ON THE ESSENTIAL SPECTRUM OF THE JANSEN-HESS
OPERATOR FOR TWO-ELECTRON IONS

D. H. JAKUBASSA-AMUNDSEN

ABSTRACT. Based on the HVZ theorem and dilation analyticity of the pseu-
dorelativistic no-pair Jansen-Hess operator, it is shown that for subcritical
potential strength (Z < 90) the singular continuous spectrum is absent. The
bound is slightly higher (Z < 102) for the Brown-Ravenhall operator whose
eigenvalues \ are, by the virial theorem, confined to A < 2m if Z < 50.

1. INTRODUCTION

We consider two interacting electrons of mass m in a central Coulomb field,
generated by a point nucleus of charge number Z which is fixed at the origin. The
Jansen-Hess operator that is used for the description of this system, results from a
block-diagonalization of the Coulomb-Dirac operator up to second order in the fine
structure constant e? ~ 1/137.04 [7, 16]. Convergence of this type of expansion has
recently been proven for Z < 52 [26, 11], and numerical higher-order investigations
have established the Jansen-Hess operator as a very good approximation (see e.g.
24)).

Based on the work of Lewis, Siedentop and Vugalter [19] the essential spec-
trum of the two-particle Jansen-Hess operator h(?) was localized in [Z¢, 00) with
Yo —m being the ground-state energy of the one-electron ion [15]. A more detailed
information on the essential spectrum exists only for the single-particle Jansen-
Hess operator, for which, in case of sufficiently small central potential strength -,
the absence of the singular continuous spectrum o,. and of embedded eigenvalues
was proven [13]. These results were obtained with the help of scaling properties
and dilation analyticity of this operator, combined with the virial theorem, meth-
ods which, initiated by Aguilar and Combes, are well-known from the analysis of
the Schrédinger operator [1],[23, p.231] and of the single-particle Brown-Ravenhall
operator. For the latter operator, the absence of o,. as well as of embedded eigen-
values in [m,c0) was proven for all v < vgr = 2(2 + Z)~', ~pg being the
maximum value for which this operator is bounded from below [8, 2, 13]. For more
than one electron the absence of o4 in the Schrodinger case was shown along the
same lines [3, 27], the basic ingredient (apart from the dilation analyticity of the
operator) being the relative compactness of the Schrédinger potential with respect
to the kinetic energy operator. Such a compactness property does not exist for
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Dirac-type operators. For the determination of the spectral properties of h(?) in-
gredients of complex analysis are used instead to prove a two-particle HVZ-type
theorem for non-selfadjoint operators which depend on a complex parameter 6,
forming an analytic family and being self-adjoint for real 6 (Proposition 1, sec-
tion 3). With this HVZ theorem at hand, the dilation analytic method of Balslev
and Combes [3] can be used to prove the absence of os. (Theorem 1, section 3).
Concerning eigenvalues embedded in the essential spectrum, the virial theorem is
formulated for the two-particle operator, and a modification of the proof by Balin-
sky and Evans [2] is tested on k% to show the absence of eigenvalues in [2m, co)
(Proposition 2, section 5).

Let us now define our operators in question. The two-particle pseudorela-
tivistic no-pair Jansen-Hess operator, acting in the Hilbert space A(Lo(R3) @ C?)?2
where A denotes antisymmetrization with respect to particle exchange, is given
(in relativistic units, i = ¢ = 1) by [16]

h? = pBR 4 Zbg’,ﬂ +c (1.1)

The term up to first order in e? is the (two—partlcle) Brown-Ravenhall operator
[4, 8, 14]

2
PER = 37 (T® 4 0fl)) + 002,
k=1

T® = B, = \/p2+m2,  bE) ~ —pIDyh xlk =t P2 (1)

0(12) ~ P0(12) Uél)U(g2) (Uél)UO(Z))—l P0(12)’

[x1 — X
where the index m refers to the particle mass, pr = —iV} is the momentum and
xp (with zp := |xx|) the location of particle k relative to the origin. v = Ze?

the central field strength, and v(*?) the electron-electron interaction. Uék) denotes
the unitary Foldy-Wouthuysen transformation,

U = Alp) + 8Pa®prg(pr),

([ Ep+tm 3 . 1
a0)= () )= s (13

and the inverse Uék%l = Uék)* = A(pr) + a®prg(pr)B* with a® B*) Dirac
matrices [28]. Finally, P(glz) = Po(l)PO(2) where Po(k) = HTﬁ(k) projects onto the
upper two components of the four-spinor of particle & (hence reducing the four-
spinor space to a two-spinor space).

The remaining potentials in (1.1) which are of second order in the fine struc-
ture constant consist of the single-particle contributions

2
k 12 1 = (k k pli2
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N (k) (k) o 1
pw = et 80m / dt e — oo (14)
Ep, 7 0 Tk

where D(()k) has norm unity, Vl(éc, )m is bounded and h.c. stands for hermitean conju-

gate (such that bg:,)L
by

2
1 2 . -1
2 FSUPUR S S { S - DR e f (0P08) R,

is a symmetric operator). The two-particle interaction is given

2 =1 |X1 7X2|

FM = —1/00 gt etBu (L p® L Y o-thn (1.5)
2 0 Tk T

For later use, we also provide the kernel of the bounded operator Fo(k) in momen-
tum space,

1 1 - -
ko ®P) =~ P B gy (L0 O @OE)). (0)
The notation Lh.s. ~ r.h.s. in (1.2) — (1.5) means that the Lh.s. is defined by the
nontrivial part (i.e. the upper block) of the r.h.s. (see e.g. [8, 16]).

h(?) is a well-defined operator in the form sense for v < 0.98 (which follows
from the form boundedness of the Jansen-Hess potential with respect to the kinetic
energy with relative bound less than one; see section 2 for the improvement of the
bound 0.89 given in [16]), and is self-adjoint by means of its Friedrichs extension.

2. DILATION ANALYTICITY

For a one-particle function ¢ € Ly(R?) ® C? and 6 := e* € Ry we define the
unitary group of dilation operators dy by means of [1]
dop(p) = 072 o(p/6) (2.1)
with the property

do,do,o(p) = (0102) %% o(p/6165) = dy o(P) (2.2)
where 0 := 0,0 = e“17¢2. For a two-particle function 1 € A(Lo(R?) @ C?)? we
have dg 1(p1,P2) = 07°¢(p1/0,p2/0).

