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I. BOHMIAN MECHANICS IN A NUTSHELLSuppose that when we talk about the wave function of a system of N particles, weseriously mean what our language conveys, i.e., suppose we insist that \particles" meansparticles. If so, then the wave function cannot provide a complete description of the state ofthe system; we must also specify its most important feature, the positions of the particlesthemselves!Suppose, in fact, that the complete description of the quantum system|its state|isgiven by (Q ;  )where Q = (Q1 : : :QN ) 2 IR3N ; with Qk the positions of particles, and  =  (q) = (q1 : : :qN) is the wave function. Then we shall have a theory once we specify the lawof motion for the state (Q; ). The simplest possibility is that this motion is given by �rst-order equations|so that (Q; ) is indeed the state in the sense that its present speci�cationdetermines the future. We already have an evolution equation for  , i.e., Schr�odinger'sequation, i�h@ @t = �XNk=1 �h22mk�k + V  : (1)According to what we have just said we are looking for an evolution equation for Q of theform dQdt = v (Q) (2)where v = (v 1 : : :v N). Thus the role of  is to choreograph a motion of particles throughthe vector �eld on con�guration space that it de�nes, ! v :But how should v be chosen? A speci�c form for v emerges by requiring space-timesymmetry|Galilean and time-reversal invariance (or covariance), and \simplicity" [1]:2



For one-particle system we �nd v = �hmImr  ;and for a general N�particle systemv k = �hmk Imrk  : (3)We've arrived at Bohmian mechanics, de�ned by (1{3) for a nonrelativistic system (uni-verse) of N particles, without spin. This theory, a re�nement of de Broglie's pilot wavemodel, was found and compellingly analyzed by David Bohm in 1952 [2{6,1,7{10]. Spin, aswell as Fermi and Bose-Einstein statistics, can easily be dealt with and in fact arise in anatural manner [11,2,12{14].Let us briefly mention how to incorporate spin into Bohmian mechanics.. Note thaton the right-hand side of the equation for the velocity �eld the r is suggested by rotationinvariance, the  in the denominator by homogeneity, the \Im" by time-reversal invariance,and the constant in front is precisely what is required for covariance under Galilean boosts.Rotation invariance requires in particular that rotations act on the value space of the wavefunction. But the latter action is rather inconspicuous for spinless particles. The simplestnontrivial (projective) representation of the rotation group is the 2-dimensional \spin 12"representation. This representation leads to a Bohmian mechanics involving spinor-valuedwave functions for a single particle (and spinor-tensor-product-valued wave function formany particles). Beyond the fact that the wave function now has a more abstract valuespace, nothing much changes from our previous description: The wave function evolvesaccording to a Hamiltonian that contains the Pauli term, for a single particle proportionalto B��, which represents the coupling between the \spin" and an external magnetic �eldB. The con�guration evolves according to the natural extension of the velocity �eld tospinors, obtained, say, by multiplying both the numerator and denominator of the argumentof \Im" on the left by  � and interpreting the result for the case of spinor values as a3



spinor-inner-product: v = �hmIm �r  � :A remark on Bose-Fermi statistics: According to orthodox quantum mechanics, the verynotion of indistinguishable particles seems to be grounded on the nonexistence of particletrajectories and on the practical impossibility of distinguishing identical particles at twodi�erent times. This might lead to the expectation that it should be quite problematical toincorporate the description of indistinguishable particles into Bohmian mechanics. However,this is not so. Indeed, the usual symmetry conditions on the wave function arise naturallywhen the Bohmian approach is applied to systems of indistinguishable particles. Moreover,when spin is taken into account, the fact that the intermediate statistics (the so calledparastatistics) are to be excluded turns out to be a consequence of the very existence oftrajectories (as does the fact that in a two dimensional world there would be many morepossibilities than just bosons and fermions) [14].Bohmian mechanics is a fully deterministic theory of particles in motion, but a motionof a profoundly nonclassical, non-Newtonian sort. We should remark, however, that in thelimit �hm ! 0, the Bohm motion Qt approaches the classical motion.But what does this theory, Bohmian mechanics, have to do with orthodox quantumtheory, i.e., with the quantum formalism? Well, of course, they share Schr�odinger's equa-tion. However, in orthodox quantum theory noncommuting observables, represented byself-adjoint operators, play a fundamental role, while they do not appear at all in the for-mulation of Bohmian mechanics. Nonetheless, it can be shown that Bohmian mechanicsnot only accounts for quantum phenomena|this was essentially done by Bohm in 1952 and1953|but also embodies the quantum formalism itself, self-adjoint operators, randomnessgiven by � = j j2, and all the rest, as the very expression of its empirical import [1,15].Equations (2) (together with (3)) and (1) form a complete speci�cation of the theory.There is no need, and indeed no room, for any further axioms. As for the status of the the4



