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The Theory

1.1 Equations
Bohmian me hani s is a quantum theory without observers [1,2℄. This means
that neither the a t of observation nor the notion of observer play any role in
de ning the theory { the theory is not about observers and observation { and it
explains all non relativisti quantum phenomena. The theory is about something
primitive1 , the basi ontology, and the laws for that are given.
Bohmian me hani s is a deterministi theory of point parti les. Like Newtonian me hani s it is invariant under Galilei transformations, but unlike Newtonian me hani s it is a rst-order theory { a eleration is not a on ept entering
the law of motion. Rather this law dire tly determines the velo ities of the parti les as follows.
For an N -parti le system the positions of the N parti les form the on guration spa e variable Q = (Q1 ; : : : ; QN ) 2 R3N , Qk 2 R3 being the position of
k-th parti le. The motion of the on guration is determined by a time-dependent
wave fun tion on on guration spa e (q; t) 2 C , q = (q 1 ; : : :; q N ) 2 R3N , that
obeys S hrodingers equation (mk is the mass of the k -th parti le and V is the
potential)
 (q; t) = N ~2 k (q; t) + V (q) (q; t):
i~
(1)
t
k=1 2mk

X

The wave fun tion's role is to indu e a velo ity-ve tor eld on on guration spa e
v (q), the integral urves of whi h are the traje tories of the parti les

dQk
~ Im(  rk )
= v k (Q) =
(Q1 ; : : :; QN ):
(2)

dt
mk
To solve (1), (2) one needs an initial on guration (i.e. the initial positions of
all the parti les) and an initial wave fun tion.
In [3℄ we show how the law of motion may be seen as emerging in a natural
manner from the requirement that it be invariant under Galileian transformations.
1

In ontrast, observers are ompli ated obje ts, made of many parts: for example one
may get a hair ut and still be fun tioning as observer.
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Non Newtonian Chara ter Bohmian me hani s is a rst-order theory: Given

the velo ity eld, spe ifying the positions of the parti les at one time xes the
traje tories. Newtonian me hani s needs both position and velo ity spe i ed for
the motion to be determined. Di erentiating (2) with respe t to time t does not
render the theory se ond order, no more than does a Newtonian theory be ome
a third order theory by di erentiating mx = F with respe t to time. Nevertheless David Bohm, who worked this theory out in 1952 [4,5℄, presented this
rst-order theory also in the Newtonian looking se ond-order form. It is learly
useful to take the rst-order hara ter seriously. For example on guration spa e
traje tories an never ross ea h other. Bell [1℄ also emphasized the rst-order
hara ter. He writes the right hand side of (2) as the quotient of the quantum
ux j and the density  = j j2 , the signi an e of whi h I shall address later.

Nonlo al Chara ter The wave fun tion is a fun tion on on guration spa e.

That spa e is not `ans hauli h' like physi al spa e, it is abstra t. But sin e the
wave fun tion is part of the law of the motion it is important for the understanding of Bohmian me hani s that the abstra t on guration spa e be taken
seriously. The role played by the on guration spa e wave fun tion in de ning
the motion makes Bohmian me hani s nonlo al: Looking at (2), the velo ity of
ea h parti le depends on the position of all the other parti les no matter how far
the other parti les are away. The amount of a tion at a distan e depends only
on the degree of entanglement of the wave fun tion on on guration spa e, that
is, the extent to whi h the wave fun tion di ers from a produ t of single parti le
wave fun tions.
Be ause of the observed violations of Bell's inequalities [1℄ (see [6℄ for various
examples), nature is nonlo al. A fundamentally orre t physi al theory must
therefore be nonlo al. Bohmian me hani s shows that this an naturally be
a hieved { by in orporating the wave fun tion on on guration spa e as physi al
eld, whi h is naturally a nonlo al obje t.

Names The theory goes under various names, but it's always Bohmian me-

hani s: Causal Interpretation [4℄, de Broglie-Bohm pilot wave theory (Bell [1℄),
or de Broglie-Bohm theory, or pilot wave theory (Valentini in this volume) or
simply Bohm's theory. De Broglie's name appears be ause de Broglie presented
relu tantly the equations of Bohmian me hani s (whi h even earlier had been
written down by Madelung, for a uid pi ture of the wave evolution) at the
Solvay onferen e 1927, but in the dis ussion with Pauli at this onferen e, he
found himself unable to defend his ideas. A sto hasti version of Bohmian mehani s, where the traje tories are perturbed by white noise, exists, namely,
sto hasti me hani s (sometimes alled Nelson's sto hasti me hani s [7℄).

Point Parti le Theories Other deterministi point parti le theories are for

example Newtonian me hani s and the relativisti Wheeler{Feynman Ele tromagnetism [8℄ of point harges { a theory without elds. (For a relativisti theory
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of extended harges and elds see the ontribution by Mi hael Kiessling in this
volume.)
While in these theories physi ists agree that the parti les are ontologi al, the
parti les in Bohmian me hani s are often seen with distrust and given funny
attributes (Adler in this volume alls them hidden `parti les'). On the one hand,
this is understandable be ause orthodox quantum me hani s forbids us to talk
about the traje tories of parti les. On the other hand, the point parti les are
ontologi al in Bohmian me hani s { they are, in fa t, what the theory is about.
Ignoring them, the theory be omes a theory about nothing, pretty mu h like
orthodox quantum me hani s, where one resorts to the dubious notion of observer as fundamental. To understand Bohmian me hani s and how quantum
phenomena emerge from it, it is ne essary that the parti les be ontologi al { i.e.,
be taken seriously.