Let Op := dyOd;, ' be the dilated operator O (e.g. h?) = dghPdy"). From
the explicit structure of the summands of A(?) in momentum space one derives the
following scaling properties, using the form invariance (v, h(*)v)) = (dg, héz)dgw)
for ¢ € A(H, /o(R?) ® C?)2, the form domain of h(?) (see [8, 13], [12, p.42,73)]),

1 1
TS (m) = \/p2/0% + m? = g /Pt m2e2 = 2 T (m-6) (2.3)

1 1
B m) = 5 hPRm-6), b (m) = 2 h®(m-0)

where we have indicated explicitly the mass dependence of the operators.
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Let us extend 6 to a domain D in the complex plane,

D:={ecC: 0=c" ¢ <&}, (2.4)
with 0 < &y < % to be fixed later. The definition of the dilated operators with the
scaling properties (2.3) is readily extended to 6 € D.

In order to establish the existence of h((f) for 8 € D as a form sum one has
for Tp := Te(l) + TH(Q) to assure the |Ty|-form boundedness of the potential of héQ)
with relative bound smaller than one. For the single-particle contributions this was
shown earlier for potential strength v < 1.006 [13].

Let us start by noting that the m-dependent factors appearing in the potential
terms of h(?) are all of the form E;,‘, (Ep +m)*, X €R, as well as ﬁ (see
P p’

e.g. (1.3), (1.6)). This assures that h(?)4) is an analytic function of m for m # 0.
For 6§ € D we basically have to replace m by m - 8. We can use estimates of
the type [13]

1-6 <[] < 14260

(1—=%) E, < |Eo(p)| < (142%) Ep (2.5)

where Ey(p) := v/p? + m?602 . From these relations one derives the relative bound-
edness of the following dilated operators with respect to those for 6§ = 1,

[Ae(p) < & A%(p)
2 1 2 2
5 96@)° < A—gn? 9 (p) (2.6)
1 1 1

‘ Eo(p) + Eo(p')| = (1—=&0)* Ep+ Ep
As a consequence, the dilated Foldy-Wouthuysen transformation is bounded, |U(§k) |

< |Ao(pr)| + 1% go(pr)| < & and also \f?((fg| < 1mpo (e +ml0]) < ¢ with
some constant c.
In order to show the relative form boundedness of h(BQ), we write h(2) = T4+ W

and introduce the respective massless (m = 0) operators Ty = p1 + p2 and Wy,

0

The form boundedness of Wy with respect to Tg follows from the previous single-
particle [5] and two-particle [16] m = 0 estimates. For the single-particle contri-

butions we profit from [5] (¢, (pr + bﬁk) + bgk))w) > (1 — =X + dy?) (Y, prt))

(. Wenll < I o)l + 16 (Wo— g )il @)

TBR
together with [13] bgk) + bék) < 0 for v < 2. Note that (e.g. for k = 1)
1 = 1, (X1) acts as a one-particle function depending parametrically on the

coordinates of the second particle. For the two-particle terms, use is made of
(Uék)*zbo,pkUék)* Yo) = (¥, px ¥) where 1y := (%’) denotes a two-particle spinor
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whose lower components are zero by the action of P0(12)

spinor estimates from [16] are applicable. Thus,

, showing that the four-

M

(o, Wo)l < 10w, (68 +057) )] + 1w, c§2 )| + 1,08 )]
k=1
Y 2 627'('2 62 ~
< (— —dy 4+ + ) (¢, To ) =: ¢ (¥, To ), (2.8)
VBR 2YBR

_2)2_

where ygr =~ 0.906 and d = 5 =
boundedness with respect to |Ty|, we can estimate

For the proof of the for
for [Im &| < % [13]

Re \/p2 + m?62 > pj cos(Im &) > pi (1 — &) (2.9)
such that

6] - 1(, T,V9)| > [Re (/2 +m202 )| > (1—&) (. TsV%).  (2.10)

The uniform boundedness of the single-particle remainder in (2.7), ﬁ [(v (bg’:r)L 0=

4
1
8
m

bgk)) P)| + \9| [(¢, (b 2]:,)1 9 bék)) )| was proven in [13] based on the respective results
for § = 1 [30, 5].

For the proof of the uniform boundedness of (1, (¢ (m - 6) — {'*)) )
and (1, (02 (m - ) — v(()u))w) we proceed in a similar way. Since ¢ and
v(12) are analytic functions of m, the mean value theorem can be applied in the
form [7(m - 0) — F(O)] < m(|2L (s - 0)] + | 5L (s - 0)]) with 0 < my,1ms <
m  (adapted to complex-valued functlons [13]). The kernel of v(1?) is given by
Kv(12) (pl, P2; p’l,p’g) = Ué2)U(§1)kv(12) Uéll)*UéQ/)* with

e? 1

27 o1 pl P 5(py — p2+pPi — P1),s (2.11)
1

kv(12) =
such that one gets

[(Kyom (m - 0) = K ) (p1. poi P P3)| < mom

0 Narr(2)%) < - -

(‘3—m (Ué”Ué”Ué” Ut )(m1~0) 4 (i 7o) ) (2.12)
where (m; — o) means the first term in the second line of (2.12) repeated with
mq replaced by me, and Uék ) is Uék) with py replaced by p},. Further,

9 1 2')x 3U 2) (1 2')
'6m(U(§) @] < |2 ’U()U()Ué)
(2")*
u® g . | 9%
U . 2.13
‘ om (2.13)
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From the boundedness of Uék) and of 6 one gets the estimate (noting that Uék) is
only a function of m/py =: )
0
9 0)
0] ¢ ¢ ¢
Tope 1+E T petm T op
with some constants c¢, ¢ independent of m. With this estimate the boundedness of

_ 1ol

(8 (.
o Up ' (§-0)

0
o U716

(2.14)

v (m - ) — 0612) is readily shown (see e.g. [16] and Appendix A, where a sketch
(12)

of the boundedness proof for ¢12)(m - ) — c; = is given).
Thus we obtain
C
(0, Woy)| < 5 fgo (@, Tow)| + C(, ) (2.15)
with & from (2.8) and some constant C'. We have ¢y < 1 (and hence also 15050 <1

for &y sufficiently small) for v < 0.98 (Z < 134). This holds for all § € D. Besides
this Tp- and Tp-form boundedness with ¢y < 1, (2.3) assures that for ¢ in the

form domain of Ty, (v, héQ)w) is an analytic function in D. Thus h§2) satisfies the
criterions for being a dilation analytic family in the form sense [8],[23, p.20].

3. MAIN THEOREM AND OUTLINE OF PROOF

The aim of the present work is to prove
Theorem 1. Let h(? be the two-particle Jansen-Hess operator and assume vy <
0.66 (Z <90). Then the singular continuous spectrum is absent,

asc(h(Q)) = 0.

The basic ingredient of the proof is a HVZ-type theorem for nonsymmetric
dilation-analytic potentials.