familiar distribution � = j j2 in Bohmian mechanics, an answer is provided by re
ectingupon the role of equilibrium measures for dynamical systems. Suppose one is interested inaspects of, say, the long time behavior, of patterns of statistical regularities which occur.Then some of the most basic of such information is usually provided by a measure stationaryfor the dynamics, so �nding such a measure is often the key step in the analysis. Now itturns out that for Bohmian mechanics there is, in fact, no useful stationary measure, sincethe velocity �eld is typically time-dependent. Yet, j j2 is as good as a stationary measure.This distribution is in fact equivariant :Consider an arbitrary initial ensemble � and let�! �tbe the ensemble evolution arising from Bohmian motion. If � = � is a functional of  wemay also consider the ensemble evolutions arising from Schr�odinger's equation� ! � t :� is equivariant if these evolution are compatible(� )t = � tThat � = j j2 is equivariant follows from comparing the quantum flux equation@j j2@t + divJ = 0 (4)where J = (J 1 : : :J N ) , J k = �hmk Im ( �rk ), with the continuity equation associated withparticle motion @�@t + div (�v ) = 0Since J = v j j2, the continuity equation is satis�ed for � = j j2. Thus:If �(q; t0) = j (q; t0)j2 at some time t0 then �(q; t) = j (q; t)j2 for all t.5



Suppose now that a system has wave function  . We shall call the probability distributionon con�guration space given by � = j j2 the quantum equilibrium distribution. And we shallsay that a system is in quantum equilibriumwhen its con�guration are randomly distributedaccording to the quantum equilibrium distribution. The empirical implications of Bohmianmechanics are based on the followingQuantum equilibrium hypothesis (QEH): When a system has wave function  ,the distribution � of its con�guration satis�es � = j j2.II. EXISTENCE OF QUANTUM TRAJECTORIESBefore proceeding to a sketch of how Bohmian mechanics accounts for quantum phe-nomena, we shall address the problem of whether Bohmian mechanics is a mathematicallysound theory. After all, the velocity �eld (3) reveals rather obviously possible catastrophicevents for the motion: v is singular at the nodes of  , i.e.,at points where  = 0. We shallconsider then the de�ning equations of Bohmian mechanicsdQdt =v (Q)i�h@ @t =H ;where v is given by (3) and H is the right hand side of (1), and inquire about the existenceand uniqueness of their solutions.The \problem of the existence of dynamics" for Schr�odinger's equation is usually reducedto showing that the relevant Hamiltonian H (given by the particular choice of the potentialV ) is self-adjoint. This has been done in great generality, independent of the number ofparticles and for large classes of potentials, including singular potentials like the Coulombpotential, which is of primary physical interest [16,17]. In Bohmian mechanics we havenot only Schr�odinger's equation to consider but also the di�erential equation governingthe motion of the particles. Thus the question of existence of the dynamics of Bohmianmechanics depends now on detailed regularity properties of the velocity �eld v . Local6