Other Quantum Theories Without Observers A pure wave fun tion ontology, with no parti les as part of the ontology, lies behind the idea of the ollapse
models of quantum me hani s, and they are dis ussed in this volume by Alberto
Rimini and Gian Carlo Ghirardi. So I say nothing more.
The program of De oherent Histories or Consistent Histories arises in my
understanding also from the wish to have fa ts in the quantum world without
the a tion of some observer's mind. Roland Omnes reports about that in this
volume.
1.2 Frequently Asked Questions
I answer brie y some questions that may arise immediately when the theory is
presented as above. Typi ally the questions are of the nature: But isn't there a
problem with this and that? and the answer is: No, there is no problem.

What About Spin? Can Bohmian me hani s deal with spin?

Instead of the wave fun tion (q; t) 2 C let (q; t) 2 (spinspa e =) C k ; k =
1; 2; 3; :::, i.e. the wave fun tion is a spinor, whi h de nes then the velo ity eld
in an obvious way, namely by using the inner produ t in spinspa e in (2) [9℄.
The S hrodinger equation (1) is then repla ed by the Pauli equation, involving
ele tromagneti elds and Pauli matri es. Spin is thus a property of the wave
fun tion.

What About Fermions or Bosons? Can Bohmian me hani s des ribe indis-

tinguishable parti les?
In (1) and (2) the parti les are labeled, as if they were distinguishable (for
example by di erent masses). To formulate Bohmian me hani s for indistinguishable parti les one may demand that the law be invariant under permutation of
the (arti ially introdu ed) labels, or one may formulate Bohmian me hani s
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from the beginning on the right on guration spa e of indistinguishable parti les. As one might expe t both approa hes establish that only symmetri or
antisymmetri wave fun tions an be used in the formulation of the law [12℄.

What About the Newtonian Limit? Does Newtonian me hani s emerge

from Bohmian me hani s?
The Newtonian limit or lassi al limit of Bohmian me hani s is a limit in
whi h the Bohmian traje tories be ome Newtonian. There are various physi al
situations in whi h this is the ase. The question itself presents no on eptual
diÆ ulties. Con erning the transition of a rst-order theory to a se ond order
theory, one may note that the Bohmian traje tories do have at a given time (say
the initial time) a position and a velo ity, and that the velo ity is determined by
the wave fun tion. The extra degree of freedom needed for a se ond order theory
(the free hoi e of an initial velo ity) resides in the wave fun tion. (Note also that
a one dimensional Bohmian world is spe ial sin e Bohmian traje tories an never
ross, whi h in one dimension presents a `topologi al' barrier for the parti le
motion, while lassi al traje tories do not have that. Here lassi al motion still
emerges from the motion of narrow wave pa kets.) For a re ent dis ussion of the
lassi al limit of quantum me hani s from a Bohmian perspe tive see [14℄.
Con erning the appearan e of masses (and the potential V ) in (1) and (2)
we note that a tually only naturalized quantities k = m~k (or V~ ) appear in the
law, whi h only a posteriori, in the Newtonian limit of Bohmian me hani s, are
re ognized as onne ted with the inertial mass (or lassi al potential) [9℄.

What About Relativity? Can Bohmian me hani s be turned into a relativis-

ti theory?
There are various ideas behind this question. One idea is that relativisti
quantum theory is a quantum theory of elds, so, super ially, quantum eld
theory shows that parti les annot be ontologi al. The phenomena of pair reation and annihilation support that argument. On the other hand, pair reation
and annihilation is a parti le phenomenon, and the aim of quantum eld theory
is to des ribe parti les (for example in s attering situations). Therefore under
further s rutiny it may well be the ase that parti les are still part of the ontology. To ome to grips with these aspe ts of relativisti quantum phenomena may
in fa t be easy ompared to the following: Nature is nonlo al and any relativisti
theory of nature must respe t that, i.e. it must a ount in a Lorentz invariant
way for faster than light e e ts to a hieve a tion at a distan e. For toy models
in whi h this is a hieved see [13℄, and see also the dis ussion in [10℄.
There is also the more metaphysi al idea that eventually physi s will look
quite di erent from the way it looks now: I am thinking here of future quantum
gravity and physi s beyond the Plan k length. From a Bohmian perspe tive, the
metaphysi al answer to this is the following: The moral of Bohmian me hani s
is not that the ontology must be a parti le ontology, but rather that physi s,
and I mean now in parti ular quantum physi s, an still be (I would rather
like to say must be) about something very lear, about some lear ontology.
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Otherwise one ends in endless debates about interpretations of mathemati al
symbols. Furthermore Bohmian me hani s shows that one should not be afraid
of thinking of the simplest ontology, one dire tly suggested by the phenomena,
as the right ontology, despite of the droppings of authorities. All the same, it
may also happen that the primitive ontology for quantum theory at deeper levels
is more elusive.

