. Let V satisfy (V)y for some n > 3 and let zero be neither a resonance nor an eigenvalue

of H. Then
(i) T(,-) € C"73(IR? x (IR%\ {0}))
(i1) For every multi-index v with |o| < n —3

sup |05 T (k, k)] < 0o
keR® k'eR3\{0}
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A Appendix

In this appendix we prove two lemmas used in Section 3.

A.1 Lemma.

(i) The space B equipped with the norm

flz= swp  |f( )l

reR3 kel
is a Banach space.

(i1) Let {Ag}rer C L£(B) be a family of bounded operators on B such that Ay depends continuously
on k with respect to the operator-norm. Then

(AN, k) = (A f (-, k) ()

defines an operator A4 € £(B) and ||A|| B) < supgey || Axllc

Proof [of part (i)]. Let {fy}new be a Cauchy sequence in B C C(IR® x I). Then there ex-
ists f € C(IR® x I) such that lim, .. ||f — fn||§ = 0. It remains to show that f € B, i.e.that
Limp| 0o SUpges [f(2, k)| = 0. But

sup | f(x, k)|
kel

IA

sup [ f(@, k) = fa(z, k)| + sup | f (2, k)|
kel kel
Ilf - fn||§+ sup | fn (2, k)] .

kel

IA

The first term can be made arbitrarily small by appropriately choosing n and the second term vanishes
for |z| = 0.

Proof [of part (ii)]. Let f € B. Then for any fixed k € I, f(-, k) € B and therefore Ay f(-, k) € B.
First we show that Af(-,) € C(IR® x I):

(AN, k) = (AN K = (ARG R) () = (Ak £ F) ()]

(AR R)) (=) = (AR f (- ) (2)]
+1((Ae = Ap) £, R)) ()]

+1(Apr (F( k) = £ K))) ()] (48)

Since Aif(-, k) € B the first term can be made arbitrary small by choosing |# — #'| small enough. The
second term becomes small uniformly in &’ by choosing |k — k’| small enough since

IA

sup, ((Ax = A ) (5 R) @) = 1Ak — Ap) £ Rl B < Ak — Awllem)lIf115

and Ay depends continuously on k. The third term in (48) yields
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sup |(Apr (f( k) = F(6)) (@) < NAwllellF G k) = £ R)ls

z'elR®

<cmax | sup |f(z',k)— f(z', k)|, sup |f(z',k)— f(',k")] ],
le'|>R || <R
where we used supy¢; ||Ax||c(B) < ¢ < co. This holds because ||A||z(p) is a continuous function of k on

a compact set. The first term in max(...) can be made arbitrary small by choosing R large since f € B.
The second term vanishes for |k — k'| — 0 since a continuous function on a compact domain is uniformly
continuous.

We now show that

lim sup(Af)(z, k) = lim sup(Axf(-, k))(z) =0.

|z|—co per |z|—co per

Suppose that this is wrong, then there exists an ¢ > 0 and a sequence {z,, kn}nemw C IR? x I with
limy, oo 2, = 00, such that |(Ag, f(-, kn))(2n)| > € Vn € IN. Since [ is compact, {k,} contains a
convergent subsequence (for simplicity also denoted by {kn}) with limp_c0 kn = k € I. Now

| Ak, f(n, kn)l < Ak, (f(2n, kn) = fon, k)[4 [(Ak, — Ak)f(2n, k)|
+|Akf(xn’k)|

where the first two terms get arbitrary small as n — co as has just been shown, and the third term gets
arbitrary small as n = oo since A; f(-, k) € B. Thus we have a contradiction and Af € B follows.
The estimate for the norm follows directly from

1Al = sup  [(Axf( k) (@)| < sup[Axlles) | f( k)l < sup |[Axllem)ll /15
rz€R3 kel kel kel

O

A.2 Lemma. Let V satisfy (V)3 and let s > 0 such that {(x)*V () still satisfies (V)3. For f € B let

ek = o [ Vb
T, = 5= T Nsl. 0 ) )
o <l‘>s|l‘— y| Y Y)Js\y Y
T'f) (. k Y k) d d
(T'f)(x, k) = 7 Tk e (WV)'V(y)fly,k)dy, an
~ ki
(Kf)(z, k) = [, (ki kp)) dky |
kP
then
(i) the operators f, T" and K belong to E(E) and |I~{ £(F) < 26;, where 2§; is the length of the

interval I;.