2
Proposition 1. Let hy? = 3 (T3" + %) | 465 ) + 05 + ' be the dilated

k=1
two-particle Jansen-Hess operator and let 6 € D C C. Let

héz) =Ty +aig + 110 (3.1)
be the two-cluster decomposition which corresponds to moving particle 1 to infinity.
Then for v < 0.66, the essential spectrum of hé?) s given by

Tess(h)) = o(Ty + arp) (3.2)
where

o(Ty +arg) = o(Ty") + o (T3 +5) 5 + 55, ) (3.3)

and 1,9 = b%)w + bgl) g+ vém) + c((,lz).

m,
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Starting point of the proof of Theorem 1 is the invariance of the resolvent
form under dilations with 8 € DN R,

1 1

(¥, O V) = (do, m dot)) for z € C\R. (3.4)

Let us restrict ourselves to analytic vectors 1) € A(Ng, @ C?)? where N¢, := {¢ €
H,/5(R?) : dgp is analytic in D}. For z € (C\O’(héz)), the analyticity of (h(ez) —z)~t
and of the function dpy allows for the extension of the r.h.s. of (3.4) to complex
6 € D. The identity theorem of complex analysis then guarantees the equality
(3.4) for all & € D. Since Ng, is dense in Hy/ [23, p.187], (3.4) holds for all 1 in
A(Hy5(R3) ® C2)2

From Proposition 1 we know that hé2) has only discrete spectrum (o) outside
J(Tg + al,g).

Let us therefore shortly investigate the spectrum of Typ+a; . From the explicit
expression To(l) = /p?/02 +m?2, p; >0, it follows that O’(Te(l)) = Jess(Te(l)) is
for each # € D a curve in the complex plane intersecting R only in the point m
31, 10].

Concerning the spectrum of b(mz?a = To(z) +0b
[13] that oy, (b

m,0

@ @

1m,6 2m,0°
) = O'ess(Te(z)) based on the compactness of the difference of the

it was shown in

resolvents of bg,)e and TQ(Q) . Thus we get from (3.3)

o(Tp +arp) = {4/p7/0% +m? : p1 > 0} + GW ipg >0} U ad(b$?9)>

= Jess(TH + al,@)» (35)
which means that o(Tp+aq ) consists of a system of parallel curves each starting at
m+)\(29) for any ,\59) € ad(bg?e), supplied by an area in the complex plane bounded
to the right by such a curve starting at the point 2m. (The left boundary is a line
starting at 2m with e *Im&R, as asymptote.) The curve {1/p2/62 +m2 : p > 0}
attached to each )\(29) lies in the closed half plane below (respectively above) the
real axix, if = ef with Im & > 0 (respectively Im & < 0), and its asymptote is
emmER, A
Any such )\;9) is a discrete eigenvalue of finite multiplicity. Therefore, since
bg)e is a dilation analytic operator in D it follows from [17, p.387],[23, p.22] that

)

)\ge) is an analytic function of 8 in D (as long as it remains an isolated eigenvalue).
Ifo e RND, )\ge) = )\él) € ad(b,(i)) because dy is unitary for real 6. It then follows
from the identity theorem of complex analysis that )\ge) = /\gl) for all € D [1].
Conversely, assume there exists /N\gg) € Jd(bg?e) in C\R (called ’'resonance’ [23,
p.191]) for a given 6 € D. Then from the group property (2.2), a further dilation

by any 6 € R leaves 5\89) invariant. Thus :\g)) is invariant in the subset of D in
which it is analytic.
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To be specific, let Im & > 0. As a consequence [31], resonances are only pos-
sible in the sector bounded by U(Te(z)) and [m, o). In particular, no elements of
Ud(bgz?e) lie in the upper half plane (they would be isolated for all  with Im £ > 0,
but such elements have to be real). Moreover, they can at most accumulate at m.
(If they did accumulate at some zy € O’(TG(Q))\{m} then, for fy = e+ (5 > 0)
they would, due to their f-invariance, still accumulate at zo ¢ O’(Ta(f)) which is

impossible.) Likewise, real elements of O'd(bg?g) can only accumulate at m. There-
fore, the intersection set Mg := o(Tp+a1,9) NR consists of 2m plus isolated points
which can at most accumulate at 2m.

We note, however, that each of the elements of My can be an accumulation

point of od(h((f)), due to Proposition 1. (The nonreal elements of ad(h((f)) again

have to lie in a sector of the lower half plane, bounded by O’(Te(l)) and [m, 00).)
From (3.4) we get

. 1 .
lim Im (’l)[}, m ’l/))‘ S lim

Im z—0 Im z—0

1
(¥, O 7/1)‘ < o0 (3.6)

for Re z ¢ Mg U O’d(hé2)), such that the singular continuous spectrum is absent
for R\(Mg U oqa(h$”) [23, p.137).

To proceed further we follow the argumentation of Balslev and Combes [3]
from the Schrodinger case and denote by X the set of accumulation points of
Mg Uad(hg)). In all other points the spectrum is discrete, and we have no singular
continuous spectrum in R\Y. Let now {Ey}xcr be the spectral projection of h(?)
and let 95, be an element of the singular continuous subspace of A(Lo(R3) ® C?)2.
Then (se, Extpse) = 0 for all A € R\X. Since (¢s¢, Fathse) is continuous [17,
p.517] and since ¥ consists only of isolated points with a possible accumulation
point at 2m, it follows that (sc, Exths.) = 0 for all A € R. Thus osc(h(2)) =0.

Corollary 1. For the two-particle Brown-Ravenhall operator hBT we have
ose(hPR)Y =0 if v <0.74 (Z < 102).
Its proof is given at the end of section 4.

4. PROOF OF PROPOSITION 1

We show first that bg?e = Téz) + b(lzw)L 0 T bgi)m o Is sectorial. According to [27]
this is the case if there exists a vertex zp € C, a direction 8 € [0,27) and an

opening angle ¢ € [0, 7) such that

6Py 0) € {zeC: |arg (e (2 — 2)))| <

for ¢ S A(Hl/Q(Rg) & (C2)2 with H’(/)H =1.

Clearly, TG(Q) is sectorial for # = e® € D because it is given by the set
{(pe~2m& 4 ;)2 : p e R, } which lies in the sector defined by zp =0, 8 =10
and ¢ = 2|Im¢&| < 2&.