2

The Explanation Of Phenomena

2.1 Traje tories
Newtonian me hani s applies with a high degree of a ura y over a very wide
range of s ales: From planetary motion, to apples falling to earth, to bullets shot
from a gun, and further on to the motion of gas mole ules in a dilute gas. The
di eren e of des ription of the gas and of the motion of the bullet (or of other
ma ros opi bodies) is rather striking. In the ase of the bullet one is used to
taking aim, that is, one thinks of a very pre ise initial position and velo ity of
the bullet for omputing its traje tory, or, better, for predi ting its traje tory,
and one ould even onsider testing su h a predi tion in experiment, observing
for example where and at whi h time the bullet arrived. Thus the bullet motion
is des ribed in detail. However, for the gas a statisti al des ription is used and
a epted. I shall ome to that in the next se tion, be ause what springs to mind
rst when a me hani al law is written down, is the study of detailed motions like
the bullet motion. I will go along with that here but I warn that the omputation
of parti le traje tories in Bohmian me hani s analogous to what one is used to
in Newtonian me hani s is not as illuminating. The reason is that in Bohmian
me hani s the positions of the parti les are, as I shall explain later, typi ally
randomly distributed, given the wave fun tion, just as one would expe t from
Born's statisti al law: At every moment of time, the on guration of the system
is j j2 distributed, and that is that, for most of the ases at least2 .

Motion in Ground States Ground state wave fun tions an be taken to
be real; thus by (2) the velo ity eld is zero, so Q(t) = Q(0) { the parti les

do not move. Many nd this at rst disturbing, in parti ular when it omes
to the ground state of the hydrogen atom: First one learns the Bohr-model,
where ele trons move on orbits around the nu leus, then one learns that that is
false be ause the existen e of traje tories ontradi t the Heisenberg un ertainty
prin iple, and now Bohmian me hani s says that the ele tron is at rest. This
seems even worse, be ause the Coulomb for e is supposed to a t on the harge
and standing still is not mu h of a rea tion. So this is a good example to get
familiar with the radi ally non Newtonian hara ter of Bohmian me hani s, in
whi h the a tion of for es does not play a fundamental role.
2

Exit time, tunneling times and s attering, as well as the lassi al regime are situations
where traje tories are helpful [11,14℄.
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Double Slit Experiment This is one of the experiments that strongly suggests

the parti le ontology. Parti les are sent one at a time through a double slit.
There is always only one parti le on the way. One an see it oming at the
s reen, let's say a photo plate! When it arrives it makes a bla k spot where it
lands. At the end, after many parti les have passed, the bla k spots add up
to a pattern, whi h looks like an interferen e pattern of waves, and Bohmian
me hani s explains that. Just look at the traje tory pi ture of the omputer
solutions (due to Dewdney et al. see [5℄) of the equations (1) and (2), where the
initial positions of the traje tories are hosen in a random manner. Now note the
following: The traje tories urve wildly. Why? Look how the traje tories spread
immediately after passing through the slit, the parti les moving on straight lines
guided by the spheri al wave parts originating at the slits, until the two parts of
the wave begin to interfere (the typi al interferen e pattern of spheri al waves
builds up before the photo plate) and the parti les, guided by this wave, move so
as to reprodu e the j j2 -distribution. Furthermore if one onsiders the symmetry

Fig. 1.

Possible traje tories in the two slit experiment

line in this experiment and re alls that traje tories an't ross, one sees that
traje tories starting in the upper half must go through the upper slit and must
hit the upper half of the photoplate. (This is one way of observing through whi h
slit the parti le has gone without destroying the interferen e pattern. Just look
where it arrives on the photo plate.)

Tunneling In textbooks tunneling through a barrier is often dis ussed by stationary wave methods. In one dimension traje tories annot ross, and one nds
immediately that in this stationary pi ture parti le traje tories an only travel
towards the barrier. This, one sometimes hears, is bad for Bohmian me hani s,
be ause it does not des ribe ba k s attering of parti les. But this is wrong. When
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a parti le is sent towards a barrier, it is guided by a wave pa ket whi h is not
stationary, and that's all. Be ause traje tories an't ross, if the parti le is `in
front' of the pa ket it goes through the barrier, if it is in the ba k it turns ba k.
It ouldn't be ni er than that.

Fig. 2.

Tunneling through a barrier: A potential V

Cats and Cloud Chamber Tra ks A ma ros opi Bohmian traje tory, whi h
looks Newtonian, is that of the at, when it jumps out of the box in whi h the
atom did not de ay. Other Bohmian traje tories are made visible to the eye in
loud hamber tra ks.
2.2 Statisti al Me hani s
Equilibrium Statisti al me hani s and the kineti theory of gases is by now