existence and uniqueness of Bohmian trajectories is guaranteed if the velocity �eld v islocally Lipschitz continuous. We therefore certainly need greater regularity for the wavefunction  than merely that  be in L2. Global existence is more delicate: In addition tothe nodes of  , there are singularities comparable to those of Newtonian mechanics. Firstly,even for a globally smooth velocity �eld the solution Qt may explode, i.e., it may reachin�nity in �nite time. Secondly, the singular points of the potential, are reflected in singularbehavior of the wave function at such points, giving rise to singularities in the velocity�eld. (For example, the ground state wave function of one particle in a Coulomb potentialV (q) = 1=jqj, q 2 IR3 (\hydrogen atom") has the form e�jqj, which is not di�erentiable atthe point q = 0 of the potential singularity.)The problem is then the following: Suppose that at some arbitrary \initial time" (t0 = 0)the N -particle con�guration lies in the complement of the set of nodes and singularities of 0. Does the trajectory develop in a �nite amount of time into a singularity of the velocity�eld v , or does it reach in�nity in �nite time? It turns out that the answer is negativefor \typical" initial values and a large class of potentials, including the physically mostinteresting case of N -particle Coulomb interaction with arbitrary charges and masses. Ourresults [18{20] are summarized by the followingProposition 1 For a large class of Hamiltonians (including Coulomb with arbitrary chargesand masses) and su�ciently regular initial datum  0 the solution exists uniquely and globallyin time for j 0j2-almost all initial con�gurations Q0.The quantity of central importance for our proof [20] of this theorem turns out to bethe quantum current j = (J ; j j2), with J = v j j2 the quantum probability flux.The absolute value of the flux through any surface in con�guration-space-time controlsthe probability that a trajectory crosses that surface. Consider a smooth surface � incon�guration-space-time. The expected number of crossings of � by the random trajectoryQt is given by Z� jjt(q) � njd�7



where n denotes the local unit normal vector at (q; t). (R�(j � n)d� is the expected numberof signed crossings.) To get a handle on this consider �rst a small surface element which thetrajectories cross at most once. The density of crossings is readily calculated to be jj � nj.Invoking the linearity of the expectation value yields then the general statement. (In thisregard we note that for the related problem in stochastic mechanics [12] the particle trajec-tories are realizations of a di�usion process and are hence not di�erentiable, i.e., velocitiesdo not exist. Thus in stochastic mechanics the current does not have the same probabilisticsigni�cance and our analysis does not apply to stochastic mechanics.) Surfaces relevant toour analysis are those formed by the boundaries of neighborhoods around all the singularpoints for Bohmian mechanics. Loosely speaking, the importance of the quantum flux isgrounded in the insight: \If there is no absolute flux into the singular points, the singularpoints are not reached." III. EMPIRICAL IMPLICATIONSA systematic analysis of the empirical implications of Bohmian mechanics falls naturallyinto two parts:(A) The emergence and signi�cance of other (noncon�gurational) observables.(B) The clari�cation and justi�cation of the QEH.As for (B), compare the QEH with the Gibbs postulate (GP) of statistical mechanics:quantum equilibrium � = j j2thermodynamic equilibrium � � e��HWhile the complete justi�cation of the GP is remarkably di�cult (and as of now is nonex-istent), that of the QEH is relatively easy [1].As for (A), the crucial observation has been made by Bell [21]:: : : in physics the only observations we must consider are position observations,if only the positions of instrument pointers. It is a great merit of the de Broglie-8



Bohm picture to force us to consider this fact. If you make axioms rather thande�nitions and theorems about the `measurement' of anything else then youcommit redundancy and risk inconsistency.When one comes to \measurements" and \observables," a warning against the misuse ofthese words is mandatory. We again quote Bell [22]:: : :The �rst charge against \measurement," in the fundamental axioms of quan-tum mechanics, is that it anchors the shifty split of the world into \system" and\apparatus." A second charge is that the word comes loaded with meaning fromeveryday life, meaning which is entirely inappropriate in the quantum context.When it is said that something is \measured" it is di�cult not to think of theresult as referring to some preexisting property of the object in question. This isto disregard Bohr's insistence that in quantum phenomena the apparatus as wellas the system is essentially involved. : : :Even in a lowbrow practical account, Ithink it would be good to replace the word \measurement," in the formulation,with the word \experiment." A. ExperimentsWhen we speak of a very general experiment E , beginning, say, at t = 0 and ending attime T , we have in mind a fairly de�nite initial state �0 = �0(y) of the apparatus, one forwhich the apparatus should function as intended, as well as a de�nite initial state of thesystem  =  (x) on which the experiment is performed. Under these conditions it turnsout that the composite system formed by system and apparatus, with generic con�gurationq = (x; y), has initial wave function: 	0 =  
 �0:Moreover, E will be speci�ed by a unitary operator U generating the time evolution arisingfrom the interaction of the system and apparatus, which yields the wave function 	T of the9