IVCIRSS

} (4.1)
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The |T, 9(2)|—f0rm boundedness of the potential part of bgﬁ?e was proven in the
following form (with ¢ := 1), (x2); see section 2),

1
(0, B2 5 +52) ) @)l < = (0, 0 +55) ) + C (0,)

~ el
1
S e (psp20) + C (o), (4.2)
where \G%I < 1+26, and ¢ = - — dy? < 1if v < 1.006. In turn, from (2.10),

ﬁ(%m@) <(1- 50)—1|(<p,T9(2)g0)|. Moreover, using estimates similar to (2.9) in
(4.2), we even obtain (for & < T)

(0, B 5 +52) ) 9)l < e Re (0. T 9) + C (p,9)

P— CO
o= o (4.3)

Since ¢g < 1 we have ¢; < 1 for sufficiently small . According to [17, Thm 1.33,

p-320] (4.3) guarantees that bfz)g as form sum is also sectorial, with the opening
angle ¢ given by ’

0 < tan ? — M <
2 1-— C1

and some vertex zy < 0 which has to be sufficiently small (one has the estimate
[17, eq.(VI-1.47)] Re (¢, bfj’)ago) > —C(¢, ¢) with the constant C' from (4.3)).

In the next step we prove that the spectrum o(Ty + a1,9) = a(Tg(l) + bgﬁ?e)
can be decomposed into the spectra of the two single-particle operators according
to (3.3).

As we have just shown, Te(l) is sectorial with maximum opening angle ¢ = 2&,

00, (4.4)

and bg?e is sectorial with maximum opening angle ¢ =: ¢(£o) (obtained upon
replacing [Im | by & in (4.4) since tan and arctan are monotonically increasing
functions). Let us take & < % such that ¢ + ¢9 < w. This is done in the following
way. Choose some &q. If 2y + ¢g < 7, we are done. If not, since 0 < ¢g < 7 there
is § > 0 such that ¢o < § < m. Then define & = (7 — §) < &. From (4.4) and
the monotonicity of tan and arctan we have ¢g > ¢(£1) and thus 2&; + ¢(&1) < 7.

Writing ¢ € A(Hy/2(R?*) ® C?)? in the form domain of Ty + a1 ¢ as a finite
linear combination of product states (M) with ) relating to particle k, we
have

(W@ (Ty + a19) ¢Me®) = (M, 5P o) (o), o))

+ (0.0 ) (oD, o). (4.5)
Thus, the necessary assumptions for Proposition 4 of [27] (which is based on a
lemma of Ichinose) are satisfied, which guarantees that Ty + aj ¢ is sectorial, as
well as the validity of (3.3).

Before considering the proof of the HVZ theorem for nonsymmetric poten-
tials we need to establish that héQ) as well as Ty + a1,9 =: hog is for € D a
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dilation analytic family in the operator sense. This requires in addition the rela-
tive boundedness of the potentials of hég) and hg g with respect to Ty and Ty with
bound smaller than one (such that these operators are well-defined with domain
D(Iv)).

First we estimate with the help of (2.9),

10 Ty wll> = [1(/p3 +m262 + /o3 +m262) | (4.6)

> (¢, (Re \/pf +m?62 + Re \/p3 +m262)2 ) > (1—&)* (¥, (p1 +p2)* ),

such that ||[Tov| < 1'_620 ITo||. Next we decompose for hé2) = Ty + Wy analo-

gously to (2.7),

1 1
16] 6
The boundedness of the second term in (4.7) follows immediately from the method
of proof of the form boundedness of Wy — %WO (see e.g. Appendix A). For the
first term we estimate, using [[p19[|* = 5(¥, (p} +p3) ¥) < 3(¥, (p1 +p2)* ),

Wo vl < — Wl + [(Wo — 2 Wo) . (4.7)

2
k k
Wowl < 1108 + 65wl + o5l + [lcS® ] (4.8)
k=1

< e |Towll + % Ve Tl + 2 %@ku = & |ITovl

where ¢, = 4e*, ¢, = (37 + 29%)% and ¢, = (277 [72/4 —1])% ¢, are calculated in
[12, p.72]. We have ¢ < 1 for v < 0.66. In the same way, ||a1,m=0¥|| = ||(b§2) +
) eIl < Ve T wl < 0.977 L ||Togsl| if v < 0.66. With the inequality
below (4.6) this guarantees the relative Typ-boundedness of Wy as well as of aj ¢
(with bound < 1) for v < 0.66 and sufficiently small &;.

The proof of the HVZ theorem (3.2) is usually done in two steps.
a) The easy part:  o(Tp+a19) C oess(hég))

The proof is performed with the help of defining sequences as done in the
Schrodinger case [3] and in the § = 1 Jansen-Hess case [15]. Let A € o(Ty +
a1,9). Then there exists a defining sequence (¢,)nen with ¥, € A(CS°(R3) @
€)%, |ltnll =1 and

|(To +a1o—A) Ypl| — 0 for n — oo. (4.9)

We define a unitary translation operator T, by Tat), (X1, X2) = ¥, (x1 — a,X2).
Let ¢£La) := Tatp,. We claim that the antisymmetrized function .,41/17(1&) is a
defining sequence for A € o(h((f)). It was shown in [15] that it is sufficient to prove

that 1/),(1“) has this property. Since T}, is unitary, wé‘” is normalized. We have

(R = X) 9@ < [(To + a0 — A) ¥@) + riev@].  (4.10)
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Since the only action of T}, is a shift of the coordinate of particle 1, it follows that
T, commutes with Te(l) as well as with bg)e. Therefore, from (4.9),

[(Ty + aie —A) Tathn| = |Ta (To + are —A) Yl < [Tl -€ = € (4.11)

for a given ¢ > 0 and n sufficiently large. The second contribution to (4.10) is
decomposed into

a 1 a 12 12 a
lro oSO < 63 g @1 + 1165 g @1 + 052 e@ ] + e ui@]l. (4.12)

We show that the r.h.s. of (4.12) can be made smaller that e for a sufficiently large.
According to Lemma 5 of [15, 14] we have for § =1, | =1,2 and 1, a finite

linear combination of states <p£z )apn € (C(R?) @ (CQ)

b1 Ta oDl =

m,0 aSOn Pn (1)” ||S0n)H ||(pn || (413)

21 (165 o Tato

with some constant c. The proof of this lemma is based on the structure W1 B 1(p1)

(respectively sums of such terms and their adjoints) of both b(l) and b(l) Where Wy
stands for a bounded operator and B (p1) for an analytic bounded multlphcatlon
operator in momentum space. With the scaling property (2.3), bl(:n) 9 = 1bz(1731 91
and the estimates (2.5), boundedness holds also for the dilated operators (while
analyticity in p; is not affected since 6 # 0). Therefore, (4.13) holds for all § € D.

For the two-particle potentials in (4.12) we have to proceed according to

Lemma 6 of [15],

Lemma 1. Let v, be a finite linear combination of gan <pn € (C°(R?) @ C?)2
and T, the translation of x1 by a. Then for all w € (C(R?) @ (CQ) and a > 4R,

(1, 05" TapP @) < - W@ (4.14)
(1, ¢ TapPp@)| < - D@ (4.15)

with some positive constants ¢ and R.