well established. A famous su ess is Boltzmann's explanation of the se ond law
of thermodynami s { the meaning of entropy and why it should in rease. See
Sheldon Goldstein's as well as Herbert Spohn's ontributions to this volume.
To des ribe a gas, a statisti al des ription is used, and the regularities derived
are not ertain but merely overwhelmingly `probable.' Nevertheless it is lear to
most that a statisti al des ription is a matter of onvenien e, not ne essity: it is
impra ti al to spe ify the initial velo ities and positions of all the gas mole ules,
ompute their motion and observe where they are later. We are simply ignorant
about these details, about whi h we don't mu h are, and that's where the
statisti al analysis omes to the res ue.
Boltzmann hara terized the initial onditions for whi h the thermodynami
regularities hold as overwhelmingly probable. Nowadays, it is widely re ognized
that it would be more appropriate to speak in terms of typi ality. The good
initial onditions are typi al with respe t to a measure of typi ality, in the sense
that, with respe t to this measure, ex eptions are rare { they are assigned very
small weight by the measure. This measure is determined by the physi al law:
It must be \equivariant" with the motion of the parti les, so that the notion
of typi ality is independent of time. Typi ality is dis ussed and applied in the
ontributions by Goldstein, Kiessling and Spohn. I shall return to this in later
se tions, where I dis uss the meaning of typi ality statements in more detail.
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In the Newtonian ase the measure is determined by a strong form of equivarian e, namely stationarity, i.e. its density is a stationary solution of the ontinuity equation for the Hamiltonian ow on phase spa e, whi h is alled Liouville's
equation for Hamiltonian or Newtonian dynami s. Liouville's equation allows for
many stationary solutions, and some feel uneasy that the measure of typi ality
is sometimes not uniquely determined.

Nonequilibrium But we think that in prin iple we ould do without statisti s

in a lassi al world, in prin iple we ould know all the velo ities and positions
of all the gas mole ules and we ould even displa e some or all of the mole ules
a ording to our taste, i.e., we ould hange what looks typi al into something
that looks atypi al. More to the point: We have the impression that we ould get
rid of randomness altogether if we wished to do so. Why? Be ause our universe
is in a state of global nonequilibrium (see [3℄)! Typi ality with respe t to an
equivariant measure is in ontrast an equilibrium notion.
If one applies this idea of omplete ontrol of initial onditions at least for
small subsystems to Bohmian me hani s, it is often felt disturbing that one
annot ontrol wave fun tion and position of a Bohmian parti le the way one
would like. Born's statisti al law is a law! If the wave fun tion is , the position
is j j2 -distributed. A ommon rea tion is then this: If the position of the parti le

annot be experimentally ontrolled and given a sharp value, no matter what the
wave fun tion is, then what are the parti les good for? Then they play no physi al
role! As super ial as this argument is, we may as well apply it to the universe.
We humans annot experimentally ontrol the initial onditions of the stars in

the milky way, hen e the stars play no physi al role. Should we deny then that
they are?
I think what is felt as disturbing is that now it seems that there is a fa t to
be explained: Why is it that Born's statisti al law holds without fail, while the
equidistribution of gas mole ules in a ontainer may fail to hold (by prior proper
manipulation from outside)3 ?
Boltzmann's answer to this ould turn out to be surprisingly simple: Maybe
the statisti al law of Born arises be ause it is `overwhelmingly probable,' or,
better, typi al. Be ause if that were the ase then it would explain why it does
not fail (see also Goldstein's arti le) { no more than the se ond law of thermodynami s, no more than it is possible to build perpetual motion ma hines. And
it would explain why the name Born's law is properly hosen.

2.3 Statisti al Bohmian Me hani s
In [3℄ we showed that the empiri al import of Bohmian me hani s emerges from
typi ality. What is typi al is the distribution of parti le positions. But before
3

So as long as one does not talk about parti les, i.e. as long as Born's statisti al law
is not about a distribution of parti les but about results of `observations,' it has
seemed a eptable. On what grounds? On no grounds.
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I explain more, I re all that in orthodox quantum theory it is often said that
randomness is intrinsi . What is meant by that?
Observe that in orthodox quantum theory only the S hrodinger equation (1)
appears and that equation has no intrinsi randomness. (The ollapse models, as
dis ussed by Rimini in this volume ould serve as examples for an intrinsi ally
random theory). The S hrodinger evolution thus annot a ount for the random
spots on the photo plate in the two slit experiment. (Moreover, it annot a ount
for any fa t, random or nonrandom.) This is related to the measurement problem
of orthodox quantum theory, whi h I des ribe next.

The Collapse The evolution of a system oupled to a measurement devi e in

whi h the wave fun tion of the devi e () be omes orrelated with parti ular
wave fun tions ( k ; k = 1; 2; :::) of the system,
k (x)0 (y )

!

k (x)k (y );

(3)

is alled a measurement pro ess, where the arrow indi ates the evolution of the
wave fun tion of the ombined system: the measured system and the apparatus.
The k are wave fun tions orresponding to distin t pointer positions, and 0
is the ready state. Then by the linearity of the S hrodinger equation

Xa
k

k k (x)0 (y )

!