composite system after the experiment; and a calibration function F from the con�gurationspace of the composite system to some value space, e.g. IR, �xing the scale of the experiment,and de�ning the result Z � F (QT) of the experiment|think of the \orientation of theapparatus pointer" or some coarse-graining thereof|as a function of the con�guration QTof the system and apparatus after the experiment.Assume QEH. Then QT is randomly distributed according to the quantum equilibriummeasure IPT (dq) = j	T j2dq and Z is a random variable (on the probability space of theinitial con�gurations of system and apparatus) with distribution given by the probabilitymeasure � = IPT � F�1:A stepping stone of our analysis [15] is the followingProposition 2 With any experiment E there is always associated a positive-operator-valuedmeasure (POV) O(d�) such that �(d�) = h ;O(d�) iThis follows very easily from the observation that the map  ! � from (initial system)wave functions to probability measures on the value space, explicitly given by the followingsequence of maps  ! 	 =  
 �0 ! 	T ! IPT ! � = IPT � F�1 ;is a normalized bilinear map on the system Hilbert space H, since the middle map to thequantum equilibrium distribution,	T ! IPT (dq) = 	�T	Tdq;is obviously bilinear, while all the other maps are linear, all but the second trivially so.Now, by elementary functional analysis, the notion of such a bilinear map is completelyequivalent to that of a POV! We note that when the experiment is \measurement-like" (by10



this we merely mean that, unlike a coin flip, the outcome is reproducible) the POV O isactually a projection valued measure (PV) and with every such experiment we may associatea self-adjoint operator A, E ! A;which governs the statistics of the outcomes in the usual way [15].We recall that because of di�culties in the application of the usual operator formalism,it has been proposed in the framework of the so called operational approach to quantummechanics that we should go beyond operators-as-observables, to \generalized observables"[23{26]. The basis of this extension lies in the observation that, by the spectral theorem, theconcept of self-adjoint operator is completely equivalent to that of (normalized) projection-valued measure (PV) on the value space IR. Since orthogonal projections are among thesimplest examples of positive operators, a natural generalization of a \quantum observable"is then provided by a (normalized) positive-operator-valued measure (POV)|when a POVis sandwiched by a wave function it generates a probability distribution.On the other hand, the emergence and role of POV's in Bohmian mechanics is not amatter of generalization; rather it is merely an expression of the bilinearity of quantumequilibrium together with the linearity of Schr�odinger's evolution. Thus the fact that withevery experiment is associated a POV, which forms a compact expression of the statisticsfor the possible results, is a near mathematical triviality. It is therefore rather dubious thatthe occurrence of POV's as observables|the simplest case of which is that of PV's|can beregarded as suggesting any deep truths about reality or about epistemology. In particular,so understood, the notion of self-adjoint-operator-as-observable A in no way implies thatanything is really being measured in the experimentwith whichA is associated, and certainlynot the operator A itself! In a general experiment no property is being measured, even ifthe experiment happens to be measurement-like. (In this regard we note that experimentsassociated with the position operator are for the most part an important exception, thoughthere are \measurements" of the position operator that are not measurements of the actual11