(ii) The functions ()~ *d,g(x, k) and (x)~*n(z, (k}, k7)) belong to B.
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Proof [of part (i)]. Let f € B and define

e—ilklle=yl
TNE) = 5 [ T Ve,
, ik [ e iHlle=yl
TN = g [ Ve s,

then for fE B we have (Tf)(x, k) = (1} f(, k))(x) and analogously for T'. We shall use Lemma AL1.(i1)
to prove that T and T' are in ﬁ(é) We have to show that (T} )rer and (Tl;s)k;ej are families of operators
in £(B) continuously depending on k.

Now (y)*V (y) still satisfies the conditions (V). According to Lemma 3.3.(1) and (v) (x)*T} satisfies
the conditions of Lemma A.1.(ii). Multiplication by {(x)~* is a bounded operation in B and thus also
(T} )ker satisfies the conditions of Lemma A.1.(ii). Hence Tc ﬁ(é)

Next consider Tl;s. From (y)*V(y) € L' and

(0@ < @7 o [ 1y V)l dy 1l
im0 (T3 £)(x)| = 0 follows. With |e’® — ¢*®'| < |a — o/ for a, o’ € IR we estimate

()" (T ) () — (&) (T F) ()] <
%/‘ —ilkllz—yl _ ,=ilklla’ —y|‘| DIIF ) dy

< —/|k|||x—y| ~ &' = 3ll 0}V ()] dy |l
o= 2/lit3= [ o)Vl dy 1l

I /\

IA

which proves the continuity of <x>s(T,;5f)(x) in # and thus that of (T,;s ) (x) itself. Therefore T,;s € L(B).
It remains to show that T,;s is norm continuous with respect to k:

(T = ) flls =
1 /<y>sv(y)f(y) (ﬂe—uknx—m_ k_l/e—i|k'||x—y|)‘
( &

= su b
| 2 z)* K]
< sup i/ RAORE) e~ ilHlle=l (kl - k_;)‘
T cems |27 (x)* |kl (K]
4+ sup L/M’f_{ (e—uknx—m_e—i|k'||x—y|)‘
ceR? | 27 (z)* |k]
ki
< elgg— e
|| |]<7’|
faup L /| —z’|k||x—y|_e—z'|k'||x—y|‘ dy 1 ]ls -
r€R® T
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Since we can achieve ¢ 5 for any ¢ > 0 by choosing |k — ’| small it remains to show that

also
sup / [y —z’|k||x—y| _ e—z’|k'||x—y|‘ dy < &
r€R® 271' 2

for |k — k| small. Since (z)*V(z) € L*

e~ ilklle—yl _ e‘ilklllx_yl‘ < 2 there exists R; such that
| 5 . -

sup ﬁ/ oL —z|k||x—y| _ -ilk ||x—y|‘ dy <

|z|> Ry

1
< sup

1 €
= o> R (2 271'/2|< YVldy < 3.

Similarly there 1s Ry such that
1 s
wp L[ Lol
y>R2

c€R? 27 (z)*

1 /
< v V(y)dy < <
erRa 5271' y>Ro 4

holds. Observing that from |z| < Ry and |y| < Ra | — y| < Ry + Rs follows, we obtain for the remaining
part

e=ilkllz=yl _ =ik lla=vl| g,/ <

sup 1 / [Ky)* V()] e=ilklle=yl _ g=ilklle=yl| g, <

le| <Ry 27 (z)
ly| <Rz

< I = W1l 5= (R + R [ 66V )l dy < k= K] < §

for |k — k| sufficiently small. Combining these results we get that for any € > 0

(7" = T2) flls < €l flls

for |k — k’| small enough, which proves the norm continuity of Tl;s. Therefore T,;s meets the requirements
of Lemma A.1.(ii) and we conclude that A= L(B )
Finally consider K. For fe B the continuity of (A iz, k) =

Furthermore

kl f(x, (ki, k7)) dk] in x and k is clear.

lim sup|([xf)(x k)| < < lim  24; sup |f(x, k)| =0,
|z|—c0 per |z] =00 kel

so that K € ﬁ(é) and

f( (ki kr)) dki

5= sup

<26 fll -
rz€R3 kel

k‘D
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Proof [of part (ii)].  Since n(x, k) € B for all k¥ # 0 and [ is compact, {x)™*n(z, (klo,k’l—)) € Bis
obvious. Observing
Ouglak) = o=t [ emibllemsly ()i gy
A 27 |k|

i e—ilklle—yl .
|y iky g
271'/ =l (Yye™dy,

()"0, 9(x, k) € B can be shown using the same types of estimates as in the proof of part (i) of this
lemma.

O
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