Proof. Take first § = 1 and let apg) € Bpg,(0) and Taen W e Bp, (a) where Bg(x)
is a ball of radius R centred at x. So the inter-particle separation can be estimated
by |x1 —X2| > 21 — 22 > a— Ry — Ry. Let R:= max{Ry, Ry} and @ := a — 2R.
We define the smooth auxiliary function x12 mapping to [0, 1] by

x1—%x2\ [0, |x1—xo <a/2
X12 ( 1 ) = { 1’ ‘Xl N X2| Z a . (416)

Then 12 is unity on the support of Tagogll)cpg) =: 1, Le. X120 = 1).

The structure of v1?) as well as ¢(!?) is determined by terms (respectively
their adjoints) of the form Wi, ﬁ Bi(p1)B1(p2) where Wiy is a bounded (two-
particle) operator and Bj(pg) are bounded analytic single-particle multiplication
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operators in momentum space (see (1.2), (1.5)). We make the decomposition (ab-
breviating B := By (p1)B1(p2))

1

|(1, Wha mé V)| < [(Wiy, X12 BY)|

|x1 — X2

e e B (17)

The first term is estimated, according to (4.16), by |[W5l |||l % | B ||7,/~)H =
£[9[l 19| with some constant c. The second term has already been dealt with in

previous work [15] by showing the boundedness of m

ing the uniform boundedness (with bound ¢/a) of the commutator pg[xi2, B] =
—pk [X12,0, B1(P1)] B1(P2) — B1(P1)pk [x12,0, Bi(p2)] for k € {1,2}. The proof is
done in Fourier space by profiting from the fact that x12,0 := 1 —x12 is a Schwartz
function, and subsequently by estimating with the Lieb and Yau formula (5.7). O

+ Wiz ¢,

, as well as by prov-

The proof of Lemma 1 for § = 1 is easily extended to # € D with the same
argumentation as given below (4.13), which shows that ||v((,12)7,/17(1a) I+ ||cé12)7,b7({1) I <
—5p With some constant ¢.

Collecting results, the r.h.s. of (4.10) can be made arbitrarily small, H(héQ) —
A) %Q)H < ¢, for a and n sufficiently large. This proves that w,(f) is the required
defining sequence and hence A € U(hég)). Since o(Ty+aq p) is continuous according

to (3.5), we have proven o(Ty + ay g) C aess(h(ez)).

b) The hard part: O’ess(h?)) Co(Ty+aig)
It is sufficient to prove that the spectrum of héQ) is discrete outside o (hg,g).

We recall that hg e = Ty + a1, and h((f) = hg,¢ + 71,0 are well-defined operators,
and from Appendix B we know that r1 g (hg,g — z)~1 is a bounded operator for z
in the resolvent set of hgg. Assuming for the moment that there is a domain in
C\o(ho,p) where r1 g(hog—2)"' # —1 (this will follow from the implicit mapping
theorem, see below), we get from the second resolvent identity the representation
1]

1 1 1

= . 4.18
héQ) _ ho)@ —2z 1+ 71,0 ﬁ ( )

We claim that the r.h.s. of (4.18) can be extended to a meromorphic operator on
C\o(hop) for a fixed 6 € D\R.
We define the set

E = {o(hog): 0 € D}. (4.19)

This set is closed because o(hgg) = Tess(ho,9) is closed. Let O, := (C\E. 0, is
open, nonempty and connected because hg g is sectorial and a dilation analytic
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operator in D. Then the function

1
ho@—z

)

Fy(2,0) = (¢,r1,0 ¥) (4.20)
for ¢ € A(Ng, @ C?)? with ||¢]| = 1 is analytic in D for all z € O, since hg g and
r1,9 are dilation analytic operators. Likewise, for 8 € D fixed, Fy;(z, ) is analytic
in O, since z is in the resolvent set of hgg for all § € D. Trivially, Fy(z,0) is
continuous in O, x D. Then Osgood’s lemma [9, p.3] states that Fy(z,6) is an
analytic (holomorphic) function in O, x D.

We claim that for 6 fixed, Fy(z,0) = —1 only in isolated points of O,, and
that the multiplicity of these points is finite.

From the validity of the HVZ theorem for the Jansen-Hess operator in the
case of # = 1 (and consequently for § € D N R) which was proven for potential
strength v < 0.66 (this bound also results from the condition ¢ < 1 in (4.8))
we know that oess(h(?) = o(hg). This means that (¢, ;51— 1) and hence also

(¢, ﬁ(l + 7y hol_z)’lw) has only isolated poles (of finite multiplicity) for z ¢
o(ho) and arbitrary ¢ € A(Ng, ® C?)?. Consequently, from the boundedness of
(ho — 2)7Y, Fy(z,1) = —1 exactly at these poles.

Let Z € 04(h() be one of these poles, i.e. Fy,(%,1) = —1. Then % € ad(h((f))
for § € D NR. Therefore, due to the analyticity of Fy, the identity theorem gives
Fy(%,0) = —1 on D.

Consider now a fixed 0 € D\R and choose zp € O,. Then we claim that
Fy(20,0) = —1 implies that there is a neighbourhood U, of z such that Fy(z,6) #
—1 for all z € U, \{20}.

We make use of the implicit mapping theorem [9, p.19] stating that for an
analytic function f = Fyy +1: O, x D — C with the properties (%) f(zo, é) =0
for a point (z9,0) € O, x D and (ii) %(zo, 0) # 0 there exists a neighbourhood
U., x Uz of (20,6) such that ¥ 0 € Uz 31 9(0) € Us,, g analytic: f(g(#),6) = 0.

In other words, z is a function of # in Uz which does not permit Fy(z,0) = —1 in

Uz \{z0}-
The proof of property (i) is straightforward. Dealing with analytic functions,
we have

oF, 1
5, = Whrie P ¥).

(ho,
Assume 88% = 0 for the point (z0,0). Then also F, = (1,714 ﬁl@ =0 in

(4.21)

(20,0) which contradicts Fy(zo,6) = —1.

Thus we have shown that for every 8 € D, Fy(z,68) = —1 only for discrete
values of z € O,.

Since for # € R ND each of these z-values has finite multiplicity, analyticity of
F; assures finite multiplicity for all § € D. We note that any accumulation point
of such z-values could have infinite multiplicity. However, accumulation points
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can only occur in 00, ¢ O, since O, is an open set. Therefore, Gy(z,0) =
(¢, ho pryl e(ho T ¥) and thus also (¢, —_ ) is meromorphic in O, xD.

In the last step we have to show that for every 0 € D there is a meromorphic
extension of Gy (-, 6) on the open set C\o(ho,g).