position [27{29,15].)That self-adjoint operators are associated only with special experiments is a further indi-cation that the usual quantum formalism, based only on self-adjoint operators, is merely anidealization, rarely directly relevant in practice. Indeed, a great many signi�cant real-worldexperiments are simply not at all associated with operators in the usual way [30,31,15,32].Consider for example an electron with fairly general initial wave function, and surroundthe electron with a \photographic" plate, away from (the support of the wave function of)the electron, but not too far away. This set-up measures the position of \escape" of theelectron from the region surrounded by the plate. Notice that since in general there isno de�nite time of escape, it is not at all clear which operator should correspond to theescape position. Indeed, it can be shown [31,15] that there is no such operator, that for theexperiment just described the probabilities for the possible results cannot be expressed inthe usual form, and in fact are not given by the spectral measure for any operator.We note that the study of the asymptotic limit for this situation|the scattering regime|is the starting point for a reformulation of scattering theory [31] based on the so calledscattering-into-cones-theorem, proved by Dollard [33], and the f lux-across-surfaces-theorem[34], of which a complete proof is still lacking.B. Quantum EquilibriumWe'd like now to turn to the clari�cation and justi�cation of the QEH [1,8,7]. There aresome crucial subtleties in the QEH, which we can begin to appreciate by �rst asking thequestion: Which systems should be governed by Bohmian mechanics? The systems whichwe normally consider are subsystems of a larger system|for example, the universe|whosebehavior (the behavior of the whole) determines the behavior of its subsystems (the behaviorof the parts). Thus for a Bohmian universe, it is only the universe itself which a priori|i.e., without further analysis|can be said to be governed by Bohmian mechanics. So let's12



consider such a universe. Our �rst di�culty immediately emerges: In practice � = j j2 isapplied to (small) subsystems. But only the universe has been assigned a wave function(which we shall now denote by 	)! What is meant then by the RHS of � = j j2, i.e., by thewave function of a subsystem?Let's go further. Fix an initial wave function 	0 for this universe. Then since theBohmian evolution is completely deterministic, once the initial con�guration Q of this uni-verse is also speci�ed, all future events, including of course the results of measurements, aredetermined. Now let X be some subsystem variable|say the con�guration of the subsystemat some time t|which we would like to be governed by � = j j2. But how can this possiblybe, when there is nothing at all random about X?Of course, if we allow the initial universal con�guration Q to be random, distributedaccording to the quantum equilibrium distribution j	0(Q)j2, it follows from equivariancethat the universal con�guration Qt at later times will also be random, with distributiongiven by j	tj2, from which you might well imagine that it follows that any variable ofinterest, e.g., X, has the \right" distribution. But even if this is so (and it is), it wouldbe devoid of physical signi�cance! What possible physical signi�cance can be assigned toan ensemble of universes, when we have but one universe at our disposal, the one in whichwe happen to reside? We cannot perform the very same experiment more than once. Butwe can perform many similar experiments, di�ering, however, at the very least, by locationor time. In other words, insofar as the use of probability in physics is concerned, what isrelevant is not sampling across an ensemble of universes, but sampling across space andtime within a single universe. What is relevant is empirical distributions|actual relativefrequencies for an ensemble of actual events.Two problems must thus be addressed, that of the meaning of the wave function  of a subsystem and that of randomness. It turns out that once we come to grips withthe �rst problem, the question of randomness almost answers itself. We obtain just whatwe want|that � = j j2 in the sense of empirical distributions; we �nd that in a typicalBohmian universe an appearance of randomness emerges, precisely as described by the13



quantum formalism.What about the wave function of a subsystem? Given a subsystem we may write q =(x; y) where x and y are generic variables for the con�gurations of the subsystem and itsenvironment. Similarly, we have Qt = (X;Y ) for the actual con�gurations (at time t). Whatis the simplest possibility for the wave function of the subsystem, the x-system; what is thesimplest function of x which can sensibly be constructed from the actual state of the universeat time t (which we remind you is given by Qt and 	t = 	)? Clearly the answer is what wecall the conditional wave function  (x) = 	(x; Y ):This is all we need! (This is not quite the right notion for the \e�ective" wave functionof a subsystem, upon which we shall elaborate in the next section, but whenever the latterexists it agrees with what we have just described.) Now see what you can do without actualcon�gurations! (You'll, of course, quickly encounter the measurement problem!)The main result of our analysis [1] is summarized by the followingProposition 3 When a system has wave function  , the distribution � of its con�gurationtypically satis�es � = j j2.This means that for typical initial con�gurations of the universe, the empirical distribu-tion of an ensemble of M identical subsystems with wave function  converges to � = j j2for large M . The statement refers to an equal-time ensemble or to a multi-time ensembleand the notion of typicality is expressed by the measure IP	0(dQ) and more importantlyby the conditional measure IP	0(dQjM), where the set M takes into account any kind ofprior information|always present|reflecting the macroscopic state at a time prior to allexperiments. Moreover, the above proposition holds under physically minimal conditions,expressed by certain measurability conditions reflecting the requirement that facts aboutresults and initial experimental conditions not be forgotten.14