Xa
k

k k (x)k (y ):

(4)

That is what omes out of the theory { a ma ros opi superposition of pointer
wave fun tions. That is not familiar in nature and that is the measurement
problem. It is `solved' by talk: The observer ollapses the sum in (4) to only
one of the wave fun tions, let's say to k0 (x)k0 (y ). And he does so with the
probability jak0 j2 . But no one knows why he should do that. That is the intrinsi
part. That is why there is nothing to show. It's intrinsi .
The observer is supposed to do two things. He reates fa ts and he does
so in a random fashion, but at the same time obeying Born's statisti al law.
So he must be very smart! That is why Bell asked whether the observer must
have a degree in physi s { who else would know about Born's statisti al law?
But it is lear that the measurement problem annot be talked away, it is not a
philosophi al issue. It is a hardware problem!
It is worthwhile to understand the measurement situation in Bohmian mehani s. The Bohmian traje tories of the system and apparatus parti les are
in on guration spa e made of the system- oordinates X and the apparatusoordinates Y . Then look at the following pi ture:
When the apparatus wave fun tions have suÆ iently disjoint supports, then
it is very diÆ ult to have them interfere again. This is be ause of purely thermodynami al onsiderations on erning the number of degrees of freedom whi h
have to be ontrolled to a hieve interferen e in the future. Some have diÆ ulties
with su h arguments, espe ially if they go further, to in lude the re ordings of
the pointer positions on paper. That is, when the wave fun tion is now one whi h
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The apparatus axis represents the on guration spa e of Y oordinates, the
system axis that of the X oordinates. Sin e the supports of the apparatus wave fun tions k are suÆ iently disjoint, orresponding, as they do, to ma ros opi ally di erent
pointer positions, only the term in (4) in whose support Y is situated is relevant to the
behavior of the system, so that as a pra ti al matter all but one of the terms in (4)
may be ignored.
Fig. 3.

is even more ma ros opi ally entangled, in luding patterns of ink on paper. Everyone would agree that it would be ex eedingly diÆ ult to produ e interferen e
whi h ould turn su h fa ts into fakes, but that it is all quantum me hani s, and
that it is only be ause of thermodynami s that these funny things do not happen, that not everyone agrees about. In fa t, in the ollapse models, dis ussed by
Rimini, these funny things annot happen. The wave fun tion does ollapse by
law. But in Bohmian me hani s it is simply a matter of onvenien e to pro eed
with the omponents of the wave fun tion that will guide the parti les from now
on and forget about the other parts of the wave fun tion. After all, what we
really are about is what the parti les are doing; this, a ording to Bohmian
me hani s, is what quantum theory is fundamentally about, and it is out of the
behavior of the parti les that physi al phenomena emerge. The ollapse is not a
physi al pro ess, but a matter of pragmatism.4
This explains the ollapse, but the randomness, where does that ome from?
That is what I address in the last se tion.

De oheren e A note on the side: The S hrodinger equation determines the
evolution of the wave fun tion of the N -parti le system. When this system `intera ts' with another system, of, say, M parti les, the wave fun tion for the
ombined system lives on the on guration spa e of the M + N parti les (as in
4

At the same time, it is true that the ollapse of the wave fun tion an be regarded
as a physi al pro ess for Bohmian me hani s, but the wave fun tion that ollapses is
the e e tive wave fun tion of a subsystem of a larger system, see De nition 1 below.
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(3),(4).) This should not be seen as extra requirement supplementing the theoreti al des ription but rather as a onsequen e of the basi equations (1),(2). I
shall return to this point in the next se tion. In any ase, as we just said, the
intera tion of one system with another brings about the entanglement of their
wave fun tions, and the more omplex the entanglement be omes, in parti ular
when the entanglement be omes ma ros opi , interferen e between terms of the
resulting superposition be omes pra ti ally impossible. In (4) it is ertainly the
ase that interferen e of the di erent pointer positions is pra ti ally impossible, and this pra ti al impossibility gets stronger with further intera tions, sin e
pointers are usually in some room full of radiation, air, ies and all kinds of
intera ting environments. This aspe t of entanglement is now being alled `deoheren e'. It is a prerequisite for the ollapse to do no harm: For all pra ti al
purposes one may forget about ma ros opi superpositions. And it is a prerequisite for the formulation of the measurement problem, and in and of itself in no
way its solution.

Subsystems Bohmian me hani s is, like all fundamental physi al theories, a

theory of the Universe { of a Bohmian parti le universe, nonrelativisti and so
on. So what we are dealing with in everyday life are subsystems of this universe
and subsystems of subsystems, and what we want to have is a good des ription
of subsystems, in fa t we would like to have Bohmian subsystems, meaning that
there is a S hrodinger wave fun tion whi h guides the parti les of the subsystem,
at least for some time. What I imply here is indeed that the wave fun tion whi h
enters (1),(2) as de ning equations of Bohmian me hani s is the wave fun tion
of the largest system on eivable { the universe. What we need to have is a wave
fun tion of a hydrogen atom, of a mole ule, of many mole ules, of pointers, of
ats. How an we get su h a thing, a wave fun tion for a system of interest,
whi h is a subsystem, almost always, of a larger system?
Let us denote the mother of all wave fun tions { the wave fun tion of the
universe { by (q ) and let us write x for the system- oordinates and y for the
environment- oordinates, des ribing the rest of the universe, everything whi h
is not the system. So we have a splitting q = (x; y ); Q = (X; Y ). Re all that
the small letters stand for generi variables and the apital letters for the a tual
on guration of the parti les. By inspe tion of (1), (2) and re alling the last
se tions, one is qui kly lead to the following on ept:

De nition 1. Let

(q ) = '(x)(y ) + ? (q )

with  and ? having (ma ros opi ally) disjoint y -supports and suppose
supp . Then ' is the e e tive wave fun tion of the system.