Without restriction, fix § € D\R. Let Fy(2,6) := (¥,71,9 ﬁw) for z €
C\o(hog). Fy(z,0) is analytic in z since z ¢ o(hg ). From the construction, we
have Fy(2,60) = Fy(2,0) in O, C C\o(hgg). Therefore, Fy(-,0) is the extension
of Fw(-, 9) in C\O’(hoﬁg).

It is straightforward to show that G’w(z, 0) := (¢, ho;_z T 1 ) is

a(hog—2)"1

meromorphic in C\o (ko).

Assume that Fj(z,0) = —1 on a subset of C\o(hg ) which has an accumu-
lation point. (According to the meromorphy of C:’d, [ O, =Gy in O, this subset is
contained in E\o(hog).) Then Fy(z,6) = —1 on C\o(hog). Since Fy | O, = Fy,
this contradicts the fact that Fy(z,0) = —1 only in isolated points.

Assume that one of those points where F¢(z,9) = —1 has infinite multi-
plicity. Then according to [25, p.182], Fy(2,0) = —1 on the domain C\o(hg ) of
analyticity, again a contradiction.

With the meromorphy of é¢(~, ) in C\o(hg g) we have proven the meromor-
phy of (v, ﬁ 1) in C\o(hog) and hence the fact that Uess(h((f)) has to be a

4

subset of o(hg,g).

This completes the proof of Proposition 1.

We note that (hég) —2)~! can obviously not be represented, instead of (4.18),
in a way to be used in the form sense. This would require the introduction of the
square root of hg ¢ — z which is ill defined for complex 6.

Concerning the proof of Corollary 1, the improved bound on «y (as compared
to Theorem 1) is due to the fact that the potential of hJ® is Ty-bounded, with
bound smaller than one, for v < 0.74. This follows from the m = 0 estimates
012 < (A2 el and [(, 567 9)] < (52-) (¥, pipaty)  which are
obtained in Mellin space by the methods of [5] (see also [12, Appendix C]). Together
with a (4.7)-type inequality one has therefore

1 2 1 2 k) 1 (&
1) 5+ ol < o 10 + 62y g + Zn (b 5 — — o)y

\9| e 0
4 1
< 37 il IToyll + C 4], (4.22)

such that from (4.8),

105 5 + 652 5 +002) g < < 'y+\/§e> — Hng/;H + C ||l (4.23)
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Since the |T, 9(2)\-form boundedness of bf,)w with relative bound < 1 (assuring

sectoriality of TG(Q) + bgzb o) as well as the HVZ theorem for h#% both hold for
v < vBR [29, 6, 14], these two properties cause no further restriction on the bound
for v (as 0.74 < vBR)-

5. ABSENCE OF EMBEDDED EIGENVALUES

The virial theorem for the one-particle case [2] is easily generalized to two-
particle operators obeying the scaling properties (2.3). Assuming that ¢ is an
eigenfunction of h(?) to some eigenvalue A and that # € DNR_, the virial theorem

reads ) o
h -0)—h
fim i, P ), )

where the mass dependence of h(?) is indicated explicitly. By the mean value

&) ~
theorem, the operator on the L.h.s. is transformed into m (w)(m -0) for some
0 on the line between 1 and . Since this operator can be bounded independently of

0 (see section 2) and ||[vg|| = ||¢||, the theorem of dominated convergence applies
and the limit § — 1 can be carried out. We get, making use of the symmetry

property of ¥ under particle exchange,

A e ,om avl a1 dp? 1 e
5 1Vl —(¢7Ep1¢)+(w7<dm Ty o g

(5.2)
This equation has to be combined with the eigenvalue equation which we take in
the following form,

2
X (Fvg) = (Fu, (Z(Epk b+ b5 + o1+ c<12>> ONNCE)
k=1
(- ) b = Py
Epl Epl + Ep2 -—m B .
In the single-particle case, F' is taken in such a way that the negative contribution
(termed S319) to the linear term %= can be eliminated [2]. Here, only a partial

F¢:: Co

compensation is possible because one cannot avoid that F(b%,)L + bgi)l) is a two-
particle operator (which cannot be split into single-particle terms). The symmetric
(with respect to particle exchange) energy denominator (E,, + E,, —m)~! assures
that the operator Fh(® appearing on the r.h.s. of (5.3) is bounded. ¢y € Ry is
a parameter to be determined later. Let us now restrict ourselves to the Brown-

Ravenhall operator. Then we have

Proposition 2. Let hPf be the two-particle Brown-Ravenhall operator and as-

sume vy < 7y, with v, = 0.37 (Z < 50). Then there are no eigenvalues in [2m, 0o).
Note that, with c..s(hPF) = [2g,00) and Xy < 2m [21], no information

on embedded eigenvalues is provided for the subset [¥g,2m). This corresponds

to the multi-particle Schrodinger case where the virial-theorem method provides
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the absence of eigenvalues only in the subset [0, c0) of the essential spectrum [23,
p.232].

Proof. Defining dm := dp1dp2dp}dp, we have from [2
14P2

(1)
(6, D ) = rg(m) + Bu(m), (5.4)

Bi1(m) = / dr g(p1)o p11/3(p1,p2)—
2m2 Ip1 — p1l?

1
E

P1

Bralim) = Re (v (- -

1 ~
.<Ep1 ’ Epll) 9(p1) o'p} 8(p2 — P2) ¥(P1, Ph).

Subtraction of the real part of (5.3) from (5.2), while dropping the second-order
terms bS¥) and ¢(12), results in
2m )

= My + yM; + €* My, (5.5)

Y 2com(1 — =)
My = 1 Sy - Em?
0 = (( )

m co(Ep, + Ep, —2m)

— (1 — 1
( Epl ) ( * Epl + EP2 -m ) d))
1
yM; = pio(m) — Re (¢,co(1 -

- E7M) Epl +Ep2 -m
'(blm + blm) w) + /Bll(m)

2 m 1 co
M, = Re(®h,(1 — —) (v — — 0
Epl Epl Epl +Ep2 —-m

P 1
—/ dm g(p1) eMpy U(§2) Yo (pP1, P2) ( +
R12 Ep, Ep’1

) v )

)

i (90h) LU (), ph))

In the expression for the electron-electron interaction term, e?M,, it is used that

b)) and v(12) have the same structure. Indeed, the kernel of b{!) is given by

Uk, US* with

Y 1 ’
ky, = ———=  ————0(p2 — 5.6
bim o2 |p1 — p/1|2 (p2 p2)’ ( )
as compared to the kernel of v(!?) defined above (2.11). Due to the symme-
try upon particle exchange, the kernel of 1 d’:i(;f) in (5.2) can be replaced by

U L (UM by USV) U™, Therefore (5.4), with ka2 substituted for ky,,
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is applicable. As in section 2, ¥y = (qé’) is a two-particle spinor with the lower
components set equal to zero.