IV. THE EFFECTIVE WAVE FUNCTIONLet's pause for a moment and get familiar with the notion of conditional wave functionby looking at a very simple example:Consider two particles in one dimension, whose evolution is governed by the HamiltonianH = H(x) +H(y) +H(xy) = � �h22m( @2@x2 + @2@y2 ) + 12�(x� y)2:For simplicity let us set �h = m = � = 1. Assume that the composite has initial wavefunction 	0 =  
 �0 with  (x) = �� 14 e�x22 and �0(y) = �� 14 e� y22 :By solving the basic equations of Bohmian mechanics one easily obtains that	t(x; y) = �� 12 (1 + it)� 12 e� 14 [(x�y)2+ (x+y)21+2it ];and Xt = a(t)X + b(t)Y and Yt = b(t)X + a(t)Y;where a(t) = 12 [(1 + t2) 12 + 1], b(t) = 12 [(1 + t2) 12 � 1], and X;Y are the initial conditionsof the two particles. Focus now on one of the two particles (the x-system) and regard theother one as its environment (the y-system). The conditional wave function of the x-system t(x) = 	t(x; Yt)depends, through Yt, on both the initial conditions for the environment and the initial con-dition for the particle. In other words, the evolution of  t is random, with probability lawdetermined by j	0j2. In particular,  t does not satisfy Schr�odinger's equation for any H(x).We remark that even when the x-system is dynamically decoupled from its environment,the conditional wave function will not in general evolve according to Schr�odinger's equation.Thus the conditional wave function lacks the dynamical implications from which the wave15



function of a system derives much of its physical signi�cance. These are, however, capturedby the notion of e�ective wave function:Suppose that 	(x; y) =  (x)�(y) + 	?(x; y) ; (5)where � and 	? have macroscopically disjoint y-supports. IfY 2 supp�we say that  is the e�ective wave function of the x-system. Of course,  is also theconditional wave function|nonvanishing scalar multiples of wave functions are naturallyidenti�ed. (In fact, in Bohmian mechanics the wave function is naturally a projective objectsince wave functions di�ering by a multiplicative constant|possibly time-dependent|areassociated with the same vector �eld, and thus generate the same dynamics.)One might wonder why systems ever possess an e�ective wave function. In fact, ingeneral they don't! For example the x-system will not have an e�ective wave function when,for example, it belongs to a larger microscopic system whose e�ective wave function doesn'tfactorize in the appropriate way. However, the larger the environment of the x-system , thegreater is the potential for the existence of an e�ective wave function for this system, owingin e�ect to the abundance of \measurement-like" interactions with a larger environment.The notion of e�ective wave function is robust , as there is a natural tendency toward theformation of stable e�ective wave functions via dissipation: Suppose that initially the y-supports of � and 	? are just \su�ciently" (but not macroscopically) disjoint; then, dueto the interactions with the environment, the amount of y-disjointness will tend to increasedramatically as time goes on, with, as in a chain reaction, more and more degrees of freedomparticipating in this disjointness. When the e�ect of this dissipation, or \decoherence," aretaken into account, one �nd that even a small amount of y-disjointness will often tend tobecome \su�cient," and quickly \more than su�cient," and �nally macroscopic.The ever-decreasing possibility of interference between macroscopically distinct wavefunctions due to typically uncontrollable interactions with the environment is nowadays16