Y2

Easy to he k: The e e tive wave fun tion of a system governs the motion of
its on guration X (t). Moreover, by virtue of the de oheren e e e ts dis ussed in
the de oheren e and ollapse se tions, as long as a system is de oupled from
its environment, the evolution of its e e tive wave fun tion will be governed by
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the S hrodinger equation (1) for that system. The e e tive wave fun tion is the
pre ise substitute for the ollapsed wave fun tion in orthodox quantum theory,
so one should feel omfortable with this notion.

Quantum Equilibrium Hypothesis What omes now is te hni ally very easy
but at the same time misunderstood by many. This se tion is about the foundations of statisti al Bohmian me hani s (in fa t of the statisti al analysis of any
physi al theory). Where does the randomness ome from?
Re all the double slit { or the Stern{Gerla h { experiment. What is striking
is that we have regular random out omes: For the double slit we get relative
frequen ies of bla k points on the photo plate whi h are given by Born's law, and
for the Stern Gerla h experiment we an get out omes as in a oin tossing, i.e., in
a long run of sending many parti les through the inhomogeneous magneti eld,
half go up and half down. How an this lawful random behavior be a ounted
for? Easy: By the law of large numbers for independent random positions of
the parti les. Just as one would argue in lassi al physi s: Given some initial
randomness { that is, the statisti al ansatz { the instability of the motion should
produ e enough independen e for a law of large numbers statement to hold (this
was made very lear in [15℄).
Having said this, a hard question seems to remain: What is responsible for
the randomness of the initial onditions? Sin e in a deterministi physi al theory
there is apparently no room for genuine randomness, it would seem that it must
ome from `outside'. Thus the usual answer is: Systems are never losed and from
the `outside' ome random disturban es. But after in luding the `outside' we are
dealing only with a bigger physi al system, itself physi al and deterministi ;
thus we have merely shifted the question of the origin of randomness to a bigger
system, and so it ontinues and one hopes that eventually the question will
evaporate into empty spa e. But it does not and only if one ontinues to ask an
one know for sure that the shift to in lude the `outside' is a dead end. The biggest
system on eivable, the universe, has no outside. It is for the universe that the
question of the origin of the randomness must be answered! The answer was
given by Boltzmann. It is that there is no need for (and, more to the point, no
sense to) randomness in the initial onditions of the universe. Rather, a random
pattern of events emerges from the deterministi evolution from a xed initial
ondition for the universe { provided that initial ondition is typi al. I shall
explain this a bit more here, but for a deeper understanding the reader should
onsult [3℄.
We begin by re alling the well-known fa t that the `quantum equilibrium'
distribution j j2 for the on guration of a system has, mathemati ally, a speial status within Bohmian me hani s: It is a quasi-invariant or, more pre isely,
equivariant distribution, analogous to the mi ro anoni al distribution of statistial me hani s. Consider the ontinuity equation of the Bohmian ow, analogous
to Liouville's equation for a Hamiltonian ow,

t (q; t) + r  v't (q; t) = 0:

(5)
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Now v 't = jj't j2 , with j 't the quantum ux, whi h satis es an identity holding
for solutions of S hrodinger's equation

tj't j2 + r  j 't = 0:

(6)

This is roughly analogous to the fa t that a Hamiltonian velo ity eld is divergen e free whi h { used on the ontinuity equation for the Hamiltonian ow {
yields Liouville's equation, for whi h the usual stationary solution is obvious.
Here, (6) may be rewritten

t j'tj2 + r  v't j'tj2 = 0

(7)

so that (q; t) = j'(q; t)j2 satis es (5) and thus de nes an equivariant distribution: It does not hange its form as a fun tional of 't during the evolution (
equivarian e).
Just as in statisti al me hani s, this simple mathemati al fa t leads naturally
to the Quantum Equilibrium Hypothesis (QEH):
`If a system has e e tive wave fun tion ' then its on guration has j'j2 .' Mu h
in the spirit of Gibbs, this may be regarded merely as a reasonable statisti al
ansatz for dealing with subsystems: It is supported by the physi al theory, it
is simple and it works. As is the ommon praxis in statisti al me hani s, we
an think of this distribution as des ribing an ensemble of identi al subsystems,
obtained by sampling a ross spa e and time.

Typi ality We are now at a stage analogous to the present status of statisti al
me hani s. It is known that the rigorous justi ation of the statisti al hypothesis
that systems tend to be mi ro anoni ally (or Gibbs) distributed is a very hard
and unsolved problem. What we would like to have is a rigorous proof that
normal thermodynami behavior emerges for a suÆ iently large lass of initial
onditions for the universe, or, failing that, for the systems of dire t interest to
us, at least for some initial onditions for these systems. But even the latter is
way beyond our rea h (see also Goldstein's ontribution to this volume).
For Bohmian me hani s, however, one an provide just su h a rigorous justi ation of the QEH; one an show, in fa t, that it emerges for `most' initial
onditions for the universe. I will not go through the proof here but rather omment on mis on eptions about this statement and its proof.
The statement that the QEH an be justi ed is a law of large number statement: What we must look at are the empiri al distributions of the on guration
for ensembles of small subsystems. Small here means ompared with the size of
the universe. A laboratory is extremely small.
Consider equations (1) and (2) for the evolution of the universe! So Q omprises the oordinates of all the parti les of a Bohmian universe and is the
mother of all wave fun tions: the wave fun tion of the universe. Now let
1
N;'
emp (Q; x; t) =
N