For a symmetric integral operator O with kernel K + K*, we use the Lieb
and Yau formula, derived from the Schwarz inequality, in the following form [20]
(see also [14])

(@00 < [ doudps [b(pr.pa)f (1h(p1p2) + B(prp2) (57

f(p1) g9(p2)
f(p1) 9(ph)

and I results from the replacement of K (p1, p2; pi,ph) by K*(p}, P5; p1,p2). [
and g are suitable nonnegative convergence generating functions such that I, I
exist as bounded functions for pi,pz € R3. In order to get rid of the particle
mass m, we introduce the new variables p; =: mq;, p; =:mq;, i =1,2. With

— 1 L
s.—1—2c0(1—m)/(\/qf—i—l—i—\/q%—i—l—l) we estimate

I (p1,p2) := /de’ldpé |K (p1, P2; P1, Ph)|
R

0 < My + v |M| + €*|Ms,] (5.8)

R A
< m6/ daidas | (mai, mas)|* s (1 - — + ¢(Q1,Q2)) .
RB

2m

For ¢y <2 (or ¢g < 2if g3 #0) we have s > 0 and then

1 1 GH+1+/@g+1-2
a1, q2) = —{-(1- ——==—=) (1 +60\/§ \/2
s @+1 VE+1+V@g+1-1

+v¢ M; + e’ qi Mz} (5.9)

where q%]\;.li, i =1,2, result from the estimates of M; and are given in Appendix
C. From (5.8) it follows that if ¢(g1,g2) < 0, we need 1 — 2> > 0 which confines
A to A < 2m. A numerical investigation shows that the supremum of s ¢(q1, ¢2) is
attained for q1, go — oo with ¢; < ¢2. Then s — 1 and from the explicit expression
(see Appendix C) it follows that

sup s o(q1,q2) = Jim H(q1,q2) = —(1+co) + v (4+2c0) + 4€2. (5.10)
q1,922>0 2> a1

For the optimum choice ¢y = 2, we obtain sup sé(q1,q2) = 0 for v =: 7. =
41,9220

0.37. 0

The proof of Proposition 2 can readily be extended to the Jansen-Hess op-
erator h(?). However, the so obtained critical potential strength ~. is expected to
be rather small. Note that inclusion of the second-order term in the single-particle
case leads to a reduction from ~. = vggr & 0.906 to ~v. = 0.29 [13].



18 D. H. JAKUBASSA-AMUNDSEN

APPENDIX A (BOUNDEDNESS OF ¢(12)(m - 0) — c{'?)

From (1.5) and (1.6) one derives for the k = 1 contribution to the kernel of
this operator [16], using the mean value theorem,

ve?m 1 1
(2m)* |p2 — Ph1? P2 — Py + P1 — P} [?

‘(Kc(i)z)(m_e) - K£<11)2>)(p1,p2; P}, P3)
0

9 (1)rr(2) 1 A1) (1) /
Uy U 1+D D + Al
om { o Yo [Elpz—p’2+p1| Ep’l ( o (P1) o (P2 —pP2+p1) ( )

~D{(p2 ~ Py +P)D (1)) + he.] USTUE M - 0) + (o ine)

where h.c. denotes the hermitean conjugate of the first term together with the
replacement (p1,p2) S (P}, p5). (The second contribution (k = 2) to the kernel
arises from particle exchange and is therefore bounded by the same constant.)
After carrying out the derivative, the modulus of each of the resulting terms is
estimated separately, using the boundedness of the dilated Uék), D(()k) and the
estimate (2.6) for the dilated energy denominator. According to the Lieb and Yau

formula (5.7), ¢*?)(m - ) — 0(12) is bounded if the integral

f(p1)g(p2)
ey 2

is bounded for all p1,p2 € R3 where f,g > 0 are suitably chosen functions. The

I(p1,p2) := /dP1dP2

(12)( .0) _K((1)2))(p1ap27p15p2)

derivative of the operator D 0.9 can be estimated by < because D( ) is bounded
and its m-dependence enters only via m/py (see (2. 14)) Finally, since from (2.5),

’ 7

is estimated by ’8% m < %ﬁ.

For reasons of convergence we have to keep, however, the m-dependence of
the energy denominator in those contributions to (A.1) which contain the factor
1/ph from the estimate of the derivatives. This can be handled in the following
way: Let f(m)g(m) — f(0)g(0) = [f(m) — F(0)lg(m) + F(0)[g(m) — g(0)] and
interpret g as the energy denominator and f as the adjacent factors inside the
curly bracket in (A.1). Then, while estimating the derivative of f(m) by an m-
independent function (in general setting m = 0), the energy denominator can be
estimated, using (2.6), by

1 1 1
< -
Eo(lp2 — p5 + p1l) + Eo(p}) (1 =€0)? Elp,—pytpi| T Ep,
¢
|p2 — Py +p1| +p] +1

< mld| m < (1 — &) 72, the derivative of the energy denominator

(A.3)

which relies on m # 0.
For the sake of demonstration we select the contribution to (A.1l) which

contains the derivative of Ué2 )*, leading to the estimate pi, according to (2.14).
2



ESSENTIAL SPECTRUM OF TWO-PARTICLE OPERATOR 19

Absorbing the bounds of Uél), UéQ), Uél/)* and f?él) into the generic constant c,
we get for the respective contribution, say I, to (A.2),

1 1
I(p1,p2) < m-c/ dp' dps
R6 ! 2|P2*P/2\2 |P2*P/2+P1*P'1\2

P2 —pPh+Pil+pi+1 1 F(P))g(Ph)
We choose f(p) = p? and g(p) = p. Making the substitution q := p} — ps for p}
and defining &, := q — p; we have

i ) < %/d L P /d —— L L
p1.p2) < m-cpi [dq— p s
rs o @ la+paf? Jrs &+ PP &+l +1 P/

(A.5)
For & = 0, the second integral is bounded. For &, # 0, let y := p} /€. Then the
second integral turns into [12, Appendix A]

2 [ dp} 1/2 §2 + )
c 7/291 ln4/
& Jo St+p+1 &2 — p1l
1
“dy 1 : G
:27?/ W1ty &Gy ‘s (A.6)
o yz [1—-yl &LOA+y)+1 = 14¢]

since the last factor can be estimated by 1+£+/2 and the remaining integral is
2

convergent. Therefore we get with the substitution qo := q/po,

I(p1,p2) < mcé/ dqz iQ ! I ! . (A7)
R3 q3 |q2+ep2‘ 2 2 +|q2p2/p1 —epl‘i

where e, is the unit vector in the direction of p;, % = 1,2. The last factor is
bounded for p; < oo, and the remaining integral is finite. For p; — oo, one gets
at most an additional square-root singularity, which is integrable. Thus I is finite.