often referred to as decoherence (Gri�ths [35], Omnes [36], Leggett [37], Zurek [38], Joos-Zeh [39]) and has been regarded (Gell-Mann-Hartle [40]) as a crucial ingredient for extractinga \quasiclassical domain of familiar experience" from the quantum formalism itself (see also[41]). One of the best descriptions of the mechanism of decoherence, though not the worditself, can be found in the Bohm's 1952 \hidden variables" paper [2]. We wish to emphasize,however, as did Bell in his article \Against Measurement" [22], that decoherence in no waycomes to grips with the measurement problem itself, being merely a necessary, but not asu�cient, condition for its complete resolution. In contrast, the very notion of e�ective wavefunction resolves the measurement problem at once.Consider for example an experiment E with an apparatus so designed that there areonly �nitely (or countably) many possible outcomes, labeled by � 2 I. Then, after theexperiment the wave function of the composite is of the form	T = X�2I  � 
 ��; (6)where the �� are (normalized) apparatus states supported by the macroscopically distinctsets � 2 I of apparatus con�gurations. Of course, for Bohmian mechanics, the terms of (6)are not all on the same footing: one of them, and only one, is selected, or more preciselysupported, by the outcome|corresponding, say, to �0|which actually occurs. It followsthat after the experiment, at time T , the x-system has e�ective wave function  �0. Thisis how collapse (or reduction) of the e�ective wave function to the one associated with theoutcome �0 arises in Bohmian mechanics.Note that while in orthodox quantum theory the collapse is merely superimposed uponthe unitary evolution|without a precise speci�cation of the circumstances under which itmay legitimately be invoked|we have now, in Bohmian mechanics, that the evolution of thee�ective wave function is actually given by a stochastic process, which consistently embodiesboth unitarity and collapse as appropriate. In particular, the e�ective wave function of asubsystem evolves according to Schr�odinger's equation when this system is suitably isolated.Otherwise it \pops in and out" of existence in a random fashion, in a way determined by the17



continuous (but still random) evolution  t of the conditional wave function. (In this regard,as far as the general problem of chaotic behavior in quantum theory is concerned, notethat there is nothing in Bohmian mechanics which would preclude sensitive dependence oninitial conditions, of Qt on Q0 and  0, and hence positive Lyapunov exponents. In Bohmianmechanics \quantum chaos" arises, as in the classical case, solely from the dynamical lawand not from the collapse rule applied in measurements [42].)V. QUANTUM PHYSICS WITHOUT QUANTUM PHILOSOPHYWe would like to make a few comments now about Bohmian mechanics and \the realworld." There is at best an uneasy truce between orthodox quantum theory and the viewthat there is an objective reality, of a more or less familiar sort on the macroscopic level.Recall, for example, Schr�odinger's cat. What does Bohmian mechanics contribute here? Ina word, everything! A world of objects, of large collections of particles which combine andmove more or less as a whole, presents no conceptual di�culty for Bohmian mechanics, sinceBohmian mechanics is after all a theory of particles in motion and allows for the possibilityof such large collections.So what, when all is said and done, does the incorporation of the particle positions, ofthe con�gurations, buy us? A great deal:1. randomness2. familiar (macroscopic) reality3. the wave function of a (sub)system4. collapse of the wave packet5. absolute uncertaintyWe have not yet explicitly addressed item 5. 5 is a consequence of the analysis of � = j j2. Itexpresses the impossibility of obtaining information about positions more detailed than what18



is given by the quantum equilibrium distribution. It provides a precise, sharp foundationfor the uncertainty principle, and is itself an expression of global quantum equilibrium [1].When all is said and done, Bohmian mechanics emerges as a precise and coherent \quan-tum theory" providing a microscopic foundation for the quantum formalism. To sum up, itseems fair to say that Bohmian mechanics is nothing but quantum physics without quan-tum philosophy. Moreover, the only objections which are usually raised against Bohmianmechanics are merely philosophical. Now we don't wish to enter here into philosophicaldisputes. We would, however, like to mention that in response to the outrage sometimesexpressed towards the suggestion that particles might have positions when they are not, orcannot be, observed, Bell, referring to theories such as Bohm's, has said thatAbsurdly, such theories are known as \hidden variable" theories. Absurdly, forthere it is not in the wave function that one �nds an image of the visible world,and the results of experiments, but in the complementary \hidden"(!) variables.Of course the extra variables are not con�ned to the visible \macroscopic" scale.For no sharp de�nition of such a scale could be made. The \microscopic" aspectof the complementary variables is indeed hidden from us. But to admit thingsnot visible to the gross creatures that we are is, in my opinion, to show a decenthumility, and not just a lamentable addiction to metaphysics [43].ACKNOWLEDGMENTSThis work was supported by the DFG, by NSF Grant No. DMS-9305930, and by INFN.
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