X Æ X Q; t
N

i=1

( i(

)

x)

(8)
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be the empiri al distribution of the on guration for an ensemble of N similar
subsystems (subsystem i having on guration Xi ), ea h subsystem having effe tive wave fun tion ' at a given time t (for simpli ity I dis uss here spatial
ensembles at a given time. In general one has time and spa e ensembles [3℄).
Here Xi (Q; t) is determined by (2) and the initial onditions Q. We emphasize
that emp is a fun tion of Q. Moreover, the set of Q's relevant to (8) is very
mu h onstrained by the requirement that the subsystems have e e tive wave
fun tion ' (see the de nition of e e tive wave fun tion).
Suppose now that we ould show the following: There exists one initial ondition Q, i.e. one evolution of a Bohmian universe, for whi h5
2
N;'
(9)
emp (Q; x; t)  j'j (x):
for all appropriate subsystems, wave fun tions ', and times t. In other words,

that Born's statisti al law holds within that spe ial universe. This would be a
fantasti result, learly demonstrating the ompatibility of quantum randomness
with absolute determinism. Moreover, the empiri al data would en ourage us to
believe that we are in that universe. Nonetheless, su h a result would not explain
why Born's statisti al law holds: we would need to know why we should be in
that very spe ial universe. Now take the other extreme: Suppose it turned out
that for all initial Q' (9) is true. That would mean that Born's statisti al law
is a theorem following from (1) and (2). Then { provided we believe in the
orre tness of our theory { we must be in one of these universes and purest
satisfa tion would result.
But Boltzmann's analysis of the origin of the se ond law of thermodynami s
(see the ontribution of Goldstein to this volume) should have taught us that
the latter is too mu h to expe t. Moreover, it follows from our analysis in [3℄
that in fa t it is impossible { i.e., that there must be bad initial onditions Q
for whi h the QEH fails (see [9℄). What is proven in [3℄, a law of large numbers
theorem for (8), thus annot be mu h improved upon.6
The usual way of formulating a law of large number result is in terms of
typi ality: Typi ally the numbers in the interval [0; 1℄ have a de imal expansion
1
in whi h every digit omes with relative frequen y  10
. That is: Most of the
numbers in the interval [0; 1℄ have a de imal expansion in whi h every digit
1 . Now, `most' is here with respe t to the
omes with relative frequen y  10
Lebesgue measure. That measure is a measure of typi ality, and one may ask
what its relevan e is. In physi s, a ording to Boltzmann, we are in the fortunate
situation that the measure of typi ality is di tated by physi s:Typi ality must be
stationary, whi h requires the measure to be equivariant. (The stationarity of
5
6

for pre ise formulations see [3℄
In statisti al physi s the exploration of mixing, the relaxation of a nonequilibrium
distribution on the full phase spa e towards an equilibrium distribution, has be ome
widespread and has led some to the belief that mixing is entral to the justi ation of
the equilibrium hypothesis. This belief is parti ularly attra tive, sin e it is onne ted
with notions like haoti ity and independen e. It is nonetheless quite wrong. For more
on this see the ontribution of Goldstein to this volume.
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the notion of typi ality makes it equilibrium-like, hen e `Quantum Equilibrium'.)
Thus for Bohmian me hani s typi ality is de ned using the j j2 distribution. It
gives us a notion of `most' and `few' in this situation, where ounting is not
possible.

Warning: We used j'j2 to formulate the statisti al hypothesis, in whi h it

represents an empiri al distribution. Now we refer to it (or, rather, to j j2 )
to de ne the measure of typi ality, an entirely di erent on ept. Moreover, the
wave fun tion of the universe and the wave fun tion ' of a subsystem are
also rather di erent obje ts, and it is in a sense an a ident that they seem so
similar and obey the same equations { and (for good reasons) go by the same
name. But while for ensembles of subsystems of one universe empiri al statisti s
are relevant, a statisti al ensemble of universes is quite another matter.

We show that for typi al solutions of (2) (the universal wave fun tion is
assumed to be given) Born's law (9) is valid: the set of ex eptions is assigned
very small measure by the j j2 distribution. The failure to distinguish between
j'j2 as an empiri al distribution and j j2 as a measure of typi ality leads to the
following reformulation of our analysis: Consider a probability distribution of
universes with density j j2 . Then the on guration of a subsystem with e e tive
wave fun tion ' is j'j2 distributed.7 But this is not a very useful result, sin e
sampling a ross universes is neither possible for nor relevant to humans.
More sensible, but still besides the point, is the following. Consider oin
tossing. I make the following model. The out omes of every toss are independent
identi ally distributed random variables. I take the produ t measure on the
probability spa e of sequen es of out omes. Then the law of large numbers holds:
Typi ally, the relative frequen y of heads is approximately 21 . That is `trivially'
true, by onstru tion. It is important to appre iate how this appeal to typi ality
di ers from Boltzmann's and from ours in [3℄. Note in parti ular that there is
no simple relationship between the initial on guration Q of the universe and
the empiri al statisti s that emerge from Q via the dynami s (2). Note also that
in general we make no laim about empiri al statisti s at the initial universal
time, sin e it need not be the ase that a de omposition into subsystems with
the same e e tive wave fun tion (or any e e tive wave fun tion at all) is possible
at this time.
This result justi es for me the QEH; it explains why Born's law holds {
or, what amounts to more or less the same thing, it explains why it should be
expe ted to hold. To go further we would need to analyze just what is meant
by explanation; see the ontribution of Goldstein to this volume, where this is
tou hed upon.
I remark that the operator formalism of quantum theory emerges (with surprising ease) from statisti al Bohmian me hani s [4,17,18℄.
7