The contribution to (A.1) arising from the derivative of USQ) which is esti-
mated by p%, is handled by the same integrals if one chooses g(p) = p? instead
of g(p) = p. For the boundedness of the remaining contributions to (A.1) one can
use similar techniques as for the proof of the p-form boundedness of ¢(12) [16].
One must, however, take care to use the same convergence generating functions in
the corresponding hermitean conjugate term entering into the r.h.s. of (A.1). (For
example, in the estimates of the derivative of Dél), one should take f(p) = p% and

g(p) =1)
APPENDIX B (BOUNDEDNESS OF 719 (hop — 2) ")

Let z € C\o(hgg) such that (hge — 2)~* is bounded. From (4.6)ff we have
lavevl < ) 1 Toyll + Cu [ (B.1)
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with ¢} 1= /% ﬁ < 1 for a suitable & < % and v < 0.66, and some constant

(. By the same estimates,
1 1 1
Ireovll < g (168 + 6wl + 02wl + 1et29]) + C 9]

< o [Tl + Co |l (B.2)
with ¢ == (/G + /G +v26) 25 <1 if &/(1-&) <1 (with & from (4.8)).

Then, applying (B.2) to v := (hog — 2) 11,

1 1
< T C
Ul < e T vl + el

The last term is bounded. With the second resolvent identity, (hog — 2)~! =
(Ty —2)~t — (Ty — z) " targ (hog — 2) 7!, we estimate the first term,

1 1 1 1

= |ITe T, : . (B4
h()?g*Zw” = ” eTgfsz + H eTgsz ||CL1’9 hoﬂ—zwll ( )

Note that o(Tp) C o(ho,e) according to (3.5) such that (Tp — z)~! is bounded.
From || Tp(Tp — 2) 2| < |10l + |2]|[(Ty — 2) 14| the first term in (B.4) is also
bounded. Finally, from (B.1) and with Ty = hg 9 — a1,

||7’1,9

—ul. (B3

1T

1 1 1
< Ty ——— C
oo Gy ¥l < & ITo e 0l + G 5 vl

< & oo —— )| + & flary —— || + Cr l——¢l.  (BS)

= fuiree hoe — 2 %o hoo — 2 ! hoo—z ’

Rearranging (B.5) one gets
1 Cll Cl 1

- < h B.6
oo s vl < 5 oo g vl + (o vl (B)

the r.h.s. being obviously bounded.

APPENDIX C  (ESTIMATES FOR yM; AND e2My)

From (5.4) and (5.5) we have

1 -~ m 1 Co (1)
[yMi| < 5 / dmip(p1, p2) {(1 - - ) bim
2 R12 Epl Epl Epl + Epz -m !
1 co m 1 2)
apWg - My %y 1 Ly -
1m( Epl ) (Epl Ep1 + Ep2 - m) CO( Epl) EZM + EP2 -m b
&) m 1 ;
- 1 - _ . 1
W0 = F) g W) + Il ()

Each of the four terms in curly brackets is estimated separately by its modulus.
For the sake of demonstration we select the second term. With kp, = from (5.6)
and the Lieb and Yau formula (5.7), we get

T E— A m
/ dm o(p1, p2) Us" kUG <1 - E_>
R12 /1

p

1
TbZ: 5
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1 Co > n o
N = =) Yo(P1,P2) (C.2)
(Epi Ep, + Ep, —m
1 ()% 7 2
< 3 dp1dp2 )Uo wo(pl,pz)‘ 1.
RG
5/2
s _ P _ : : 1 Ci 1
Taking f(p1) = m, g = 1, and estimating \E—p,l - W| < 5,

(which holds for ¢y < 2) we obtain in the new variables q;, g} after performing the
angular integration in the variable g} [12, Appendix A],

v ’ o3 m 1 Co
Ibtz—/dpdp(l——)———
212 Jpo T 12 Ey " | Ey, Ey +Ep, —m
1 fp)
i §(p2 — P} C.3
proil PP ) (€9
Y 3/ 1 /°° b ta r 1
@ +1+1e T da—dl Tt 241
In order to get an analytical estimate of (C.3) we use
L q<1
1
—— < (C.4)
79 = 1
g +1 “T9 qll >1
4y
such that, upon substituting ¢f =: ¢1 z [12, Appendix A],
3 1/q1 0o
¥ q 1 1+2 1 / dz 1+=2
Ibg—i/ dzz2 In + = — In ——
T @ +1+1 |Jo L=z qf Jijq 252 12
v, 1 [ 1 1 1 ]
= —q¢ —— Fijo(—) + —G_3,0(—)], C.5
7Tq1 m+1 q1 I/Q(ql) T 3/2(q1) ( )
2 1 1
Fijs(a) == 3 [a3/21n ’11——2‘ + 4v/a — 2arctan/a — In 1—1—% }
1 2 1
G_3/2(a) :== 2 — 2In ‘£+1’ — 4darctan+v/a + NG In 11_2 .

For the first contribution to |yM;|, the same functions f, g have to be taken, and

the approximation /g2 + 1 < ¢} + 1 is made to allow for an analytic evaluation
of the corresponding integral. For the third and fourth contribution to |yM;| we

use instead f =1, g(p2) = pg/Z and the additional estimate (for ¢ > 0)

—1 '<1+
&
1 lJrC7 7=
<

Vi?+1+c

(C.6)
g >1+c

?7



22 D. H. JAKUBASSA-AMUNDSEN

For the estimate of |31 (m)| we define ¥ := g(p1)oeMp, ¥, take f(p1) = pi’/z, g=
1 and use again (C.6). With \Uél)*wo(pl,pgﬂz |v(p1, p2)|? and [¢1(p1, p2)|?

ai p 2 .
2/ BB H1+1) [¥(p1,p2)|* we then obtain
¢ My = g L o q1(q1 +2)
1 O+ |1 1+y@g+1 -1 1+1

l 1 1
+ — 5 (Q1F1/2( ) + *G—3/2( )) + ¢

q
I+ \/q;ﬁ —1
+2 (%F 1/2<ql )+ Goaa()) ©)
NV )
where | = \/q} + 1 and
F_is(a) == 2van ‘ ﬁ*ﬂ

For estimating e? My the same techniques are used, except for the simpler estimate
\/ql;T < é in the last contribution (which has little effect on 7. due to the

+ 4 arctanv/a — 2 1In

(C.8)

smallness of €2). This results in

4 1 Co 71(q1 +2)
G = 8 |- -
I(1+1) l l+V@+1 -1 I +1
l 1 1 1 T
— Fyo(— — G_ — 1 C.9
T on (Q1 1/2((]1)+(h 3/2((11)>+(1 * >} (G9)
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