In [16℄ this is referred to as the nesting property.
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Simpli ius Simpli issimus

What is typi ality? It is a notion for de ning the smallness of sets of (mathemati ally inevitable) ex eptions and thus permitting the formulation of law of
large numbers type statements. Smallness is usually de ned in terms of a measure. What determines the measure? In physi s, the physi al theory. Typi ality
is de ned by a measure on the set of `initial onditions' (eventually by the initial onditions of the universe), determined, or at least strongly suggested, by
the physi al law. Are typi al events most likely to happen? No, they happen
be ause they are typi al. But are there also atypi al events? Yes. They do not
happen, be ause they are unlikely? No, be ause the are atypi al. But in prin iple
they ould happen? Yes. So why don't they happen then? Be ause they are not
typi al.
Using typi ality one may de ne probability in terms of law of large numbers
type statements, i.e., in terms of relative frequen ies and empiri al statisti s.
What is meant by: In a Stern{Gerla h experiment the probability for spin up
is 12 ? The same as for heads turning up in a oin tossing. So what is meant?
The law of large numbers: That in a long run of repetitions of the experiment
the relative frequen y of the out ome in whi h the spin is up or the oin shows
heads will typi ally be lose to the value 21 .
Is there another sense of probability? Probably there is! Does explanation via
appeal to typi ality require deeper on eptual analysis? Certainly. Can appeal
to typi ality be entirely eliminated from s ienti explanation? Very unlikely!

4

A knowledgements

It is a pleasure to thank Sheldon Goldstein and Roderi h Tumulka for their very
riti al reading of the manus ript leading to substantial improvements of the
presentation.

Referen es
1. J. Bell: Speakable and Unspeakable in Quantum Me hani s (Cambridge University
Press, Cambridge 1987)
2. S. Goldstein: Physi s Today, 51, 3, pp. 42-47 and 4, pp. 38-42 (1998)
3. D. Durr, S. Goldstein, N. Zangh: Journal of Stat. Phys. 67, pp. 843{907 (1992)
4. D. Bohm: Phys. Rev. 85 pp. 166{193 (1952),
5. D. Bohm and B. Hiley: The Undivided Universe (Routledge, London and New
York 1993)
6. J. Baggott: The Meaning of Quantum Theory (Oxford S ien e Publi ation, Oxford
1992)
7. E. Nelson: Quantum Flu tuations (Prin eton University Press, Prin eton 1985)
8. J.A. Wheeler, R.P. Feynman: Rev. Mod. Pys. 17,157 (1945), Rev. Mod. Phys.
21,425 (1949)

Bohmian Me hani s

17

9. D. Durr, S. Goldstein, N. Zangh: `Bohmian Me hani s as the Foundation of
Quantum Me hani s' , in Bohmian Me hani s and Quantum Theory: An Appraisal, ed. by J. Cushing, A. Fine, S. Goldstein (Kluwer A ademi Publishers,
Dordre ht 1986)
10. T. Maudlin: In Bohmian Me hani s and Quantum Theory: An Appraisal, ed. by
J. Cushing, A. Fine, S. Goldstein (Kluwer A ademi Publishers, Dordre ht 1986)
11. D. Durr, S. Goldstein, S. Teufel, N. Zangh: Physi a A 279, pp. 416-431 (2000)
12. D. Durr, S. Goldstein, N. Zangh: `Bohmian Me hani s, Identi al Parti les, Anyons
and Parastatisti s', in preparation
13. D. Durr, S. Goldstein, K. Mun h-Berndl, N. Zangh: Phys. Rev. A 60, pp. 27292736 (1999),
14. V. Allori, D. Durr, S. Goldstein, S. Teufel, N. Zangh: `Bohmian Me hani s and
the Classi al Limit of Quantum Me hani s', in preparation
15. M. Smolu howski: Die Naturwissens haften, 17, pp. 253-263 (1918), see also
M. Ka : Probability and Related Topi s in Physi al S ien es, Le tures in Applied
Mathemati s, Ameri an Mathemati al So iety (1991)
16. J. Cushing: Quantum Me hani s (The University of Chi ago Press, Chi ago 1994)
17. D. Durr, S. Goldstein, N. Zangh: `On the Role of Operators in Bohmian Me hani s', in preparation
18. D. Durr: Bohms he Me hanik als Grundlage der Quantenme hanik, to be published by Springer

